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Preface

The author's book on Gewöhnliche Differentialgleichungeri (Ordinary Dif-
ferential Equations) was published in 1972. The present book is based on a
translation of the latest, 6th, edition, which appeared in 1996, but it also treats
some important subjects that are not found there. The German book is widely
used as a textbook for a first course in ordinary differential equations. This is
a rigorous course, and it contains some material that is more difficult than that
usually found in a first course textbook; such as, for example, Peano's existence
theorem. It is addressed to students of mathematics, physics, and computer sci-
ence and is usually taken in the third semester. Let me remark here that in the
German system the student learns calculus of one variable at the gymnasium'
and begins at the university with a two-semester course on real analysis which
is usually followed by ordinary differential equations.

Prerequisites. In order to understand the main text, it suffices that the
reader have a sound knowledge of calculus and be familiar with basic notions
from linear algebra. For complex differential equations, some facts about holo-
morphic functions and their integrals are required. These are summarized at
the beginning of § 8 and more fully described and partly proved in part C of the
Appendix. Functional analysis is developed in the text when needed. In several
places there are sections denoted as Supplements, where more special subjects
are treated or the theory is extended. More advanced tools such as Lebesgue's
theory of integration or Schauder's fixed point theorem are occasionally used in
those sections. The supplements and also § 13 can be omitted in a first reading.

Outline of contents. The book treats significantly more topics than can
be covered in a one-semester course. It also contains material that is seldom
found in textbooks and—what is perhaps more important—it uses new proofs
for basic theorems. This aspect of the book calls for a closer look at contents and
methods with emphasis on those places where we depart from the mainstream.

The first chapter treats classical cases of first order equations that can be
solved explicitly. By means of a number of examples the student encounters the
essential features of the initial value problem such as uniqueness and nonunique-
ness, maximal solutions in the case of nonuniqueness, and continuous depen-
dence on initial values in the small, but not in the large; see 1.VI—VIII. The

'In the German school system, the gymnasium is an academic high school that prepares
students for study at the university.
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vi Preface

phase plane and phase portraits are explained in 3.VI—VIII.
The theory proper starts with Chapter II. In this and the following chapter

the initial value problem is treated first for one equation and then for systems
of equations. The repetition caused by this separation of cases is minimal since
all proofs carry over, while the student has the benefit that the reasoning is not
burdened by technicalities about vector functions. The complex case, where
the solutions are holomorphic functions, is treated in 8; the proofs follow the
pattern set in 6 for the real case. The theory of differential inequalities in §
9 is one-dimensional by its very nature. An extension to n dimensions leads to
new phenomena that are treated in Supplement I of § 10.

Chapter W is devoted to linear systems and linear differential equations of
higher order. In a Supplement to § 18 the Floquet theory for systems with
periodic coefficients is presented.

Linear systems in the complex domain is the topic of Chapter V. The main
properties of systems with isolated singularities are developed in a novel way
(see below). Equations of mathematical physics are discussed in § 25.

The main subject of Chapter VI is the Sturm—Liouville theory of boundary
value and eigenvalue problems. Nonlinear boundary value problems and corre-
sponding existence, uniqueness, and comparison theorems are also treated. In
§ 28 the eigenvalue theory for compact seif-adjoint operators in Hubert space is
developed and applied to the Sturm—Liouvifie eigenvalue problem.

The last chapter deals with stability and asymptotic behavior of solutions.
The linearization theorem of Grobman—Hartman is given without proof (the
author is stifi looking for a really good proof). The method of Lyapunov is
developed and applied in § 30.

An appendix consisting of four parts A (topology), B (real analysis), C
(complex analysis), and D (funitional analysis) contains notions and theorems
that are used in the text or can lead to a deeper understanding of the subject.
The fixed point theorems of Brouwer and Schauder are proved in B.V and D.XII.

In closing this overview, we point out that applications, mostly from me-
chanics and mathematical biology, are found in many places. Exercises, which
range from routine to demanding, are dispersed throughout the text, some with
an outline of the solution. Solutions of selected exercises are found at the end
of the book.

Special Features. Two general themes exercise a profound influence through-
out the book: functional analysis and differential inequalities.

Functional Analysis. The contraction principle, that is, the fixed point
theorem for contractive mappings in a Banach space, is at the center. This the-
orem has all necessary properties to make it a fundamental principle of analysis:
It is elementary, widely applicable, and far-reaching.2 Its flexibility in connec-
tion with our subject comes to light when appropriate weighted maximum norms

2A remarkable theorem of Bessaga (1959) sheds light on the versatility of the contraction
principle. Consider a map T: S —' S, where S is an arbitrary set, and assunie that T has a
unique fixed point which is also the only fixed point of T2, T3 Then there is a metric on
S that makes S a complete metric space and T a contraction. One can even find metrics for
which the Lipschitz constant of T is arbitrarily small.
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are used. A first example is found in the dissertation of Morgenstern (1952);
references to later authors in the literature are historically unjustified. In linear
complex systems, the weighted maximum norm in 21.11 leads to global existence
without using analytic continuation and the monodromy theorem. Moreover,
this proof gives the growth properties of solutions that are needed in the treat-
ment of singular points. The theorems on continuous dependence on initial
values and parameters and on holomorphy with regard to complex parameters
follow directly from the contraction principle, a fact which is still little known.
Differentiability with respect to real parameters requires Ostrowski's theorem
on approximate iteration 13.IV.

In the treatment of linear systems with weakly singular points, the crucial
convergence proofs are also reduced to the contraction principle in a suitable
Banach space.3 For holomorphic solutions, i.e., power series expansions, this
method was discovered by Harris, Sibuya, and Weinberg (1969). The logarith-
mic case can also be treated along these lines. This approach leads also to
theorems of Lettenmeyer and others, which are beyond the scope of this book;
cf. the original work cited above.

A theorem in Appendix D.V1I, which is partly due to Holmes (1968), estab-
lishes a relation between the norm of a linear operator and its 8pectral radius.
As explained in Section D.IX, this result gives a better insight into the role of
weighted maximum norms.

Differential Inequalities. The author, who also wrote the first monograph
on differential inequalities (1964, 1970), has encountered many instances where
authors are unaware of basic theorems on differential inequalities that would
have made their reasoning much simpler and stronger. The distinction between
weak and strong inequalities is a matter of fundamental importance. In partial
differential equations this is common knowledge: weak maximum or comparison
principles versus strong principles of this type. Not so in ordinary differential
equations. Theorem 9.IX is a strong comparison principle that prescribes pre-
cisely the occurrence of strict inequalities, while most (all?) textbooks are con-
tent with the weak "less than or equal" statement. This principle is essential
for our treatment of the Sturm—Liouville theory via Prüfer transformation. Its
usefuLness in nonlinear Sturm theory can be seen from a recent paper, Walter
(1997).

Supplement I in § 10 brings the two basic theorems on systems of differen-
tial inequalities, (i) the comparison theorem for quasirnonotone systems, and (ii)
Max Miiller's theorem for the general case. Both were found in the mid twen-
ties. Quasimonotonicity is a necessary and sufficient condition for extending the
classical theory (including maximal and minimal solutions) from one equation
to systems of equations. More recently, both theorems (i) and (ii) have been
applied to population dynamics, but it is not generally known that results on

3The Banach space H6 of 24.1, which is indeed a Banach algebra, can be used for a short
and elegant proof of two fundamental theorems for functions of several complex variables, the
preparation theorem and the division theorem of Weierstrass. This proof has been propagated
by Grauert and Remmert since the sixties and can be found, e.g., in their book Coherent
Analytic Sheaves (Grundlehren 265, Springer 1984); cf. Walter (1992) for other applications.
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invariant rectangles are special cases of Muller's theorem. Theorem 10.XII is
the strong version of (i); it contains M. Hirsch's theorem on strongly monotone
flows, cf. Hirsch (1985) and Walter (1997).

A Supplement to § 26 describes a new approach to minimum principles for
boundary value problems of Sturmian type that applies also to nonlinear differ-
ential operators; cf. Walter (1995). The strong minimum principle is generalized
in 26.XIX, so that it includes now the first eigenvalue case.

In Supplement II of § 26 on nonlinear boundary value problems the method
of upper and lower solutions for existence and Serrin's sweeping principle for
uniqueness are presented.

Miscellaneous Topics. Differential equations in the sense of Carat héo-
dory. The initial value problem is treated in Supplement II of § 10 and a Sturm—
Liouville theory under Caratheodory assumptions in 26.XXIV and 27.XXL As a
rule, the earlier proofs for the classical case carry over. This applies in particular
to the strong comparison theorem 10.XV and the strong minimum principle in
26.XXV.

Radial solutions of elliptic equations. This subject plays an active role in
recent research on nonlinear effiptic problems. The radial is an op-
erator of Sturm—Liouville type with a singularity at 0. The corresponding initial
value problem is treated in a supplement of § 6, and the eigenvalue problem and
nonlinear boundary value problems for the unit ball in (for radial solutions)
in a Supplement to § 27.

Separatrices is the theme of a Supplement in § 9. Differential inequalites are
essential for proving existence and uniqueness.

Special Applications. We mention the generalized logistic equation in a sup-
plement to § 2, general predator—prey models in 3.VII, delay-differential equa-
tions in 7.XIV-XV, invariant sets in 10.XVI and the rubber band as a model for
nonlinear oscillations in a nonsymmetric mechanical system in 11.X.

Exact Numerics. We give examples in which a combination of a numerical
procedure and a sup-superfunction technique allows a mathematically exact
computation of special values. The numerical part is based on an algorithm,
developed by Rudolf Lohner (1987, 1988), that computes exact enclosures for
the solutions of an initial value problem. In blow-up problems one obtains rather
sharp enclosures for the location of the asymptote of the solutions; cf. 9.V. A
different kind of sub- and supersolutions is used to compute a separatrix; in
general, a separatrix is an unstable solution.

Acknowledgments. It is a pleasure to thank all those who have contributed
to the making of this volume. The translator, Professor Russell Thompson,
worked with expertise and patience in the face of changes and additions during
the translation and furnished beautiful figures. He also suggested an improved
division into chapters. Irene Redheffer acted as a mediator between author and
translator with exceptional care and insight and translated the Solutions section.
Her help and advice and that of Professor Ray Redheffer were indispensable.
My sincere thanks go to all of them and also to other helping hands and minds.

Karlsruhe, 1997 Wolfgang Walter
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Note to the Reader

In references to another paragraph, the number of the paragraph is given
before the number of the formula, theorem, lemma For example, formula
(7) in 15 is denoted as (15.7), and theorem 15.111 or corollary 15.111 refers to
the theorem or corollary in section III of § 15. But when citing within § 15, we
write simply formula (7), Theorem III, and Corollary III. A reference to B.V
refers to Section V in Part B of the Appendix.

When the name of an author is followed by the year of publication, as in
Perron (1926), the source is found in the bibliography at the end of the book.
My two books on analysis are cited as Walter 1 and WaIter 2. A compilation of
general notions and a list of symbols are found at the end of the book.

The German word Ansatz is used repeatedly; a footnote in Part II of the
introduction gives an explanation.

Xl





Introduction

A differential equation is an equation containing independent variables, func-
tions, and derivatives of functions. The equation

y'+2xy=O (1)

is a differential equation. Here x is the independent variable and y is the un-
known function. A solution is a function y that satisfies (1) identically
in x, that is, (x) + 2x 0. It is easy to check that the function y =
is a solution of (1):

for <x <oo.
dx

will see later that the collection of all solutions of (1) can be written in the
form y = C . e_x2, where C runs through the set of real numbers.

Equation (1) is a differential equation of first order. The general differential
equation of first order has the form

F(x,y,y') = 0. (2)

A function y = y(x) is called a solution of (2) in an interval J if y(x) is differ-
entiable in J and

holdsforall xEJ.
If a differential equation contains higher order derivatives, say up to nth

order, then the equation is called an nth order differential equation. Such an
equation can always be written in the general form

(3)

Here a solution is defined to be an n-times differentiable function such that
equation (3) is satisfied identically when y(x) and its derivatives are substituted
into F. A differential equation of nth order is called it

it is called implicit. For a first order ordinary differential equation the
explicit form is

y'=f(x,y). (5)

1



2 Introduction

The above comments apply to ordinary differential equations, that is, to
differential equations for functions y(x) of a single independent variable x. If
several independent variables and hence also partial derivatives are present, then
the equation is called a partial differential equation. For example,

ux + uy = x + y

is a partial differential equation of first order for an unknown function u(x, y).
The function u(x, y) = xy is a particular solution to this equation. An important
example of a second order partial differential equation is the potential equation
in three-space

u = u(x, y, z).
In this book we will be concerned only with ordinary differential equations.

The primary emphasis will be on differential equations in the real domain where
the independent variable x is a real variable and y(x) is a real function. However,
the fundamental facts about differential equations in the complex domain will
also be treated.

The expression integral of a differential equation is another term used for a
solution, and the terms solution curve and integral curve are used to emphasize
the geometric interpretation of a solution as a curve. A family of functions
y(x; C1,. .. , depending on x and n parameters C1, . . . , (which vary in a
point set M C is called a complete integral or a general solution of the nth
order differential equation (4) if it satisfies the following two requirements: first,
each function y(x; C1,. .. , is a solution to the differential equation (4) for an
arbitrary choice of the parameters (C1, . . . , E M, and second, all solutions
can be obtained in this manner. The notion of a general solution does not play
a major role in the theory of differential equations. it is used here in connection
with simple examples, where it is actually possible to give all solutions explicitly
in a form depending on n parameters.

Differential equations play a cardinal role in the natural sciences and tech-
nology, especially in physics, for the simple reason that many physical laws take
the form of a differential equation. Differential equations also appear in other
scientific domains where mathematical models and theories are used. The three
examples that follow are intended to give a first impression of the type of prob-
lems that arise. They all deal with the motion of a body in a gravitational
field.

I. Free Fall. When a body at rest is suddenly released, it falls downward
under the influence of gravity. This motion can be described mathematically
by a function s = s(t) which gives the distance that the body (or more exactly,
its center of mass) has traveled up to time t. Other quantities of interest that

can be derived from s include the instantaneous velocity v(t) = =
d

and the acceleration a(t) = = (When describing processes in which
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itt)

the independent variable represents time, it is customary to denote the inde-
pendent variable by t instead of x, and derivatives by dots instead of primes.)
We learn in elementary mechanics that the acceleration of such bodies may be
assumed to be constant, in fact, equal to the acceleration g due to gravity at the
earth's surface. Thus the distance-time function s(t) satisfies the second order
differential equation

s=g. (6)

It is easy to find all of the solutions here. Indeed, it follows from integrating the
equation = g that v(t) = gt + C1, and likewise from gt + C1 that

s(t) + C1t + C2 (C1, C2 constant).

We have thus found the complete integral of the differential equation (6).
To go from this famijy of g to the solution that corresponds to a partic-

ular physical process requires some additional information, the so—called initial
conditions. Let us assume, for instance, that in the example above the body
is at rest and is then released at time t = 0. Corresponding initial conditions
are given by s(0) 0 and = v(0) 0. From the first of these conditions
it follows that C2 0, from the second that C1 = 0, and in this manner one
obtains the solution

12s(t) =

Other initial conditions lead in a like manner to other solutions.

II. Free Fall from a Large Distance. Now suppose that the body is
at a large distance from the earth. The assumption of constant gravitational
acceleration made in I is valid only near the surface of the earth. According
to Newton's law of gravitation, two bodies a distance s apart with masses lvi

(earth) and ni (test body) attract each other with a force equal to K =
where 'y is the gravitational constant. By Newton's second law the acceleration
now satisfies the equation

(7)
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M
m
• > S

s(t)
Earth

The minus sign on the right-hand side indicates that the direction of the force
is opposite to the positive s-direction. This differential equation of second order
is significantly more difficult to integrate than equation (6). Nonetheless, the
solutions can be given explicitly; we will return to this later in Suppose
that at time t = 0 a test body is located a distance R from the earth's center
and released at rest. Then one has for initial conditions s(0) = R, = 0.

A simple and sometimes successful method of finding solutions to a differen-
tial equation is to look for a likely "ansatz"4 (possibly containing parameters)
and to investigate whether it leads to a solution. We will try this approach in
the case of equation (7) using the ansatz

s(t) = a tb.

When this function is substituted into equation (7), the result is

ab(b — =

Equating exponents and coefficients leads to b — 2 = —2b, that is, b = and

a• = —'yMa2, from which follows a = (9'yM/2)'/3. Thus s(t) = a• t2/3
is a solution. It is easy to check that any function of the form

s(t) a(c ± t)2/3 with a = (9-yM/2)'/3, c arbitrary, (8)

is a solution to the differential equation (7) as long as c ± t> 0. Note that none
of the solutions from this collection satisfies the initial conditions mentioned
above. The solution

/

for example, satisfies s(0) = R, but v(0) = = This describes
an object falling to earth from the position s = R with initial speed at time
t 0 equal to

One of the solutions of (8) with c = 0 is

= at2"3. (9)

An object on this trajectory does not return to earth, since co as t —' oo;

however, the velocity 13(t) = tends to 0 as t 00. Since . =

4The word ansatz is a German word that has become part of modern mathematical lan-
guage; it has no exact English counterpart. An ansatz is an "educated guess" at the probable
form of a solution. The plural of ansatz is an.sdtze.
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y

= 2'yiVI, the velocity as a function of distance R from the earth's center can
be expressed in the form

=

Substituting R = 6.370• 108 cm and M = 5.97 1027g for the radius and mass
of the earth and taldug = 6.685. 10—8 dyn• cm2 . g2, one obtains

yR = 1.12. 106 cm/sec = 11.2km/sec.

This is the well-known "escape velocity," the minimum velocity that a projectile
fired from the surface of the earth must have in order to escape the effect of
the earth's gravitational pull and never return. Compare this result with the
exercise at the end of this introduction.

III. Motion in the Gravitational Field of Two Bodies (Satellite
Orbits). The following equations (10) describe the motion of a small body
(a satellite) in the force field of two larger bodies (earth and moon). It is
assumed here that the motion of the three bodies takes place in a fixed plane
and that the two larger bodies rotate with the same constant angular velocity
about their common center of mass and maintain a constant distance to it. In
particular, the effect of the small body on the motion of the two larger bodies
will be ignored (this is the meaning of the adjectives 'small' and 'large'). In
a corotating coordinate system with the center of mass at the origin, the two
larger bodies appear to be at rest. The path of the small body can be described
by a function pair (x(t), y(t)) that satisfies the following system of two second
order differential equations:

/___________
+y2J3/2'

(10)
= x — 2±

— + y2]3/2 — + y2]3/2•

t=4 08

jr=3

t=6

t=2
t=1

—0 8
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Here the two larger bodies are assumed to lie on the x-a,ds, and the parameter
respectively pi, is the ratio of the mass of the body lying on the positive,

respectively negative, x-axis to the combined mass of both bodies. Further, the
unit of length is chosen such that the distance between the two bodies is equal
to 1, and the unit of time such that the angular velocity of the rotation is also
equal to 1 (i.e., a complete revolution lasts 2ir time units). A closed orbit is
reproduced in the figure. Here jz 0.01213, which corresponds to the mass
ratio of the earth—moon system. The initial conditions are

x(0) = 1.2, y(0) = 0,

ri(0) = 0, —1.04936.

The period T (duration of one complete revolution) is approximately equal to
6.19217.

These examples suggest a variety of problems. First we made use of elemen-
tary methods of solution and discovered in the process that for some differential
equations all solutions can be given in closed form (Examples I, II). For differ-
ential equations in general, just as in the problem of finding the antiderivative
of an elementary function in integral calculus, the adage holds: Explicit solu-
tions are the exception! The theory of differential equations proper has as its
goal a general theory of existence, uniqueness, and other related subjects (for
example, continuous dependence of solutions on various kinds of data) together
with qualitative statements about the behavior of solutions in the large such as
boundedness, oscillation properties, stability, and asymptotic behavior. Theo-
rems about inequalities are also important, as the exercise at the end of this
introduction illustrates.

Several important topics can only be touched briefly in an introductory work
like this one. These include, for instance, the investigation of periodic solutions
to nonlinear differential equations. Periodic solutions have important applica-
tions in mechanics (oscillations) and celestial mechanics (closed orbits). How-
ever, their mathematical theory is often difficult. Some results in this direction
will be presented in 3.VI—VII and 11.X—XI. For the earth—moon—sateffite prob-
lem described in III, a special case of the "restricted three-body problem," it was
suggested sonic time ago that a spaceship on a periodic orbit could be used as a
kind of "bus line" between the earth and the moon. The ensuing investigation
led to the discovery of a new class of periodic orbits; see Arenstorf (1963).

Also, the problem of solving differential equations numerically will not be
treated here. We note that difficult numerical problems arise in connection with
space ifight (determining the trajectories of spacecraft). There are efficient nu-
merical algorithms available today that allow the determination and correction
of such trajectories with sufficient accuracy and a tolerable amount of compu-
tational effort; see, for instance, the work of Bulirsch and Stoer (1966), from
which the algorithm that produced the above figure is taken.

IV. Exercise. Prove the assertion at the end of Example II. More pre-
cisely, show: If s(t) is a positive solution of the differential equation (7) in the
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interval 0 <to t < ti (with t1 = oo allowed), the solution given by (9),
and s(to) = 0 < à(to) = v(to) < then s(t) < and v(t) < for
t0 < t < t1. Further, s(t) is bounded above, and v(t) has one zero (thus, s(t)
describes a return trajectory).

Hint. Derive a differential equation for the difference d(t) — s and
conclude from it that d is monotone increasing as long as d is positive. Note





Chapter I
First Order Equations:
Some Integrable Cases

1. Explicit First Order Equations
We consider the explicit first order differential equation

y'=f(x,y). (1)

The right-hand side f(x, y) of the equation is assumed to be defined as a real-
valued function on a set D in the xy-plane.

I. Solution. Line Element. Direction Field. Let J be an interval.
(In general, J can be open, closed, half-open, a half-line, or the whole real
line; when special restrictions are necessary, they will be stated explicitly.) A
function y(x) J R is called a solution to the differential equation (1) (in J)
if y is differentiable in J, the graph of y is a subset of D, and (1) holds, i.e., if

(x,y(x))ED and y'(x)=f(x,y(x)) for all x€J.

y

1/ / / / 1)/ / / / / II
Yo

a;

Direction field

9

y

a;0

Slope and line element



10 L First Order Equations: Some Integrable Cases

The differential equation (1) has a simple geometric interpretation. If y(x)
is an integral curve of (1) that passes through a point (x0, yo) (i.e., y(x0) yo),
then the differential equation specifies the slope of the curve at that point:
y'(x0) = f(xo, yo). This leads naturally to the notions of line element and
direction field, which we will now define. We interpret a numerical triple of the
form (x, y, p) geometrically in the following way: (x, y) gives a point in the plane,
and the third component p gives the slope of a line through the point (x, y) (a,
with tan a = p, is the angle of inclination of the line; see the figure). Such a
triple (or its geometric equivalent) is called a line element. The collection of all
line elements of the form (x,y,f(x,y)), i.e., those with p = f(x,y), is called a
direction field.

The connection between direction fields and the differential equation (1) can
be expressed in geometric terms as follows: A solution y(x) of a differential
equation "fits" its direction field, i.e., the slope at each point on the solution
curve agrees with the slope of the line element at that point. To put it another
way, if y(x) is a solution in J, then the set of line elements (x, y(x), y'(x)), with
x E J, is contained in the set of all line elements (x,y,f(x,y)), (x,y) E D.

The strategy of sketching a few of the line elements in the direction field and
then trying to draw curves that fit these line elements can be used to get a rough
idea of the nature of the solutions to a differential equation. This procedure
suggests quite naturally the view that for each point in D there is exactly
one solution curve y(x) passing through that point. A precise formulation of
this idea leads to the notion of

II. The Initial Value Problem. Let a function f(x, y), defined on a
set D in the (x, y)-plane, and a fixed point D be given. A function y(x)
is sought that is differentiable in an interval J with E J such that

y'(x) = f(x,y(x)) in J, (2)

= (3)

Equation (3) is called the initial condition. Naturally, in (2) it is assumed that
graphy = {(x,y(x)) : x J} C D (otherwise the right-hand side of (2) would
not even be defined).

III. Remarks. (a) Differential Equations and Families of Curves. The
geometric line of reasoning outlined above can be turned around. Given a family
of curves that completely covers a set D in the plane (precise analytic formula-
tion: a set M of differentiable functions whose graphs are pairwise disjoint and
have D as their union), there is a differential equation that has these curves as
its solutions. The right-hand side of this differential equation is determined as
follows: For every (xO, I/o) D, find the unique function belonging to M with

= I/o and set f(xo,yo)
This relationship does not give us very much from the mathematical point of

view. However, it does give an idea of some of the possibilities for the behavior
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of differential equations, and in addition, it can be used in the construction of
examples.

We will now briefly discuss some mathematical shorthand that is frequently
used.

(b) Sometimes (particularly in examples) when a differential equation is
solved, the function found as the solution is only a solution to the equation on
a subinterval of its domain of definition. When this happens, the expression

is a solution to the differential equation in the interval J" means that
is defined at least on J and that the restriction is a solution in the sense of
the definition in I.

(c) If q5 : J —+ IR is a solution of the differential equation (1) and J' is a
subinterval of J, then, in a trivial way, the restriction = is also a solution
of (1). This is not regarded as a new solution. For instance, the statement "the
differential equation has exactly one solution existing in the interval J" means:
There exists a solution with J as its domain of definition, and every other
solution is a restriction of this solution.

Before giving a detailed investigation of initial value problems, we will study
some simple examples.

IV. y'=f(x)
Suppose the function f(x) is continuous in an interval J. Then the set D

is a strip J x R. The direction field is independent of y. This leads naturally
to the conjecture that all of the solutions can be obtained by translating any
one particular solution in the direction indicated by the y-axis. The analysis
confirms that this guess is true. If E J is fixed, then by the fundamental
theorem of calculus, the function

:= j f(t) dt

is a solution of the differential equation satisfying the initial condition = 0;

Il H',
- N

H' ' - N
H' ' - N

, ..-

/ - — N
/ —

X field in the case where the
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and the general solution can be written in the form

y(x; C) = + C,

where C is an arbitrary constant. It follows in particular that the initial value
problem (2), (3) has exactly one solution in this case, namely

(4)

The solution exists in all of J.
Note: If is not compact, then f need not be bounded and as a result may

not be integrable over J. However, since x] is a compact subinterval of J and
is continuous on xi, the integral in the definition of exists for each

x E J, and the equation f holds in all of J.

Example. The equation

= x3 + cos x

has as solutions

y(x;C)=-4x +sinx+C.

If the initial condition is y(l) = 1, then the corresponding solution is

14 . . 3+sinx—sinl+--.

Thus the problem of finding a solution to a differential equation of type (W)
is purely a problem in integral calculus—that of finding an antiderivative of a
given function 1(x). This motivates a commonly used expression: "Integrating
a differential equation" is synonymous with finding its solutions.

V. y'=.q(y)

Let g(y) be continuous in an interval J. The direction field here is siini-
lar to the one in IV but with the roles of x and y exchanged. This suggests
interchanging x and y and writing the solution curves in the form x = x(y).

A formal calculation gives

dy dy

and hence the solution

(5)

If g 0, then (5) gives a function x = x(y) whose inverse function y(x) is a
solution to the differential equation, as we will show in VII. Finding a solution
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x

Direction field in the case where the
right side depends only on y

that satisfies an initial condition = 77 involves making a choice of the
constant of integration such that = i.e.,

(6)

This is a special case of a "differential equation with separable variables." This
type of equation is investigated in more detail in VII. A theorem that will be
proved in that section shows that the initial value problem has exactly one
solution y(x) in a neighborhood of the point if 0 (if

g 0 in a neighborhood of This solution can be obtained by
first using formula (6) to get x(y) and then finding the inverse function y(x). If
g(77) = 0, then y(x) is a solution. In this special case, it is quite possible
that there are also other solutions that pass through the point i.e., that
the initial value problem has more than one solution. For more in this regard,
see Example 2 and the discussion in VIII.

The nature of the direction field and the location of the constant of integra-
tion in formula (5) suggest that a translation of a solution in the x-direction
will produce another solution: If y(x) is a solution, then so is V(x) := y(x + C).
Indeed, this follows from

= y'(x + C) = g(y(x + C)) =

Example 1.

—2y.

Here D = R2. Using the procedure in (5) one obtains

= —2 dx hi 114 = —2x + C li/I =
y

The general solution (with ±eC replaced with C) is

y(x;C) = Ce_2z (C ER).

V



Solution curves y = of the
differential equation y' = —2y

The proof that every solution is of this form is elementary: If is any solution
of the differential equation, then

= + = 0,

i.e., is a constant. (One could also appeal to the uniqueness statement
proved in VII.) It follows that exactly one solution passes through each point

namely,

Thus we have shown that the initial value problem is uniquely solvable, with a
solution that exists in

Example 2.

=

Again D = Since the direction field is symmetric, it follows that if y(x) is
a solution, then z(x) = —y(—x) is also a solution. Indeed, we have

z'(x) y'(—x) = =

Thus it is sufficient to consider only positive solutions. From (5) it follows that

2' C
J

Vy—x

hence

(x+C)2
y(x; C)

=
m (—C, oo) (C E R)

(note that is positive, whence x> —C, and that for x < —C this formula
does not give a solution to the differential equation). This function gives all of
the positive solutions (this also follows from the uniqueness statement in VII).

y
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x
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x

Solution curves of the differential
equation y' =

Additionally, y 0 is also a solution, and the functions —y(—x; C) give the
negative solutions; they exist for x <

Solutions that exist in all of IR can be constructed by piecing these functions
together; for example,

I
0

for x>0,
for

—(x + 2)2/4 for x < —2.

Note (and check for yourself!) that at the "splice points" the function is
differentiable and satisfies the differential equation.

In this example we encounter for the first time the phenomenon of

VT. Nonuniqueness. It is easy to see that every initial value problem
in Example 2 has infinitely many solutions. For instance, the set of solutions
through the point (2, 1) is given by the functions

(
0

for x>0,
for

—(x — a)2/4 for x <a,

where a is any nonpositive number, together with

— f x2/4 for x> 0,
0 for x<0

(we recall the convention, introduced in III.(c), that restrictions of solutions will
not be regarded as separate solutions).

Two types of nonuniqueness are illustrated in this example, depending on
whether the initial value = is zero or different from zero. In the first case,
the solutions all branch directly at the point and in the second case, the
solution begins as a unique solution which can then split at some distance from

2
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In the latter case, the initial value problem is said to be locally uniquely
solvable. This means that there exists a neighborhood U of the point such
that exactly one solution of the initial value problem exists in U. Thus, in
Example 2 of Section V, initial value problems with 0 are locally uniquely
solvable, but those with 'i = 0 are not.

VJ1 y' = f(x)g(y) Equations with Separated Variables. This
class of equations, which includes the types discussed in IV and V as special
cases, can also be solved by quadrature using the method of separation of vari-
ables. We will describe this method first in heuristic terms. One goes from

= f(x)g(y) to the equation = f(x) dx

and then by integration to the equation

(7)

from which a solution can be obtained by solving for y. In order to get the
solution that passes through the point it is necessary to choose the limits
of integration such that equation (7) is satisfied when x = y = This is
accomplished by setting

(8)

The following theorem gives conditions under which this procedure is per-
mitted. It concerns the initial value problem

y'=f(x)g(y), (9)

under the following general hypothesis:

(H) f(x) is continuous in an interval g(y) is continuous in an interval
and e e Ti E

Theorem. Let TI be an interior point of with 0 and let (H) hold.
Then there exists a neighborhood of (in the case where is a boundary point
of a one-sided neighborhood) in which the initial value problem (9) has a
unique solution y(x). It can be obtained from equation (8) by solving for y.

Proof. We recall the following result from analysis: If is a differentiable
function in an interval J and 0, then qS has a differentiable inverse
function cm J, where J' =

Denote the left-hand side of (8) by G(y), the right-hand side by F(x). In this
notation (8) becomes G(y) = F(x). The function g(y) 0 in a neighborhood of
TI. Therefore, G(y) exists in this neighborhood, and because G' = 1/g 0, G has
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an inverse function H. Applying H to both sides of the equation G(y) = F(x)
and using y H(G(y)) gives

y(x) = H(F(x)). (10)

We will show that y(x) satisfies (9). Since H and F are differentiable, it follows
that y is differentiable. Differentiation of the identity G(y(x)) = F(x) yields

G'(y(x)) . y'(x) = F'(x) = f(x).

Since G' = 1/g, it follows that y satisfies the differential equation

y'(x) = f(x)g(y(x)).

Furthermore, from the relations = 0, G(ij) = 0, H(0) = ij we have that
= = This shows that y(x) is a solution of the initial value

problem (9).
We now show that there are no other solutions. Suppose z(x) is another

solution. Then as long as g(z) 0 (this is certainly true in a neighborhood of
the equation

z'(x)
=1(x)

g(z(x))

holds. Integrating this identity between e and x and using the change of vari-
ables s = z(x), one obtains

I f(t) dt
= z'(t) dt = [z(Z)

g(z(t)) 171

In the notation introduced earlier, this equation says that F(x) = G(z(x)), and
therefore z(x) = H(F(x)) = y(x). I

VIII. The Case — 0. If = 0 in (9), then one solution can be
immediately given: y(x) ii. However, it may be the case that there are other
solutions, as we have already seen in Example 2 of V.

Theorem. Let hypothesis (H) from VII hold, let = 0 and g(y) 0 in
an interval < y < + a or ij — a � y < (a > 0), and let the improper
integral

dz dz
I — or I —,

.171 g(z) g(z)

respectively, be divergent. Then every solution that starts above or below the line
y = remains (strictly) above or below this line (in both directions).
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It follows from this theorem that a solution y(z) which satisfies y> at one
point remains greater than for all x (a corresponding statement holds for <).
In particular, if is an interior point of 4 and if both integrals diverge, then
the initial value problem (9) has only one solution y(x) This is the case,
for example, if g(y) has an isolated zero at the point and satisfies a Lipschitz
condition at

— = � Kjy —

hence, in particular, if exists and is different from 0.

Proof. Let us assume that there exists a solution y(x) to the initial value
problem that is not identically equal to To focus in on one of the four
possible cases, suppose that there exists a point e to the right of such that

< = + a. Then by (8) with in place of we have that

ds Z

holds, at least for as long as y(x) remains in the strip < y(x) + a.
Suppose that is the first point to the left of with y(xo) = Then the
above formula leads immediately to a contradiction, since the integral on the
right stays bounded as x x0, while the one on the left goes to infinity. U

We return again to the two examples from V that correspond to the integrals

f and In Example 1, the integrals on the left are divergent,

and thus y 0 is the only solution through the origin. In Example 2, the
integrals on the right are convergent, and there are several solutions.

However, it is entirely possible that the integral converges and the solution
to the initial value problem is still unique. To illustrate this point, consider the
following:

Example 1.

for y�O,
=

for y<O.

V

ezo
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2;

Solution curves of the differential
equation y' = —x(sgn y)

The direction field is symmetric to the x-axis; i.e., if y(x) is a solution, then so
is —y(x). Thus it is sufficient to calculate the positive solutions. From

it follows that

y(x; C) = (C > 0)

(note that > 0). If this function is extended by setting y(x; C) 0 for� then one clearly has a solution defined in R. Thus we have the
solutions ±y(x; C) for C> 0 and y 0. There are no other solutions. On the
one hand, they (that is, their graphs) cover the whole plane; on the other hand,
g(y) = vanishes only for y = 0. Thus each initial value problem with 0

is locally uniquely solvable.
One can see from the figure that every initial value problem with =

77 0 is uniquely solvable, not only locally, but also globally. For the initial
condition = 0, there are infinitely many solutions in the case where 0,
but only one solution in the case where = 0.

Example 2.

= &'sinx.

The direction field is symmetric with respect to the y-axis and periodic
in x of period 2ir, i.e., if y(x) is a solution, then so are u(x) = y(—x) and
v(x) = y(x + 2kir). By separation of variables (7) one obtains

J dy =
= f sin x dx = — cos x — C;

y

=8
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3;

i.e.,

y(x; C) = — log(cosx + C) (C + cosx > 0).

The reader should verify that all solutions have been found and that each initial
value problem is uniquely solvable.

This example exhibits a new and important phenomenon. The solutions
can have quite different behavior, depending on the value of the constant C.
While in the case C> 1 solutions exist for all x and are bounded, in the case
—1 < C � 1 the solutions exist only in finite intervals and increase without
bound.

Consider, for purposes of illustration, the initial condition y(0) = 17. The
corresponding solution is

y(x; — 1) —log(cos x + e'1 — 1).

In particular, if = — log 2, then y is given by

y(x;l) = —log(1+cosx).

This solution exists in (—ir, ir) and cannot be extended beyond this interval.
It tends to co as x —i ±lr. Solutions with < —log2 exist in all of IR and
are bounded. For > — log 2, the solutions exist only in the interval <
arccos(1 — the length of this interval of existence converges to 0 as —' 00.

Existence and Behavior in the Large. This example shows, first of all,
that the solution of an initial value problem does not necessarily exist in all of
R, but possibly only in a very small interval, and that this is true even if the
right-hand side of the differential equation is defined and "smooth" on all of R2.
Take another look at the formulation of Theorem VII in this regard. This raises
the question whether it is possible to make any general statements about the

Solution curves of the differential equation y' = e1' sin x
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domain of definition of a solution. We will prove in 6.V1I that a solution can
always be extended to the boundary of D (D is the domain of the right-hand
side of the differential equation). Secondly, the example also shows that the
behavior of solutions "in the large" can change dramatically with small changes
in the initial conditions; this occurs for solutions with initial values y(O) =
where is close to —log 2, i.e., C 1.

The three types of differential equations that follow can be reduced by simple
transformations to equations of the types already discussed. In all three cases
the function f(s) that appears is assumed to be continuous in an interval.

IX. y'=f(ax+by+c)
The structure of the differential equation suggests that we look for a solution

of the form

u(x)=ax+by(x)+c (11)

(the case b 0 is the only interesting one). If y(x) is a solution, then tL(x)
satisfies

u'=a+by'(x)=a+bf(u), (12)

which is a solvable equation of type V. Conversely, it is easy to see that a solution
y(x) of (11) can be obtained from a solution u(x) of (12). All solutions can be
obtained in this manner.

Example.

y' =(x+y)2 +.
Using the ansatz u(x) = x + y(x) we have

= u2 + 1, and hence u = tan(x + C)

(why does this give all the solutions?). The general solution can be written

y(x; C) = tan(x + C) — x.

X. = f Homogeneous Differential Equation.

Using the ansatz u(x) = (x 0) and calculating the derivative, one
obtains the relation

= u + xu' = f(u),

and thus a differential equation for u(x) with separated variables,

(13)

One sees immediately that every solution u(x) of (13) leads to a solution y(x) =
x u(x) of the given differential equation.
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Example. The initial value problem

y(i)=1

transforms into an initial value problem

u(1)=1

with the solution
(U

2
fzdt . u—i

j z dz
—J

—; i.e., = —logx.
1 3

Thus the solution to the original problem is by

for

lf(ax+bY+c
+ /3y +

abIn the case where the determinant = 0, that is, where a = andaf3
b = Afl, the equations can be reduced to one of the types we have already
considered. If this determinant is not zero, then the linear system of equations

ax+by+c=0,
14ax + fly + =0

has a unique solution (xo, yo). If a new system of coordinates is introduced
by translating the origin to the point (x0,y0),

then in the new coordinate system a solution curve y(x) is described by the
function

The differential equation in the coordinate system

—

—

— f(ax+bY(x)\ f(a+bY/x
— + flu)) — +

is just the special case c = = 0 of the original equation. It is homogeneous
and can be solved using the techniques in X.

How to proceed. (i) Determine the point (x0, Yo) that satisfies (14).
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(ii) Solve the differential equation with c -y = 0 using techniques from X
(this equation is homogeneous).

(iii) A solution of this equation generates a solution to the original
equation using the substitution = x — x0, = y — yo, that is, y(x) Yo +

We will illustrate these steps in the following

Example.

y+l (y+1

From (14) we obtain xo —2, yo = —1. The differential equation for is

= — exp

and for v = the differential equation is

=

which gives

or

(the constant of integration has been written as C = log c (c> 0)). One obtains
u = as long as > 1. The functions

y(x) = —1— for clx+21 >1

are the solutions of the original differential equation.
The value c = gives the solution that passes through the origin. It

exists for x> 1/c — 2 —0.9095.

XII. Exercises. (a) In the above example, determine a solution y with
the property that Urn y(x) = 00. Is it uniquely determined?

Determine all of the solutions to the following differential equations and find
the particular solution that passes through the origin.

y+1 (y+l

x+y+1 (x+y+1(c)y= x+2 x+2
x+2y+1

(d) y = 2x+y+2
2x+y+1

(e)
=
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XIII. Exercises. Determine all solutions of the differential equations
and in each case sketch the solution curves and determine the set of all points

for which the initial value problem is not locally unique.

(a) y' = 31y1213 (ii E R).

(b) y' = (y E IR).

(c) (y�1).
Solve the following initial value problems and in each case give the maximal
interval of existence of the solution.

(d)

(e) y' = = ee.

cosx
= cos2y'

Determine all solutions of the differential equations

(g) y'=(x—y+3)2,

h - x(2-y)'

(i) y = zy' — + y2

Give a differential equation of the first order for the following families of curves
(parameter cE IR).

(j) y=cx2,

(k) y=cx2+c,

(1) y = + (sgnc)c2.

XIV. Population Growth Models. In this section we investigate some
simple ecological models for the growth of a population. Let y(t) be the size
of a population at time t. If the relative growth rate of the population per

unit time is denoted by c = c(t,y), then = c; i.e., y' cy. In any ecologi-

cal system, the resources available to support life are limited, and this in turn
places a limit on the size of the population that can survive in the system. The
number N denoting the size of the largest population that can be supported
by the system is called the carrying capacity of the ecosystem. We consider
a sequence of three single-population models, which incorporate the following
assumptions: The relative population growth rate depends only on y (that is to
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k=0

/

-,

k=2

Population in multiples of yo
— _L.. (year 1969) under different

1969 2000 2040 2080 assumptions (/3 = 5)

say, not explicitly on t) and goes to zero as the population approaches N. In
particular, we assume that c = c(y) is given by one of the following:

c(y)=a(N_y)k with k=0,1,2.

To ifiustrate these ideas we will model the human population of the earth and
choose the year 1969 as the starting point (t = 0, with t measured in years). Let
I/o denote the population of the earth in the year 1969 and c0 the relative annual
population growth rate for the year 1969. These are given by I/o = 3.55W

and c0 = 0.02. From the condition c(0) = co, it follows that a = co(N — yo)!c.
If we measure y(t) in multiples of I/o, i.e., set y(t) = you(t), N = /3yo, where

/3 gives the carrying capacity in multiples of I/o, then one obtains the initial
value problem

(f3—u\
u u(0)_—1 (k:=0,1,2). (15)

If k = 0, equation (15) reduces to the equation u' = COu, which produces the
well-known exponential growth function u(t) = For the other cases,

[U ds /3—1 ((13—1)u\k—i: cot=(/3—1)j
s(/3—s) /3 /3—u )'

k=2:

(13_1\\21l — /3

/3-u /3-1
Solving these equations for u is easy when k = 1 but difficult when k = 2;

however, for many questions, solving for u is not necessary For instance, we
can calculate the doubling time by putting u = 2. For the case k = 0, the
population of the year 1969 doubles in 50 . log 2 = 34.7 years, and if /3 = 5 is
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U

Logistic equation.

t The solutions U3 and U3

with ta = In 3

used, it doubles in 50. . = 39.2 years in the case k = 1 and in 44.8 years for
k=2.

The Logistic Equation. The equation with k = 1 is called the logistic
equation. It was proposed as early as 1838 by the Belgian mathematician Pierre-
François Verhulst (1804—1849). We will consider this equation in more detail
using different notation:

= u(b — cu) with b, c> 0 logistic equation. (16)

This equation is the same as (15) with k = 1 and

b=fic. (17)

Using the methods described in VII one obtains the solutions

=
• 1

for 0 (18)

as well as two stationary solutions u 0 and u b/c (the reader should check
this). These are aid of the solutions. On the one hand, every initial condition
u(to) = uo can be satisfied by one of these solutions, on the other hand, by the
results in VII and VIII, exactly one solution goes through each point.

Two simple propositions follow:
(a) Every solution u of (16) with u(to) > 0 remains positive for t > to and

tends to b/c as t —' 00.

(b) u'4 = 0 if and only if u.7 = b/(2c).
The proof of (a) is obvious from (18). For (b), we differentiate (16), obtaining

= u'(b — cu) — cuu' = u'(b — 2cu). 0

In population models, with y> 0 describes the growth of the population,
and b/c is the carrying capacity We will now check how the world population
y(t) = you(t) has grown since 1969 (t = 0) according to this model. Recall that
crj = 0.02. We have u7(0) = 1, and we obtain 'y = /3 — 1 from (17), (18). Under

p
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the assumption /3 = 3 (b = 0.03) one obtains a population of y = 5.157 billion
for the year 1990 (t = 21) and with /3 = 5 (b = 0.025); y = 5.273 billion. The
actual population size in 1990 was 5.321 billion. The assumption /3 = 5 gives
a better approximation, though j3 = 3 corresponds to the carrying capacity
N = yo/3 10 billion which is sometimes used by demographers.

The point of inflection marks the turning point where the second derivative
becomes negative, and hence the point beyond which the yearly population
growth rate begins to decrease. It occurs in this model at /3/2 according to (b).
Applying this result to the world population under the assumption that /3 = 3

would mean that we have already passed this point (N/2 = yo/3/2 5 billion).
The situation fits /3 = 5 better. One should, however, not forget that we are
dealing with the simplest growth model with bounded growth.

§ 2. The Linear Differential Equation. Related
Equations

A linear differential equation is an equation of the form

y'+g(x)y= h(x); (1)

we assume that the two given functions g(x) and h(x) are continuous on an
interval J. If h(x) 0, then equation (1) is called homogeneous, otherwise
nonhomogeneous or inhomogeneous. The differential operator

Ly := y' + g(x)y (2)

can be used to write the differential equation (1) in the form

Ly = 0 (homogeneous) and Ly = h(x) (nonhomogeneous).

Thus, to each function E C'(J) the operator L associates a function =
Lçb = q5' + gq5 E C°(J). The value of the function at the point x will be
denoted by (Lq5)(x).

The operator L is linear; i.e., if q5, belong to C'(J) and a,b e IR are
arbitrary constants, then

=

I. Ly := y' + g(x)y = 0 The Homogeneous Equation.
This is an equation with separated variables which can be solved using the

techniques discussed in 1.VII and 1.VIII. From formula (1.8) we obtain the
family of solutions

y(x; C) = C . e_C(1) with G(x) = f g(t) dt E J fixed) (3)

(recall that g is continuous in J). It is easy to check that (3) gives a solution
for every real C and that exactly one solution from this family passes through a
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given point E J x R. There are no other solutions, since by the theorems
proved in l.VII, VIII there exists exactly one solution through each point in
J x IR. The fact that every solution is given by (3) can also be verified directly:
If q5 is a solution of = 0 and u(x) then u' = + = 0;

i.e., u is constant and hence has the form (3).
The unique solution the initial condition = is given by

y(x) = . with G(x)
= f g(t) dt. (4)

It exists in all of J.

II. Ly = h(x) The Nonhomogeneous Equation.
Solutions to the nonhomogeneous equation can be obtained with the help of

an ansatz that goes back to Lagrange, the method of variation of constants. In
this method, the constant C in the general solution y(x; C) = of the
homogeneous equation is replaced by a function C(x). The calculation of an
appropriate choice of C(x) gives a solution of the nonhomogeneous equation.
Indeed, the ansatz

y(x) = with G(x)
= f g(t) dt

leads to

Ly y' + gy = (C' — gC + =

Hence Ly = h holds if and only if

C' = or equivalently, C(x)
= f h(t)eG(t) dt + C0. (5)

Theorem. If the fanctions g(x), h(x) are continuous in J and J, then
the initial value problem

Ly = y' + g(x)y = h(x), = (6)

has exactly one solution,

y(x) = . + e_C(z) f dt. (7)

The solution exists in all of J.

The discussion leading up to formula (5) shows that (7) is a solution to
Ly = h; it is clear that the initial conditions are satisfied. Uniqueness is a
consequence of (a) below.

Remark on Linearity. If y, are two solutions to the nonhomogeneous
equation Ly = h, then L(y — = Ly — Ly = 0, i.e., z(x) = y — is a
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solution of the homogeneous equation Ly = 0. Thus all solutions y(x) of the
nonhomogeneous equation can be written in the form

y(x) = + z(x), (8)

where is a fixed solution of the nonhomogeneous equation and z(x) runs
through all solutions of the homogeneous equation. In other words,

y(x; C) = + Ce_C(s) (C E IR) (8')

is the general solution of the inhomogeneous equation.
It follows from (4) that a solution z of the homogeneous equation that van-

ishes at a point is identically zero (note that e can be any point in J). Using
(8), this result implies

(a) Two solutions y, of the inhomogeneous equation that coincide at one
point in J are identical.

Example.

y' + y sin x = sin3 x.

Here G(x) = — cosx. Hence z(x; C) = Cecoss is the general solution of the
homogeneous equation Lz = 0 and

V(x)
= f sin3 t . eCOS 5—C0St dt

cos 5
=ecOSS f — 1)e8 ds

cos S
= _ec0s5((s2_1)+28+2)e_8

= sin2 x — 2 cosx —2 + 4ec0s5_l

is a solution to the nonhomogeneous differential equation. It follows that the
general solution of the nonhomogeneous equation is given by

y(x; C) = sin2 x — 2cosx —2 + C• eCOSS.

iii. g(x)y + h(x)ya = 0, a 1 Bernoulli's Equation.

This differential equation, named after Jacob Bernoulli (1654—1705), can be
transformed into a linear differential equation. Let us assume that the functions
g, h are continuous in J and that y > 0. If the equation is multiplied by
(1 — and the relation (1 — = is used, then one obtains

(yl_a)I + (1 — a)g(x)yl_a + (1 — a)h(x) = 0.

Thus the function z = satisfies a linear differential equation,

z' + (1 — a)g(x)z + (1 — a)h(x) = 0. (9)
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y

Solution of the initial value problem

V+ j-f— +(1+x)y4 = 0, y(O) = —1

Conversely, if z(x) is a positive solution of (9), then the function y(x) =
(z(x)) is a positive solution of Bernoulli's differential equation. For > 0,

the initial condition = transforms into z(e) = > 0. By Theorem
II, this condition uniquely defines a solution z of (9). Hence each initial value
problem for the Bernoulli equation with a positive initial value at the point is
uniquely solvable.

The cases where also nonpositive solutions occur will be discussed now.
(a) a > 0: Then the differential equation is defined for y � 0, and y 0

is a solution. Since all positive solutions can be given explicitly, it is easy to
determine, on a case by case basis, whether or not solution curves run into the
x-axis from above. This is the case, for example, for g = 0, h = —1, a
(Example 2 from i.v).

(b) a an integer: Then y < 0 is also permitted. There are two cases.
a odd: It follows from the Bernouffi equation that

(—y)' +g(x)(—y) + = 0.

So if y(x) is a positive solution of the Bernoulli equation, then u(x) = —y(x)
is a negative solution. Hence initial value problems with ii < 0 can be easily
handled.
a even: Since 1 — a is odd, y < 0 implies z = <0, which in turn yields

= So for a negative initial value the negative solution z of (9)
with z(e) = leads to a negative solution ii = with =

In both cases the solution y satisfying = <0 is unique.

Exercise. Show directly (without using the uniqueness theorem) that for
a � 2, a E N, a solution y 0 of Bernoulli's equation has no zero in J.

Example.

+(1+x)y4 =0.
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The differential equation is defined for both positive and negative y. Using

z gives, according to (9),
y

z'— = 0.1+x
Clearly, q5 = C(1 + x)3 is the general solution of the homogeneous equation.
Thus the ansatz for the nonhomogeneous equation (by variation of constants)
is z = C(x)(1 + x)3. After a simple calculation, one obtains

/ 3
C

Therefore, the general solution of the nonhomogeneous equation is

z(x;C)=C(1+x)3—3(1+x)2=(1+x2)(Cx+C--3).
Since a = 4 is even, one has

sgn(Cx+C—3)

The solution through the point (0, —1) is given by

IV. y' + g(x)y + h(x)y2 = k(x) Riccati's Equation.
In this equation, which is named after the Italian mathematician Jacopo

Francesco Riccati (1676—1754), the functions g(x), h(x), k(x) are assumed to be
continuous in an interval J. Except in special instances, the solutions cannot
be given in closed form. However, if one solution is known, then the remaining
solutions can be explicitly calculated. For proof, we consider the difference of
two solutions y and q5, u(x) = y(x) — it satisfies the equation

u'+gu+h(y2 = 0.

Since y2 — = (y — + = u(u + one has

= [g(x) + 2çb(x)h(x)]u + h(x)u2 = 0. (10)

Thus the difference satisfies a Bernoulli differential equation which can be con-
verted, using the techniques described in III, into the linear differential equation

— [g(x) + = h(x), where z(x)
=

(11)

Summary. If a solution q5(x) of the Riccati equation is known, then all of
the other solutions can be obtained in the form

(12)

where z(x) is an arbitrary solution of the linear equation (11).
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Example. — — 2xy = 2.

The function 4(x) = is a particular solution. Formula (11) then gives
the linear differential equation

2x—— +1=0." xl

The general solution to the homogeneous equation is z(x) = from
which a particular solution 2 of the nonhomogeneous equation can be obtained
using (7) with h = —1:

ex2
2(x) = _x2e_x2

J — dx

= _x2e_x2 (_1ex2 + 2 feZ2 dx)

— with E(x)
= f

The integral E(x) can be expressed in terms of the error function with imaginary
argument. The general solution of the original Riccati equation is now obtained
from (12),

1 1
y(x; C) = +

x + — 2E(x))
— 2E(x))

— 1 + (C — 2E(x))

Since y(O; C) = C, every initial value problem y(O) = can be immediately
solved.

V. Exercises. (a) Isoclines. Isoclines of a differential equation y' =
f(x, y) are the curves f(x, y) = const, on which the direction field has constant
slope. Sketch the direction field for the differential equation

= y2 + 1— x2

making use of the isoclines y2 + 1 — x2 = const. Determine all solutions (one
solution is evident from the direction field). Which solutions exist on an infinite
interval; which exist in R?

(b) Determine all solutions of the differential equations

!/+ysinx=sin2x and y'—3ytanx=1.

(c) Solve the initial value problem

= x4y + x4y4, y(O) =
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VI. Exercise. Suppose f(s) is continuous on the half-open interval 0 <
x < 1. What additional conditions must f(s) satisfy so that every solution of
the differential equation

y'—f(x)y for 0<x�l
has the property

(a) y(x)—÷0 as x—*+0? (b)

Investigate the same question for the differential equation

for

0 � y(x) � l/e are taken into consideration.

VII. Exercise. The Riccati Differential Equation and Linear Differen-
tial Equations of Second Order. Show that the Riccati differential equation

y'+g(x)y+h(x)y2 = k(s)

with g,h E C°(J), h E C'(J), h(s) 0 in J, can be transformed into the linear
differential equation of second order

(13)

using the transformation

u(s) exp (f h(x)y(x) dx)

and that conversely, a positive solution u of (13) produces a solution y =
(log u)'/h of the Riccati equation. Use this relationship to solve the initial
value problem

— + exy2 + = 0, y(O) =

Supplement: The Generalized Logistic Equation.

We consider a generalization of the logistic differential equation ii' = u(b —

cu), where, in contrast to 1.XIII, b and c depend on t. Our objective is to derive
some theorems on the asymptotic behavior of the solutions as t oo and on
the existence of a class of distinctive, in particular periodic, solutions.
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VIII. The Generalized Logistic Differential Equation

'u'(t) = u(b(t) — c(t)et). (14)

The functions b and c are assumed to be continuous and positive in lit We
consider only positive solutions.

Equation (14) is a Bernoulli equation. If u is a solution with u(r) = 'UØ > 0,
then by UI, the function y = 1/u satisfies

y'=—by+c, (15)

and hence

y(t) = e_B(t) (Vo + f c(s)eB(8) ds) (16)

with

- B(t)=f b(s)ds.

Since u = l/y, we obtain the following results.
(a) A solution u with u(T) > 0 exists and is positive for all t > T. The

solution also remains positive "to the left." Either it exists for all t < T or there
exists a tj <r such that u(t) —i 00 as t —÷ t1+. The latter case occurs if there

is a t1 such that y(t1) = 0, i.e., if Yo <f c(s)eB(8) ds.

(b) If u, v are two solutions with u(r) <v(r), then u < v in their common
interval of existence. If u(to) = v(to), it follows from (16) that u v.

Theorem 1. Let urn B(t) = 00. If u is a positive solution, then
t—+oo

lim u(t) = Urn
t—.oo c(t)

provided that the limit on the right side exists.

Proof. This theorem is a substantial generalization of 1.XIII.(a). It can
be proved by writing y as the quotient Z(t)/N(t) with N(t) = eB(t). The
result then follows using l'Hospital's rule; since both B(t) and N(t) tend to 00,
the rule applies. One gets Z'(t)/N'(t) = c(t)/b(t), which gives the conclusion
immediately. I

In what follows, a function g will be called T-periodic (T> 0) if it is defined
on all of IR and g(t + T) = g(t) holds for all t E lit

Theorem 2. If the coefficients b and c are T-periodic, then there exists
exactly one positive T-periodic solution of (14).
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Proof. It is sufficient to show that there is exactly one solution with u(O) =
u(T) > 0. Under this assumption v(t) := u(t + T) is a solution of (14) with
v(0) = u(0). Then y = 1/u and z = 1/v both satisfy the same linear differential
equation and have the same initial values. It follows that y = z and hence u = v
i.e., u is T-periodic. If we set r = 0 in (15), then the relation u(0) = u(T) leads
to the equation

Yo
(eB(T) — i)

=
c(x)eB(8) ds > 0,

which can be solved uniquely for Yo because eB(T) > j• I
In the classical case (b, c constant), the constant solution u = b/c is distinc-

tive. It is the only solution for which both the limits as t cc and as t —p —00

are positive. Moreover, as t —p cc, all positive solutions tend to this solution; cf
1.XIII.(a). There also exists a distinctive solution in the general case. To inves-
tigate it we introduce a new concept. We call a function g JR JR positively
bounded if there are two positive constants a, /3, such that a < g(t) < /3 for
t E JR. Clearly, if gj, 92 are positively bounded, then so are 9192, Yi + 92, 91/92.

Theorem 3. Let the coefficients b, c be positively bounded. Then equation
(13) has exactly one positively bounded solution if on IR; and if u is any positive
solution, then u(t) — if (t) 0 as t cc.

Proof. Let a, 5 be positive constants with a < b < /3, 'y < c/b < S in JR.
The first set of these inequalities leads to the estimates

at<B(t)<13t for t>0, at>B(t)>j3t for t<0;

and the second leads to
t it t

1(t) [ c(s)eB(8) ds < 5] ds = SeB(8) = SeB(t),
J—oo —00 —00

and similarly 1(t) >
We have to show that the linear equation (15) for y = 1/u has one and only

one positively bounded solution. Let be the solution (16) with 110 = 1(0) and
T = 0, that is,

y*(t) = e_B(t) f c(s)eB(3) ds.

(This, by the way, is the smallest positive solution that exists in all of R; cf. (a).)
From the previous estimates it follows that 'y < < S. Since the solution
z(t) = of the homogeneous equation is unbounded and all solutions of
the nonhomogeneous equation are given by y = + Az, it follows that is the
only positively bounded solution. I

Exercise. Prove the last assertion in Theorem 3.
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3. Differential Equations for Families of Curves.
Exact Equations

I. The Differential Equation for a Family of Curves in Various
Forms. If f(x, y) is defined and continuous in a domain D (open connected
set), then the solutions to the differential equation y' = f(x, y) form a family
of curves that covers D (that is the geometric meaning of the Peano existence
theorem, which will be proved in § 7).

Conversely, if a given family of curves covers D simply, then it is possible
to find a first order differential equation such that the curves in the family are
the solutions of the differential equation. For proof, suppose E D is an
arbitrary point and y = is the curve in the family that goes through this
point. If we define the function f by setting f(±, = çi/ (i), then clearly each
curve in the family is a solution of the differential equation y' = f(x, y) (this
procedure was already mentioned in 1.111).

Example. The family of concentric circles

x2+y2=r2 (r>O)
satisfies the differential equation

(1)

since the slope of the line passing through the origin and the point (x, y) is
m = y/x, and the line perpendicular to it (which is tangent to the circle) has
slope —1/rn. Technically speaking, the functions

y(x; r) = — x2 (r > 0 is a parameter)

and not the circles are solutions to the differential equation (1). Moreover, the
equation holds only in the open interval —r <x < r because the derivative is
infinite at the points x = ±r. Similar problems occur whenever curves with
infinite derivatives (and hence vertical line elements) are present.

x

y

m

m



3. Differential Equations for Families of Curves 37

Such difficulties can be overcome by representing the curves in a symmetric
form, that is, either in implicit form F(x, y) C or in parametric form x =
y = y(t). A symmetric representation of a first order differential equation is
given by

g(x,y)dx+h(x,y)dy = 0, (2a)

or, equivalently, by

g(x,y)± + = 0 for x = x(t), y = y(t), (2b)

where ± = dx(t)/dt, = dy(t)/dt. Here it makes sense to assume that

g2+h2>O (3)

(note that g h 0 in a domain D implies that every differentiable curve lying
in D is a solution of (2)). Further, we require solutions in parametric form x(t),
y(t) to be continuously differentiable and satisfy

(±(t))2 + > 0, (4)

which implies that the curve is a smooth curve. This assumption is also a
natural one. It excludes solutions of the form x(t) = const., y(t) = const., and
it guarantees that locally (i.e., in a neighborhood of each point of the curve) the
curve can be written explicitly in the form y = or x with in
Cl.

The differential equation (2b) is equivalent to

I , dy(x)\g(x,y)+h(x,y)y =0 for y=y(x) = dx )
(2c)

in the following sense: If y(x) is a solution of (2c), then this explicit represen-
tation can be interpreted as a parametric representation x = t, y = y(t), for
which (2b) holds. Conversely, if x = q5(t), y is a solution of (2b) and
if q5(to) 0, then q5 0 in a neighborhood U of to, and the inverse function
t = t(x) exists. The part of the curve that corresponds to values of t e U can
be expressed explicitly in the form

y = y(x) =

The function y(x) is a solution of (2c) because

y'(x)
=

dx cb(t(x))

In a like manner, if t0) 0, then (2b) is equivalent to the differential equation

for x=x(y). (2d)

The case = = 0 is excluded by the requirement (4).
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Summary. The solutions obtained from equations (2b), (2c), and (2d)
are indeed different functions, but they give exactly the same curves with the
exception that for (2c) those curve points with vertical tangents and for (2d)
those curve points with horizontal tangents are missing. Consequently, whenever
the emphasis is on the geometric point of view, that is, when one is interested in
solution curves, there is no real difference between the four forms of the equation
(2a), (2b), (2c), (2d).

Finally, we note that equation (2b) is invariant with respect to a change
of parameter: If x(t), y(t) is a solution of (2b), then so is =
y(T) = y(h(r)), as long as h(r) E C'.

In Example 1, the symmetric form of differential equation (1) is

xdx+ydx=O.

II. Exact Differential Equations. A differential equation of the form
(2) is called an exact equation in the domain D if (g, h) is a gradient field, i.e.,
if there exists a function F(x, y) E C' (D) such that

F function for the field (g, h).
The total differential of a function F is defined as dF = + Thus

a differential equation is exact in D if and only if it can be represented in the
form

dF(x,y)=O with FEC'(D). (6)

Once a potential function has been determined, the problem of integrating
the differential equation (2) is essentially settled.

Theorem. Let the f'zLnctions g, h be continuous in the domain D. If the
differential equation (2) is exact in D and if F E C' (D) is a potential function,
then the function pair (x(t), y(t)) E C1 (J) (with values in D) is a solution of the
differential equation (2b) if and only if F(x(t), y(t)) is constant in the interval
J. Likewise, y(x) is a solution of (2c) if and only if F(x, y(x)) is constant, and
a corresponding statement holds for (2d).

Additionally, if (3) holds, then by solving

(7)

one obtains all solution curves, and exactly one solution curve passes through
each point of D.

The proof follows from the identity

=

Thus the pair (x(t), y(t)) is a solution of (2b) if and only if F(x(t), y(t)) is
constant.
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The second part of the conclusion is a consequence of the implicit function
theorem. Note that by (3) and (5), F > 0 in D. Let E D and

= a. If 0, for instance, then by the implicit function theorem
F(x, y) = a has a unique solution of the form y = y(x) E in a neighborhood
U of the point and differentiation of the identity F(x, y(x)) = a gives
equation (2c), i.e., y is a solution. I

Example.

0

is exact in 1R2. A potential function is

F(x,y) = + x3).

The question whether a differential equation is exact and if it is, how to
find a potential function is answered in the following well-known result from
analysis.

III. Theorem on Potential Functions. If g(x,y), h(x,y) are contin-
'uously differentiable in the simply connected5 domain D, then there exists a
potential function F(x, y) satisfying (5) if and only if

in D (8)

holds.

The potential function is obtained as a line integral

= / {g(x,y)dx+h(x,y)dy},

where E D is a fixed point and the integration is carried out along an arbi-
trary C'-path connecting to Equation (8) is precisely the condition
required to guarantee that this integral is independent of the path.

W. Integrating Factors (or Euler Multipliers). The differential equa-
tion

ydx+2xdy=0 (9)

is not exact. However, it can easily be made an exact differential equation
(in the domain x > 0) by multiplying the equation by The resulting
differential equation

—p-- dx + dy = 0

is exact, and a potential function is given by

(x>0).
An exact differential equation can also be obtained by multiplying (9) by y:

y2dx+2xydy=0, giving F(x,y)=xy2.
5See A.VI for a definition of simple connectedness.
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V. Definition and Theorem. If the functions g(x, y), h(x, y) are con-
tinuous in D, then a continuous function M(x, y) 0 defined in D is called

an integrating factor or Euler multiplier for the differential equation (2) if the
differential equation

M(x,y)g(x,y)dx + M(x, y)h(x, y) dy = 0 (10)

is exact.
If D is simply connected and g,h,M then = i.e.,

= (11)

is necessary and sufficient for M to be a multiplier.

This follows immediately from Theorem III. Note that in general it is a dif-
ficult task to find an integrating factor M, since M is the solution to the partial
differential equation (11). However, once a multiplier M is found, all solutions
of equation (2) (which is equivalent to (10)) can be found by integration; cf.
Theorems II and III.

Multipliers Depending on Only One Variable. Sometimes a multiplier can
be found that depends only on x (or only on y). The ansatz M = M(x), for
instance, leads to

(12)

Thus an integrating factor depending only on x exists if and only if the left-hand
side of (12) depends only on x. An important example is the linear differential
equation; see Exercise VIII. (e).

Example.

(2x2+2xy2+1)y±+(3y2

The differential equation is not exact; however (cf. (12)),

— = 2x,

and hence M = e'2 is an integrating factor. A potential function F(x, y) can
be determined from equations (5), which for this example are given by

=ex2y(2x2+2xy2+1), =ex2(3y2+x).

From the second of these equations it follows immediately that

F(x,y) = ex2(y3 +xy) +

where is an arbitrary function of x. This function must be determined
such that the first of the two equations also holds. This is the case, as one can
check, if 0. Thus the solutions are given by

F(x,y)_yex2(x+y2) = C.
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y

x
(0,0)

Note that it is just about as easy to get the potential function from the line
integral in Theorem III. Choosing = (0,0) and taking the path given in
the figure, one sees that the integral vanishes along the x-axis, since g = 0 there
and dy = 0, and that the integral over the vertical segment gives precisely the
function F obtained earlier.

VI. A System of Two Autonomous Differential Equations. In
connection with equation (2), we consider the system of two differential equa-
tions

±_—h(x,y), (13)

for the pair of functions (x(t), y(t)). Such a system is called an autonomous
system, because the variable t does not appear explicitly in the right-hand side.
A consequence of this fact is the following property:

(a) If (x(t), y(t)) is a solution, then so is (x(t + c), y(t + c)) (c arbitrary).

Phase Plane and Phase Portraits. A solution (x(t), y(t)) of the system
(13) can also be interpreted as the parametric representation of the correspond-
ing solution curve in the xy-plane. In this context the xy-plane is also referred
to as the phase plane, and the curves generated by the solutions are called the
trajectories (or the orbits) of the differential equation. A sketch of several of
these trajectories is called a phase portrait or phase diagram of the system (13).
Arrows are added to the trajectories to give the orientation of the curve in the
sense of increasing t. In addition, the velocity of motion, that is, the vector

can also be given approximately by placing special dots along the
trajectory at solution points corresponding to a sequence of equidistant t-values.
Where the dots are close together, the solution is changing slowly, where they
are far apart, the change is correspondingly faster.

A phase portrait gives an excellent overview of the qualitative behavior of
the solutions. Thus it is of great significance that in some examples the trajec-
tories can be given without first determining the solutions. What is needed is a
function F(x,y) that is constant along each solution (i.e., on each trajectory).
Such a function is called a first integral of the system (13). The trajectories are
then given implicitly by the equation F(x, y)

(x,y)
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There is a relationship between equations (2) and (13). A solution of (13) is
clearly a solution of (2b) and also, more generally, of the equation

M(x, y)g(x, y)th + M(x, y)h(x, = 0. (14)

If M 0 is an integrating factor that makes this equation exact, then there
exists a potential function F with the desired property. To make this precise:

(b) If equation (14) is exact and F is a potential function, that is, if grad F =
(Mg, Mh), then F is constant along solutions of the system (13). The trajecto-
ries of the system (13) are obtained as the level sets

Kc, = F'(a) = {(x,y) ED: F(x,y) = a}.

Example. For the system rb y, = —x, the corresponding equation (2) is
x dx + y dy = 0. The function F(x, y) = x2 + y2 is constant along each solution,
and therefore the trajectories are circles centered at the origin.

Some questions arise at this point.
(c) If the level sets Ka are curves, is it possible to formulate general theorems

about their structure? Locally, if grad F 0, then Ka is a curve because of the
implicit function theorem. Global statements, particularly statements about
closed Jordan curves, are proved in the Appendix in sections A.VII—VIII.

(d) Does a solution that starts on a level curve always trace out the entire
curve, or can it just stop somewhere? Statements related to this question are
proved in A.IX.

(e) How can the direction of the arrows on the trajectories be obtained?
This can usually be done without difficulty by considering the sign of g and h.
The markings of points for equidistant t-values, on the other hand, have to be
obtained numerically.

As an illustration of these ideas, we will consider a famous example from
biomathematics.

VII. The Predator—Prey Model of Lotka—Volterra. We consider
an ecological model consisting of two species, a predator species and a prey
species, which goes back to the American biophysicist Alfred J. Lotka (1880—
1949) and the Italian mathematician Vito Volterra (1860—1940). The size of the
predator population will be denoted by y(t), that of the prey by x(t). In the
system of differential equations

fc=x(a—by), (15)

which describes their interaction, a, b, c, d are positive constants. The prey
population is assumed to have ample resources (e.g., food) so that in the absence
of predators (y = 0)

growth rate = birth rate — death rate = a > 0,

and the population increases in size according to the exponential growth equa-
tion ± = ax. In the presence of predators the growth rate reduces from a to a—by
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for obvious reasons; in fact, it can become negative. The situation is different
for the predator population. Without prey (x 0), the predator population
decreases in accordance with the equation for exponential decay = —cy (be-
cause without an adequate food supply, the death rate exceeds the birth rate),
but when the prey population is present, the improvement in the food supply
enlarges the growth rate to —c+ dy, which can be positive if the prey population
is large.

The following analysis of equation (15) begins with an application of the
existence and uniqueness theorem 10.V1. From this theorem it follows that for
every initial condition (x(0),y(0)) = there is exactly one solution of
(15). Clearly, there is exactly one positive constant, or stationary, solution
(x(t),y(t)) = (x0,y0) = (c/d,a/b).

In the notation of (13), g = y(c — dx) and h = x(a — by). We claim that

M(x,y) = — is an integrating factor. Indeed, the functions

satisfy the condition = = 0 from Theorem III. A potential function is
easily found:

F = G(x) + H(y) with G(x) = clogx — dx, H(y) = alogy — by.

The function C is strongly monotone increasing in the interval (0, xo), strongly
decreasing in the interval [x0, oo), and it tends to —oo as x 0+ and as x 00;

H behaves in the same manner on the intervals (0, Yo), [Yo, oo). It follows that
F has a maximum at (x0, Yo),

F(x,y) <F(xo,yo) =: B for x,y>0, (x,y) (x0,y0),

and grad F 0 there. From Theorem II and Theorems A.VIII (with A = —co)

and A.IX in the Appendix, we immediately obtain the following

Theorem. For —oo < a < B, the level sets = F'(a) are closed
Jordan curves that surround the stationary point (x0, Yo). All positive solutions
(x(t),y(t)) of the Lotka—Volterra equations are periodic; x(t) has its largest and
smallest values when y(t) = yo, and y(t) has its largest and smallest values when
x(t) = xO.

We briefly describe the evolution of a solution (x(t),y(t)) with initial value
(xo,fl), < yo, at t = 0. The solution traces out the curve Ka, where a =

When t = 0, the predator population y is at its lowest point; as t
increases, y begins to increase, while at the same time the growth of the prey
population x slows and comes to a halt at the value y = yo. At this point
x begins to decrease and y continues to grow, but more slowly, reaching a
maximum when x sinks to the value x0, etc.

It can be shown directly, without appealing to A.JX, that the above solution
actually makes a complete rotation in finite time and does not just come to a halt
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y

The predator—prey model
with (a,b,c,d) = (3,2,2,1),

X

somewhere on the curve. Since the solution values (x(t), y(t)) lie on a bounded
curve the solution itself is bounded; thus it exists for all t � 0 by Theorem
10.VI. As long as y(t) <yo, ±(t) is positive, whence x(t) > xo for small positive
t. But then from x xo +e it follows that � y(—c+ d(xo +e)) = dEy >0.
Thus y > and hence y> > 0. Therefore, y takes on the value yo at a
time t1, where x (t1) > xo. In a similar manner, one shows that the remaining
three parts of the curve Ka are traced out in this way and that there exists
a smallest positive number T with (x(T),y(T)) = (x(O),y(O)). By V.(a) the
function (±(t), V(t)) = (x(t + T), y(t + T)) is a'so a solution of the differential
equation with the same initial conditions at t = 0 as (x(t), y(t)), and by the
uniqueness theorem both solutions must be identical, i.e., the solution under
consideration is periodic with period T.

(a) Exercise. Consider the mean value (Xm, Ym) of a T-periodic solution
(x(t), y(t)) of equation (15); i.e.,

x1fTx(t)dt

Ym = Yo• Thus the mean value of a solution over a period
is equal to the value of the stationary solution.

Hint: Integrate th/x and from 0 to T.

VIII. Generalized Predator—Prey Models. Exercise. (a) Show
that the same qualitative statements hold for the nonnegative solutions of the
system

±=x(a—by2),

as for the Lotka—Volterra model; cf. Theorem VI. Is VI. (a) stifi valid?
The statements of Theorem VI can be essentially carried over to more general

systems of the form

= = (16)

and, in fact, can be carried a step further.
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(b) We consider an autonomous system of the form

± W(x,y)h(y), = (17)

with W > 0 (in the case of equation (16), W = Let the functions
h be continuous and strongly monotone decreasing in [0, oo) and let each

function have a positive zero, say = 0, h(yo) = 0. Show directly that:

(i) The function F(x,y) = G(x) + H(y) with

tv py
G(x) J a(s) ds, H(y)

= J
h(s) ds

yo

is constant along each solution of the system (17).

(ii) If it is assumed that G(0+) = H(0+) = —oo, then the statements of
Theorem VI are valid. In particular, all positive solutions are periodic.

(iii) Using = 2(1—x), h(y) = 2(l—y), W = las an example, discuss how
the behavior of the solutions changes if the hypothesis in (ii) is violated.

IX. Exercises. (a) Determine all solutions of the differential equation

(cos(x +y2) + 3y)dx + (2ycos(x + y2) + 3x)dy = 0

in implicit form. Discuss (and sketch) the solution through the origin.
(b) Determine all solutions of the differential equation

(xy2 —y3)dx+(l—xy2)dy——0.

(There is an integrating factor lvi = M(y).) Sketch the direction field and draw
some solution curves (with the help of the isoclines for the slopes 0, 1, —1, oo,
for instance). Determine the solution through the origin.

(c) Determine all solutions of the differential equation

y(l+xy)dx=xdy

in explicit form. There exists an integrating factor lvi = M(y).
(d) Derive a differential equation for the family of circles

(xA)2+y2—A2 (A>0)

and draw a sketch showing some of the solutions.
(e) Find an integrating factor M = M(x) for the linear equation

y' +p(x)y = q(x)

and find the associated potential function. Compare the solutions obtained from
F(x,y) = a with Theorem 2.11.
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§ 4. Implicit First Order Differential Equations
We consider the implicit differential equation

F(x,y,y')=O. (1)

Throughout this section, we assume that the function F(x, y, p) is continuous
in a domain D of three-dimensional space (without making specific reference to
the fact each time).

Just as in the case of explicit differential equations, the differential equation
(1) defines a direction field. It is the set of all line elements (x, y, p), for which

F(x,y,p)=O. (2)

The new feature in the case of implicit differential equations is that now a
point can be a "carrier" of more than one line element, in contrast to the
situation for explicit differential equations. This happens whenever the equation

p) — 0 has more than one solution p.

I. Regular and Singular Line Elements. If = 0 and if
equation (2) can be rewritten in a neighborhood U C R3 of the point
in a unique way in the form

p=f(x,y) withacontinuous f(x,y) (3)

(this means that the line elements in U are precisely the triples (x, y, f(x, y))
with (x, y) E V), then (±, is called a regular line element. All line elements
that are not regular are called singular. A solution curve y(x) of (1) is called
regular, respectively singular, if all of the line elements (x, y(x), y'(x)) are reg-
ular, respectively singular. Finally, (x, y) is a singular point of the differential
equation if there exists a singular line element (x, y, p).

Theorem. If the functions F(x, y,p) and y,p) are continuous in a
neighborhood of and if

(4)

then is a regular line element.

The implicit function theorem applies under the hypotheses of this theorem
and implies that a representation in the form (3) is possible.

It follows that the conditions

= = 0 (5)

must hold for singular line elements Note, however, that a line element
that satisfies property (5) is not necessarily singular. For instance, every line
element of F(x,y,p) = [p — is regular (for continuous f), since the
equation can be uniquely expressed in the form (3), even though (5) holds for
all line elements.
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y

a;

Solution curves of the
differential equation y'2 = 4x2

,2 2y =4x.
The equation F(x, y, p) = p2 — 4x2 = 0 is equivalent to p = ±2x, and thus the
line elements are the triples (a;, y, ±2x); the solutions of the differential equation
are the parabolas y = C + a;2 and y = C — a;2. The only place where (2) cannot
be written (locally uniquely) in the form (3) is the y-axis; i.e., the line elements
(O,y,O) are singular, as are the points (0,y).

II. Parametric Representation with y' as the Parameter. In the
following sections we will discuss some examples of implicit differential equations
that can be solved in closed form. The ansätze that are used here all have the
common property that they lead to solution curves with a special parametric
representation in which p = y' is the parameter.

This will now be explained. Consider pairs (x(p), y(p)) of continuously dif-
ferentiable functions in an interval J with the property

(6)

Here ± = dx/dp, = dy/dp. If ±(p) 0, then the curve represented by this pair
has slope p at the point (x(p), y(p)). Indeed, it is well known that the curve can
be represented in explicit form y = and moreover, from y(p) = q5(x(p))
and (6), it follows that

(7)

Conversely, suppose y = is an arbitrary curve in explicit form. A para-
metric representation that satisfies condition (6) can be derived by solving the
equation p = for a;. If we denote the inverse function of qS' by x(p) and

Example.
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set y(p) := q5(x(p)), then (x(p), y(p)) is a parametric representation of the curve
that satisfies the relation (6),

= .th(p) =p. th(p),

as was expected.

Two Examples. (a) y = x3 for x E ]R. From the relation p = 3x2 � 0, we
obtain, using the procedure described above, that

(p�O).
y=7i(p)=e3(p)

Thus each of the two branches x � 0, x 0 of the cubic parabola has a
parametric representation with y' = p as parameter that satisfies the condition
(6).

(b) y = sinx, 0 � x � ii. From p = cosx it follows that

x=arccosp -
(—1 �p� 1).

y = —

What is the corresponding representation in the interval ir � x � 2ir?

Such a representation of a curve is possible only if p = q5'(x) can be solved for
x (as is the case if çb" 0). In particular, straight lines cannot be represented
parametrically in this manner. We will have to be on the alert for this situation
later on in the discussion.

The outline of a solution procedure based on the above ideas goes something
like this. An implicit differential equation in the form (1) is given. Denote
the solution by if the solution curve has a parametric representation
(x(p), y(p)) with property (6) (this would be the case if çb" 0!), then the
substitution x = x(p) into F(x, qY (x)) 0 gives the equation

F(x(p),y(p),p) = 0 (8)

because of (7). The functions x(p), y(p) can now be determined using the two
equations (6) and (8).

The following types of equations can be solved using this procedure.

III. x = g(y')

Let J be an interval and g E C'(J). Here x(p) = g(p) is given and y(p) is
obtained from (6). Thus the solution curves are given by

r

1

Clearly, the set of solutions does not include line segments.
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IV. y=g(y')
Let g C'(J). Similar to the result obtained in III, it follows from (6) that

I

In addition, the constant function y = g(0) is also a solution, provided that
o E J.

V. y = xy' + g(y') Clairaut's Differential Equation.6

Let g E C' (J). Differentiating y(p) x(p)p + g(p) gives the relation

and hence, using (6), we have x + = 0; i.e.,

f (9)
y(p) = + g(p).

However, this is only one solution. It is easy to check that the straight lines

y_—cx+g(c) (cEJ) (10)

are also solutions. It is also not difficult to verify that the curve (9) touches each
of the lines (10) at the point (x(c), y(c)) corresponding to the parameter vaiue
p = c and that both have the same slope m = c at this point. The lines (10)
form a set of tangents to the curve (9), and the curve (9) is called the envelope
of the family of lines (10).

What about the conditions that must be met before (9) deffnes a solution?
If g C2(J), then clearly x,y E C'(J). Further, if 0, then 0 in J,
i.e., the curve (9) can be explicitly represented in the form y = gS(x) with a
continuously differentiable If one notes that = y(p), then the proof
that is actually a solution follows from the second line of (9). It can be further
proved under these assumptions that all of the solutions to the Clairaut equation
have been found, i.e., that every solution is either the function obtained from
(9), one of the lines (10), or a function constructed by splicing to one of
the lines (10). The proof (which is not exactly short) can be found in Kamke
(Differentialgleichungen, Vol. I, pp. 52—54).

Example.

y = xy' +

The solution curves are the lines

(cER)

6Clairaut, Alexis Claude, 1713—1765, French mathematician and astronomer.
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1/

Solution curves of Clairaut's equation y = zy' + eli'

and their envelope

1y(l)eP (x<0).

VI. y = xf(y') + g(y') D'Alembert's Differential Equation.7

Let f,g E C'(J). Differentiating y(p) = xf(p) +g(p) to get

= ±i + xJ +

and then using (6) leads to the linear differential equation

— xJ(p)+4(p)

from which x(p) and hence also y(p) = xf(p) +g(p) can be determined in closed
form. A line y = cx + d is a solution if and only if 1(c) = c and d = g(c).

Example. Let

(, i\
Differentiation of y(p) x(p)(p + l/p) +p4 leads to

+x(1—jr2)+4p3,

or, since = pa;,

(1 \XXI\__P) —4P.

7D'Aleznbert, Jean Le Rond, 1717—1783, mathematician, philosopher, and writer.
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A solution to the homogeneous equation is x(p) = = p e_P2/2, a
solution to the inhomogeneous equation

= &,2/23 dp.

The substitution s = p2/2, ds = p dp, transforms the integral into 2 f Se3 ds
2e3(s — 1), which gives = — 4p3. Thus the general solution reads

x(p) = Cpe_P2/2 + 8p — 4p3, y(p) = x(p) +p4 (Ce R).

VII. Integration by Differentiation. This heading refers to the fol-
lowing procedure for solving a differential equation F(x, y, y') = 0. If there
is a solution of the form (x(p), y(p)), then F(x(p), y(p) , p) 0 holds, and the
equation

follows by differentiation. Using this relation together with (6) gives the follow-
ing equations for the functions ±,

.__
11)

—

This is a system of two differential equations for the two unknown functions
(x(p), y(p)). In many cases the variables are separated; i.e., only x(p) [or y(p)]
appears on the right-hand side of the first [or second] differential equation. Two
examples where this kind of separation occurs are

I
.

-
y(p)=G(x(p),p);

x=H(y,y') x(p)—H(y(p),p).

The types of equations discussed above in III, W, and VI are special cases of
this type of equation in which the new differential equation for i, respectively

can be solved explicitly.

VIII. Exercises. Determine all the solutions for the following Clairaut
differential equations in explicit form. Sketch some of the solution curves!

(a)

/ a(b)y=xy+y
(c) Show that all solutions of the differential equation

y=xy'+ay'+b (a,bconstant)

are lines through a fixed point. Js the "envelope" given by (9) a solution?
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Determine the solutions of the following differential equations in parametric
form:

(d) y=xy +ln(y ),

(e) x=y(y'+1/y')+y'5.



Chapter II
Theory of First Order
Differential Equations

§ 5. Tools from Functional Analysis

Many questions in the theory of differential equations can be answered in a
particularly elegant manner using general concepts of functional analysis. In this
and later chapters, functional-analytic methods will be used to derive theorems
on existence, uniqueness, and dependence of solutions on parameters. We begin
by introducing the concept of a Banach space.

I. Vector Spaces. A set L = {a, b, c, .. .} is called a vector space or
linear space if an addition and a "scalar" multiplication (scalars are real or
complex numbers) are defined (i.e., to each pair of elements a, b E L there is
associated a unique element a + b E L, and to each element a E L and each
number A, an element Aa E L) and if these operations satisfy the following laws:

The set L is an abelian group with respect to addition, that is to say, the
following rules hold for a, b, c E

(a+b)+c = a+(b+c)
a+b = b+a,

and there is a unique zero element, denoted by 8, and to each a L a unique
inverse, denoted by —a, such that

a+8 = a

a+(—a) = 0.

53



54 II. Theory of First Order Differential Equations

For a, b L and arbitrary numbers ,\, scalar multiplication satisfies the rules

.X(a+b) =

= Aa+pa

=

1a=a
0•a = 9.

The space is called a real or a complex vector space, depending on whether the
scalars come from the field of real or complex numbers.

A nonempty subset of L that (with. the previously described operations) is
again a linear space is called a (linear) subspace of L.

II. Normed Space. Let L be a real or complex linear space. A real-
valued function II all, defined for a e L, is called a norm if it has the properties

11911=0, >0 for definiteness,

= 1A1 hall homogeneity,

Ila + bll � tall + Ilbhl triangle inequality.

The space L is sometimes said to be "normed" by We have used a special
symbol 9 here for the zero element of L in order to avoid confusion with the
number 0. From now on we shall take the commonly used symbol 0 for the zero
element in any vector space; the reader should have no problem with equations
like 0 . a = 0 from Section I.

For future reference we mention two simple consequences of the triangle
inequality:

� (1)

Ilall — llbII <

a norm defines a distance function (or metric) p(a, b) = la — bll
that satisfies the axioms of a metric space:

p(a, b) > 0 for a b, p(a, a) = 0 positivity,

p(a, b) = p(b, a) symmetry,

p(a, b) p(a, c) + p(c, b) triangle inequality.

Thus a normed space is a metric space. Using this "canonical" distance function
and proceeding in a natural manner, we can extend the definition of familiar
mathematical objects from the Eudidean space to any normed space L:
balls, c-neighborhoods, neighborhoods, interior points, boundary points, open
and closed sets. . . and, not least, convergence.
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III. Examples. (a) The n-dimensional Euclidean space JRTh. This space
is the set of all n-tuples of real numbers

a= (a1,... , = (a2).

Addition and scalar multiplication (A real) are defined by

a+b=(a2+b2), Aa=(Aa2).

The space JRTh can be normed in many ways, for example, by any one of the
following:

ale = + Euclidean norm,

al =

I

= max2
I

maximum norm.

In this text, elements from are denoted by boldface italic type and norms
in F by the ordinary absolute value symbol.

(b) The n-dimensional complex, or unitary, space, is defined in the same
manner as example (a) except that a2 and A are complex numbers. In the
definition of Euclidean norm, it is necessary to use absolute value bars:

= +

a compact set and C(K) the set of all continuous real-
valued functions f(x) = f(x1, . . . , on K. Addition h = f + g and scalar
multiplication k = Af are defined for f, g E C(K) and real numbers A in the
natural way:

h(x)=f(x)+g(x); k(x)=Af(x) for XEK.

As a norm one can choose, for instance,

If lb = max{If(x)I: x E K} maximum norm,

or, more generally, a weighted maximum norm

huh = sup x E K},

where p(x) is a given, fixed function with 0 < a p(x) <8 < 00.

(d) This final example is needed in the investigation of complex differential
equations. Let C C C be a domain in the complex plane and H0(G) the set
of holomorphic (i.e., regular analytic) and bounded functions u(z) : C C. If
p(z) is a real valued function in C and 0 <a � p(z) for suitable positive
constants a, fi, then

lull = sup {lu(z)lp(z): z E G} -

defines a norm in 110(G).
It is easy to verify the norm properties in each of these examples. The norms

are homogeneous, nonnegative, they vanish only for the zero function, and they
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are finite. The triangle inequality is well known for the Eucidean norm ale,
and easily verified for the other two norms in (a). In function spaces 111cc (c)
and (d), the triangle inequality holds under quite general hypotheses: G can be
any set, the functions f, g, p need to be defined on G; f and g can be complex
valued, p real valued and � 0. If one sets

1111 = sup {If(x)lp(x): x E G},

then

lf(x) +g(x)lp(x) � + Ig(x)Ip(x) � 11111 + IgII for x E G.

Therefore, the triangle inequality If + � 11111 + holds if the norms of f
and g are finite.

IV. Convergence and Completeness. The notion of the convergence
of a sequence of numbers can be extended in a natural way to a normed space
L. A sequence x1, x2, ... of elements of L converges "strongly" or "in the
norm" to an element x E L if

llxn.—xIl-—'() as

In this case, we also write

x (n —+ oo) or urn = x.

Convergence for infinite series is defined similarly:

= x — —'0 as n

A sequence x1, x2, ... is called a Cauchy sequence or a fundamental sequence
if it satisfies the Cauchy convergence criterion: For every e> 0, there exists an
No(e) such that Ilxn — XmII <e for n, m No(e); or more briefly,

lim IlZninIlO.
n

It is well known that every Cauchy sequence of real or complex numbers has a
limit (that is the essence of the Cauchy convergence criterion). However, the
same is not true for all normed spaces; instead, it is a special property, called
the completeness property, of certain linear spaces.

A normed linear space L is called complete if every Cauchy sequence of
elements of L has a limit in L (in the sense of convergence in the norm).
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V. Banach Spaces. A Banach space is a complete normed linear space,
that is, a set with the properties given in sections I, II, and P1.

Examples IIL(a),(c) are real Banach spaces, and III.(b),(d) are complex
Banach spaces. In the first two examples the completeness follows immediately
from the completeness of the spaces R and C. In the third example, we rely on
the following important observation:

Convergence in the maximum norm is equivalent to uniform convergence.
Indeed, if is a Cauchy sequence, then the statement Ifm — frnllo <g for

m, n n0 is precisely the Cauchy criterion for uniform convergence:

Ifn(X)fm(X)I<E for m,n�no and all xEK. (*)

The completeness then follows from the well-known theorem that the limit of
a uniformly convergent sequence of continuous functions is again continuous.
Therefore, there exists a function f E C(K) such that lim f(x) uni-

formly in K. If zv and n in (*) are fixed and m then it follows that

— f(x)I � s for n n0 and x E K;

i.e., I lb
for n n0. Thus f in the sense of convergence in the

norm, and hence C(K) is complete.
This argument is also valid for the weighted maximum norm 111111 in III.(c).

There we assumed that 0 < a � p(x) /3 in K, so that

allflbo If Iii � f3llfllo.

It follows that these two norms are equivalent:
Equivalence of Norms. Two norms . and

II
on a vector space L

are said to be equivalent if bxU � alixil' and IlxIl' /3lIxIb for all x E L (a, /3
constant), which means -that convergence in one norm implies and is implied
by convergence in the other norm. The two norms IlfIlo and If lii from III.(c)
are equivalent. It will be shown in 10.111 that all norms in W1 are equivalent.
Equivalence of norms is discussed in more detail in D.II.

Completeness of the space in Example (d) is obtained in a similar manner;
here, however, one needs the theorem that the limit of a uniformly convergent
sequence of holomorphic functions is holomorphic; cf. C.V1.

VI. Operators and Functionals. Continuity and Lipschitz Con-
dition. Let E, F be two real or complex normed spaces and T : D F a
function with D C E. It is customary to refer to such mappings as operators
or, in the case where F = or F = C, as functionals. An operator T : D —p F
is called linear if D is a linear subspace of E and T(Ax + = + jiT(y)
holds for x, y E D and E R or C, respectively. The value ofT at x is usually
written Tx instead of T(x).

An operator T: D F is said to be continuous at a point x0 D if E D,
x0 implies that Tx0. The equivalent 6, E-formulation reads: For

every 6> 0, there exists 5 > 0 such that from x e D, lix — xoll <5, it follows
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that llTx — Tx0 <E. An operator T satisfies a Lipschitz condition in D (with
Lipschitz constant q) if

llTx — Tyll � cillx — for x, y E D. (3)

It is easy to check that such an operator is continuous in D.
Note that the norms of two spaces, E and F, appear in this inequality. We

make no distinction between these two norms in the notation because E = F in
most applications.

Remark. If T satisfies a Lipschitz condition, there is always a smallest Lip-
schitz constant. Let qo be the inilmum of all numbers q for which (3) holds (for
all x, y E D); then for fixed x and y the inequality (3) clearly also holds with qo
in place of q.

The Operator Norm. If T is linear, then (3) follows from

liTxli � qilxil for x E D, (3')

and conversely (take y = 0 in (3) for the latter case). The smallest Lipschitz
constant in this case is called the operator norm of T and is denoted by IT II. It
is given by 11Th = sup{IITxII : lxii � 1}; cf. D.III.

VII. Some Examples. (a) In the special case E = F = R, every linear
operator T is of the form Tx = cx with c E R, and 11Th = c.

(b) Let D =E= C(J), J= [a,b], Fr=IR, and

bTf=f f(t)dt.

Clearly, T is a linear functional. It satisfies a Lipschitz condition (3) with
q = b — a if the maximum norm is used in E and the absolute value in F = R.
This is the smallest Lipschitz constant, i.e., 11Th = b — a.

(c) Let D = E = F = C(J) with J = [a, b], and

(Tf)(x) = dt.

The operator T is linear and satisfies a Lipschitz condition (3) with q = b — a

(maximum norm). Furthermore, if the weighted maximum norm with p(x) =
e is used (cf. III.(c)), then q = 1 — (Exercise!).

(d) We consider the functional Tx = lix hi
from E to R (= F). From inequality

(2) it follows immediately that a Lipschitz condition is satisfied with q = 1: The
norm in E is a continuous functional; it satisfies a Lipschitz condition with
Lipschitz constant 1.
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VIII. Iteration in Banach Spaces. Contractive Mappings. IvIany
existence problems in analysis and this also includes, as we will see, existence
problems for ordinary differential equations can be written as an equation of
the form

x=Tx (4)

in a suitably chosen Banach space B. Here T is an operator D B with
D C B. A solution of (4) is called a fixed point of T; it is a point which remains
"fixed" under the map T.

Fixed points are frequently found using an iteration procedure called the
method of successive approsirnation: starting from an element E D, one
forms successively the elements

Txo, x2 = Tx1, ..., = (5)

The central question of whether the sequence converges to a solution of
equation (4), is intimately connected to the concept of a contractive mapping.
The mapping T D —p B is called contracting or a contraction if it satisfies a
Lipschitz condition (3) with a Lipschitz constant q < 1. In this case, (3) says
that the distance between the image points Tx, Ty under the mapping is smaller
by a factor q than the distance between the two original points x, y, and hence
T "contracts" distances between points.

The following result is fundamental for later existence proofs.

IX. Fixed Point Theorem for Contractive Mappings (The Con-
traction Principle). Let D be a nonempty, closed set in a Banach space B.
Let the operator T: D —+ B map D into itself, T(D) C D, and be a contraction,
i.e., satisfy a Lipschitz condition (3) with constant q < 1. Then equation (4)
has exactly one solution x in D.

If a sequence of "successive approximations" is formed according to (5),
beginning with an arbitrary element x0 E D, then the sequence converges (in the
norm) to and we have the estimate

1
qfl

— xll � — xnll � — SoIl. (6)

Proof. First we note that E D implies E D because T(D) C D;
thus the sequence can be constructed as indicated in (5) and is contained
mD.

We will first establish the estimate
Th I _ni

5n+i — q Xi — Xo —

This inequality is clearly true for n = 0 and can be easily proved by induction.
Assume that (7) is true for index n. Then from (3) it follows that

IIXn+2 — xn+ill = — TXnll � —

�
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Thus (7) holds for the index m + 1 and hence, by induction, for all n.
Applying (1) to the identity x — y = (x — Tx) + (Tx — Ty) + (Ty — y), one

obtains

Ix—yII � IIx—TxII+IITx—TyII+IITy—yII for x,yED.
The right-hand side of this inequality becomes larger if the term IITx — Tyll is
replaced by — yfi (cf. (3)). Moving this expression to the left-hand side and
dividing both sides by 1 — q gives the inequality

lix — yfi � — TxlI + — Tyii} for x,y E D. (8)

All of the assertions follow very quickly from (8). The quantity x — Tx is called
the defect of x relative to equation (4), and correspondingly, the inequality (8)
is called a defect inequality.

If x and y are fixed points of T, then (8) implies that fix — = 0 and hence
the uniqueness of the fixed point. Setting x = in (8) with p > 0 and
y = then using (7) and Tx = Ty = one obtains

1
— — + iix,1+i —

+ — xolI �
C = 211x1 — xoIl/(1 — q). This implies that is a Cauchy sequence,

which then has a limit because of the completeness of B. Since D is closed,
is in D. On the one hand, we have —p T± from the continuity of T, and

on the other hand, = ±. Thus ± is a fixed point of T. The first
inequality in (6) is obtained from (8) when x = y = are substituted, and
the second inequality then follows from (7). This completes the proof of this
important theorem. I

X. Remarks. (a) The method of successive approximation is easy to
ifiustrate graphically in the special case B = lit Suppose T(x) is a real function
of a real variable x defined in an interval D = [a, b]. The assumption T(D) C D
means that a � T(x) � b. The Lipschitz condition (3) is an estimate on the
size of the difference quotients

T E C'(D), it is equivalent to T'(x)I � q in D.
A solution ± of the equation

x = T(x)

corresponds geometrically to the intersection of the line y =x with the curve
y = T(x). The construction (5) can be carried out graphically: See the figure,
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The method of successive approximation
in the case T ]R —f ]R

in which —1 < T'(x) < 0. The reader should make sketches for each of the
other three cases 0 < T'(x) <1, T'(x) � 1, T'(x) <—1, and verify that in the
first of these cases the method of successive approximations converges but that
it does not converge in the other two cases.

(b) The preceding fixed point theorem goes back to Banach (1922) and is
also called the Banach fixed point theorem. Stefan Banach (1892—1945, Polish
mathematician) is one of the founders of functional analysis. In the work cited
(his dissertation) he introduced the central concept of a normed space and laid
the foundations of the corresponding theory.

XI. Exercises. (a) Let M C be an arbitrary set and p(x) a positive,
continuous function on M. Show that the subset C(M; p) of all functions f E
C(M) for which the norm

If : x M}

is finite, forms a real (or complex) Banach space.
Hint: A Cauchy sequence in this norm is locally uniformly convergent, i.e.,

for x E M there exists a neighborhood U(x) such that the sequence converges
uniformly in U(x) fl M. Don't forget to check that C(M;p) is a linear space.

This result is false if p has zeros; see (b).
(b) Let L be the space of continuous functions f(x) on 0 < x � 1 and

1111 = max Ix2f(x)!. Show that this defines a norm, but that the space L is not
complete.

1 1
Hint: Consider the sequence with = — for — x � 1, fr,, (x) =

for 0 � x
(c) Let C(M; p) be the Banach space from (a) and q5, two real-valued

functions defined in M with < in M. Show that the set of all
I E C(M;p) with q5(x) � 1(x) for x M is closed.

y
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XII. Exercises. (a) Let J = [0, a]. We define three norms in C(J), the
maximum norm If

lb and

hf lii = myx 111112 = max

Determine the corresponding operator norms 11Th0, 11Th1, 11Th2 for the operator

(Tf)(x) = LX tf(t) dt.

(b) Show that the integral equation

y(x) = +j ty(t) dt, x E J = [0, a],

has exactly one solution and determine it (i) by rewriting the equation as an
initial value problem and solving it, and (ii) by using the results from (a) and
explicitly calculating the successive approximations (5), beginning with yo = 0:

(c) In C'(J), J = [a, b], let Ifho be the maximum norm and 11111' Ihfhho +

IIf'Ibo. Show that this space is a Banach space with the norm but not
with the norm ho.

6. An Existence and Uniqueness Theorem
All of the functions in this section are assumed to be real valued. We consider

the following initial value problem

y'=f(x,y) for (1)

The main assumptions in the following theorem are that f is continuous in the
strip S = J x IR with J = a Lipschitz condition with respect
to y in S:

If(x,y)—f(x,yi)l (2)

No restrictions are placed on the value of the Lipschitz constant L � 0.

I. Existence and Uniqueness Theorem. Let I E C(S) satisfy the
Lipschitz condition (2). Then the initial value problem (1) has exactly one so-
lution y(x). The solution exists in the interval J: x � + a.

The proof is essentially an application of the fixed point theorem SIX. As a
preliminary step, the initial value problem is transformed into an equivalent fixed
point equation y = Ty. Let y(x) be differentiable on the interval J and satisfy
the initial value problem (1). Because of the continuity of u(x) f(x, y(x))
is continuous in J, so y(x) is actuaily continuously differentiable. Therefore, by
the fundamental theorem of calculus

y(x) =
+ JX

f(t, y(t)) dt. (3)
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x

Conversely, if y(x) is a solution of (3) that is merely continuous in J, then
the right-hand side of (3) is continuously differentiable; hence so is y(x), and

= f(x, y) holds. Furthermore, y satisfies the initial condition
Therefore, the initial value problem (1) is equivalent to the integral equation
(3), which can be written in the form of an operator equation

y—Ty with (Ty)(x) (3')

The integral operator T maps each function y from the Banach space C(J) of
continuous functions (cf. Example 5.111. (c)) to a function Ty in the same space.

It follows that the solutions to the initial value problem (1) are precisely the
fixed points of the operator T, considered as a mapping B B with B = C(J).
To complete the proof of Theorem I, we show that the operator T satisfies a
Lipschitz condition (5.3) with a Lipschitz constant q < 1, and we then apply
the fixed point theorem 5.IX.

If the space C(J) is normed with the maximum norm ilyllo =
x E J}, then (2) implies that for x,y E C(J),

(Ty)(x) - (Tz)(x)l = y(t)) - f(t, z(t))}

dt - ZIIO(x -
e

and hence, because x — � a,

llTy — TzlIo � — zilo.

Hence T satisfies a Lipschitz condition with Lipschitz constant La. Note, how-
ever, that this Lipschitz constant is less than 1 only if the interval is small, since

La < 1 implies that a < One way to handle the case where a � is to find

an n such that b = and then use the above procedure to determine the
n L

solution successively on the mtervals

y
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To do this one needs the result in VI. (b).
A more elegant way is to work with a weighted maximum norm:

111111 = : x E J} (a > 0). (5)

The last integral in (4) is now estimated as follows:

U y(t) — dt � Lily — zil f dt � Lily —
a

Then we conclude from (4) that

I(Ty)(x) — � —

and hence

IlTy —TzII � — zIl.

Thus if one chooses a = 2L, for example, then T satisfies a Lipschitz condition
with Lipschitz constant This variant of the proof gives existence for the whole
interval (of arbitrary length) in a single step. I

II. Comments. (a) The theorem shows that starting with an arbitrary
function yo(x) E C(J) and calculating the sequence of "successive approxima-
tions" given by

yk+1(x) = + f (k = 0,1,2,...), (6)

one obtains a sequence that converges in the norm, and hence uniformly in J, to
the y(x) of the initial value problem. This iteration procedure can also
be used to determine a numerical approximation to the solution. In numerical
approximations, it is a good idea to start with a function yo(x) that is as close
as possible to the solution. However, if nothing is known about the solution,
then yo(x) = r,i is not a bad choice.

(b) The following is a sufficient condition for the Lipschitz condition (2) to
hold: f is differentiable with respect to y, and y)l � L (the proof uses the
mean value theorem).

(c) Existence and Uniqueness Theorem to the Left of the Initial Value. Let
J =[e—a,e] (a>0). fff is continuous in the strip S_ := J_ x Rand the
Lipschitz condition (2) holds in S_, then the initial value problem

y'=f(x,y) for (1_)

has exactly one solution in J_.
This result can be proved by
(d) Reflection about the Line x = e. We introduce the functions := y(2e —

x), f(x,y) := —f(2e—x,y) to transform the problem (1_) in J_ into the initial
value problem in J

for (1k)
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Clearly, f satisfies the hypotheses of Theorem I. In addition, one can see at
once that i—p — x) defines a bijective mapping of C(J_) onto
C(J) that maps solutions of (1_) into solutions of (1+) (and conversely). The
conclusion then follows from Theorem I.

(e) We note that an alternative approach is to carry the original proof directly
over to the present case. Existence to the left and to the right can both be proved
using the norm

max

(equation (3) holds in both cases).
Frequently, f is not defined in the whole strip, but only in a neighborhood

of the point The following result deals with this situation.

III. Theorem. Let R be the rectangle x e+a, b (a, b> 0)
and let f E C(R) satisfy a Lipschitz condition (2) in R. Then there exists exactly
one solution to the initial value problem (1). The solution exists (at least) in an
interval � x + a, where

( b\ with A=maxlfl.

A corresponding statement holds for — a x with the rectangle R lying
to the left of the point

For the proof, we extend f continuously to the strip x + a,
<y <oo; for example, by setting

f(x,'q—b) for y<ri—b,
J(x,y)= f(x,y) in R, -

for y>'q+b.

The function J is clearly continuous in the strip and satisfies the same Lipschitz
condition (2) as f with the same Lipschitz constant. By Theorem I, there exists
exactly one solution y(x) of the initial value problem with right-hand side f.
As long as this solution remains in R, it is also a solution of the original initial
value problem. Since If I A, we have Iy'I ( A; i.e., the solution remains in the
angular region formed by the two lines through the point with slopes ±A
(see the figure). Hence the solution does not leave R as long as x + a,
where a is the smaller of the two numbers a and b/A. I

Remark. We sketch another proof that does not require a continuous exten-
sion of f outside of R. Let J' + a]. One considers the Banach space
B = C(J') and the operator T as defined in (3') on the subset D of all B
with — � b. In order to apply the fixed point theorem 5.IX, one has to
show that D is closed, T(D) C D, and T is a contraction (proof as in Theorem
I). The details of this proof are recommended as an exercise.
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- U

-

IV. Local Lipschitz Condition. Definition. The function f(x, y) is
said to satisfy a local Lipschitz condition with respect to y in D C if for every
(x0,y0) D there exists a neighborhood U = U(xo,yo) and an L = L(xo,yo)
such that in U fl D the function f satisfies the Lipschitz condition

(2)

Criterion. If D is open and if f e C(D) has a continuous derivative
f in this set.

— Suppose, namely, that U is a circular neighborhood of (x0, Yo) E D with
U C D; then is bounded in U, say ç L, and for (x,y), (x,y) E U, the
relation

f(x,y) — f(x,y) = (y— y_)fy(x,y*) with
y*

E

follows from the mean value theorem. Hence, (2) holds. I
A local Lipschitz condition is a weak requirement compared to the global

Lipschitz condition in Theorem I. For instance, f(x, y) = y2 satisfies

f(x,y) —f(x,y)I

I satisfies a local Lipschitz condition in R2 (or in the strip J x IR)
but does not satisfy a Lipschitz condition in this set.

Theorem on Local Solvability. If D is open and f E C(D) satisfies a lo-
cal Lipschitz condition in D, then the initial value problem (1) is locally uniquely
solvable for E D; i.e., there is a neighborhood I such that exactly one
solution exists in I.

This follows iinmedliately from Theorem III. A rectangle like the one that
appears in iii is constructed to the right of the point If the rectangle
is chosen small enough, then a Lipschitz condition holds in this rectangle and
Theorem III applies. A corresponding argument holds to the left. U

Our next objective is to derive some global statements on the unique exten-
sion of these local solutions. We begin with a lemma that looks awkward at
first sight. It wifi later be used in different situations in connection with global
existence.
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V. Lemma. Let f be defined in D and let = (A be a
set of functions, where is a solution to the initial value problem (1) in the
interval Ja containing Assume that the following property (U) holds:

for (a,/3EA). (U)

Then there exists exactly one solution j defined in the interval J = U Ja with
czEA

the property cb for every a E A.

This solution can be constructed as follows: For each x e J determine an
a E A such that x E and then define = If /3 is another index
with x E Jp, then by hypothesis = i.e., q5(x) is well-defined.

If a is an arbitrary point from J, then there exists an a E A such that
a E Ja. Thus a] C Jo, and qS(x) q5o,(x) holds in a]. It follows that is a
solution of (1) in J.

If this lemma is applied to the set of all solutions to the initial value problem,
then (U) implies the uniqueness of the solution. In summary, one obtains the
following

Corollary. If the initial value problem (1) has at least one solution and if
the uniqueness statement (U) holds for every pair of solutions, then there exists
a solution of (1) which cannot be extended. All other solutions are restrictions
of this solution.

VI. Lemma on the Extension of Solutions. Let D C and f e
C(D).

(a) If is a solution of the differential equation y' = f(x, y) in the interval
e x < b such that remains in a compact set A C D, then can be
extended to the closed interval b].

(b) If is a solution in the interval b} and a solution in the interval
[b, c] with = i/i(b), then the function

( for
u(x) := ç

( for b<x�c
is a solution in the interval c].

Proof. (a) The function f is bounded on A, say If
I

C. This means
that I � C and therefore is uniformly continuous in b). It follows that
/3 = Em exists, and (b,/3) E A. If one sets = /3, then and hence

also f(x, is continuous in b]. The equation

= + j f(t, dt
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holdsfore<x<b.
Therefore 4) is differentiable (to the left) at b and 41(b) = f(b, 4)(b)).

(b) It is to check that u satisfies the differential equation at b.
The function u is differentiable to the left and the right at this point, and both
derivatives are equal to f(b, 4)(b)). I

We come now to the main theorem of this section.

VII. Existence and Uniqueness Theorem. Let f E C(D) satisfy a
local Lipschitz condition with respect to y in D, where D C is open. Then
for every ij) E D the initial value problem

y'—f(x,y), (7)

has a solution 4) that cannot be eztended and that to the left and to the right
comes arbitrarily close to the boundary of D. The solution is uniquely deter-
mined in the sense that every solution of (7) is a restriction of 4).

Definition. The statement "4) comes arbitrarily close to the boundary of
D to the right" is defined as follows: If G is the closure of graph 4) and if is
the set of points (x, y) C with x � then

(a) G+ is not a compact subset of D.
An equivalent formulation that gives a better understanding reads as follows:

4) exists to the right in an interval e � x < b (b = oo is allowed), and one of the
following cases applies:

(b) b = 00; the solution exists for all x
(c) b < 00 and urn sup j4)(x) = 00; the solution "becomes infinite."

(d) b < 00 and Urn mi p(z, 4)(x)) = 0, where p(x, y) denotes the distance from

the point (x, y) to the boundary of D; the solution "comes arbitrarily close to
the boundary of D."

Indeed, statement (a) says that is either unbounded (case (b) or (c)) or
is bounded and contains boundary points of D (case (d)).

We have repeatedly encountered these three types of behavior. In the exam-
ple y' = sinx of 1.VIII, (b) or (c) holds to the left and to the right, depending
on the value of y(0). For the equation y' = (2y)' in the upper half plane y > 0,
all solutions are given by y = (x> —c). Here, case (b) prevails to the
right and case (d) to the left.

Proof. Uniqueness. We prove the statement "If 4) and are two solutions
of the initial value problem and if J is a common interval of existence of both
solutions with E J, then 4) = in J."

Let us assume on the contrary that there exist, say to the right of points
x E J with 4)(x) Then there also exists a first point ZO E J to the right
of where the two solutions separate. This x0 is the largest number with the
property that 4)(x) = for � x xo (xo = is not excluded).
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However, we know from IV that there exists a local solution through the
point (ZO, and that it is uniquely determined. Tn other words, ç1(x) =

in a right neighborhood of This is a contradiction to our assumption
about xO. The uniqueness to the left is proved similarly.

Existence. By Theorem IV there exists a local solution to (7), and as we
have just proved, the uniqueness statement (U) of V holds. Thus Corollary V
guarantees the existence of a nonextendable solution and we have only to
show that it comes arbitrarily close to the boundary of D (we consider only the
case "to the right" in the direction of increasing x, x C).

Assume that (a) is false. Then G+ is a compact subset of D, and exists in
a finite interval x or 5 b. In the first case, Lemma VL(a) can be
applied, i.e., can be extended to [e,b]. In the second case, e D, and
there exists a local solution that passes through this point. Applying VI. (b),
one again obtains an extension of cb.

In either case, we have a contradiction to the assumption that cannot be
extended. This completes the proof of the theorem. I

VIII. Exercise. Let k(x, t, z) be continuous for 0 <t <x < a, —00 <
z < oo and satisfy a Lipschitz condition in z,

ik(x,t,z) — � —

and let g(x) be continuous for 0 5 x 5 a. Show, by the fixed point
theorem 5.IX, that the Volterra integral equation"

u(x) = g(x) + f k(x, t, u(t)) dt

has exactly one continuous solution in 0 � x 5 a.

IX. Exercise. Prove: If f(x, y) satisfies a local condition with
respect to y in the set D C 1R2 and if A C D is compact and f bounded on A,
then f satisfies a Lipschitz condition with respect to y in A. In particular, if
v,w E C([a,bl) and graphv, graphw CD, then there exists L >0 such that

jf(x,v(x)) — f(x,w(x))j 5 Llv(x) —w(x)j in [a,b].

X. Exercise. Prove: If f is continuous in the open set D and qS is a
solution of (7) in the interval b) with b < oo that comes arbitrarily close to
the boundary of D to the right, then at least one of the following two cases
applies (both can happen at the same time):

(c') or —00 as x —+ b—;

(d') p(x, q5(x)) 0 as x b—.

This sharpens the statement in VII.
Hint: Show: If Gb is the intersection of graph q5 with the line x = b, then

C,, C t9D (the boundary of D).
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Xi. Exercise. Rosenblatt's Condition. Let the function f(x, y) be
continuous in the strip S = J x R, J = [0, a] and satisfy the condition

f(x,y)—f(x,z)I � for 0< x � a and y,z ER

with q < 1. Show that the initial value problem

y'=f(x,y) inJ, y(O)=?)

has exactly one solution and that this solution can be obtained by the method of
successive approximations. The above condition was introduced by Rosenblatt
(1909).

Hint. In the Banach space B of all functions u E C(J) with finite norm

lull := sup {lu(x)l/x : 0 <x � a},

the operator T,

(Tu)(x) I
satisfies the Lipschitz condition (5.3). If u is a fixed point of T, then y = u +
is a solution of the initial value problem.

Supplement: Singular Initial Value Problems
Here we consider a singular initial value problem for a differential equation

of second order,

in J0=(0,b], y(O)=?7, y'(O)=O. (8)

This problem is closely connected to the problem of finding rotationally sym-
metric solutions of the nonlinear effiptic equation

= f(r,u),
where x E R'2 and r = lxi.

XII. The Operators La and Ia. In what follows, J = [0, b], Jo (0, b],
> 0, and La is the differential operator

Lay = y" + y' =

Lemma. Let y E C(J) fl C2(J0), y' bounded, and f(x) E C(J). If

Lay = 1(x) in Jo, y(0) = (9)

then y E C2(J), y'(O) = 0, Em y'(x)/x = y"(O) = f(0)/(a + 1), and

y(x) = + With laf
= f f taf(t) dt ds. (10)

Conversely, if y is defined by (10), then y is a solution of (9) with the above
properties; in particular, y E C2 (J), y' (0) = 0.
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Proof. Because y' is bounded, we have xay!(x) 0 as x —p By inte-
grating = one obtains

= f taf(t) dt. (11)

The substitution t xr, dt = x dT in (11) leads to

y'(x)
(11')

Since f(xr) f(0) as x 0+ uniformly in T E [0, 1], one derives from (11')
that y'(x)/x f(0)/(a + 1) and, in particular, y'(x) —k 0 as x —* 0+. By
a well-known theorem from analysis (see C.VI.(b)), y e C'(J) and y'(O) 0.
Using equation (9) to determine y", we get y"(x) f(0)/(a + 1) as x 0+.
A second application of the previously mentioned lemma shows that y E C2 (J)
and that y"(O) has the specified value.

Solving equation (11) for y' and then integrating gives (10). The integrand

taf(t) dt in is a continuous function in J vanishing at 0. This follows

from the boundeciness of f together with the inequality < 1.

Conversely, one obtains (11) by differentiating equation (10). As we have
seen, the specified properties of y follow from (11). Finally, if equation (11) for
xayl is differentiated, (9) follows.

XIII. Existence and Uniqueness Theorem. Let the function f(x, y)
be continuous in J x R and satisfy a Lipschitz condition (2) in y. Then for given
a > 0, the initial value problem (8) has exactly one solution y E C2(J).

Proof. By the previous lemma, (8) is equivalent -to the Volterra integral
equation y = + Iaf(•, y), which can be written in the form

y(x) = + f k(x, t)f(t, y(t)) dt (12)

with

k(x,t) = ta

Since � 1 implies that 0 � k(x, t) � x — t, it follows that the "kernel"
k(x, t) is continuous in the triangle D : 0 � t � x � b. The assertion now
follows from the theorem in Exercise VIII. U

XIV. Rotationally Symmetric Solutions of Elliptic Differential
Equations. In the following, x E RTh, n 2 2, r = (Eucidean norm), and

is the Laplace operator

+ 'UX2X2 + +
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The Laplace operator for rotationally symmetric functions u(x) = y(jxl) (they
are also called radial functions) is given by

for proof, use the formulas for u2, given below. The results established here
lead at once to the following

Existence and Uniqueness Theorem. Let the function f(r, z) be con-
tinuous in J x R and Lipschitz continuous in z. Denote by Bb the closed ball
Bb: xI � b. Then the differential equation

in Bb

has exactly one rotationally symmetric solution u e C2(Bb) satisfying the initial
condition u(0) = u0.

This result follows immediately from the previous theorem. The solution u
is obtained in the form u(x) = where y(r) is the solution of (12) with

= n — 1, u0, and r in the place of x. One question needs clarification.
While the C2-property of y carries over at once to u as long as x 0, the same
is not immediately obvious for x = 0. The next lemma gives information about
this.

Lemma. The function u(x) = y(IxI) (x E is twice continuously differ-
entiable in the ball Bb : xI � b if and only if y E C2(J) and y'(O) = 0.

Proof. Since u(t, 0,. . . , 0) = is an even function of t, it follows easily
that u E C2(Bb) implies y C2(J) and y'(O) = 0. For the proof of the converse
proposition, the partial derivatives of u will be denoted by u2 and For x 0,
we have

'uj = y', = y' + (n" — ii).
Because 1x2/rI < 1, 0 as x — 0. Setting := 0, one obtains
a continuous function in Bb for which = 0; cf. B.VI.(a) and (b).
Thus u C'(Bb). One proceeds in exactly the same manner with the second
derivatives. From y'(r)/r = (y'(r)—y'(O))/r y"(O) it follows that y"—y'/r
0 as r 0+, thus u13(x) S23y"(O) as x 0. Taking this value to define

(0) and using Theorem VI from Appendix B again, we see that this defines
a continuous function in Bb and that = at x = 0. This completes
the proof of this lemma and also the proof of the previous theorem. I

Radial solutions of effiptic equations have been studied extensively. Such
solutions are important in differential geometry and in many areas of applied
mathematics. The question of the existence of entire radial solutions (i.e., those
that exist in RTh) has been completely solved in the case of the equation +

= 0. The first comprehensive results for more general equations of the form
+ K(r)uP = 0 were given by Ni (1982).



§ 7. The Peano Existence Theorem 73

XV. Exercise. Comparison Theorem. Assume that v, w e C2(J)
satisfy

LQv � f(x,v), LaW � f(x,w) in J0 (0,b],

v(O) < w(0), v'(O) = w'(O) = 0,

where f(x, y) is increasing in y. Then v' � w' and v <w in J.
Hint: Show that v' as long as v <w.

XVI. Exercise. Let the functions p and P' be continuous in J = [0, b]

and positive in Jo = (0,b] and let pi(t)/p(x) for 0 < t x b with
0 < < 1. We consider the initial value problem

Ly=f(x,y) in Jo, y'(O)=O,

where

Ly
=

Prove: If the function f(x, y) is continuous in J x JR and satisfies a Lipschitz
condition in y, then the initial value problem has exactly one solution. For a
solution we require y E C1(J) and py' E C'(J0).

Hint: Reduce the problem to a Volterra integral equation and use the theo-
rem from Exercise VIII.

§ 7. The Peano Existence Theorem
In Chapter I we dealt with instances where the right-hand side of the differ-

ential equation -

= f(x,y) (1)

does not satisfy a Lipschitz condition. An example is the equation y' =
The fundamentally important question whether continuity of f(x, y) is sufficient
for existence of a solution was first answered in the affirmative by the Italian
mathematician and logician Giuseppe Peano (1858—1932). Peano's paper (1890)
is written in logical symbols and was later "translated" by G. Mie (1893) into
German.

I. The Peano Existence Theorem. If f(x, y) is continuous in a do-
main D and ij) is any point in D, then at least one solution of the differential
equation (1) goes through ij). Every solution can be extended to the right and
to the left up to the boundary of D.

The last part of the statement of this theorem means that every solution
has an extension that comes arbitrarily close to the boundary of D both to the
right and the left as explained in 6.VII.

The proof of this theorem requires some additional concepts and lemmas.
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II. Equicontinuity. A set M = {f, g,.. .} of continuous functions on
the interval J: a � x � b is called equi continuous if for every e > 0 there exists
a number S = (5(e) such that for any f E M,

for (x,±EJ). (2)

It is important to note in this definition that for a given e > 0, the same 5
works for every function in the family M.

Example. Let M be a set of functions f(x) that satisfy a Lipschitz condition
with a common Lipschitz constant L; i.e.,

for x,±EJ and IEM.
The set M is equicontinuous. Clearly, one can set 6(e) = e/L here.

III. Lemma. Let J = [a, b] and let A c J be a dense set of points in
J. If the sequence of functions f1(x), f2(x), ... is equicontinuous in J and
converges for every x E A, then it converges uniformly in J. Hence the limit
1(x) is continuous in J.

A point set A is said to be dense in J if every subinterval of J contains at
least one point of A (example: A = the set of all rational numbers in J).

Proof. Given e > 0, let 6 6(e) be determined such that (2) holds for all
functions (n � 1). Now partition the interval J into p closed subintervals
.11, .. . , such that each J2 is less that S in length. For each choose an

E J2 fl A (there exists at least one such point for each i). By hypothesis,
there exists an n0 = no(e) such that

Ifm(Xj)fn(Xi)I<E for m,n�no and i=1,...,p.

Now let x be an arbitrary point of J and q be such that x E Jq. It follows
from the inequality Ix — Xq

I
<5, property (2), and the above inequality that for

m,n � n0,

Ifm(x) — � Ifm@) — fm(xq)I + fm(xq) — fn(Xq)I

±Ifn(xq)_fn(x)l <3e.

This shows that the sequence (x) converges uniformly in J. I

As a further tool we require the

IV. Ascoli—Arzelà Theorem. Every bounded and equi continuous se-
quence of functions in C(J) contains a subsequence that converges uni-
formly in J. (Boundedness means that there exists a constant M such that

andxEJ.)
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Proof. Let A = {x1, x2,.
. .} be a countable dense point set in J (for instance,

the set of all rational numbers in J). The sequence of numbers = f,-, (xi)
(n = 1,2, ...) is bounded and hence contains a convergent subsequence, say

The sequence of numbers = is likewise bounded and has, accordingly,
a convergent subsequence, say

fqj (x2), fq2(X2) , fq3(X2)

Note that is a subsequence of (pa). The sequence = (x3) is again a
bounded sequence and therefore has a convergent subsequence

fr2(X3), fr3(X3)

By continuing this process one obtains a series of sequences of the form

f11' which converges for x

fq,,fq2,fq3,fq4,..., which converges for x

fri,fr2,fra,fr4,..., which converges for x =x1,x2,x3,

For each k > 1 the sequence that appears in the kth line is a subsequence of

the sequence in the previous, (k — 1)st, line and converges for x = x1,.. . ,

It follows that the diagonal sequence

fp,(x),fq2(x),fra(x),.

converges for every x = xk; i.e., for all x E A, because it is a subsequence of the
sequence in the kth line, at least from the kth term onward (k = 1,2,..

.).
The

uniform convergence of this diagonal sequence now follows from Lemma III. I

We first give a proof of a weaker version of the Peano existence theorem.

V. Theorem. Let the function f(x, y) be continuous and bounded in the
strip S = JxlE& with J = [e,e+aI, a> 0. Then there exists at least one function
y(x) defined and differentiable in J for which

y'=f(x,y) J, (3)

(and, as a consequence, y(x) is continuously differentiable in J).

Proof. The theorem is proved by finding a function y(x) E C(J) that satisfies

the integral equation

y(x) = + f f(t, y(t)) dt in J; (4)
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—

___________

The approximate solutions za (x)
e

see 6.1. With this objective in mind we construct, for every a> 0, an "approx-
imate solution" E C(J) using the formula

for x�e,
= (5)

f(t,za(t—a)dt for XEJ.

This formula defines Za unambiguously for a: + a. Indeed, if � a: + a,
then t — a and Za(t — a) in the integrand; i.e., the integral is well-
defined. If e + a � a: :c e + 2a, then t — a a: — a + a. Therefore,

(t — a) is determined from the previous step; i.e., the integral is well-defined
and so on. After a finite number of such steps we have constructed a continuous
function that satisfies the integral equation (5). It follows from fl � C
that (a:) I � C; i.e., the functions z,, (a:) satisfy the Lipschitz condition

— � Cia: —

in J. If we denote the set of functions Za in C(J) (we consider only their restric-
tions to J) by M, then M is equicontinuous. Therefore, by the Ascoli—Arzelà
theorem 1V, the sequence z1 (a:), z112 (a:), (a:),... has a uniformly convergent
subsequence (a:)) (n = 1,2,3,. . . ; —+ 0), which we relabel as to
simplify the notation. Denote the continuous limit of this sequence by y(a:).
Then by (5),

= + f f(t, — an)) dt. (6)

It follows now from the inequality

— — y(t)l � lzn(t — — + — y(t)l

� + — y(t)l

that — converges uniformly in J to y(t) and hence that f(t, — an))
converges uniformly in J to f(t, y(t)) (here we have used the fact that f(a:, y) is
uniformly continuous on bounded sets). Therefore, passage to the limit under
the integral sign in equation (6) is allowed, and equation (4) follows as a result.

I
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This special case of the Peano theorem can now be used in a manner that
parallels the role of Theorem 6.1 in the development of the Lipschitz case. But
in other respects, the proof of theorem I differs essentially from that in the
corresponding theorem 6.VII.

One first proves, exactly as in §6, that the existence theorem holds for a strip
to the left of and also for a rectangle. We formulate the latter case, which
corresponds to Theorem 6.111.

VI. Theorem. If f is continuous in the rectangle R e � x � + a,
Jy — � b, then the initial value problem y' = f(x, y), = has a solution
y(x) existing (at least) in the interval e � x � + a, where a mm (a, b/A),
A = maXR A corresponding result holds for a rectangle to the left off.

This establishes the first part of the Peano existence theorem, that an
integral curve passes through every point of D.

The second part, the proof of the assertion that every solution can be ex-
tended to the boundary, is more in this setting in comparison to the
proof in §6. The difficulties come from the fact that we do not have a uniqueness
statement at our disposal.

Only the extendibility to the right will be discussed.
We first prove the following intermediate result.

(Z) If is a solution in the interval � x < b and A is a compact subset
of D, then can_be extended beyond A, i.e., there exists an extension to the
right with graph A.

The distance from the set A to the boundary of D is positive, say 3p> 0 (if
D = one can take p = 1). If is the set of points whose distance from A is
<2p, then A2,, is likewise a compact subset of D, and hence is bounded in A2,,,
say jfj � C. Denote by R(xo,yo) rectangle xo � x xo + p, — yol p.

Then R(xo,yo) C A2,, for any (x0,y0) E A.
If graph q5 C A, we begin by extending to bJ in the manner described

in 6.VL(a). Then we continue further to the right, by applying Theorem VI
in the rectangle R(b, q5(b)). This results in a solution in b � x b + a =: b1

with a := min(p, p/C). If this extension still lies entirely in A, then the process
is repeated with R(b1, 1)(bl)), etc. Since at each step the interval of existence
increases by a fixed number a > 0 (as long as graph C A), one obtains in this
manner a solution that extends beyond A after a finite number of steps. This
proves (Z).

The remainder of the proof is straightforward. We consider a sequence (An)
of compact sets with C C D for all n and such that every compact
B C D is contained in one of the (for example, let be the set of points

from D with distance � — from the boundary of D and distance � n from the
n

origin). Let with cb(e) = be a solution in an mterval to the right of that
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does not approach the boundary of D. Then is a compact subset of D;
i.e., graph q5 C for a suitable p.

We continue beyond using (Z) and call the extension it exists in
an interval = br,]. We now construct If does not belong entirely
to then we set = if does lie in then we continue the
function to the right until it leaves and call the continuation It
exists in an interval with -� br,. Continuing inductively in this
manner, one obtains a sequence of functions such that is defined in

and (ba) is a monotone increasing sequence of numbers. If p � n < m,
then (I'm ill

Thus, by Lemma 6.V, there exists exactly one solution y defined in b),

where b = (b = 00 allowed), with the property that y for
every n � p. This function y is the extension to the right of the original solution
qS mentioned in the conclusion of the theorem. Clearly, graph y is not contained
entirely in any and hence is not contained in any compact subset of D. U

Remark on constractive proofs. The proof of Theorem V is different from
that of 6.1 in one important respect. In 6.1 it was possible to calculate explicitly
a sequence of successive approximations that converges to the solution (this is
the essence of the contraction principle). Here, on the other hand, the initial
value problem has several solutions in general, and it cannot be expected that
a sequence of approximations like the one we constructed even has a limit, let
alone tends toward any particular one of these solutions. Now one applies the
Ascoli—Arzelà theorem to a sequence of such approximations. It says that there
exists at least one convergent subsequence. However, no procedure is given that
would allow the particular subsequence to be identified. An existence proof like
the earlier one in §6 is called a constructive proof. By contrast, the proof of the
Peano existence theorem given in this section is nonconstructive.

In the proof of the Peano existence theorem that we have just given the
approximate solutions Za were computed from the integral relation (5). Another
frequently used method of obtaining approximations is

Viii. The Euler—Cauchy Polygon Method. In this method, polygo-
nal approximations Ua (CE > 0) to the solution to the initial value problem (3)
are constructed in the following manner. Let x2 = + ai (i = 0, 1,2, .. .). For

= x0 x � xi we set = ii + (x — i.e., Ua is the straight
line through the point ij) = (xo, yo) with slope f(xo, yo). In the interval
X1 � X � X2, Ua is the straight line through the point (xi,yi) :=
with slope f(xi, y'). In general, one arrives after p steps at a point (xv,
with Yp = ua(xp) and defines then for x that Ua is the straight
line through (xv, y,,) with slope y,). The advantage to this construction
is It is based on a relatively simple idea that is easily carried out
numerically. However, the final step in the proof (passing to the limit to get the
solution) is more difficult.
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y

x

The Cauchy polygon method

VIII. Exercise. Prove that the Volterra integral equation

y(x) = g(x) + f k(x, t, y(t)) dt

has at least one continuous solution in J = [0, a], provided that the function
g(x) is continuous in J and the "kernel" k(x, t, z) is continuous for 0 <t < x <
a, —oo < z < oo and satisfies a growth condition lk(x, t, L(1 + lzi).

Hint: Let C = max ig(x)i and D = {v E C(J) : iv(x)I � p(x) in J}, where
p is determined by p' = L(1 + p), p(O) C. If the integral equation is written in
the form u = Tu, then T(D) C D. Now apply the Schauder fixed point theorem
7.X1I.

Application to an Elliptic Problem. Show that if f is continuous in
J x R and satisfies if(x,y)i � L(1 + yi), then the initial value problem (6.8),

Lay=f(x,y) in J, y(O)=q, y'(O)=O,

where La is the operator defined in 6.Xll and a > 0, has at least one solution.
As in 6.XIV, this result leads to an existence theorem for rotationally sym-

metric solutions of the elliptic differential equation = f( u). In particular,
if f is continuous in [0,oo) xIR and satisfies an estimate � L(r)(l+iyl),
where L(r) is a continuous function in [0, oo), then there exists an entire, rota-
tionally symmetric solution for every initial value

IX. Divergence of the Successive Approximations. If the right-
hand side f(x, y) is not Lipschitz continuous in y, then, as a general rule, the
sequence of functions generated by the method of successive approximation does
not converge to a solution. The example

= 2x — y(O) = 0 with = max{y,0}

shows that this behavior can also occur even if the solution is uniquely deter-
mined.

Y2

Zi X2 X3

e=zo y4

X4
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Indeed, beginning with = 0 one obtains Yi = x2, Y2 = 0, ..., and in
general, Y2n = 0, Y2n+1 x2. Nevertheless, since f is monotone decreasing in y,
the uniqueness of the solution to the right follows from the uniqueness theorem
9.X.

Exercise. (a) If yo = ax2 (a > 0) is chosen as a starting value in the
method of successive approximations for the above equation, then one obtains
Yi = hence = where is defined inductively by a0 = a,

= çb(a0) (n = 0, 1,2,.. .). Determine and show that q5 has exactly one
fixed point a (a = q5(ã)), and compute the fixed point. This gives a solution y =
ax2 to the problem. A more difficult problem is to show that the convergence
isalternatingforo<ao <a: 0<ao <a2 <... <ä< ... <a1<land
that = a.

(b) Analyze the above problem "to the left" in a similar manner, i.e., consider
for z(x) := y(—x) the problem

for x�0,z(0)=0
and show that starting with z0 = /30x2 and using the method of successive
approximations, one obtains = where = Em = /3

(independent of E R), and that z = is the unique solution.
Hint: Show that the condition of Rosenblatt in 6.XI is satisfied (one can as-

sume that z 2x2). The uniqueness and convergence of the iteration procedure
for every starting value z0(x) can then be obtained from the theorem in 6.XI.

Supplement: Methods of Functional Analysis
We briefly develop some concepts and theorems from functional analysis in

order to deepen our understanding of the Peano existence theorem and its proof.
Fundamental to this effort is the concept of

X. Compactness. A subset A of a normed linear space B is called com-
pact if every sequence in A has a convergent subsequence with limit in A.
The set A C B is called relatively compact if A is compact.

In a set is compact if and only if it is closed and bounded. In the general
case, a compact set is always closed and bounded, but the converse is not always
true.

An operator T: D B with D C B is called a compact operator in D if
T(D) is relatively compact.

If T is a compact operator and if it is possible to find approximating so-
lutions, then the equation x = Tx has a solution. This goes as follows. An
equation x = Tx is called approximately solvable if for every E > 0, there exists
xEDwithllx—TxII <e.

Fixed Point Theorem. Let the operator T: D B be continuous and
compact in D, where D is a closed subset of the nor-med space B. If the equation

x = Tx
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is approximately solvable in D, then there exists a solution in D.

The proof is elementary. There exists a sequence from D with —

0. The sequence (yn) has a convergent subsequence, since T(D)
is relatively compact. If we denote this subsequence again by (yn) to simplify
the notation, then y E B and hence Zn Yn + — —p y.
Since D is closed, it follows that y E D. Then because of the continuity of T,
Tx,-, —p Ty, from which y Ty follows. I

XI. Example. Let J be a compact interval and M a subset of the Ba-
nach space C(J) with the maximum norm.

If M is bounded and equicontinuous, then lvi is relatively compact.
This statement expresses precisely the content of the Ascoli—Arzelà theorem

IV in the terminology of compact sets.
The Peano existence theorem, in the form of Theorem V, can be derived

using the fixed point theorem X. One sets D = B = C(J) and defines T to be
the integral operator

=
+ f f(t, dt for E B.

The following must now be shown:

(a) T is continuous in B;
(b) T is compact in B;
(c) the equation x = Tx is approximately solvable.

The reader should carry out this proof. The approximations za(x) (cf. (5)) can
be used to verify (c).

The proof can be made even simpler if one makes use of the following,
significantly deeper, tool from functional analysis.

XII. The Schauder Fixed Point Theorem. Let D be a closed and
convex set in a Banach space B and let T : D —* B be a continuous and
compact operator in D with T(D) C D. Then T has at least one fixed point in
D.

A set D is called convex if, whenever a, b E D, the line segment = {x =
Aa+(1—A)b: 0< A < 1} also lies in D.

A proof of the Schauder fixed point theorem is given in D.XII.
In order to derive the Peano existence theorem from the Schauder fixed point

theorem, one has only to verify the two properties XL(a), (b).

XIII. A Proof Based on Zorn's Lemma. Theorem I was derived
from Theorem V by constructing the extensions explicitly. This result can also
be proved using a theorem from set theory, Zorn's lemma. We introduce some
additional concepts. A set lvi, or more precisely the pair (M, �), is called an
ordered set if is a transitive, antisymmetric relation in M (i.e., x y and
y�zimpliesx�z; AsubsetNcMis
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called totally ordered if every pair of elements of N is comparable (either x � y
ory�xforallx,yE N). AnelementmEMiscalledanupperboundofNif
x <m holds for all x E N. The element m M is called a maximal element of
M if, except for m itself, there does not exist an x E M with m � x.

Zorn's Lemma. If (M, �) is ordered and if every totally ordered subset of
M has an upper bound in M, then there exists a maximal element in M.

We give here a brief indication of how Theorem I can be proved using this
lemma. Let M be the set consisting of the graphs of all solutions of the given
initial value problem, ordered by inclusion c. A set of solutions with the unique-
ness property (E) of 6.V is a totally ordered subset of M. It follows from Lemma
6.V that this set of solutions has an upper bound. Thus Zorn's lemma can be
applied and there exists a maximal element, i.e., a nonextendible solution. The
proof that this solution extends to the boundary in both directions now follows,
word for word, as in 6.VIL

XIV. Delay-Differential Equations. Let r(x) be a given function in
C(J), J = + a], with 0 � r(x) b. The equation

y'(x)=f(x,y(x—r(x)) for xEJ (7)

is called a delay-differential equation. It is necessary to specify the function y(x)
in the interval J_ = — b, as the "jnjtial value"; otherwise, the right-hand
side of (7) would not be defined for x close to if, e.g., T(x) = b. Thus an initial
condition for (7) reads

y(x) for x = (8)

where is a given function.
The functions constructed for the proof of Theorem V are, in fact, solu-

tions of just such an initial value problem with delay arguments where =
and r(x) = a.

Theorem. We consider the initial value problem (7), (8), where f is con-
tinuous in the strip S = J x and r is continuous in J with 0 � r(x) � b.

(a) If 'r(x) > 0 in J, then there exists exactly one solution.

(b) If f satisfies a Lipschitz condition in S,

with L�0,
then there exists exactly one solution, and it can be obtained by successive ap-
proximation.

(c) If f is bounded in 5, then there exists at least one solution.

The proof of (a) proceeds like the proof in V. Theorem (b) corresponds to
Theorem 6.1 and is proved in exactly the same way. Theorem (c) corresponds
to the Peano existence theorem V; the proof can be carried over. I
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XV. Exercise. Let the initial value problem

y'(x)=y(x—a) for x>a, y(x)=1 for

for a linear delay-differential equation be given, where a > 0 is a given constant.
Show that the solution can be represented in the form

with =max(0,s).

Determine the ak.
Show that the solution approaches the solution to the initial value problem

y'=y, y(O)=l

as a 0 and that the convergence is uniform in bounded intervals.

XVI. An Elementary Proof of the Peano Existence Theorem.
We sketch a constructive proof of the Peano existence theorem that does not
use a compactness argument.

Suppose that the assumptions of Theorem V hold; in particular, let I f(x, ii) I
A. For h> 0 let

fh(x,y):=max{f(x,y):x�x
We apply the polygon method (cf. VII), first with step size h and the function
fh (instead of f), and then with step size h/2 and the function fh/2. Denote the
polygonal curves obtained in this manner by y(x) and z(x), respectively. Then
it follows that z y in J. This can be proved using an induction argument
on the grid points of y. If is a grid point and z(x) < y(x) for x ± and
z(±) � y(±) — 2Ah, then the inequality z y also holds up to the next grid
point ±+h. On the other hand, if y(±)—2Ah < z(±) y(±), then fh/2(X, z(±)) <
fh(±,y(±)), and from this it follows that z y up to the point ± + h/2, and
then, using a similar argument, up to ± + h.

If the polygon method is applied in the manner described above for h =
then one obtains a monotone decreasing sequence of polygonal curves The
proof that the limit of these sequences is a solution of the initial value problem
is carried out in the usual way by going over to an integral equation. Note that
the solution that is obtained in this way is the maximal integral 9); cf. Walter
(1971).

§ 8. Complex Differential Equations. Power
Series Expansions

In this section z, w denote complex numbers and w(z), f(z, w) complex-
valued functions of one and two complex variables, respectively. We begin with
a few definitions and facts from the theory of functions of complex variables.
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I. Properties of Holomorphic Functions. A continuous function g(z):
C —i C, where C is an open set in C, is called holomorphic (also analytic) in C if
the (complex) derivative g'(z) = lim(g(z + h) — g(z))/h exists and is continuous

in C. We denote by H(G) the complex vector space of holomorphic functions
in G. If the closed disk Z : — zol � a belongs to C, then every function
g H(G) has an absolutely and uniformly convergent power series expansion

in Z.

Similarly, a function f(z, w) is holomorphic in an open set D C C2 (written
more briefly I E H(D)) if f and the partial derivatives and are continuous
mD. If this is the case and if thediskproductZ: Iz—zol �a, lw—woI
in D, then f(z, w) admits an absolutely and uniformly convergent power series
representation

f(z,w)= Cjk(Z_ZO)3(W_WO)k in Z.
j,k=0

Thus holomorphic functions have continuous derivatives of all orders. The com-
position g(z) := f(hi(z), h2(z)) is holomorphic whenever the functions f(z, w),
hi(z), h2(z) are holomorphic (naturally, it is also assumed that the range of
(hi(z), h2(z)) is contained in the domain of f), and the chain rule applies,

g'(z) = + (1)

Suppose h(z) E H(G) and z = ((t), t E I = is a smooth path in C.
Then the path integral along ( is given by

Cf h(z) dz
= f h(((t))('(t) dt. (2)

If C is simply connected and the path closed (i.e., C(a) = ((b)), then
Cf

h(z) dz =

0 by the Cauchy integral theorem. It follows easily that the function

H(z) := h(C) d( (zo C) (3)

is well-defined in C, i.e., that the integral has the same value for all paths that
run in G from z0 to z. The function H is an antiderivative of h, i.e., it is
holomorphic in C, and

H'(z) = h(z) in C.

As in the real case, the fundamental theorem of calculus holds:

h(z) = h(zo) +f (z,zO C). (4)

However, the mean value theorem of differential calculus is valid only in the
following special form:
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If the line segment connecting z0 and z lies in G and if Ih'(ç)i � L on this
segment, then

Ih(z) — h(zo)i <Liz — zol. (5)

This result can be obtained immediately from (4) by taking the path of inte-
gration to be the straight line connecting the points z0, z and making use of a
general estimate for the path integral in (2),

Cf h(z) <f ih(((t))i K'(t)i dt <max Ih(z)i . 1(ç). (6)

a
Here l(() f K'(t)i dt is the length of the path, and C = ((I) is the curve

generated by the path.
These facts are assumed to be known; cf. Appendix C.

IL Existence and Uniqueness Theorem in C. Let the function f(z, w)
be holomorphic in a domain D C C2 that contains the set

Z: iz—zol<_a, iw—woi<b

and let If
I
<M in Z.

Then there is a holomorphic solution w(z) of the initial value problem

w'==f(z,w(z)), w(zo)=wo, (7)

and this solution exists at least in the disk K : iz — zol < a = min(a, b/M).
If v and w are solutions of (7) existing in a domain G that contains the point

z0, then v = w in G.

Proof. Suppose L on the set

Z1: Iz—zoi_<a, iw—woI�b.

Then f satisfies a Lipschitz condition with respect to w in Z1:

if(z,wi) — f(z,w2)i � LIwi — W21. (8)

This follows from the mean value theorem in the form (5) (with w as the in-
dependent variable and z as a parameter). Because of (4), the initial value
problem (7) is equivalent to the integral equation

w(z) =wo+ff(C,w(C))dC. (9)

Let B be the space of functiorfs w(z) that are holomorphic and bounded in
the disk K with the norm

lull = sup lu(z)ie_2z_z01.
K
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This space is complete and hence a Banach space; cf. Example 5.III.(d). Let
DT be the set of all u E B with Iu(z) — woi � b. The operator T,

Tu = wO
+ f f((, dC,

is defined for u E DT, and the solutions to the initial value problem (7) are
precisely the fixed points of T. We are going to show:

(a) T maps DT into itself;
(b) T satisfies a Lipschitz condition in DT with constant
To prove (a), if u E DT, we have

i(T(u)(z) -wol = f � � b. (10)

The argument for (b) is similar to the one in 6.1. A straight line path of
integration is chosen: ((t) = zo+8•t, 0 <t � z—zoi, where 0 is the unit vector
(z — zo)/Iz — zoi. Then using (8), (6), and = 1 one obtains

i(Tu)(z) - (Tv)(z)i � -
I. I z—zo I

<U u(((t)) — v(((t))

I

0

� ilu — vii.

Statement (b), iTu—TvII � for u,v EDT, follows from this inequality.
Now, by the contraction principle 5.IX, T has exactly one fixed point w in

DT. It is the limit w(z) = in the sense of uniform convergence in K
of a sequence of successive approximations (un), which can be constructed by
first setting uo(z) = w0 (for instance) and then in succession setting

= in full, = Wo + f dt. (11)

Uniqueness. (i) Let v be another solution of (7) and let � be chosen
such that iv(z) — woi <b in the disk K': ir — zoi <&. From the above proof
(with K' instead of K) it follows that v = w in K'.

(ii) Now let v, w be solutions in the domain G with v(zi) If z0 and
z1 are connected by a smooth path z = C(s) (0 � s � 1) that lies in G, then
there exists a maximal s' <1 with v(((s)) = w(((s)) for 0 < s � s'. Since v and
w have the same "initial value" at the point z' = ((s'), it follows from (i) with
z' in place of ZO, that v and w agree in a neighborhood of z'. This contradiction
to the ma.ximality of s' shows that v = w holds in G. Note that this result also
follows from (i) and the identity theorem for holomorphic functions.
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Ill. Power Series Expansions. Like all holomorphic functions, the
uniquely determined solution w(z) of the initial value problem (7) can be ex-
panded in a power series

for Iz—zol <a. (12)

Determining some coefficients of this expansion is an efficient numerical proce-
dure, at least for z close to z0. The following two methods can be used to this
end:

Method 1. Beginning with the identity w'(z) f(z, w(z)), the higher order
derivatives can be calculated, one after another, by differentiation:

vi :=f,

= +
(13)

w'" = + + +

etc.

The coefficients

w(Tt)(zo)
(14)

are obtained by inserting the values (zo, wo) into (13).
Method 2 (Power Series Ansatz). Substituting the expansion (12) into the

right-hand side of the differential equation

f(z,w)= Cjk(Z_ZO)3(W_Wo)k
jk=O

and differentiating termwise for the left-hand side leads to the relation

00 00 /00
jaj(z — = Cjk(Z — — . (15)

j=1 n=1

Equating coefficients of like terms gives a recursion formula for the This
method is often easier to carry out than the first.

Naturally, the power series ansatz can also be used for differential equations
in the real domain if the right-hand side is analytic.

Example. A special Riccati Equation (Johann Bernoulli, 1694).

y'=x2+y2, y(O)==1.

The ansatz

y(x) =
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leads to the identity

00 \2
S

= x2 + = x2
j=1 0 j=O k=0

and, when coefficients of like powers are set equal, to the relation

(j + = {+1 for j = 2}. (16)

Incorporating the initial condition, one obtains for the first few terms

a0 = 1;

j=O:a1 = a1=1;
1: 2a2 = 2a0a1, a2 = 1;

2: 3a3 = 2a0a2 + + 1, a3 =

3: 4a4 = 2a0a3+2a1a2,

Thus the power series expansion begins with

2 4x3 7x4y(x)=1+x+x

One can see immediately from the recursion formula for the that all are
positive. An inspection of the first few terms suggests that in fact � 1 (i � 0).
This inequality is valid for small i and can be proved in general by induction
(exercise!). Therefore, we have

2 1y(x)>1+x+x +x3+...=1— for x>0. (17)

This inequality shows that the solution can exist to the right at most up to the
point x = 1. Better methods for the estimation of solutions are derived in § 9;

cf. Example 9.V.

IV. Exercises. (a) Give the first few terms in the power series expansion
(up to the fourth power) of the solution of the initial value problem

yl=ez+xcosy, y(O)=O.

(b) Determine the first terms in the power series expansion y = > akxk for
the solution to the initial value problem

y,=x3+y3, y(O)=l.

Determine the power series expansion of the solution u = bkxk of

u'=u3, u(0)=1

and show that ak � bk. From this derive an upper bound for the number a,
where [0, a) is the maximal interval of existence of the solution y to the right.
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V. Growth Estimates. The growth of solutions of complex differential
equations can be estimated using the following theorem, which depends on a
result from § 9.

Theorem. Let w be a holomorphic solution of the initial value problem (7);
w'(z) = f(z, w) in G, w(z0) = wo (G a convex domain), where

lf(z,w)l — zol, 1w — wol)

(h(t, y) is real-valued and locally Lipschitz continuous in y). Then Iw(z) —wol �
— zol), where is differentiable and satisfies

� h(t,q5(t)), qS(0) � 0.

Hint: Apply Theorem 9.VIII to v(t) = Iw(zo + — with 0 < < 2ir,
w(t) = Note that � h(t,v(t)); cf. B.IV.

§ 9. Upper and Lower Solutions. Maximal and
Minimal Integrals

In this section all quantities are again real-valued.

I. Lemma. Let /(x), be differentiable in the half-open interval J0
(a > 0) and suppose that cb(x) in an intervale <

(e > 0). Then one of the following two cases holds:
(a) in Jo;
(b) there exists an x0 J0 such that <i,1'(x) for <x < and

= and � (1)

The proof is simple. If (a) does not hold, then there exists a first point
xo > where = Since < to the left of x0, the left-sided
difference quotients at the point x0 satisfy

for h>0. (2)

The second inequality in (1) follows by taking the limit in (2) as h 0+. I
(c) It is possible to weaken the hypotheses in the above result. The conclu-

sion of the lemma remains true if the functions q5(x), are assumed only to
be continuous. In this case the relations (1) in (b) are replaced by

q5(xo) = � and � D4'(xo). (1')

Here D, D_ are the left-sided upper and lower Dini derivatives, defined in
section B.I of the Appendix. Clearly, (1') aLso follows from (2).
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II. Defect. The defect of a function with respect to the differential
equation y' f(x, y) is the function

PqS—çb'—f(x,cb). (3)

The defect tells "how close" is to satisfying the differential equation. Solutions
y(x) are characterized by Py = 0 (the defect is 0).

Every theorem on differential inequalities for the interval J = + a] has
a counterpart for the interval J_ = — a, to the left of The corresponding
defect inequality is obtained by reflection about the point and the proof is
carried out by reducing the case "to the left" to the earlier case; cf. 6.11. (d). The
reflection transformation, — x), f(x, y) —f(2e — x, y), introduces
a minus sign to the defect,

:= — J(x, = — x) (4)

with the resu't that in the theorem for J_, the differential inequalities are re-
versed. A first example is the

III. Comparison Theorem. Let the functions be differen-
tiable in J0: e < x <e + a and let the following hold:

(a) (e>0);
(b) Pcb < in Jo.

Then

in J0.

There is no assumption on f. The theorem remains true for continuous
functions with or instead of qY,

The proof is based on showing that case (b) of Lemma I cannot occur.
Suppose = Then at x0,

= Pq5+ + =

holds because of hypothesis (b). Thus (1) or (1') certainly does not hold. I
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We formulate the corresponding theorem for an interval lying to the left of
the point

Corollary. If are differentiable in = — a, and satisfy
(a) (e>O),
(b) Pçb > in

then it follows that

in

IV. Upper Solutions, Lower Solutions. Let f(x, y) be defined in D,
D C R2 arbitrary. The function v(x) is called a lower solution (or subsolu-
tion) and w(x) is called an upper solution (or supersolutiori) of the initial value
problem

y'=f(x,y) in

J
in J, ij, lower solution,

w' > f(x,w) in J, � m upper solution.

Naturally, it is assumed that graphv C D and graphw C D. These concepts
were introduced (in a somewhat more general way) by Perron (1915). An upper
solution runs above a solution, a lower solution below. More precisely: If v is
a lower solution, w an upper solution, and if y is a solution to the initial value
problem (5), then

v(x)<y(x)<w(x) in (7)

These inequalities follow immediately from Theorem III. Setting = v,

= y, one obtains Pçb < 0 = Pçb; thus (b) holds. If = then
clearly (a) holds, and if = = then by (6),

v <y for < x < + s > 0). The second inequality in (7) is
proved in a similar mariner. I

Upper and Lower Solutions to the Left. If J_ is an interval to the left
— a � x then the conditions that define lower and upper solutions in the

initial value problem (5) read

v' > f(x,v) in J_, lower solution,
(6')

w' < f(x,w) in J_, upper solution

and the conclusion is

v(x)<zy(x)<w(x) in (7')

A common method of determining upper and lower solutions is to make small
changes in f to find functions fi, 12 such that

f1(x,y) < f(x,y), respectively f2(X,y) > f(x,y),
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and such that the corresponding initial value problems for the equations

v' = fi(x,v), respectively w' = f2(x,w),

can be explicitly solved.

V. Example. We consider Bernoulli's example from 8.111,

y'=x2+y2, y(O)=l.

For positive x, y2 < x2 + y2, thus using f1(x, y) = y2, one obtains a lower
solution

v'=v2, v(0)=l v(x)=—J--—.
1—x

We see from this that the solution exists to the right at most up to the point
x = 1. Thus one can assume that 0 � x < 1 and obtain an upper solution by
setting f2(x,y) = y2 + 1:

= w2 +1, w(0) =1 w(x) = tan (x +

Thus without computational effort one obtains the estimates

<y(x) <tan

as well as an estimate for the asymptote x = b (y —' 00 as x —' b—)

0.78 < � b � 1.

A significantly better upper solution can be obtained using the ansatz

1 (c>1).1-cw
The inequality -wç > 'w?+x2 is equivalent to c—i> (1—cx)2x2 forO x <i/c.
For example, one can take c = 17/16. It follows that

and

The solution remains in the domain illustrated in the figure. Better bounds for
b are obtained by computing the solution y with the Lohner algorithm, which
gives exact bounds; cf. XVI. Let us assume that Yo <y(a) <yr. Then a lower
solution v for x > a is obtained from v(a) = yo, v' = a2 + v2; i.e.,

v(x) = a tan (ax + c) with a2 + c = arctan yo/a.

Solving ax+c = ir/2, the asymptote x = b1 of v is obtained; it is an upper bound
for b. Now we can construct an upper solution w from w(a) = yi, W' = +w2,
i.e.,

W(x) = b1 tan (bix + d) with b1a + d = arctanyi/bi.
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y

x

Here the asymptote b0 of w, a lower bound of b, comes from the equation
b1x + d = ir/2. For example, the Lohner algorithm produces

a = 0.96875, y(a) E

and one obtains in the way just described,

13
bE (b0,b1) = 0.96981 06539304

(the notation used above represents an interval; for example, 4.5 is the

interval (4.5130,4.5346)). The success of the method, here shown impressively,
depends on good upper and lower solutions. For example, it works with the
tangent function used above for the equation y' = g(x) + y2.

VI. Maximal &nd Minimal Solutions. Definition and Theorem.
If f(x, y) is continuous in a domain D, then the initial value problem

y'—f(x,y), with (e,?1)ED

has two solutions y. (x), (x) that come arbitrarily close to the boundary of D
both to the left and the right and that have the following property:

If y(x) is any solution of the initial value problem, then

y(x) � y*(x) (8)

(each of the inequalities holds as long as the functions involved are defined).
The solution y. (x) is called the minimal solution (minimal integral), and (x)
is called the maximal solution (maximal integral) of the initial value problem.

16
4 17



94 II. Theory of Ffrst Order Differential Equations

Proof. First assume that f(x, y) is continuous and bounded in the strip
J x ]R, J = + a]. Let y(x) be a solution of the initial value problem (5) and
w — be a solution of the initial value problem

inJ, (n 1,2,3,...) (9)

(if (9) has more than one solution, then one of them is chosen). If Theorem III
is first applied with q5 = = and then with = = then
one obtains the inequalities

y(x) in J.

Thus the sequence is monotone decreasing and has a limit

y*(x) = Em � y(x). (10)
n—poo

In fact, by Lemma 7.111, this limit is uniform, since (9) implies that �
C := sup fl + 1, and hence the sequence of functions (wa) is equicontinuous.
Thus one can pass to the limit as n —' oo under the integral sign in the integral
equation equivalent to (9),

= + 1 + (9')nfl
and obtain that the limit satisfies the integral equation

y*(x) = + f(t, y*(t)) dt.

Therefore, the function (x) is a solution to the initial value problem, and
because of (10), it has the property y(x) � y*(x) proposed in (8).

In a corresponding manner the minimal integral can be obtained as
the limit of a related sequence (x); here one has to replace the term 1/n by
—1/n in both places in (9).

This proves the theorem under the special assumptions. The general theorem
can now be derived from this result following the procedure described in § 7 for
the Peano existence theorem. This procedure has to be modified to the extent
that instead of an arbitrary solution, the maximal solution is chosen in each
step of the extension. I

VII. Remarks. (a) If is continuous, then the initial value problem is
uniquely solvable if and only if (x) = (.x).

(b) If the initial value problem is not uniquely solvable, then the whole
region between the maximal solution and the minimal solution is filled up with
solutions. To be more explicit:

If f(x,y) is continuous in the strip J x R, J = + a], and if is the
minimal and (x) the maximal integral of the initial value problem (5), then a
solution of the initial value problem (5) goes through each point of the set

H = {(x,y) : XE J, � <
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x

The proof is an exercise. Hint: If a solution z, which starts at a point (x0, z0) E
H, meets, e.g., to the left of xo, say, z(xi) = y*(xi), x1 <xo, then one may
set z(x) = y*(x) in [e,xiI.

VIII. Theorem. Let f be continuous in the rectangle R J x [b, c],
J = e + a]. Let the functions v, w be differentiable in J and let

v'_<f(x,v) in J, or

w'�f(x,w) in J,

If C1 (J) is the minimal solution and E C' (J) the maximal solution of
the initial value problem (5), then

v_<y* or in J.

This remains true for continuous functions with Dv, Dw (D any Dini deriva-
tive). It it is assumed that the graphs of all four functions lie in R.

For the proof one extends f as a continuous and bounded function to the
strip J x R (cf. the proof of 6.111) and determines using equation (9). By
Theorem III, v < (note that Dv f(t, v) implies Dv � f(t, v) by B.II).
Since the converge to y* (x), it follows that v (it is easy to see that
is also the maximal solution relative to the extended function f). The second
inequality w is handled in a similar manner. U

Corollary on Upper and Lower Solutions. If f is continuous and the
solution y of the initial value problem (5) is unique, then upper and lower solu-
tions can be characterized by the weak inequalities (11) (with instead of <).
It follows immediately from the above theorem that the inequalities (11) imply
v � y <win J.

Example.

y(O)=O.

y
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The maximal solution and the minimal solution are given by

y*(x) = = 0 for x � 0,

= 0, = for x � 0

(see Example 2 of 1 .V). Make a sketch of all solutions for the proof.

We conclude the discussion of differential inequalities with a variant of The-
orem III, in which it is assumed that the function f satisfies a local Lipschitz
condition in y (the reader will recall the definition from 6.W). This case applies
to most applications, in particular those where is continuous. Our proof is
independent of the earlier results, and the conclusion is sharper with respect to
strict inequalities.

IX. Comparison Theorem. Let f D R satisfy a local Lipschitz
condition in y. Let çb, be differentiable in J = + a], and let

(a) � -
(b) PqS� (which isqf/—f(x,çb) inJ.

Then in J, and with respect to strict inequalities,

inJ or çb—i,b in[e,c],

Corollary. For an interval J_ = — a, to the left of (a) �
and (b') Pq5 � Pi,b in J_ implies < 'çb in J_ or = in [c,e], < in

— a, cJ with c E J_.

Proof. We write f(çb), f(i,b) as an abbreviation for f(x,qS(x)), f(x,i,b(x)).
There exists L> 0 such that — — in J; cf. Exercise 6.1K.
Hence the function w = — qS satisfies

�
Assume that w(d) < 0 for some d E J and that I = [b,d] C J is the largest
interval to the left of d where w 0. In this interval vi � Lw, hence

= (w' — � 0.
Thus the function is monotone increasing in I and therefore negative
in I. This shows that b = a and w(a) < 0, which is a contradiction. Hence
(/) < in J.

Now assume that w(d) > 0 and that F = [d, d'] C J is the largest interval
to the right of d where w 0. In I' we have vi � —Lw, which implies

= + Lw) � 0.

Reasoning as before, we conclude first that is increasing in F, then
that w(d') > 0, and finally that d' must be the right endpoint + a of J. This
completes the proof of the theorem. The corollary is left to the reader's care. U
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Consequences of the Comparison Theorem. (a) Upper and lower so-
lutions. Let y be a solution of the initial value problem

y'—f(x,y) in J, (5)

where f is locally Lipschitz continuous in y. Then upper and lower solutions
can be characterized by the inequalities (11) (with equality permitted), that is
to say, these inequalities imply

v<_y�w in J.

But now the theorem gives a stronger statement than the one in section VIII.
For example, if y = v in J' = then v'(x) = f(x,v(x)) holds in J'. Thus
the strong inequa1ity v <y holds in Jo = + a} if either or if there
exists a sequence in J0 with = such that

v in applications and y is the unknown solution, these
conditions can be checked). This follows readily from Theorem IX and applies
also for upper solutions.

(b) A uniqueness theorem for the initial value problem (5) follows immedi-
ately from this theorem.

(c) If y and z are solutions of the differential equation and if y(x0) <z(xo),
then it follows that y < z in the common interval of existence of both solutions
(to the right and to the left of x0).

Part of the previous theorem, the uniqueness to the right, can be proved
under the weaker assumption that f only satisfies a one-sided Lipschitz condition

f(x,y) — f(x,z) �L(y—z) for y> z. (12)

While the usual Lipschitz condition says that the difference quotients

f(x,y) — f(x,z)
y—z

lie between —L and L, the one-sided condition implies only that they are L.
The proof of the following theorem is left as an exercise for the reader. Hint:
Study the previous proof

X. Theorem. Let f satisfy a local one-sided Lipschitz condition of the
form (12). Then the inequality in J = + a] follows from

(a)
in J.

In particular, a uniqueness theorem "to the right" holds for the corresponding
initial value problem.

Remark. This theorem applies in particular to functions f that are monotone
decreasing in y. Such functions satisfy a one-sided Lipschitz condition with
L—O.

Exercise. Give an example of a monotone decreasing, continuous function
f(y), for which the stronger hypotheses of Theorem IX are not satisfied.
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XI. Exercise. Let the function f(x, y) be defined for x � 0 by

2x for y�x2,
f(x,y)= 2y/x for IyI<x2, x>0,

—2x for y � —x2, x � 0.

Is f continuous in [0, oo) x R? Find all of the solutions to the initial value
problem

y'=f(x,y) for x�0,y(0)=q.
For which values of is the solution unique? Give the maximal and minimal
solutions in the nonuniqueness case.

XII. Exercise. Construct upper and lower solutions for the following
initial value problems

(a)y'=x3+y3, y(0)=l...

(b) y(O)=1.

In the case (a), if 0 < x < a is the maximal interval of existence to the right,
calculate two bounds a1 a a2 with a2 — a1 <0.05. Compare this to Exercise
8.W.(b).

Supplement: The SeparatrLx
Here we consider differential equations

= f(x, y) for x � 0 (13)

that have the following (at first imprecisely formulated) property: There exists
a special global solution 4, (i.e., one that exists in [0, oo)) which is distinguished
by the property that the solutions above 4' and the solutions below 4, form two
classes of solutions such that within the classes solutions have similar behavior
for large x, whereas two solutions taken from different classes have completely
different behavior. We give two examples to illustrate this property.

Example 1. y' = x — l/y (y > 0).

Example 2. y' = x3 + y3.

In the first example, the special solution 4, is the only bounded global solu-
tion. The solutions above 4, tend to oo as x —+ oo, while every positive solution
beneath 4, exists only in a finite interval [0, b) and tends to 0 as x b—.

In the second example, 4, is the only global solution. The solutions above 4,
tend to +oo and those below 4, tend to —oo as x approaches the right endpoint
of the (finite) maximal interval of existence.
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In this connection, the solution curve C = graph is called a separatrix: It
"separates" solutions with different behavior. Various definitions of the separa-
trix can be found in the literature.

Differential inequalities provide a powerful tool for dealing with such ques-
tions.

XIII. Existence of Global Solutions. Solutions of (13) that exist in
[0, oo) are called global solutions. Let f be continuous and locally Lipschitz
continuous with respect to y (for instance, suppose is continuous) on a set
D: Ifv,waretwofunctionswiththe
properties v w and Pv � 0 Pw in [0, oo), then every solution y of (13) with
v(0) y(O) w(0) lies between v and w on [0, oo). This follows immediately
from Theorem IX. The following theorem with reversed differential inequalities
also follows from Theorem IX, but the proof is less trivial.

Theorem. Let v and w be functions that are differentiable in [0, and
satisfy the inequalities

v w and Pw 0 Pv in [0, oo).

Then the differential equation y' = f(x, y) has a global solution with v � � w
forx�0.

Proof. Let denote the (unique) solution of the initial value problem

y'=f(x,y), y(n)=w(n) (n=1,2,3,...). (An)

It follows from applying Corollary IX twice on the interval [0, n], which lies to
the left of the point = n, that the inequalities v w hold in [0, n].
In particular, � w(n) = Yn(fl), and hence, again using Corollary TX,
Yn+1 in [0,n].

We fix a number a > 0. If n> a, then the inequalities v Yn+1 � � to
hold in the interval [0, a]. Since the sequence (Yn) is monotone decreasing,

:= exists in [0, a] and satisfies the inequalities v to there.
The set Ma = {(x,y) : 0 � x � a, v(x) � y w(x)} is compact, and the
function f is bounded on Ma, say fl � L. Thus, for n> a, the functions are
Lipschitz continuous with Lipschitz constant L in the interval [0, a]. Uniform
convergence on the interval [0, a] now follows from Lemma 7.111.

Passing to the limit in the corresponding integral equation

Yn(X) =

shows that is a solution of (13) in the interval [0, a]. Since a is arbitrary, the
rest of the theorem follows. I

Remark. If there exist sequences tending to oc, with (Pv)
0, <0, then the strong inequalities v < q5 <to hold in [0, oo). This
follows again from Theorem IX.



100 II. Theory of First Order Differential Equations

2;

Example 1 with = 1/(x + w as
in the text (the dashed curve is

Example 2 with Vi = —x — 1/3x2,
to = —x

Note that one can also use the sequence of solutions z = defined by

= f(x,z), z(n) = v(n) (n = 1,2,3,...) (Ba)

in the construction of a global solution. One obtains v Zn Zn+j � Yn+1 �
� win [0,n], n = 1,2,3,...
We apply this theorem to the two examples given at the beginning of this

supplement.

Example 1. The inequality Pv � 0 holds for v = and the inequality
Pw ü is satisfied by the function

2—x for
1/x for x>1.

Thus there exists a global solution with <qS(x) < 1/x. The reader should
show that Vi = 1/(x + is also a lower bound.

Example 2. One can chose v = —(x + 1), to = —x, as can be easily seen.
Thus there exists a global solution that satisfies the inequality —(x + 1) <

< —x. The reader should show that v1 = —x — 1/3x2 is a better lower
bound.

XIV. Uniqueness. The characterization of the distinctive global solu-
tion differs from case to case, and it seems impossible to give a sufficiently general
uniqueness theorem. Instead, we illustrate how to proceed in certain specific
cases. Suppose that is continuous in D. if and are two global solutions
with 4 < then by the mean value theorem, the difference u = — > 0
satisfies

= — qY = f(x, — f(x, = y*)u(x), (14)

I!

2;



9. Upper and Lower Solutions. Maximal and Minimal Integrals 101

where q5(x) < 'çb(x). We consider again the two examples and show how
one can use (14) to derive a uniqueness result.

Example 1. Here the global solutions i/.' are bounded; that is, there exists
L > 0 such that 0 < < L holds in [0,oo) and hence = 1/y2>
ilL2 := Thus

u' au, which implies that u(x) �

u is bounded by assumption. This contradiction proves the assertion made
at the beginning that there is only one bounded global solution. The estimate
v1 < 1/x (see XIII) shows that behaves like 1/x as x 00 and that

1 1 1
— <—.

x x4 x

Example 2. Let y be a solution and y(a) � —a for some a � 0. It is easy to
see from the differential equation that there exists b > a with y(b) > 0. Since
the solution of the initial value problem v' v3, v(b) = y(b) is a lower solution
to y and since there exists c < 00 such that v(x) 00 as x c, it follows that
y(x) is not a global solution.

If gS and are global solutions with then accordingly, < —x.
Thus in (14) we have fy(x,y*) = 3y*2 > 3x2, and hence u = �
where S = u(0) > 0.

In particular, z = Sexp(x3). Since z satisfies z' — x3, we have
z' > for large x. This implies in a manner similar to the case above that
z = exists only in a finite interval [a, b) and tends to oo as x —p Therefore,
there exists only one global solution. This proves the assertion made at the
beginning for the second example.

Remark. In the two examples, each local solution can be extended to the
left to —00 (proof follows by considering the sign of f). Thus the distinguished
solution exists in R, and the separatrix C = graph qf divides the xy-plane into
two domains C1 (above C) and C2 (below C). If y is a solution of the differential
equation with the initial value = then the location of instantly
gives information about the qualitative behavior of the solution y for increasing
positive x.

XV. Exercises. (a) Show that the quaiitative behavior from Example
1 also holds for the differential equation

= — (y > 0) with a > 0, /3> 0.

(b) Show that the same qualitative statements hold for the differential equa-
tion

= a > 0, /3> 1

as in Example 2 (which is the case a = /3 = 3).
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Hint. One can take w = _Xa/13 and v — _aex with appropriate a> 0. A
better choice is v = —(a +

(c) Denote the solution of the differential equation y' = f(x, y) with initial
value y(O) = a by y(x;a), and denote by [0,ba) With 0 < ba � oo the maximal
interval of existence to the right. Prove the following

Theorem. Let the function f be continuous and satisfy a local Lipschitz
condition in y. Let A be the set of initial values a such that y(x; a) —+ 00 as

ba. Assume that for every b> 0 there exist initial values a E A and a' A
such that ba, ba' > b. Then

with a0=infA

is a global solution of (13).

(d) Show that au solutions y(x; a) of the differential equation y' = (1 +
y2) cosx tend to +00 or —oo as x — ba, where ba < and compare this result
with the assumptions on ba in the preceding theorem.

(e) In the differential equation -

y'—h(x)+g(y)

let h be continuous in [0, oo) and let g be locally Lipschitz continuous in ][t
Further, let g(y) —p ±oo as y ±00, and let the integrals

100 dy f_a dy
j and j —

Ja g(y)

be convergent (we assume > 0 for � a). Show that there exists a
global solution.

Remark. In the American Mathematical Monthly 94 (1987), p. 694, one finds
Example 1 as Problem 6551: "Prove that the differential equation y' = x — l/y
has a unique solution in [0,00) which is positive throughout and tends to zero
at +00." In Vol. 96 (1989) three different solutions are given on pages 631—635
and 657—659, but no general method is suggested.

XVI. Computing the Separatrix. Theorem XIII not only establishes
the existence of a separatrix qS, it can also be used to determine it numerically.
By solving the initial value problems (An) and (Ba), one obtains upper and
lower bounds for 4. R. Lohner (1988) developed an algorithm that gives exact
upper and lower bounds for the solution of initial value problems (for systems).
It applies to a large class of functions f and uses the programming languages
PASCAL-XSC or ACRITH-XSL, which reflect advances in interval arithmetic.
I owe Dr. Lohner many thanks for carrying out the calculations in the two
examples. They lead to the following surprisingly good (and, as said, exact)
bounds for the initial value
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Example 1: v(x) = 1/(x + 1/x2), u(s) = l/x, (An), (B,.,) with n 6 gives

e 1.28359 87104 63599 52345 264

Example 2: v(x) = —x — 1/3x2, w(x) = —x, (An), (Ba) with n = 5 gives

E —0.66727 09125 44323 6585563

XVII. Exercise. Driver's Equation. The initial value problem

y'(x) = 1 + f(y) — f(s), y(O) = 0,

where f : R is continuous, has y(x) = x as a solution. R.D. Driver
posed the problem (American Mathematical Monthly 73 (1966), 783, advanced
problem 5415) of determining whether this is, in general (i.e., for all f), the only
solution. Some results on uniqueness were given in the solution section of the
Monthly (76 (1969), 948—949), but much was left to be desired. Our treatment
relies heavily on the results of this section on differential inequalities.

If y is a solution, then z(x) := —y(—x) is a solution to the corresponding
problem with fi(s) := f(—s). Therefore, we consider only solutions for x> 0.
Prove the following:

(a) Replacing f(s) by f(s) + const. does not change the problem. Hence one
may assume f(0) = 0.

(b) If y is a solution and y(c) = c (c > 0), then z(x) = y(x + c) — c is a
solution of the problem with f replaced by fe(s) f(s + c) — c.

(c) = x is the maximal solution to the right, i.e., y(x) < x for x � 0
and every solution.

(d) Uniqueness to the right holds if f satisfies locally (i.e., in compact inter-
vals) a one-sided Lipschitz condition f(y) — f(z) � — zI for y>

(e) Uniqueness holds if f = g — h, where g and h are (weakly) increasing.
Hints: (c) Let F(s) = exp f(s). The differential equation is equivalent to

exp (y' — 1) = F(y)/F(x). Using � s, one obtains y' F(y)/F(x). Hence
y is a subsolution to the problem with separated variables z' = F(z)/F(x),
z(0) 0, which gives y(x) z(s) = x.

(e) Let f be increasing. Then by (c), y' � 1. Consider the function

k(s)
=

(1-f(s)) ds k'(x) = f(y)(y' - 1).
y(x)

Assume 0 f(0) f(s) < 1 and y(x) > 0 for 0 � x < b. Since k' � 0 and
k � 0 in [0, b], it follows that k(s) = 0 and hence y(x) s in [0, b]. Use (b) to
show that y(x) = sin [0,c} implies y(x) = sin [0,c+E}, 6>0.

In the general case f = g—h we have p' � 1+g(y)—g(x). Since z' =
1+g(z)—g(x), z(0) = 0 implies z(x) = x, Theorem VIII shows that y � z. Use
(c).

Our treatment follows that of G. Herzog and R. Lemmert, Remarks on
Driver's equation, Ann. Polon. Math. LIX.2 (1994), 197—202. The authors
also construct an example of nonuniqueness.
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XVIII. Exercise. Prove the following:

Theorem. Let v, w be two solutions of the differential equation y'(x) =
f(x, y) in the interval J = Assume that and that f(x, y) is
(weakly) increasing or decreasing in y. Then (i) v w in J and (ii) w(x) —v(x)
is increasing or decreasing, respectively.



Chapter III
First Order Systems.
Equations of Higher Order

§ 10. The Initial Value Problem for a System of
First Order

I. Systems of Differential Equations. Direction Fields. By a first
order system of differential equations (in explicit form) we mean a set of simul-
taneous equations of the form

(1)

Here the n functions fi (x, . . . , . . , (x, yi,. . . , are defined on a
set D of (n + 1)-dimensional (x, Yl,. . . , A vector function
(yi (x),. . . , (x)) is a solution (or an integral) of (1) in the interval J if the func-
tions y,, (x) are differentiable in J and if (1) is satisfied identically when they are
substituted into the equation. Naturally, we require (x, Yl (x),. . . , yn(X)) E D
for x E J. Vector notation will be used whenever possible. We denote n-
dimensional column vectors with boldface letters, as shown in the following:

(ai\ (yi(x)\ (fi(x,y)
a= y(x)=

(
f(x,y)=

(

In this notation, statements of the type "y(x) is continuous, differentiable, ..."
mean that each component is continuous, differentiable, . . . (v = 1,.. . , n).
Derivatives and integrals of a vector function y(x) are also defined component-

105
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wise:

y'(x)=I I'

Written in vector notation, system (1) reads

y' f(x, y). (1')

As in the case n = 1, equation (1') has a geometric interpretation. The graph
of a function y(x) represents a curve in The vector function f(x, y)
determines a direction field in D, which is defined as follows: To each point
(±, e D is associated a direction, given by the (n + 1)-dimensional vector
(1, a) where a = or equivalently, by the line y = + (x — Solutions
of the differential equation (1') have the property that their graphs "fit on the
direction field."

II. Initial Value Problem. An initial value problem for (1') asks for a
solution that passes through a given point D, that is, one that satisfies
the initial conditions

= (ii = 1,..., n) or = (in vector form). (2)

Initial value problem (1'), (2) is equivalent to the system of integral equations

y(x) = + f(t,y(t)) dt. (3)

More precisely: Let f be continuous in D and (x, y(x)) E D for x E J. Suppose
y(x) is differentiable in J and satisfies equation (1') and the initial conditions
(2). Then y' is continuous and y(x) satisfies the integral equation (3) for x e
J. Conversely, if y(x) is a continuous solution of (3) in J, then f(x, y(x)) is
continuous in J. Hence y(x) is continuously differentiable and satisfies (1') and
(2). The notation al for the norm of a vector a E was introduced in 5.111. (a).
A special case is the Eucidean norm ale = +.. +

III. Equivalence of Norms. Lemma. All norms in r are equivalent;
i.e., if al, lal* are any two norms in then there exist constants a > 0, /3> 0
such that

alal*<Ial<131a1* forail aERTh.

Proof. Clearly, it is sufficient to prove the theorem for the special case Ial* =
lale. If is the iith unit vector (i.e., is 1 in the vth position, all other
components are zero), then it follows from the expansion a = ape,, that

lal � � =/3Iale.
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This proves the second inequality in the lemma. It follows at once from this in-
equality that the function = lxi is continuous (in the sense of the Eudidean
norm). Indeed, by (5.2), we have

= — lyil � ixyi
To prove the first inequality, let S be the unit sphere in ]RTh; that is, S is

the set of vectors with lale = 1. Since S is compact, the continuous function
= lxi assumes its minimum on S at a point a0 E S. Because a0 7& 0, we

have

forall aES.
Since an arbitrary vector b 0 can be written in the form b = c•a with c =
and a E S, the first inequality in the lemma follows:

hi = ciai � ac = alble.

I

IV. Lipschitz Condition. A vector function f(x, y) satisfies a Lipschitz
condition with respect to y in D (with Lipschitz constant L) if

for (4)

It follows from Lemma III that the question whether f satisfies a Lipschitz
condition is independent of the chosen norm. However, the magnitude of the
Lipschitz constant L depends on the choice of the norm.

A function I is said to satisfy in D a local Lipschitz condition with respect
to y if for every point (x, y) E D, there exists a neighborhood U : lx — ±i <
5, — < 6 (5> 0) such that I satisfies a Lipschitz condition in D fl U. In
general, the Lipschitz constant may vary from neighborhood to neighborhood.

V. Lemma. (a) If D is convex and if I and all components of the Ja-
cobian Of/Dy = are continuous and bounded in D (p, ii =
1,. . . , n), then I satisfies a Lipschitz condition with respect to y in D.

(b) If D is a domain and if f and Of/Dy are continuous in D, then I satisfies
in D a local Lipschitz condition with respect to y.

(c) 1ff E C(D) satisfies in D a local Lipschitz condition in y, then f satisfies
a Lipschitz condition in y on compact subsets of D.

Proof. (a) Applying the mean value theorem to f,, (x, y), we obtain
n *

I \ t ( —

where (x,y*) is a point on the line segment connecting (x,y) and It
follows that there exists a constant K such that

— � — (4')
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and hence f satisfies a Lipschitz condition with respect to the maximum norm
al = max I. Part (b) is an immediate consequence of part (a), since a function

from C(D) is bounded in compact subsets of D. (c) If K C D is compact and
the proposition with respect to K is faJse, then there exist sequences (xk, yk),
(xk,zk) in K with

lf(xk,yk)—f(xk,zk)I �klyk—zkl (k=1,2,...). (*)

Because K is compact, we may assume that (xk, Yk) (so, Yo) E K, and since
is bounded in K, it follows from (*) that (xk, zk) tends to the same point. This

leads to a contradiction, since for large k, the points (5k, Yk), (xk, zk) belong to
a neighborhood of (Xe, yo), where f satisfies a Lipschitz condition in y. I

We now state and prove the basic

VI. Existence and Uniqueness Theorem. Let f(x, y) be continuous
in a domain D C and satisfy a local Lipschitz condition with respect to y
in D (this hypothesis is satisfied, for instance, if af/ay e C(D)). If E D,
then the initial value problem

y'=f(x,y), (5)

has exactly one solution. The solution can be extended to the left and right up
to the boundary of D.

The line of reasoning used for the case n = 1 in §6 carries over. The following
special case is proved first (compare with Theorem 6.1).

Vii. Theorem. Let f(x, y) be continuous and satisfy the Lipschitz con-
dition (4) in J x RTh, J = + a]. Then there is exactly one solution to the
initial value problem

y'=f(x,y), (6)

The solution exists in of J.

Proof. The initial value problem (6) is equivalent to the integral equation

y(x) = + f f(t,y(t)) dt in J, (7)

which can be written, using the more concise operator notation, in the form

y = Ty where (Tz)(x) = ij + f f(t, z(t)) dt. (7')

The set of continuous vector-valued functions defined on J with the norm

lizil = max lz(x)Ie_2L1
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is a Banach space (I
I

is the norm in that appears in (4)). The operator T
defined by (7') maps this space into itself. The proof that T satisfies a Lipschitz
condition with Lipschitz constant is the same as the one given in 6.1. In this
proof, y(x) is now a vector function, and the two simple facts in the following
lemma are needed.

VIII. Lemma. If z(x) is continuous in an interval [a, b] and I is a
norm in then the scalar function = Iz(x)I is continuous in [a, b] and
the inequality

b b

f z(x)dx

holds.

Proof. It follows from inequality (5.2) that

as xk—'x;

therefore is continuous.
Let us denote the integrals in the lemma by Ii and 12. Then the inequality

I Iii � 12 must be proved. We consider a partition P : a = x0 < x1 <
= b and its measure of fineness Fl = max{(x2 — i = 1,... ,p}.

Corresponding Riemann sums are given by

o(P; z) — for
= f z(x) dx,

a(P; IzI)
= P

— for 12 = Iz(x)I dx.

The triangle inequality implies

z)I � o(P; Izi). (*)

Now consider a sequence (Pk) of partitions with lim lPk I = 0. Then, by the
Riemann definition of the integral,

o(Pk; z) and o(Pk; IzI) 12

as k oo. The inequality Iii 12 now follows from *). I
The solutions of (6) are the fixed points of T. Since T is a contraction,

Theorem VII follows from the Contraction Principle 5.IX. The solution is the
limit of a uniformly convergent sequence of successive approximations

Yk+1 (Tyk)(x) = + f f(t, yk(t)) dt (k = 0,1,2, . . .). (8)

The first term yo(x) E C(J) can be arbitrarily chosen. I
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The general theorem is now derived from this special case in a series of steps
that are completely analogous to those in §6 for the one-dimensional case.

In §7 and §8 two additional existence theorems were proved. The extension
of the proofs of these theorems to the n-dimensional case is also straightforward.
Consequently, we will state these theorems without proof.

IX. Peano Existence Theorem. If f(x, y) is continuous in the do-
main D and E D, then the initial value problem (5) has at least one
solution. Every solution can be extended to the left and right up to the boundary
of D.

Remark. The results on upper and lower solutions and on maximal and
minimal solutions obtained in §9 do not extend to general systems, but only to
systems that have a certain monotonicity property. We shall treat this impor-
tant question in Supplement I below.

X. Existence Theorem for Complex Differential Equations. Let
the vector function f(z, w) of n + 1 complex variables (z, w) = (z, ...,
with values in C (i.e., each component
is continuously differentiable with respect to all n + 1 complex variables), and
let (zo,wo) ED.

Then the initial value problem

w'=f(z,w), w(zo)=wo (9)

has exactly one holomorphic solution w(z). The solution exists (at least) in the
disk K : lz — zoI < a, where a> 0 is determined as in 8.11.

The solution w (i.e., each of the components can be expanded in a
power series about the point zo with a radius of convergence � a.

XI. Autonomous Systems. In this section, we develop a general frame-
work for problems of the type introduced in 3.V. We call the system of differ-
ential equations (1) autonomous if the right-hand side f(x, y) does not depend
explicitly on x. Thus an autonomous equation has the form

y' = f(y). (10)

Autonomous equations frequently arise in applications where the independent
variable is time. With these problems in mind, we denote the independent
variable by t and write y = y(t). In the results that follow, is assumed to be
locally Lipschitz continuous in an open set G C Thus Theorem VI applies
to (10) and it follows that initial value problems are uniquely solvable and the
solution can be extended to the boundary of D = x G (cf. the definition in
6.VII). This leads us to a number of conclusions about solutions to (10):

(a) A solution y exists in a maximal open interval J = (a, b).
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(b) If y is a solution of (10) in the interval J (a, /3), then z(t) := y(t + c)
is a solution in the interval = (a — c, /3 — c).

(c) Phase Space and Trajectories (Orbits). For autonomous systems, the
space is called the phase space. The curve C y(J) := {y(t) t J} C C
in the phase space generated by a solution y on a maximal interval of existence
.1 = (a, b) is called the trajectory or the orbit of y; cf. A.I for the definition
of curves. If z is another solution with z(to) E C and z(to) = y(tj) for some
t1 E J, then = y(ti — t0 + t) is also a solution by (b), and the relation
z(to) = implies z = Therefore, the trajectories of y and z coincide.

If the "half trajectory" y( [c, b)) with c E J is contained in a compact subset
of C, then b 00; a corresponding statement holds for the interval (a, c}.

(d) The Phase Portrait. Two trajectories are either disjoint or identical.
Each point of C belongs to exactly one trajectory. The collection of all trajec-
tories is called the phase portrait of the differential equation; cf. 3.V.

(e) The two differential equations y' = f(y) and y' Af(y) (with A 0)
generate the same trajectories, hence the same phase portraits (with the same
orientation if A > 0).

(f) Periodic Solutions. If y is a solution and y(to) = y(ti) for some to
then y is periodic with period p = to — ti. This follows from (c), with z = y.
The maximal interval of existence is R. A nonconstant, continuous, periodic
function has a smallest period T> 0, also known as the minimal period.

(g) Critical Points. A point a E C is called a critical point (also a stationary
point or equilibrium point) of f if f(a) = 0. If a is a critical point of f, then
y(t) a is a solution in IR. The corresponding orbit is the singleton {a}.

(h) If the solution y exists for t � to and if a urn y(t) exists and belongs
t-.oo

to C, then a is a critical point; i.e. f(a) = 0.

Proof of(h). Suppose is a real-valued C'-function and Em = a 0.
t-+oo

If a> 0, then for large t, > a/2. It follows that lim = oo. Similarly,

a < 0 implies = —00. Now the hypotheses imply that limy'(t) =
f(a). The preceding argument applied to the components yk(t) of y shows that
]imy'(t)=O,i.e.,f(a)=O. I

Supplement I: Differential Inequalities and Invariance
Does the comparison theorem 9.111 carry over to systems when the natural

(componentwise) ordering of points is introduced in Wz? Not surprisingly, the
answer is negative in general. In the next section, we treat those systems for
which such a theorem holds; later we show how to obtain bounds for solutions
of (1) in the general case.

For y, z E inequalities are defined componentwise:

for i=1,...,n,

for i=1,...,n.
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XII. Monotonicity and Quasimonotonicity. The function f(x, z)
DC —, r is said to be increasing in y if y � z implies f(x,y) � f(x,z),
and quasimonotone increasing in y if is increasing in for i j, more
exactly, if for i= 1, ... ,

y z, (x,y),(x,z) ED implies <f2(x,z).

An n x n matrix C = (Cj3) is said to be positive if � 0 for all components,
and essentially positive if � 0 for i j. The same terminology is used for
matrices C(x) = (Cj3(X)). In connection with matrix products, vectors y, u,...
are always assumed to be column vectors, y = (yi,.

It is easily seen that a linear function f(x, y) =C(x)y is quasimonotone if
and only if C(x) is essentially positive. If D c is open and convex and f
and ôf/ôy belong to 0(D), then f is quasimonotone increasing if and only if
the Jacobian af/ay is essentially positive. Without convexity, this is not true
in general.

If the matrix 0(x) + Al is positive for some A > 0, then C(x) is obviously
essentially positive. Conversely, if 0(x) is essentially positive and if the diagonal
elements of C are bounded below, then C + Al is positive for large A. There is
a similar relation between monotone and quasimonotone functions. Again it is
obvious that f(x, z) is quasimonotone increasing when f(x, z) + Az is increasing
for some A > 0. Conversely, if f is quasimonotone increasing and satisfies a
Lipschitz condition in y, then f(x, y) + Ay is increasing in y for large A. In
short, a smooth function is quasimonotone increasing if it becomes monotone
increasing when a large multiple of the identity is added.

The propositions that follow can be summarized in a general

Principle. The theorems in § 9 for a single equation carry over to systems
if and only if the right-hand side f(x, y) is quasimonotone increasing in y.

We use the notation Pv = v'(x) — f(x,v) for the defect.

Comparison Theorem. Assume that f : D is quasimonotone in-
creasing and that v, w are differentiable in J = + a]. Then

(a) v(e) <w in J.
(b) If f(x, y) satisfies a local Lipschitz condition in y, then v(e) � w(e),

Pv < Pw in J implies v < w in J; moreover, the index set splits into two
subsets and such that for

iEa: v2 < in (11)

jEf3: v3 = w2 in and in (12)

where > 0.

A simple consequence is

(c) M. Hirsch's Theorem. Assume that f(y) E C' has an essentially
positive and irreducible Jacobian c9f(y)/ay. Then two solutions v, w of y' =
f(y) with v(e) � w(e), v(e) w(e) satisfy v(x) <w(x) for >
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Proof. If (a) is false, then there is a first point x0 > such that v(x) <w(x)
for x xo and v2(x0) = for some index It follows easily that �

(apply the reasoning of 9.1 to v2 and w2). On the other hand, Pv < Pw
and v � w, at x xo, implies by quasimonotonicity

at x=x0,

which is a contradiction. Here and below, the argument x or x0 is suppressed.
(b) Assume that f satisfies aLipschitz condition If(x,w+z)—f(x,w)I

(maximum norm) and let p = h = E(p,. . . , p), e > 0. Then

h' = 2Lh> f(w + h) — f(w) P(w + h) > Pw.

Hence, by (a), v < w + h, which gives v w, since E > 0 is arbitrary.
Last part of (b): It follows from the local Lipschitz condition that for some

L> 0, f(x, z)+Lz is (componentwise) increasing in z as long as v(t) z w(t).
From (b) we get u = w — v � 0, and furthermore,

= u' + Lu = f(w) + Pw — f(v) — Pv + L(w — v)

> f(w)+Lw—(f(v)+Lv)�0;
i.e., each component of is increasing. This proves the last part. I

The proof of (c) is an exercise. Hints: f is quasimonotone, hence v � w.
Assume is nonempty, and write v = (va, Then <wa, va =
implies vp) v13), and equality is excluded if ya)/'9ya � 0

is nonzero which is a contradiction.

Sub- and Supersolutions. Maximal and Minimal Solutions. On
the basis of the preceding theorem, sub- and supersolutions for the initial value
problem (6) can be defined by v' <f(x, v), and w' > f(x, w), w(e) >
(or the same with in case (b)) exactly as in 9.IV.

Furthermore, in the case where f is continuous and quasimonotone increas-
ing, one can construct a maximal solution and a minimal solution of (6).
For those solutions the propositions

(d) v

f(x, in J in J

hold. The proofs of 9.VI and 9.VIII carry over.
Our program announced in the general "principle" has been carried out now,

except for the "only if" part. The fact that quasimonotonicity is a necessary
prerequisite for the validity of the comparison theorem is proved in Redlieffer
and Walter (1975). The theory that has been developed above goes back to
M. Muller (1926, 1927) and E. Kamke (1932). In the next section we prove
a theorem on differential inequalities for general systems, that also is due to
M. Muller (1927). It is of a different nature inasmuch as it requires an upper
bound and a lower bound simultaneously.
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XIII. M. Muller's Theorem for Arbitrary Systems. Let f(x, y)
D satisfy a local Lipschitz condition in y. Let y, v, w: J = e+a] —p

be differentiable, v � w in J, � w(e), y' = f(x,y), and

< for all z E such that v(x) z w(x),

z v(x) � z � w(x), =

fori=1,...,n. Then

in J.

Remark. The differential inequalities, which look quite complicated at first
sight, have a simple geometric meaning. We use the following notation for
intervals in RTh:

where and

The boundary of this interval consists of 2n "faces" and defined by z E I,
= or = b2 (i = 1,... ,n). In the two-dimensional case lisa rectangle

with sides parallel to the axes, a is the left lower and b the right upper corner
point, and I' are the left and right vertical sides, while 12 and j2 are the
lower and upper horizontal sides.

Using this notation, the differential inequality for v2 can be written in the
form � f1(x,z) for z E where 1(x) = [v(x),w(x)]. One may carry the
abbreviation a step further by (i) defining inequalities between a real number s
and a set A C R,

forall aEA;

and (ii) using a familiar notation f2(x,B) = z E B}. Then the
differential inequalities in Miller's theorem XIII can be written as

� and 1(x) = [v(x),w(x)].

Proof. We again use a two-step method. Assume first that v, w satisfy
strict inequalities. If the conclusion is false, there is a maximal x0 > a such
that v < y < w in [a,xo) and, e.g., = y2(xo). Hence � at xO.
On the other hand, z = y(xo) satisfies v(xo) S z � w(x0), = and
hence < y(xo)) = which is a contradiction. In the second
step one may assume that F satisfies (for the arguments involved) a Lipschitz
condition f(x,y) — f(x,z)I � — zi, where is the maximum norm. Then
the case of weak inequalities is reduced to the case treated above by considering
w6 = w + Eh, v — &h, where h = (p, . . . , p), p = U
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Invariant Intervais. Let us consider the important special case where the
functions v, w are constant. Then the assumptions in Muller's theorem are

and where I=[v,w]

(i = 1,..., n), and the conclusion is y(x) e I for x E J.
These inequalities signify that on the boundary of I the vector field I points

into I. For example, in the case n = 2 we have fi � 0 on the left side and
11 <0 on the right side, and similarly 12 � 0 on the lower side and � 0 on the
upper side. When this is true, then I implies y(x) E I for x > This
fact is expressed by saying that I is an invariant interval (invariant rectangle
in the case n 2). Thus a theorem on invariant intervals is a very special case
of Muller's theorem.

XIV. The Case n = 2. Consider problem (1) for y = (y1,y2), i.e.,

= fi(x,y1,y2),= f2(x,yl,y2), = = 712, (13)

and assume for simplicity that f(x, y) = (fi, f2) is locally Lipschitz continuous
in y. We discuss several monotonicity assumptions with respect to the

the two preceding sections. The behavior of Ii in the variable y2 and of 12
in the variable Yi is crucial. Let y be the (unique) solution of (13).

(a) Case (I, I). If f1(t,yi,y2) is increasing in Y2 and f2(t,yi,y2) is increas-

ing in then f is quasimonotone increasing. In this case,

v'1 f1(x,vi,v2), f2(x,vi,v2) and <711, �
implies v1 � yi and v2 � 112 in J.

(b) Case (D, D). Let fi be decreasing in 112 and f2 be decreasing in
Then f is not quasimonotone, but the equivalent system for = —Yi and 112,

= —fi(x,—Vi,y2), ih = f2(x,—yl,y2),

is quasimonotone. Therefore, the statement given in (a) holds for this system.
In terms of the original system it reads as follows:

v'1 � fi(x,vi,v2), f2(x,vi,v2), �
v2 a case v (v1, v2) is sometimes called

an upper—lower solution.

(c) Case (D, I). If fi is decreasing in 112 and 12 is increasing in 111, it is
impossible to enforce quasimonotonicity by a simple transformation. We employ
Muller's theorem XIII. The conditions for v, w are v(e) � ç
and

fi(x,vi,w2), fi(x,wi,vz),
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Y2

S2

y1

Fitzllugh—Nagumo equations

f2(x,vi,v2), f2(X,Wl,W2),

and the conclusion is v <y � w.

Example. The FitzHugh—Nagumo Equations. These equations rep-
resent a simple model for the mechanism underlying signal transmission in neu-
rons. Usually, these equations are given in the form

u'=sv—yu, v'=f(v)—u

where o and 'y are positive constants and f(v) = —v(v—tt)(v—1) with 0 < < 1
(typically). Here u(t) represents the density of a chemical substance and v(t)
an electric potential depending on time t. For further information, see Jones
and Sleeman (1983). With the notation v = yi, u = Y2 we have

(d) = fl(yl,y2) = f(yi) — Y2, = f2(Y1,Y2) = —

Since fi is decreasing in 112 and f2 increasing in the conditions from (c) for
a subfunction v = (v1, 1)2) and a superfunction w = (Wi, w2) are

v4 �f(wi)—v2,

<CYV1 7V2, 5W1 — 7W2.

In the figure the curves S1 = 0 and S2 : = 0 are drawn, and the side of
the curve where the component is positive or negative is indicated. A rectangle
[A, C] (A <C) with corners A, B, C, D is invariant if v(t) A and w(t) C
satisfy the preceding inequalities; i.e. if

A is below S2, C is above S2,

D is below Si, B is above Si;

Si Y2 = 1(11') = —yi(yi — — 1)

S2: y2=byi,b=cr[y>0

Si
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for example, on the side AD we must have f2 � 0, which is guaranteed if A is
below S2.

The straight line 52 is given by y2 = byi, b = o/-y. If we choose A and
Con S2, i.e., A = (a,ba), C = (/3,b/3) with a <0 <f3, then B = (/3,ba),
D = (a, b/3), and the two remaining conditions regarding S1 read

f(a)�b13,

If —a = $ is a large positive number, then these inequalities are satisfied:

There are arbitrarily large invariant rectangles, which implies that all solu-
tions of the FitzHugh—Nagumo equations exist for all t � 0.

(e) Exercise. Find sub- and superfunctions depending on t (shrinking rect-
angles). Assume that A and C, that is, v(t) and w(t), are on the line

Y2 = where a = b + (e > 0)

(this line is slightly steeper than S2). Use the ansatz v(t) = (1, a)ae_S(t_c),
w(t) = (a < 0 <f3, 5 > 0) and give conditions on f such that
v, w satisfy the inequalities in (d) for t � c.

(f) Show that there exist arbitrarily large invariant rectangles if the function
f in the FitzHugh—Nagumo system satisfies f(s)/s —oo as s ±00.

XV. Invariant Sets in RTh. Tangent Condition. A set M C r is
said to be (positively) invariant or flow-invariant with respect to the system
y' = f(x,y) if for any solution y, y(a) e lvi implies y(x) E lvi for x > a (as
long as the solution exists). The basic hypothesis for invariance is a tangent
condition that roughly states that at a boundary point z E the vector
f(x, z) is either tangent to lvi or points into the interior of lvi. The problem
is to find a formulation that applies to arbitrary sets lvi and does not use any-
smoothness of the boundary of lvi. The tangent condition is given in two forms.
It is assumed that f is defined in J x M, J = [a,b]:

h.—O+h
(z+hf(x,z),M)=0 for z EM, xE J, (Td)

(n(z),f(x,z)) 0 for xE J, z E Wi/i, where

n(z) is the outer normal to lvi at z.

Here, dist (z, M) denotes the distance from z to lvi, and (y, z) is the familiar
inner product y1zi + The vector n(z) 0 is said to be an outer
normal to lvi at z E if the open ball B with center at z + n(z) and radius
n(z)I has no point in common with lvi. Geometrically speaking, the ball B
touches lvi at z, z E OM fl B. The index d or i in the tangent condition
indicates that the definition employs the distance or the inner product in
respectively. Naturally, (Td) is true for z E mt M. First we give without proof
some relations between these two conditions.
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(a) (Ta) implies (Ti).

Tangent conditions

(b) If f is continuous in J x M, then (Ti) implies (Td), and (Ta) even
holds uniformly in compact subsets of J x M.

XVII. Invariance Theorem (with Uniqueness Condition). The closed
set M C is flow-invariant with respect to the differential equation y' =
f(x, y) if f satvsfles the tangent condition (T2) or (Td) and a condition of Lip-
schitz type

(Yl —y2,f(x,y1) —f(x,y2)) (12)

Proof. Let y be a solution of y' = f(x, y), let y(a) E M and p(x) =
dlist (y(x), M). Assume that y(s) M, i.e., p(s) > 0 for some s > a, and
let z E ÔM be such that p(s) = y(s) — zi. The function cr(z) = y(z) — zi
satisfies p(x) ( o(x), p(s) = cr(s), and hence a'(s) is a Dini
derivative). Note that o• is differentiable near s and

= = (y(x) — z,y'(x)) = (y(x) — z,f(z,y(x)).

Now, n(z) = y(s)—z is an outer normal to M at z, and (Ti) implies (n(z), f(s, z))
� 0. Using this inequality, we obtain for t = s,

0_c.' = (n(z),f(s,y(s)) � (n(z),f(s,y) — f(s,z)) �
Hence Lp(s). Since s was arbitrary, we have � Lp whenever
p> 0. There exists an interval [b, c] such that p(b) = 0 and p> 0 in (b, c]. It
follows from Theorem 9.VIII that p = 0 in [b, c], which is a contradiction. I

In conclusion we state without proof another

Condition (Td) Condition (T1)
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Invariance Theorem (Existence). Let lvi c be closed, f(x, y) :
a] x M bounded and continuous, and assume that a tangent condition (T2)
or (Td) holds. Then, for any E M, the initial value problem (6) has a solution
y such thaty(x) E Mfor

In particular, if lvi is compact and if f is continuous in oo) x M, then
there exists a global solution satisfying y(x) lvi for all x

Remarks. 1. Nagumo (1942) formulated condition (Td) and proved the last
theorem. The invariance problem was revitalized in the late sixties. Condition
(Ti) goes back to Bony (1969), who proved Theorem XVI under the assumption
that I f(y) is locally Lipschitz continuous; Brezis (1970) showed the same
under condition (Td). The propositions XV.(a) and (b) are due to Redheffer
(1972) and Crandall (1972), respectively. The paper by Hartman (1972) and
other papers cited here give the impression that the authors were not aware
of Nagumo's theorem. Obviously, invariance follows from this theorem if f is
continuous and if the assumptions regarding I guarantee uniqueness.

2. The invariance theorem XVI and its proof carry over to differential equa-
tions in a Hilbert space H (where I and the solution have values in H and the
inner product in H appears in (12)).

XVII. An Example from Ecology: Competing Species. We con-
sider nonnegative solutions (u(t), v(t)) of the autonomous system

u'—_u(3—u—2v), v'—_v(4—3u—v). (13)

In the biological model, u(t) and v(t) are the numbers of individuals in two
competing populations that feed on the same limited food source, and t is time.
If v is absent, u(t) is governed by the logistic equation u' = u(3 — u) with growth
rate 3—u, which diminishes to 3—u — 2v in the presence of v. The same applies
to V.

We discuss the global behavior of solutions as t using the phase plane.
Since both u and v are nonnegative, only the first quadrant Q = [0, in the
uv-plane is considered.

Writing the system in the form (u',v') = F(u,v) = (f (u, v),g(u, v)), we find
that f = 0 on the line BD and on the v-axis, while g = 0 on the line AC and
the u-axis; in the figure, the sign of f or g on the two sides of the zero line is
indicated. This figure shows that there are

four stationary points, (0,0), B =(3,0), P= (1,1), C= (0,4)

and

four regions, E1 — E4, where the signs of u' and v' do not change;

the arrows show the direction of F on the boundary of these regions. First

observation: the regions E2 and E4 are positively invariant, and so is Q.

Consider a solution (u, v) starting (say, at t = 0) in region E3. Both com-
ponents u and v decrease as t increases. The solution either stays in E3 for all
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Nulldlines: u'=f=O,v'=g=O

t> 0 or enters one of E2 (through BP) or P24 (through and remains there.
Similarly, a solution starting in P21 stays there or enters E2 or E4, remaining
there. Because u(t) and v(t) are eventually monotone in all cases, the limit

lirn(u(t),v(t)) = = EQ

exists. According to XI.(g), = 0; i.e., every solution 0 converges to
B, C, or P as t 00. In the first case, the v-population dies out; in the second
case it is the u-population which becomes extinct. In the third case the solution
converges to a state of coexistence P. In each of P21 and E3 there is a unique
solution (modulo time shift, see XI.(b), (c)) converging to P. The corresponding
orbits combine to form a curve from 0 through P to infinity, which divides the
first quadrant in two regions. A solution starting (at any time) in the upper
region converges to C, and one starting in the lower region converges to B.
Hence this curve, also called a separatrix, categorizes the asymptotic behavior
of all solutions as t —, oo. A proof (not simple) is indicated in (d) below.

Exercise. (a) Show that the regions E1 and B3 and Q are negatively invariant
and that every solution starting in E1 tends to 0 as t —00.

(b) The diagonal u = v cuts the first quadrant into a lower part Qi and an
upper part Show that the regions (E1 U E4) fl Q,. and (E2 U E3) n Qj are
positively invariant and that a solution starting in one of these regions does not
converge to P as t —4 oo.

(c) Let F be the set of points between the straight lines v = u and v = 2u—2.
Show that for i 1 and i = 3, the sets = fl F are negatively invariant
and that a solution starting in E2 \ does not converge to P.

(d) Show that there exists a unique solution (u* (t), (t)) (modulo time shift)
starting in and converging to P (same for Ei).

C

V

E3

0

B

0

B

Phase Portrait
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Hint: Make P the origin of coordinates i.e., u = 1+ü, v = Then
(13) becomes = = Consider the
differential equation for the trajectories in explicit form = ii(u) (see equation
(2c) in § 3), which reads

(1+ti)(3ü+li)
_)dfi — —.

The solutions with initial value = 2/n converge monotonically to a
solution that describes the trajectory (lying in of a solution (?f, v*)
of (13) converging to P. There is only one such solution in since is

decreasing in t3 near 0 (= P), which implies that the difference of two solutions
is increasing as ü 0+.

Supplement II: Differential Equations in the Sense of
Carat héodory

Solutions in the Sense of Carathéodory. Some facts from the theory of
Lebesgue measure and Lebesgue integral for real functions are required in the
following. We denote by L(J) the class of functions that are measurable and
integrable over J and by AC(J) the class of absolutely continuous functions on
J. In this section, we consider a generalization of the notion of a solution to a
differential equation, introduced by Carathéodory (1918). A function y(x) is a
solution of the differential equation (1) in the sense of Carathéodory (abbrevi-
ated, a C-solution) if y is absolutely continuous in the interval J and satisfies
the differential equation (1) almost everywhere in J. If y also satisfies the initial
conditions, then it is called a C-solution of the initial value problem (6). The
right-hand side f(x, y) D —+ is required to satisfy in D a

Carathéodory Condition: f(x, y) is continuous as a function of y for
fixed x and measurable as a function of x for fixed y.

XVIII. Existence and Uniqueness Theorem. Let J = + a] and
S = J x and assume that the function f: S satisfies a CaratModory
condition in S.

(a) If there exists h E L(J) with f(x,y)I � h(s) in S, then the initial value
problem (6) has at least one C-solution in J.

(b) If f satisfies f(x, y) E L(J) for fixed y and a generalized Lipschitz con-
dition

— � l(x)IY — Yl in 5, where 1(x) E L(J), (14)

then there exists a unique C-solution of (6) in J.

Sketch of the Proof Once again the proofs from §6 and §7 carry over. First
one needs the following lemma.



122 III. First Order Systems. Equations of Higher Order

XIX. Lemma. 1ff satisfies the hypotheses of XVIII and if u(x) E
then f(x,u(x)) E L(J).

It is sufficient to show that f(x, u(x)) is measurable. This is clearly the case
if u is constant, and hence also if u is a step function (constant on intervals).
If u is continuous and (Uk) is a sequence of step functions such that Uk —' U

pointwise, then f(x, Uk) — f(x, u). This implies the measurabffity of f(x, u(x)).
I

The fundamental theorem of calculus for the Lebesgue integral states that

E L(J), = + dt AC(J), = a.e.

We can now proceed along the lines of the earlier proofs, since solving the
initial value problem is equivalent to finding a continuous solution of the integral
equation (7). In the case (b) one can show that the operator T is a contraction
in C(J) with Lipschitz constant In the proof we use the norm

lizil = max with L(x)
= f 1(t) dt.

In the case (a), one can use the approximating functions za introduced in
§7. Equicontinuity of the family (zQ) follows from the inequality

cx'
— � J h(t) dt = H(xi) — H(xo) (x0 <x1),

xo

where H(x)
= j h(t) dt is (uniformly) continuous in J.

Thus we easily obtain the following theorem.

XX. Existence and Uniqueness Theorem. Let D C be open
and suppose that the assumptions of XVIII hold on every set of the form S =
J x K contained in D, where J C is a compact interval and K C RTh is a
closed ball. Then the initial value problem (5) has a solution for any E D.
Every solution can be extended to the left and right to the boundary of D. In
the case (b), the solution is unique.

The next two theorems have important applications. Note that all functions
are real-valued.

XXI. Theorem on Differential Inequalities. Let the function f(x, y):
D C IR satisfy a local generalized Lipschitz condition in y, i.e., on every
compact rectangle R = Jx X Jy C D (Jx, compact intervals), let there exist
a function 1 E L(Jx) such that

for (15)
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Suppose that the functions t, E AC(J), J = + a], satisfy the conditions
(a)
(b) Pçb Pi/j a.e. in J with = — f(x,

Then either in J, or there exists c E + a] such that = in c]

and < iJ..' in (c, e + a].
A corresponding statement holds for the interval J_ = — a, with the

assumption (b') Pcb � PiJ instead of (b).

This extends Theorem 9.IX to differential equations in the sense of Carathéo-
dory. The proof from 9.IX carries over. One simply replaces Lx with the func-
tion L(x) f 1(x) dx. Theorem XXI provides a basis for introducing upper and
lower solutions exactly as in 9.IX.

For general f, an analogue of Theorem 9.111 with strict inequality does not
hold for C-solutions. It fails even for classical solutions if the strict inequality
in (b) is violated at just one point; take, e.g., y' x3, ?p = 0 in
lxi < 1/10. Nevertheless, we have

XXII. Maximal and Minimal Solutions. Theorem. Let J =
a] and S = J x lit Assume that f: S —+ IR satisfies Carathéodory's condition
and f(x,y)l h(x) E L(J) in S. Then the initial value problem y' = f(x,y),

= ij has a maximal solution y" and a minimal solution existing in J,
and for E AC(J),

f(x, a.e. in J, � implies < in J,

q5' � a.e. in J, ij implies i1 � y* in J.

In particular, y, y y* in J for every solution y.

Proof. Obviously, ly(x) — h(t) dt =: H(x) for every solution y(x).
Let R be the rectangle R = J x — C = + a) + 2, and
consider for 0 < a < 1 the "modulus of continuity"

: (x,y),(x,z) ER, ly—zl

It satisfies 0 � Sa(x) � 2h(x) and and Sa(X) 0 as a 0+ (pointwise),
because I is uniformly continuous in y in the compact interval — C, + C].
Let Wa be a solution of

in J, wa(e)==ii+a. (*)

The estimates given above show that — C + 2 � Wa(X) � rj + C — 1 in J.
We show first that in J. Let u = Wa — Then iu(x)l <a implies
(x,wa(x)),(X,q5(x)) ER and

= — � — f(x,cb) + Sa(X) � + Sa(x) = 0.

It follows easily that u � 0, i.e., hi J.
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Since � 3h(x), the family is equicontinuous. Let be a
null sequence and a subsequence such that the sequence converges
uniformly in J; cf. Theorem 7.IV. If y*(x) = then clearly �
in J. Now consider the integral equation for equivalent to (*) and take
a = For n —p oo, we obtain an integral equation for which shows that
is a solution of the initial value problem for y' = f(x, y). Here we have used that

(t) dt 0. This follows Lebesgue's dominated convergence theorem
since lim (t) = 0 (pointwise).

Remarks. 1. It is now a matter of routine to show that under the assump-
tions of Theorem XX, case n = 1, there exists a maximal solution and a
minimal solution and that both solutions approach the boundary of D to the
left and to the right.

2. Theorem XXII extends to systems of differential equations which are
quasimonotone in y. However, the above proof needs modification. If the in-
equality < does not hold in J, then there is a first point c > e such
that 4 for x <c and q52(c) = waj(c). One considers u = — in an
interval [c — e, c], where 0 � u � a, and obtains u' 0 in this interval using
quasimonotonicity. This implies u(c) > 0, a contradiction.

3. Exercise. Let e = 0, f(x,y) = y/x for 0 <x � 1, xlogx � y � 0
and f(x,y) = 0 for y � 0, f(x,y) = logx for y � xlogx. Find the maximal
and minimal solution and a negative function satisfying = f(x, + 1,

XXIII. Solution Estimates. (a) If y(x) is absolutely continuous in J,
then so is = y(x)I, and

� Iy'(x)l a.e. in J.

The absolute continuity follows from the inequality

— � — y(xi)I

obtained using (5.2). Dividing both sides now by x2 — x1 > 0 and taking the
limit as x2 x1+ or x1 x2—, leads to the inequality � Iy'I. I

Theorem. Let y be a C-solution of (1) in the interval J = + a], and
let the inequality

(16)

hold, where w(x, r) is defined in J x [0, oo) and satisfies a generalized local
Lipschitz condition in r. Then any function p E AC(J) with the properties

p' � w(x,p) a.e. in J, �
is an upper bound for the solution,

y(x)I�p(x) in J. (17)
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The estimate (17) holds in an interual J_ = — a, to the left of e if
p' < —w(x,p) a.e. in J_, �

Proof. Let = y(x)I. From proposition (a) and (16), it follows that

S _<w(x,q5).

The conclusion now follows from Theorem XXII with f replaced by w. I

Exercise. Show that, with the Eudidean norm, the estimate (17) also holds
under the weaker assumption (y,(f(x,y)) � Here (.,.) is the
scalar product in

XXIV. Exercise. Separated Variables. Show that the Theorems
1 .VII—VIII hold for the differential equation with separated variables

= f(x)g(y) under the assumption f g E

and that the representation formula (1.8) remains valid.

XXV. Exercise. Solve the initial value problem (n = 3)

I Y2Y3\ (0

= YiY3 with. y(O) = 1

)
by the method of successive approximation. What is the kth approximation if
yo(x) = y(O)?

11. Initial Value Problems for Equations
of Higher Order

I. Transformation to an Equivalent First Order System. Consider
the nth order scalar differential equation in explicit form

(n�1). (1)

A function y(x) is a solution of this equation in an interval J if it is n-times
differentiable in J and satisfies equation (1) identically for x E J. Equation (1)
can be transformed into a system of n first order differential equations for n
functions y1(x), ..., yn(x):

= 112

113

(2)

Yn
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Equation (1) and the system of equations (2) are equivalent in the following
sense: If y(x) is a solution of (1), then the vector function y = (yi, Y2,•• . , yn)
(y, y',.. .

, y(fl_l)) is a solution of (2). Conversely, if y is a (differentiable) so-
lution of (2) and one sets Yl (x) := y(x), then y(x) is n-times differentiable,
y2(x) y'(x),. . = and equation (1) holds.

In a similar manner, systems of rith order equations can be transformed into
systems of first order equations by introducing new functions for the lower order
derivatives. For example, the equation of motion of a point mass of mass 1 in
three-dimensional space in the presence of a force field k(t, x) is given by

x=k(t,x) for x=x(t),
or, written in expanded form with x = (x, y, z), k = (f,g, h),

th=f(t,x,y,z)

ü =g(t,x,y,z)
2 =h(t,x,y,z).

This system is equivalent to the following system of six first order differential
equations for six unknown functions x, y, z, u, v, w.

x=u, ü=f(t,x,y,z)
y=v,

w, th = h(t,x,y,z).

We return to equation (1). An initial value problem for the equivalent system
(2) prescribes the values of the functions yi,. .. , at a point Corresponding
initial conditions for (1) are given by

v(e) = ?7o, y'(e) = ?7j, ... = (3)

For example, the initial value problem for a second order differential equation
reads

y"_—f(x,y,y'),

Because of the equivalence of the two initial value problems, aM of the the-
orerns derived earlier for the system (2) can be applied to (1), (3). Here, the
right-hand side of (2), f = (fr,. . . takes the special form

(i=1,...,n—1)

Thus f is continuous if I is continuous, holomorphic if f is holomorphic, and
satisfies a Lipschitz condition if f satisfies a Lipschtiz condition

If(x,y) — � (4)

In particular, if f(x,yi,.
.

is continuous in a domain DC and if the
partial derivatives are continuous in D, then both f and f satisfy a local
Lipschitz condition in y. We summarize.
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II. Peano Existence Theorem. Let f(x, y) be continuous in a domain
D c and let . E D. Then the initial value problem (1),
(3) has at least one solution. Every solution can be extended up to the boundary
of D.

III. Uniqueness Theorem. Let f satisfy the hypotheses of Theorem II.
If in addition, f satisfies a local Lipschitz condition (4), then there exists exactly
one solution. This is the case, in particular, if Df/3y E C(D).

IV. Complex Existence Theorem. Let f(z, w1, . . . , be a function
of n+1 complex variables z, w1,..., 1ff is defined and holomorphic in D C

then there exists exactly one function w(z), defined and holomorphic in a
neighborhood of the point (zo, Co, (i,. . . , E D, that satisfies the differential
equation

= f(z,w,w',.. .

and the initial conditions

w(zo) w'(zo) = (1, ..., w(n_1)(zo) =

The solution can be expanded in a power series

w(z) = — z0)k.

For example, the ansatz y(x) = a0 + a1x + a2x2 in the initial value
problem

y"+y, y(O)=?7o, y'(O)=iji (*)

leads to the recursion formulas

k(k—1)ak+ak_2=O (k=2,3,...),

from which it is easy to see that

x3 x577i1

and hence the solution of problem (*) is y = m cos x + sin x.

In the next three parts we consider some differential equations of second
order that either can be integrated directly or reduced to simpler differential
equations.
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V. y" f(x, 1/')

This is equivalent to a first order differential equation for z(x) =
y'(x),

= f(x, z).

If the initial condition is = y' = one first looks for the solution z
with = Then y is found by quadrature:

y(x) = + f z(t) dt.

VI. = f(y, y')

Suppose y(x) is a solution and x(y) its inverse. We introduce the function
p(y) defined by

p(y) = y'(x(y)).

Note that dx(y)/dy = l/p(y). The expression for the derivative of p, dp/dy =
y"(x(y))/p(y), leads to the first order differential equation

dp 1
for p=p(y).

Suppose p(y) is a solution of this equation. Then we may calculate

11

The solution y(x) is the inverse of this function.

Example.

.

y =y •smy, y(O)=O, y(O)=l.

The equation for p(y) is

dp/dy = p. siny with p(O) = y'(O) = 1.

Therefore

p(y) = x(y)
= j eC088l ds.

0
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vu. = 1(n)
This is a special case of VI. Suppose f is continuous, y(x) is a solution, and

F(y) = f f(y) dy is a primitive of f(y).
Iviultiplying the differential equation by 2y', we obtain

(y'2)' = 2y'y" = 2y'f(y) =

which implies

= 2F(y) + C.

Solving for y' gives a differential equation

y'

which does not depend explicitly on the independent variable.
If 0, then the value of the constant C and the sign are uniquely de-

termined by the initial condition y(O) = y'(O) = and the differential
equation has a unique solution y(x) with y(O) = (Theorem 1.VII). In the
case where = 0, the situation is somewhat more complicated, and there may
be more than one solution.

In the remainder of this section, we discuss some examples from physics.

VIII. The Catenary. A flexible chain or cable with no sus-
pended from two points, hangs under the influence of gravity in a shape called
a catenary (from Latin catena, chain). Let (a,ya), (b,yb), a < b, be the two
suspension points in the xy-plane, p the density (mass per unit length) of the
chain, which is assumed to be constant, and g the constant of gravitational
acceleration. We choose a reference frame such that the gravitational force op-
erates in the of the negative y-axis. In order to determine the function
y(x) that describes the shape of the curve, we conduct a thought experiment:
We cut the chain at a point (x, y(x)) and remove and replace the right-hand
part by a force = (Hr, in such a way that the left-hand part of the chain
remains at rest. Then

with

(this relation reflects the assumption that the chain has no stiffness). If, on
the other hand, the left-hand part is removed and the right retained, then an
opposite force is required.

Now consider the segment of the chain between a and [3. It is kept at rest
by forces = Va) on the left and (Hp, Vp) on the right. Since
the system is at rest, the sum of the forces is zero. Separating into horizontal
and vertical components, one is led to a pair of equations

— Ha = 0 const. = H,

Vp — Va 0.
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V'3

x

The integral in the second equation measures the length L of the curve segment
(cf. A.I), and the term pgL gives the downward pull due to gravity. The second
equation can be rewritten in the form

(iiy" — + dx = 0,

f3

since Vp — V = Hy'. Now we use a well-known argument:

Since a, can be chosen arbitrarily, the integrand must vanish, and it follows
that

= + y'2 with c
= > 0 Catenary equation.

This equation_belongs to the type studied in V. From the differential equation
= cVl + z2 for z = y' one easily obtains arcsinhz = c(x + A) and hence

z = y' = sinh c(x +A). The general solution is then given by

y=B+?coshc(x+A) (A, B arbitrary).

Remark. The equation of the catenary (and the above derivation) remains
valid if the density p is variable.

The Boundary Value Problem. Suppose the distance b — a and Yb — Ya
are given, together with the length of the cable L; naturaily, we require that

L2>(b—a)2+(yb—ya)2. (5)

Without loss of generality, let A = 0, i.e., a reference frame is chosen such that
the minimum of y is at x = 0. Then we have

L
=f + y'2 =

jb
y" dx = — y'(a)]

a a (6)

— sinhca] = sinli
c(b — a)

cosh
c(a + b)

c c 2 2

Yb

a x b a
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and

1 - 2 . c(b—a) . c(a+b)
Yb — Ya = — [cosh cb — cosh ca] = — sinh

2
smh

2

From this pair of equations, it follows that

2 c(b—a)
L

2
(8)

The value of c can be determined from this equation. The equation is first
written in the form of a fixed point equation. = can then be solved by
iteration. Setting = c/2 one obtains = (sinh(b — or, in terms of the
inverse function,

= sinh'(L'e). (9)

If denotes the right-hand side of (9), then L' > b—a implies that > 1.
Since arcsinh (t) is concave for t � 0 and grows like ln(t) for large t, there exists
exactly one positive fixed point The reader should verify using a sketch that
the sequence obtained by iteration = converges to for every
starting value > 0. In the special case Ya = Yb, we have a = —b < 0 and
L = L'. In the general case, once c has been determined, a can be determined
from (7), (8), and a+b=(b—a)+2a:

(10)

Historical Remark. In the second discussion in the Discorsi (1638), Galileo
expressed the opinion that the catenary was a parabola. The true form was
found, independently, in 1691 by Leibniz, Johann Bernoulli, and Huygens. Leib-
niz originated the name catenarij.

Example. Let b—a = 200, = 100, L = 240, hence L' 20V144 — 25 =
218.1742. By iteration in (9), one obtains c = = 0.007287 and a = —39.114.
Thus the chain is described by the function

y(x) = 137.237. cosh(0.007287x) + B,

its sag S = min(Ya,Yb) — miny(x) is given by

S = y(a) — y(O) = — 1) = 5.612.

IX. Catenary Problems. (a) For fixed b—a and the horizontal
component of the force H is a function of L. Show: H = H(L) is monotone
decreasing and tends to oo as L — a)2 + (Yb — ya)2 and toward 0 as
L oo.

(b) Let b — a = 200, Ya = Yb, L = 240. How large is the sag?
(c) Let b — a = 200, Ya = Yb, S = 20. How large is L?
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(d) Let Ya = Yb and span = sag = 1 m. How long is the chain?
(e) Prove: If y(x) = (1/c) coshcx describes a catenary and z(x) = a + fix2

is a parabola with y(O) = z(O), y(b) = z(b), then y < z in (0, b).
(f) (Galileo Vindicated?) For which density function p = p(x) is the parabola

y = a + fix2 a solution of the catenary equation? Interpret this result in terms
of (e).

X. Nonlinear Oscillations. We consider the differential equation

x+h(x)=O for x=x(t). (11)

Here h is locally Lipsch.itz continuous in IR and satisfies the conditions h(0) = 0

and x• h(x) > 0 for x 0. This equation is of type VII.
(a) If x(t) is a solution of (11), then the functions x(t + c) and x(—t) are

also solutions.
By VII, the function

E(x, ±) = + H(x) with H(x)
= f h(s) ds (12)

is constant for every solution of (11), and for the initial conditions x(0) =
th(0) = v0, = E(xo,vo) =: a. For vo > 0, we have ± = — H(x)),
and using 1.V, we obtain the solution in the form

px(t) ds
I with a=E(xo,vo)>0. (13)

JXO

In applications to mechanics, x(t) describes the motion of a point mass
of mass 1, x = 0 corresponds to the equilibrium state, and —h(x) gives the
magnitude of a "restoring force" (its sign is opposite to the displacement x,
whence its name). The function E in (12) is the total energy, the sum of the
kinetic energy and the potential energy H(x) (the work done in moving
the mass from x to x+dx is h(x)dx). The equation E(x(t),th(t)) = const has
the following interpretation: In the oscillations of a frictionless system, like the
one under consideration here, there is a continual exchange between kinetic and
potential energy, while the total energy remains constant.

Equation (11) can be written as an autonomous system

± = y, = —h(x). (11')

In 3.V, we described how to construct a phase portrait, from which the qualita-
tive behavior of the solutions of such systems can be read. The trajectories in
the xy-plane are level sets of E(x, y). Clearly, H(x) > 0 for x 0. Therefore,
o = E(O,O) <E(x,y) for (x,y) 0.

Theorem. Suppose H(x) —i oo as x —p Then every solution to the
differential equation (11) is periodic. A solution x(t) takes on its extreme values
when ±(t) 0; the extreme values of ±(t) occur when x(t) = 0.
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Proof. By (11'), x(t) is strongly monotone increasing for y> 0 and decreas-
ing for y < 0; a similar statement holds for y(t). This implies the statement
about the extreme values. The remaining conclusions follow from A.VIII—IX.
We indicate a direct proof.

The equation E(x, y) = a > 0 describes a closed Jordan curve that
surrounds the origin and is symmetric to the x-axis and that is represented by

for

r1 < 0 < r2 and H(ri) = H(r2) = a. These values are uniquely de-
termined because of the strong monotonicity of H in the intervals (—oo, 0] and
[0,oo).

If (x(t), y(t)) is a solution of (11') with the initial values x(0) xO > 0,
y(O) = = 0, then since the curve Ka is bounded, the solution exists in IR;
cf. 10.XI. (c). Using an argument similar to the one used for the predator—prey
model in 3.VI, one shows that the solution runs over the entire curve Ka and
is periodic. (Initially < 0; y(t) is strongly monotone decreasing, as long as
x(t) > 0; from y � —e it follows that th —e, hence there is a t1 > 0 with
x(t1) = 0; etc.) I

We discuss some examples.
(b) The Harmonic Oscillator. In the linear case h(s) = w2x with w> 0, the

equation is

+ w2x = 0 harmonic oscillator equation.

The general solution is x(t) = (r � 0), and the total energy is given
by 2E(x, y) = y2 + Thus the trajectories are ellipses y2 + w2x2 = 2a.
The (minimal) period T = is the same for all solutions. The number v =
1/T = w/(2ir) is called the frequency (the number of oscillations per second), w
the circular frequency, and r the amplitude of the oscillation.

In mathematical models of elastic objects, a linear relationship between dis-
placement and tension is known as Hooke's law. The classical example is a mass
hanging on a spiral spring; here k = w2 is the spring constant.

(c) Mass on a Rubber Band. Suppose a rubber band is fixed at the upper end
A and hangs vertically downward. Coordinates are chosen such that the s-axis
is oriented downward and the position of the lower end B, when the system is
at rest, is at the origin. If B is pulled downward, then the restoring force is
given by Hooke's law h(s) = kx with k > 0. On the other hand, if B is pushed
upward, then, in contrast to the case of the spiral spring, there is no restoring
force. A mass m is now attached at B. The vertical motion, described by
satisfies the equation

with

(g is the constant of gravitational force). The equilibrium position r0 is given
by r0 = mg/k. Writing = ro + x(t) and setting b = k/rn> 0, we obtain the
differential equation

rñ+h(x)=0 with
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x

Mass on a rubber band

(the reader should make a sketch of h). In this example, the potential is

I for x —r0,
H(x) =

for x<—r0.

For small perturbations, the orbits

Ka: with a>0

are effipses, and the system behaves like a harmonic oscifiator. However, if
a > H(ro), then e(t) r0 + x(t) also takes on negative values, and the orbit is
a combination of an effipse and a parabola.

The above example is typical of mechanical systems that are not symmetric
with respect to their rest state. An interesting system of this type is a suspension
bridge, where a linear theory is appropriate for small (vertical, torsional, ...)
oscillations but fails for large amplitudes. A nonlinear theory of the dynamics of
suspension bridges is currently under investigation; cf. in this regard McKenna
and Walter (1990) and Laser and McKenna (1990).

(d) The Mathematical Pendulum. One end A of a (weightless) rod of length I
is attached to a pivot, and a mass m is attached to the other end B. The system
moves in a plane under the influence of the gravitational force of magnitude my,
which acts vertically downward. If 4) denotes the angle between the vertical and
the rod, then the tangential component of the downward force —my sin 4) acts
on the mass point at B. If the motion is described in terms of the angle 4)(t),
then s(t) = I4)(t) gives the distance traveled by the mass (measured from the
lowest point), and from the equation of motion = —my sin 4), we obtain

4 + a sin 4) = 0 with a = g/l mathematical pendulum.

For small values of one may replace sin 4) by 4) sin 4), which leads to

+ açb = 0 with a = g/l linearized pendulum

as a usable approximation. Thus, for small displacements, the pendulum be-
haves like a harmonic oscillator with circular frequency w

y
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y

Mathematical pendulum

The potential energy for the mathematical pendulum is given by =
a(1 — cos 0 2a, and the total energy is 0)

= + H(0) � 0.
The assumption > 0, mentioned in earlier results, is violated here. It
holds only for <ir, and accordingly, the level sets

Ka : = 2(a — a(1 —

in the a closed
curves a

a = 0, one obtains stationary solutions 0(t) 2kir. If a > a0,
the orbits Kc. are unbounded wavy lines, corresponding to continual rotations
about the pivot point A. Such are obtained from the initial conditions g5(O) = 0,

0(0) = v0 with > (the upper wavy lines correspond to v0 > 0, the lower
wavy lines to v0 <0.) Solutions in the two cases 0 < a < a0 and a> a0 have
completely different behavior and are divided by the set which is called the
separatrix. The solution qS(t) that corresponds to the separatrix, for instance
the one with initial values 0(0) = 0, is monotone increasing and
tends toward ir as t 00 (the reader should give a description of the pendulum
motion for this case).

Historical Remark. Galileo writes in the first discussion of the Discorsi
(1638) that the frequency of a pendulum does not depend on the maximal
angular difiection and is proportional to \/171. He is correct in the second
assertion; cf. XL(j) below.

XI. Exercises on Nonlinear Oscillations. Suppose h is continuous in
R and satisfies h(x) > 0 for x 0. Let H and E be defined as in X.

(a) Prove: If h is continuous, then every initial value problem for (11) is
uniquely solvable (cf. Exercise XIll). Theorem X remains true.

(b) Let H(x) tend toward A as x —' —00 and toward B as x 00, with
0 < A B <00. Describe the global behavior (periodicity, behavior for large
ti) of the solution x(t) with initial values x(0) = b(O) = in each of the
following cases: (i) 0 < <A. (ii) A <B. (iii) � B.
Make a sketch of the phase portrait.
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(c) For which values of A, B (cf. (b)) is the following statement true? Every
solution of the differential equation that has a zero and whose first derivative
has a zero is periodic.

(d) Suppose, additionally, that h is odd. Prove: If x(t) is a solution to the
differential equation, then v(t) := x(c — t) and w(t) := —x(t) are also solutions.
Further, the relations

x(c)=O = —x(c—t),

=x(d—t)

hold for every solution x. Thus the solutions have the same symmetry properties
as the sine function.

(e) The Period of an Oscillation. Let V denote the duration of the positive
quarter oscillation starting at the point (0, vo) and ending at (r, 0) (v0 > 0, r> 0
is the largest swing). Using (13) with a = H(r) = we get

1
çr dsV=V(r)=—j

Jo — H(s)

(f) Prove: If h is a symmetric forcing term (h odd), then T = 4V is the
period of an oscillation.

(g) Prove: If h(x) � h*(x) for x > 0, then V(r) � V*(r). in addition,
h(c) <h*(c) for some c> 0, then V(r) > V*(r) holds for r � c.

(h) Prove: If h(x)/x is weakly or strongly increasing [decreasing], then V(r)
is weakly or strongly decreasing [increasing]. As an illustration, calculate V(r)
for the case h(x) = Za (a > 0).

(i) Prove: If h'÷(O) = w2 exists, then limr_,o V(r) = ir/(2w), i.e., for small
displacements the system is approximately a harmonic oscifiator.

(j) The Mathematical Pendulum. Show that for the mathematical pendulum
(cf. X.(d)) (using 1 — cosa = 2 sin2

— 1
r ds 1 du

V(r)
— s — a — k2

where k = sin r/2 (substitution sin s/2 = k sin u). This function is an elliptic
integral of the first kind. From the binomial expansion for (1— x)'/2, it follows
that

2 4V(r)= (1+aik +a2k

in particular, V(0) = in agreement with (i) and X.(b) (a = w2 here).
Calculate a1, a2. By what percentage is the period of an oscillation of the
mathematical pendulum larger than that of the linearized pendulum equation
if the maximum displacement is 5° (10°; 15°; 200)?

Hints: (g) Consider the difference H(r) — H(s).
(b) Consider V(r) and V(qr) with q > 1 and write V(qr) as an integral

from 0 to r. The quotient in the corresponding H-differences has the form
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r

0

Free fall

[1(r) — f(s)]/[g(r) — g(s)] with f(x) = H(qx), g(x) = q2H(x). The generalized
mean value theorem of differential calculus can be used.

(i) Use (g).
Remark. The dependence of the period of the oscillation on the function

h was investigated thoroughly in 1961 by Z. Opial (Ann. Polon. Math. 10,
42—72); (g) and (h) can be found there. The book by Reissig, Sansone, and
Conti (1963) contains these results and a number of others.

XII. Free Fall. En part II of the Introduction, we presented the example
of free fall from a great height. The initial value problem

Mm r(0)=R, r(0)=vo

describes the vertical motion of a body with mass m starting at a distance R
from the center of the earth with initial velocity v0, where r(t) is the distance
from the center of the earth at time t. From the equation

=

it follows that

E(r, r) = — y— total energy functzon

is constant. Here is the kinetic energy term and —yM/r the potential
energy. The latter is normalized in such a way that it vanishes at infinity and
hence is negative. The trajectories satisfy the equation E(r, = a. If a > 0,

the trajectories run to infinity; for a < 0, they are return curves (describing a
body that falls back to the earth after being thrown vertically upward).

The smallest total energy for a motion without return is a = 0. The corre-
sponding differential equation reads

= (14)
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It has the solutions

= a(t + c)2"3, a

If R denotes the radius of the earth, then it follows from (14) that the velocity
of the corresponding motion at r = R is given by

= 11.2 km/sec.

This is the so-called 'escape velocity', the minimum velocity that a rocket re-
quires in order to escape the gravitational field of the earth.

XIII. Exercise. Let f E C(J). Show: The initial value problem

= f(y), y(0) = E J, y'(O)

is locally uniquely solvable in each of the following three cases.
(a) 0.

(b)i71=0,
(c) = 0, = 0, (y — — � 0 for y close to
(d) Give all of the solutions for the initial value problem y" = y(O)

y'(O) = 0.

Exercise. (a) Let the function f(x, y) be continuous in the strip
J xR (Jan open interval), and let f(x,y).y >0 for y 0. Let N be the
number of zeros and E the number of local extrema of a solution y(x) of the
differential equation

y" = f(x,y).

Prove: If solutions to initial vahie problems with the initial conditions =
= 0 J) are unique, then N + E � 1 for every solution y 0 of the

differential equation. Find and sketch all solutions of the initial value problem

= y(O) = y'(O) = 0

(to the left and to the right). This example shows that without the uniqueness
assumption the inequality N + E 1 is not always true.

(b) Investigate the differential equation

y"_——f(x,y)

under the same assumptions and show that between two successive zeros of
a solution there is exactly one extremum, that at each zero there is a point
of inflection, and that the set of zeros does not have a point of accumulation
in J. Which of these conclusions is false without the uniqueness assumption
introduced in (a)?
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XV. Exercise. Let g E C(J), J = [0, b], and

u(x)
= f k(x — t)g(t) dt, x E J,

where k = k(x; A) (A E is the solution of

k"—Ak=0, k(0)=0, k'(O)=l.

(a) Find k(x; A) explicitly and show that u is a solution of

u"—Au=g(x) in J, u(0)=u'(O)=O.

(b) Let f(x, u) be continuous in J x R. Show that u is a continuous solution
of

u(x)
= f k(x — t)f(t, u(t)) dt in J

if and only if it is a C2-solution of

u"—Au==f(x,u) in J, u(0)=u'(O)=O.

Supplement: Second Order Differential Inequalities
We consider comparison theorems related to the initial value problem

y"=f(x,y,y') in J—[e,b], (15)

It is assumed for simplicity that f is defined in J x The differential equation
is equivalent to a system for y= (y1,y2) = (y,y'),

I/i Y2, = f(x,yl,y2),

which is quasiinonotone increasing if f = f(x, y, p) is increasing in y.

XVI. Comparison Theorem. Assume that f(x, y, p) is (weakly) in-
creasing in y and that v, w E C2 (J), J = b]. Then the inequalities

(a) Pv <Pw in J, where Pv = v" — f(x,v,v'),
(b) v(e) v'(e)

imply that v <w and v' <vi in b].

1ff satisfies a local Lipschitz condition in y and p, then the inequalities (a')
Pv Pw in J (instead of (a)) and (b) imply that v � w and v' � w' in J.

Sketch of the proof: Assume that the conclusion is false. Since v'(e) =
implies v" < w" by (a), it follows that v' < w' in a largest interval

c) with < c � b and v'(c) = w'(c). Therefore, v"(c) � w"(c) (see proof
in 9.1). This together with the monotonicity of f and v(c) < w(c) leads to

(Pv)(c) � (Pw)(c), contradictory to (a). I
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Applications. 1. Upper and Lower Solutions for problem (15) are now
introduced in the usual way. If f(x, y,p) is increasing in y and satisfies a local
Lipschitz condition in y and p, then

WI' � f(x,w,w') in J, w(e) � iio, w'(e) � (upper solution)

implies w y and w' � y' in J, where y is the solution of problem (15).
2. Maximal and Minimal Solutions. If f(x, y, p) is continuous and increasing

in y, then the initial value problem (15) has a maximal solution and a minimal
solution with the property that y, � y � y" and � y' � y*I for any other
solution y. The maximal solution is constructed as a limit of solutions of
problem (15) in which f is replaced by f(x, y, y') + 1/n. The sequence (wa)
is decreasing and converges to a solution y' with the properties just stated.
Furthermore, the following comparison theorem holds:

v" � f(x,v,v'), v(e) � 770, v'(e) s v v' in J.

Exercise. Prove these statements; formulate and prove similar propositions
for lower solutions.

3. The comparison theorem holds in an interval [a, ei to the left of if (b)
is replaced by � v'(e) � w'(e).

4. These results extend to the case where f is continuous in an open set
D c 1R3 and increasing in y. In particular, the maximal and minimal solutions
can be extended to the right and left up to the boundary of D.

5. Exercise. Show using Exercise XV that for u E C2(J), g E C(J), J =
[0,v], .X>0,

u" — � g(x) in J, u(0) � 0, u'(O) 0

implies

u(x) � f sinh (x — t)g(t) dt.

XVII. Nonlinear Differential Operators. The Operator. We
introduce instead of y" a nonlinear operator Ly = y'))' and consider a
corresponding equation Ly = f(x, y) with the defect operator Pv = Lv — f(x, v).

Comparison Theorem. Let J = b], Jo = b], and assume that f(x, y)
is increasing in y and q5(x,p) is strictly increasing in p. liv, w E C'(J) with
cb(x,v'), cb(x,w') E C°(J)flC'(J0) satisfy

Pv < Pw in Jo, and v(e) <w(e), v'(e) �

then v <w and v' � w' in J.

Exercise. Make a proof along the lines v <w : Lv � Lw çb(x, v') �
çb(x, w') v' w' w — v increasing.
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As an application, we consider the operator (p-Laplacian) in

= div (I VuI"2 Vu) for p> 1 (Vu = gradu)

(note that A2 is the classical A operator), which for radial functions u = u(r)
is given by

A7,u = r = (x E Wi).

Using the operator = (note that is the operator Lc.
introduced in 6.XII), one can deal with the operator for radial solutions as
was done in 6.X1V with equations involving Au.

Theorem. Let f be continuous and bounded in JxIR, J = [0, b], Jo = (0, b],

and a > 0, p> 1. Then the problem

in Jo, y(O)=q, y'(O)=O

has a solution y E C'(J) with E C(J). If f is increasing in y, then the
comparison theorem (with v'(O) w'(O) = 0) holds for this equation.

The existence proof uses Schauder's fixed point theorem 7.XII. Uniqueness
is more difficult. Show: The problem = u, u(O) = u'(O) 0 has three
solutions of the form u = x2.

12. Continuous Dependence of Solutions
The problem discussed here arises naturally in the modeling of physical

processes using differential equations. Numerical values, representing physical
quantities, enter into the differential equation and the initial conditions (initial
position, initial velocity, mass, gravitational constant, ...). These quantities
are obtained from measurements and, consequently, are not precisely known.
One would require, based upon experience with the physical problems, that the
solutions (say, to an initial value problem that models the motion of an object)
are "insensitive" to small changes in these numerical values. This idea is given
a more precise formulation and investigated in this section.

I. Well-Posed Problems. A mathematical problem used to model a
well-defined physical process that proceeds in a unique manner should satisfy
three general requirements.

(a) Existence. The problem has at least one solution.
(b) Uniqueness. The problem has not more than one solution.
(c) Continuous Dependence. The solution depends continuously on the data

that are present. For instance, if the model results in an initial value problem,
then the solution depends continuously on the right side of the differential equa-
tion and on the initial Or to put it another way: If a "small" change is
made on the right side or in the initial values, then the solution changes only a
"little."
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A problem is called well-posed if it has the properties (a), (b), and (c).
Our aim is to prove well-posedness for the initial value problem y' = f(x, y),

= Since the requirements (a), (b) have already been investigated, we
deal primarily with requirement (c) in this section. Let us remark in closing that
there are instances where a small change in a parameter introduces important
new physical phenomena (like resonance), so that (c) is not always a physically
meaningful requirement.

Historical Remark. Existence and uniqueness for the initial value problem
were rigorously treated by Cauchy as early as around 1820. Continuous depen-
dence on the data as an equally important requirement was emphasized about
a century later by the French mathematician Jacques Hadamard (1865—1963);
cf. Hadamard (1923, Chap. II). In Courant and filbert's classic Methoden der
Mathematischeri Physik (Vol. II, 1937, p. 176) a "sachgemiifles Problem" is
described, perhaps for the first time, in much the same way as in (a)—(c) above.
In the English edition (1962) this is translated as a "properly posed problem."

II. Differential Equations for Complex-Valued Functions of a Real
Variable. We first extend the notion of an initial value problem by allowing
the functions that appear to be complex-valued. The independent variable x,
however, remains a real variable as before. Since C and JR2 (and likewise C'1 and
R2'1) are equivalent as sets, as metric spaces, and with respect to the additive
structure, we can represent the complex-valued function y: J —p C as a pair of
real functions

y(x) = (u(x),v(x)) = u(x) +iv(x) with u = Rey, v = hay.

Likewise, we write y = (u,v) for yE C'1 (u,v ER'1). Then f(x,y) : J x C'1
can be written in the form

f(x,y) = (g(x,u,v),h(x,u,v)),

and hence the "real—complex" system of n differential equations

y' = f(x,y) (1)

is equivalent to a real system of 2n differential equations

u'==g(x,u,v),
(2)

v' =h(x,u,v).

Further, continuity, respectively Lipschitz continuity, with respect to y for f is
equivalent to continuity, respectively Lipschitz continuity, with respect to (u, v)
for g and h.

It follows that the earlier theorems for real systems remain valid for systems
with complex-valued functions. This statement can also be verified directly,
since the earlier proofs remain valid without changes if C(J) is understood to
be a Banach space of complex-valued functions.
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Example. In the differential equation

y' =Ay+g(x)

let A = + iv and g(x) = h(x) + ik(x) E C(R). The equivalent real system is

= — vv + h(x),

V1 —vu+/1v+ k(x).

As in the real case, the general solution is

y(x; C) = + f dt (C E C!).

The proof is left as an exercise for the reader.

It is frequently more convenient to work with (1) instead of (2) from a
practical point of view (cf. the above example). There is also an important
theoretical reason for preferring (1). In the example given above, the right-
hand side of the differential equation is a holornorphic function of the parameter
A E C. This property arises frequently, and an important theorem says that if
the right-hand side is holomorphic in A, then the solutions are also holomorphic
in A (this is evident in the example). This theorem is proved in the next section.
It is needed in a later chapter in the investigation of eigenvalue problems, among
others.

Notice. The theorems in §12 are true for systems where the right-hand sides
and solutions or approximate solutions are real-valued, as well as for those where
they are complex-valued; in both cases, however, the independent variable x is
always real.

The following estimation theorem, Theorem III, deals with the initial value
problem

y'=f(x,y) inJ, (3)

It gives an estimate for the difference z(x) — y(x), where y(x) is a solution to
(3) and z(x) is an "approximate solution." The two quantities

z(e)—ii and Pz=z'—f(x,z) (defect)

are used to measure of how "good" z(x) is as an approximation to y(x). The-
orem III establishes a bound p(x) for the difference Iz(x) — y(x) I that depends
on a bound on the initial deviation (a), and a bound on the defect (b), and,
most important, a condition (d) on f that includes the Lipschitz condition as a
special case.

III. Estimation Theorem. Let the vector functions y(x), z(x) and the
real-valued function p(x) be defined and differentiable in the interval J :
x + a. Let the real-valued functions 8(x) and z) be defined in J and
J x IR, resp., and suppose the following conditions are satisfied:
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(a) —

(b) y'=f(x,y), Iz—f(x,z)I�S(x) inJ,

(c) p' > 5(x) + p(x)) in J, and

(d) f(x,y) —f(x,z)I �w(x,Iy—zI) inJ.

Then

!z(x)—y(x)I<p(x) in J.

If w(x, y) is continuous and locally Lipschitz continuous in y, then the theorem
holds with � in all places. Naturally, we assume that f is defined in a set D
containing graph y and graph z.

In the proof, we need the following Lemma.

IV. Lemma. If the vector function g(x) is differentiable at x0, then the
scalar function q5(x) = g(x)

I

satisfies

< ig'(xo)i and �
As a matter of fact, the one-sided derivatives and exist at xo; cf.

B.W.

The proof proceeds by passing to the limit as h —+ 0+ in the inequality
(here h> 0),

— — h) — g(xo — g(xo — h)

h h — h

and similarly for the second inequality. I

Proof of the Estimation Theorem III. We apply Theorem 9.111 with =
Iz(x) — = p(x), and w instead of f. By hypothesis (a), the require-
ment is satisfied. Since Pp = p' — w(x, p) > 5(x) by (c), it remains
to prove that � 5(x). Indeed, it follows from the lemma and assumptions
(b), (d) that

Dçb(x) � Iz'(x) — y'(x)j

= Iz'—f(x,z)+f(x,z)—f(x,y)I

� 5(x) +w(x, Iz —yl) = 5(x)

In the theorem with we apply Theorem 9.VIII. U

The most important special case is the following
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V. Lipschitz Condition. Theorem. 1ff satisfies a Lipschitz condition
in D,

If(x,yi) — f(x,y2)I — Y21, (4)

and if y(x) is a solution and z(x) an approximate solution to the initial value
problem (3) in J such that

Iz'(x)—f(x,z)I (5)

6 are constants), then the estimate

Iy(x) — z(x)I + — 1) (6)

holds in J. Here J is an arbitrary interval with E J.

In the estimation theorem, we set w(x, z) = Lz and use the second version.
All four assumptions are satisfied if p(x) is the solution of

p'=S+Lp in J,

This leads to the bound in (6) for x > The case x <e can be reduced to the
estimation theorem in exactly the same way by a reflection about the point

U

If 6 = = 0 in (5), then the estimate (6) implies that y(x) = z(x). Thus (6)
contains the uniqueness result proved earlier in the case where the right-hand
side satisfies a Lipschitz condition. However, it also includes significantly more,
namely a

VI. Theorem on Continuous Dependence. Let J be a compact in-
terval with E J and let the function y = yo(x) be a solution of the initial value
problem

y'=f(x,y) in J, (3)

The a-neighborhood (a> 0) of graph Yo ?definition: the set of all points (x, y)
with x e J, — yo(x)I � a) will be denoted by Suppose there exists a > 0
such that f(x, y) is continuous and satisfies the Lipschitz condition (4) in

Then the solution yo(x) depends continuously on the initial values and on
the right-hand side 1. In other words: For every e > 0, there exists 6> 0 such
that if g is continuous in Sa and the inequalities

in Sa, (7)

are satisfied, then every solution z(x) of the "perturbed" initial value problem

z'=g(x,z), (8)

exists in all of J and satisfies the inequality

z(x) — yo(x)I in J• (9)
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Proof. Let z(x) satisfy (7) and (8). As long as the curve z(x) remains in
(5) is satisfied for yo(x) and z(x) with 'y = 5. Thus (6) holds with = 5. If

= S is chosen suficiently small in (6), then it is easy to see that the right side
of (6) is � a/2. As long as z(x) remains in Sa, i.e., as long as Iyo(x) —z(x)I <c
the estimate (6) holds and hence, as a matter of fact, Iyo (x) — z(x)

I
c a/2. From

here one sees immediately that the curve z(x) cannot leave the neighborhood
Thus the estimate (6) with = 5 holds in all of J. Therefore condition (9)

is easily satisfied (for an arbitrarily given e> 0); one has simply to take = S

so small that the right-hand side of (6) is <e.

Remarks. 1. The theorem applies, in particular, if D is open and f and
Of/c9y are in C° (D). Indeed, if Yo is a solution on a compact interval J, then
there exists an a> 0 such that C D, and furthermore, a Lipschitz condition
holds because of the continuity of the derivatives of f.

The theorem applies to the case where IPzI = — f(x, z)J <S because
z is a solution of (8) with g(x,y) := f(x,y) + (Pz)(x).

Supplement: General Uniqueness and Dependence
Theorems

The Lipschitz condition in Theorem VI can be replaced with a significantly
weaker uniqueness condition.

VII. Dependence and Uniqueness Theorem. Let the real-valued func-
tion w(x, z) be defined for x E J := + a] (a > 0), z � 0, and have the
property:

(U) For every e > 0, there exist S > 0 and a function p(x) such that

p'>S+w(x,p) and 0<S<p(x)<E in J.

1ff satisfies the estimate

If(x,yi) —f(x,y2)I —Y21) (10)

in D C J x R'2, respectively J x then the initial value problem (3) has at
most one solution. The solution depends continuously on and f in the sense
described in Theorem VI.

Proof. If y is a solution of (3) and e> 0 is given, we determine p(x) and S
according to (U). If z satisfies (7), (8), then it follows immediately from Theorem
III that y(x) — z(x)I <p(x) <r. I

VTII. Examples of Well-Posedness. The theorem states in particular
that is continuous and the function w satisfies (U), then an estimate of the
form (10) gives a condition for well-posedness of problem (3). Some examples
of functions that satisfy (U) are:

(a) The Lipschitz Condition (R. Lipschitz 1876): w(x, z) = Lz.
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(b) Osgood's Condition (1898): w(x, z) = q(z), where q E C[0, oo), q(O) 0,
q(z) >0 for z> 0, and

f' dz
I —=00.

q(z)

(c) Bompiani's Condition (1925): Let the function w(x, z) be continuous
and � 0 for x E J, z 0. Let 0) = 0 and suppose the following condition
is satisfied:

If q5(x) � 0 is a solution of the initial value problem

in J1 := +a), = 0,

then = 0 in J1.

(d) Krasnosel 'skii—Krein Condition (1956):

for

with 0<a<1,0<k(1—a)<1,C>0.

Example (a) is clearly a special case of (b). By Theorem 1 .VIII, (b) is a
special case of (c). To show that a function that satisfies (c) also satisfies
(U), we modify w for z � 1 by setting w(x,z) = w(x,1) for z � 1. Then w is
bounded. Let be a solution of the initial value problem

I 1. 1
111 J,

Since w is bounded, exists in all J. By Theorem 9.111, the sequence (Pn)
is monotone decreasing. Therefore = lim exists. Furthermore, the
sequence (pn) is equicontinuous, and hence the convergence is uniform (follows
from the boundedness of and 7.111). Representing the initial value problem
for p,-, as an integral equation and taking the limit as n oo gives

= f w(t, dt.

From (c) it follows that = 0 in every interval J1 = + a] in which q5 < 1
(note that was modified, but only for z � 1). It follows easily that = 0 in
J. Thus (pn) converges uniformly to 0 in J. Therefore, for every e > 0, there
exists S = 1/(2n) and p = such that (U) is satisfied.

Example (d) is also a special case of (c). However, the verification is some-
what more difficult; cf. Walter (1970; p. 108).

Remark. More general uniqueness conditions of Nagumo, Kamke, and others
can be found in the literature. Their importance, however, is limited by the
fact, proved first by Olech (1960), that a continuous function f that satisfies
such a general condition also satisfies the condition in Theorem VII. References
to the literature and historical remarks are contained in Walter (1970; see, in
particular, §14).
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§ 13. Dependence of Solutions on Initial Values
and Parameters

In this section the problem of dependence of the solution of an initial value
problem on the data is investigated further. At the same time, the structure of
the problem is generalised in two directions. First, we consider the case where
the right side of the differential equation depends on a parameter A; that is,
f = f(x, y; A). Second, we consider

I. Volterra Integral Equations of the form

y(x) =g(x) +jk(x,t,y(t))dt. (1)

The integral equation (6.3) for an initial value problem is a special case. There
g(x) = is constant and the "kernel" k(x, t, z) is independent of x.

Example. In § 11 we showed how to transform an initial value problem

y"=f(x,y) with y(O)=zio, y'(O)=7?i

into a system of two differential equations of first order. This problem can aiso
be written as an equivalent Volterra integral equation,

y(x) = + + f(x — t)f(t, y(t)) dt (2)

(the proof is an exercise). For the investigation of some types of problems
equation (2) is more useful than the first order system.

More generally, we consider a vector integral equation of Volterra type de-
pending on a parameter A,

y(x; A) = g(x; A) + f k(x, t, y(t; A); A) dt (3)
a(A)

in an interval J. Here x and t are always real. However, g, k, and y may be
complex-valued. More than one real or complex parameter is permitted; i.e.,
A or Ctm. Our objective is to study the dependence of y(x; A) on A. It is
not assumed that a(A) <x.

II. Theorem on Continuous Dependence. Let J = [a, b] and let K C
Rm be compact. Letthefunctionsg:JxK-4R'2,cE:K--4Jandk:

x x K be continuous in their respective domains, and let k satisfy
a Lipschitz condition

k(x,t,u;A)—k(x,t,v;A)I<Lju—vI. (4)

Then the integral equation (3) has exactly one solution y(x; A) for every A E K.
The solution is continuous as a function of (x; A), that is, y(x; A) E C(J x K).

The theorem is also valid with IR replaced by C (the complex case).
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The proof uses an argument similar to the one in 6.1. The space B =
C(J x K) with the norm

lull := sup {lu(x; : (x; A) E J x K}

is a Banach space. For u E B, we define

(Tu)(x;A) = g(x;A) + J k(x,t,u(t;A);A)dt. (5)

Clearly, Tu E B if u E B. The Lipschitz condition (4) implies that

l(Tu — Tv)I <L Iu(t; A) — v(t; A)l dt

Since Iu(t,A)I � lull . the right-hand side of the inequality is less
than or equal to

Lllu — VII —

a(A)

and hence,

lITu—TvII � (6)

The conclusion follows now from the fixed point theorem 5.IX as does the fol-
lowing corollary. U

Corollary. For every u0 e C(J x K), the sequence of successive approxi-
mations (Uk) with = Tuk (k = 0, 1,2,...) converges uniformly on J x K
to the solution y.

III. Theorem on Analyticity in A. Let the assumptions from II (com-
plex case) hold, and let K° be the interior of K C C. If is constant, g(x; A)
is holomorphic with respect to A in K° for fixed x E J, and k(x, t, y; A) is holo-
morphic with respect to (y, A) in x K° for fixed (t, x) E J2, then the solution
y is holomorphic with respect to A E K° for fixed x E J.

This result follows from the corollary in II and the following fact: If u e
C(J x K) is holomorphic with respect to A E K°, then the same holds for
Tu. Thus, if the successive approximations are started with a function u0 that
is holomorphic with respect to A, then the whole sequence and, by uniform
convergence, its limit are holomorphic with respect to A. I

Extension. Clearly, a corresponding theorem holds if both real and complex
parameters appear in the right-hand side. Let A = (A', A") with A' E W',
A" If a(A) = and if g and k are holomorphic in A" and (y, A"),
respectively, then the same holds for the solution.



150 lIT. Ffrst Order Systems. Higher Order Equations

Theorem III implies that the solution y(x; A) is differentiable with respect
to complex parameters. The corresponding proposition with respect to real
parameters is more difficult to prove. The following proof can be omitted at
first reading. It depends on a theorem about approximate iteration in a Banach
space, which is an extension of the contraction principle 5.IX. It was proved in
a special form (with f3k = 0) by Ostrowski (1967).

P1. Ostrowski's Theorem on Approximate Iteration. Let D be a
closed subset of a Banach space B and let R: D D be a contraction,

IIRu — RvJI � qIIu — vu in D with q < 1.

Suppose the sequence (Vk) in D satisfies

vk+1 = RVk +ak where, Ilakil � +t3kIIVkII

and (ak), (13k) are real null sequences. Then the sequence (vk) converges to the
fixed point z of R: urn Vk = z with z = Rz (the existence of the fixed point is
guaranteed by the contraction principle 51X).

Proof. Because z = Rz, we have

IIvk÷1 — zII � IlRvk — RzII + IakII � qllvk — zil + Ilakil.

Using the hypothesis on and the inequality IIvk II � IIvk — zII + lizil, we have

IIakll � + f3kIIvk — zil + $kIIZIJ.

Hence the term Ek = lIVk — zil satisfies

Ek+1 �(q+f3k)Ek+'yk with 'Vk=ak+f3kIIZII,

where the sequence('yk) is a null sequence.
From here it easily follows that Ek —i 0. Let E> 0 and r E (q, 1) be given.

Then there exists an index p such that q + 13k � r and '1k � E(1 — r) for k � p,
which implies Ek+, � rEk+E(1—r) fork Interms ofSk E this
reads

6k+1 <rSk for k � p.

If 8k � 0 for all k � p, then obviously 8k 0 monotonically; if one member
is negative, then 6k <0 for all k > n. Hence urn sup 5k � 0, which implies

hrnsupek � e; i.e., hrnek = 0, since 6k � 0.

V. Differentiability with Respect to Real Parameters. First we
recall the chain rule for vector functions. If u : and v(t) f(u(t))
with f E C', then

(i=1,...,n).
j=1
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In matrix notation this formula is written

v'(t) =

where of/Dy is the n x n Jacobi matrix of f, and u', v' are column
vectors. The same formula holds for complex-valued functions (C instead of
R). In matrix products, vectors are always interpreted as column vectors (for
example g, k, y).

We show that the solution is differentiable with respect to a real parameter
and that (3) can be formally differentiated, provided that all the derivatives
of g and k that appear exist and are continuous. Let T be given by (5), and
let A (A', A") with A' E IR; the remaining parameters (real or complex) are
lumped together in A". Differentiating formally, we obtain

=

S(u, v)(x; A) = gAl(x; A) — u(a(A); A); A)

+ f (x, t, u(t; A); A) (8)

+ t, u(t; A); A)v(t; A)] dt.

VI. Theorem. Let the assumptions from II hold; let the derivatives
be defined and continuous in K°, respectively J x K°, respectively

J2 x x K° (in the complex case J2 x x K°), and let y(x; A) be the solution
of (3). Then the derivative exists and is continuous in J x K° and

yA' = (9)

Proof. Let C* be the set of all u E C(J x K) such that up,' exists and is
continuous in J x K°. Let the operators T, S be defined by (5), (8), respectively.
Clearly, if 11 E then Tu E and (7) holds.

Let u0 E C*,vo = Duo/DA' and define sequences (Uk), (vk) iteratively as
follows

Uk+1 = TUk, Vk+1 = S(uk,vk) (k � 0).

Thus u1 = Tu0, and using (7),

= S(uo,vo) S(uo,Duo/DA') =

inductively in this manner, one shows that in general,

Uk E C* and 11k = DUk/DA (k � 0).
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Now choose a compact subset K1 C K° and consider S and T as operators
on the Banach space B = C(J x K1) with the norm defined in II:

lull := sup{Iu(x; (x; A) E J x K1}.

From Corollary II it follows that Em Uk = y, where y is the solution to (3).
We now apply Theorem IV to the operator R = S(y,.) in D = B:

Rv = S(y, v)
= f . , y)v(t; A) dt + terms without v.

The kernel of this integral,

k*(x,t,v;X) =

is linear in v. Thus we have

k*(x, t, v, A) = Em {k(x, t,y(t; A) + hv; A) — k(x, t,y(t; A); A)}.

Using the Lipschitz condition (4), we see that the difference in braces on the
right hand side is � LIhvI in absolute value. From here it follows immediately
that Ik*(x, t,v; A)I � LIvl, i.e., that k* satisfies the Lipschitz condition (4) with
respect to v. Therefore, exactly as in the proof of II, R satisfies the Lipschitz
condition in Theorem IV with q = The fixed point z of R is a function
z E C(J x K1) that satisfies

z=S(y,z). (10)

The sequence (vk) satisfies

= S(uk,vk) = RVk +ak with ak = S(uk,vk) — S(y,vk).

The term ak consists of four differences corresponding to the four summands of
S (see (8)). Since Em = Vk (uniformly), the sum of the first three differences,
which do not contain Vk, is bounded by a term with llmak = 0. The fourth
difference is bounded by a term of the form f3k llvk with urn 13k = 0. Thus
Theorem IV can be applied, and we obtain

uk—'y and vk=auk/aA'—4z in B=C(JxK1).
It follows now from an elementary theorem in analysis (the statement and proof
follow in Vll) that y is differentiable with respect to A' in J x K1° and z =
Since K1 was arbitrary, the proof of Theorem IV is complete. I

VII. Lemma. Let be a sequence in C'[a, b] and let q5 and
—, i,b uniformly in [a,b]. Then C'[a,b] and cli =

Proof. Passing to the limit in the formula

=çbn(a)+f
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one obtains

=
+ f ds

and hence the conclusion. I

VIII. Remarks. (a) If G C R1' is an open set and u(xi, .. is a
continuous function in G, then the statement E C(G) means that this
derivative exists in C and has a continuous extension to G. The class Ck (G)
is defined correspondingly. There is a corollary to Theorem VI that is true in
this sense. If K is the closed hull of K° and if all of the assumptions of VI hold
for K in place of K°, then E C(J x K). In this case, (10) has a solution
z C(J x K).

(b) Statements about higher order derivatives follow immediately from The-
orem VT. Since derivative also satisfies an integral equation (9) of the type
of equation (3) (as a matter of fact, it is a linear equation), one can again apply
VI. Arguing along these lines, one obtains the following

Theorem. If the partial derivatives of and g with respect to At,.. . ,

and the partial derivatives of k with respect to t; Yi,••• , A1,... ,Am Up to
order p are continuous in their domains (given explicitly in Theorem VI), then
the derivatives of y with respect to A1,.. . , Am up to order p are continuous in
J x K°, and they can be obtained by differentiating with respect to under the
integral sign in (3).

IX. The Initial Value Problem. When an initial value problem

(11)

has exactly one (maximally extended) solution for a given then denote
this solution by y(x; in order to emphasize the dependence on the initial
values.

Example. The general solution of the differential equation (n = 1)

y' = 2xy + 1 — 2x2

is given by y = x + Cex2. It follows that

= x + —

The theorems obtained above can be applied to (11), since the initial value
problem is equivalent to the integral equation

y(x; = + j f(t, y(t; ij)) dt. (12)

Here we have A = g(x;A) = a(A) =
However, since f is frequently not defined on all of the strip J x IWZ, respec-

tively J x we need a corresponding local theorem.
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x

X. Theorem. Let f and c9f/ôy be defined and continuous in a domain
D C IR x R'1. Let (to, e D and y0(x) := y(x; Suppose J = [a, b]

is a compact interval such that Yo exists on J, and denote by the set Sa =
{(x,y) :xE J, Iy—yo(x)I � a}.

Then there exists an a > 0 with Sa C D such that the function y(x; is
defined in J x Sa (i.e., every solution of the initial value problem with 17) Scx

exists at least in J), the functions y, and their derivatives with respect
to x, which are denoted by y', are continuous in J x and

= —f(e, + f y(t; dt, (13)

y17(x; = I + y(t; . y17(t; dt, (14)

and

+ = 0. (15)

Remarks. 1. Notation: y, y', f are column vectors; y17, y'17 are

n x n matrices (cf. the remark in V); I is the identity matrix; (14) is a linear
matrix-integral equation (it is equivalent to n vector-integral equations for the
columns the product . y17 is a matrix product.

2. The theorem remains valid in the complex case with in place of IR'2.

We simplify the proof by extending f continuously and differentiably to the

strip J x R and then applying the earlier results (the proof is also valid in the
complex case). Let /3> 0 be chosen such that S2p C D. We determine a real
function h(s) E C1(R) that satisfies

1 1 for x</3,—

lO for x�2/3,

and 0 <h(x) < 1, and we define

f*(xy) = f(x,yo(x) + (y — —

a J b
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Clearly, the expression yo(x) + (y — yo(x))h(iy — yo(x)l) that appears on the
right-hand side lies in for (x, y) E J x Moreover, f = in and f*
has continuous and bounded derivatives in J x with respect to yj and hence
satisfies a Lipschitz condition (4). By Theorem II, the system (11) with f* on the
right has a solution (x; that exists and is continuous in J x J x 1R11. If the
initial point lies on the curve yo(x), then y*(x; ij) = yo(x). Thus by the
uniform continuity of in all variables, there is an a, 0 < a </3, such that y*
remains in for E For these values of i'), the relation y(x; =
y*(x; holds. Thus by Theorem VI, (12) can be formally differentiated, and
one obtains (13), (14), first with f*, which, however, can then be replaced by f
for e Sa. Since in (13) and (14) the integrand is a continuous function,
the derivatives y', exist and are continuous.

By (13), (14), the left side of (15), call it v, satisfies a homogeneous linear
integral equation

v(x)

which has only the zero solution (Theorem II). This proves equation (15). I

XL Higher Order Derivatives. Differentiation with Respect to
Parameters. Now suppose the differential equation depends on a parameter,

y'=f(x,y,A). (16)

Instead of (12), one then has

= - (17)

Let I here be defined in D x K°, where D is a domain and K° is an open set in
A-space. Let A = (A', A"), where A' is a real or complex parameter and A" is a
vector parameter. The following theorem extends the results of Theorem X to
the present case (Sa is defined as in X):

Theorem. If f, are continuous in D x K° and if there exists a
solution yo(x) = y(x; in a compact interual J, where Ao) E

D x K°, then there exists a> 0 such that y(x; A) is defined in J X Sa X

= {A : IA — Aol a}. The statements in Theorem X, in particular (13) —
(15), hold in J x Sa X Ua (the variable A needs to be added to the formulas).
Further, is continuous on this set, and

(x; A) f (t, y, A) + y, A)yAl (t; A)} dt. (18)

In the complex case, f is assumed to be holomorphic in (y, A'), and the solution
is holomorphic in A'. -
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Proof. Real Case. One chooses again /3> 0 with S2p C D and extends f
continuously and differentiably as in Theorem X. The extension f* is defined
in J x x K° and agrees with f in x K°. Theorem VI is applied to the
equivalent integral equation (17) with f* in place of f (note that if K1 C K° is
compact, then since is bounded on J x x K1, it follows that f* satisfies
a Lipschitz condition with respect to y in this set). All of the statements now
follow for the extension f*• Further, there exists an a, 0 < a </3, such that if

A e C K°, then the solution y remains in Sp/2, and therefore
all the statements also hold for F.

Complex Case. In this case it is necessary to prove the holomorphy with
respect to ,V. By hypothesis, f is holomorphic in (y, A'). This suggests an ap-
plication of Theorem III, which comes to nothing, because f* is not holomorphic
in y. However, the proof of Theorem Ill can be carried over. Beginning with
the term u0 := y(x; A0), a sequence (Uk) of successive approximations is
constructed with respect to the equation for Since (Uk) tends uniformly to
y and since y is in for 2j, A) E x it follows that Uk remains in
Sp for these parameter values for k � k0. Now, is the solution y(. . . , Ao),
which implies uk(.. . , Ao) = y(. . . , Ao) for all k. Since y remains in as was
already mentioned, there exists a > 0 such that if IA — A0

I
<'y, the first k0

terms of the sequence (Uk) also lie in Since, however, f* = F is holomorphic
in y on this set, all of the Uk are holomorphic in A', and the same holds for y,
at least for IA — Aol < 'y. In this proof one can take any element of for A0,
and the holomorphy of the solution in Ua follows. U

Remark. (a) Note that the derivatives of y with respect to and A' all
satisfy a linear integral equation of the form

z(x; = h(x; + f y(t; A)z(t; dt, (19)

where and

z=ay/oe: h=—f(e,n,A),
z = ay/orfi: h = e2 (ith unit vector),

z=Oy/c9A': h=
Thus in each case, one has a linear differential equation for z,

z'(x; y(x; A)z(x; [+ FA' (x, y(x; A)], (20)

where the term in square brackets appears in the case z = 0y/DA'.
(b) Based on these observations, the question of the existence of higher

derivatives can be easily answered, since Theorems II, III, and VI apply to the
(linear!) integral equation (19). If the partial derivatives of F, which occur in a
formal differentiation of (19), exist and are continuous, then the differentiation
is "allowed," and the corresponding derivative of y exists and is continuous.
Here one always obtains an integral equation of the form (19), but each time
with a different h. In particular, the following is true.
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Corollary. 1ff is p-times continuously differentiable with respect to all vari-
ables x, y, in Dx K°, then y is p-times continuously differentiable with respect
to all the variables x, in J x Sa x The same holds for y', because
of the differential equation (16).

XII. Exercise. Show that in the initial value problem for the differential
equation with separated variables

y'(x) f(x)g(y), =

the derivatives of y(x; in the case g(ij) 0 are given by

= g(y(x;

Here only continuity of f arid g are assumed.
Hint: Differentiate the identity (1.8).

XIII. Theorem. Suppose that f satisfies a local Lipschitz condition with
respect to y in the open set D C IR?2+l. Let y(x; denote the
ertended) solution of the initial value problem (11) and E C lRn+2 the domain
of this fuLnction (that is, E is the set of all (x; such that the solution of (11)
exists from to x). Then E is open, and y(x; : E —÷ is continuous.

Proof as an exercise. Hint: If (x, E E and, say, � x, then the
solution exists in J = — €, x + E] (6> 0 small). Construct a strip Sa C D as
was done in Theorem X and apply Theorem II.





Chapter IV
Linear Differential
Equations

§ 14. Linear Systems
I. Matrices. We denote n x n matrices by uppercase italic letters,

a11

A= =(a23),

where E IR or C. With the usual definitions of addition and scalar multipli-
cation of matrices,

A + B = + b23), AA =

the set of all n x ri matrices forms a real or complex vector space. One can inter-
pret this space as (or, for complex b23, A, as Matrix multiplication
is defined by

It is not commutative. We recall the definition of the determinant of A:

(1)

where p = . . runs through all permutations of the numbers 1, . . .

and u(p) is the number of inversions of p.
For n x 1-matrices, i.e., column vectors, the previous notation is used

fai\
a = , occasionally also a = (a1,. . . , an)T.

159
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The expression AT denotes the transpose of the matrix A.
The notation

(a11

with a=

is self-explal4atory. In particular,

1 1 for i=j,
I = (ei,.. . , = with Sjj =

0 for

is the identity matrix, e2 the ith unit vector. Finally,

Ax=y yi=>aijxj.

II. Compatible Norms. Let Al be a matrix norm, that is, a norm in
(or and at a vector norm in (or Here we consider only

compatible norms, i.e., those for which the inequalities

IABI � IAI.IBI, (2)

tAxi � Al . lxi (3)

are satisfied.

Example. Let

We show that these norms are compatible. First, for C = AB,

ICI� � = Al. IBI,
i,j k i,j,k,1

which implies (2); and second, for y Ax,

� � IAI.lxl,

and since this is true for every i, it follows that (3) holds.

Exercise. Show that the two Eudidean norms lXIe and

lAte
=

laijl2

are compatible.
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III. Matrices with Variable Elements. For matrices A(t) = (a23(t))
with elements depending on t, the notation introduced in §10 for vectors is used,
in particular,

A'(t) = A(t) dt
= (jb

dt).

If A(t) is continuous, then by Lemma 10.V1II,

b b

A(t) dtH j IA(t)Idt (4)

(one can consider A as a vector with n2 components).

[V. Lemma. If the functions A(t), B(t), x(t) are differentiable (at a
point t0), then each of the following functions is differentiable, and the corre-
sponding derivative formulas hold:

(AB)' = A'B + A.B',

(Ax)' = A'x+Ax',

(detA)' = (5)

Proof. The first two formulas follow immediately from the definition of the

products. Formula (5) for the derivative of the determinant follows from the
representation (1) and the product rule of differentiation. I

V. Systems of n Linear Differential Equations. We consider a sys-
tern of differential equations of the following form:

= + ... + + b1(t)

(6)

= + . .. + +

or, written in matrix notation,

y' = A(t)y + b(t), (6')

where

A(t) = b(t) = (b1(t),. (7)

It is common practice with linear systems to denote the independent variable by
t instead of x, because in many physical applications the independent variable
represents time. Note that while t is always assumed real, the functions that
appear can be either real-valued or complex-valued.
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VI. Existence, Uniqueness, and Estimation Theorem. Let the real-
or complex-valued functions A(t), b(t) be continuous in an (arbitrary) interval
J, and let 'i- J. Then the initial value problem

y' = A(t)y + b(t), y(r) = (8)

has exactly one solution y(t) for a given E or Ctm, respectively. The
solution exists in all of J.

If J' is a subinterval of J, 'r e J' and

A(t)I L and Ib(t)I � 6 in J', � (9)

then y(t) satisfies

Iy(t)I � + — 1) in J'. (10)

The solution y(t) depends continuously on A(t), b(t), and on every com-
pact subinterual J' C J, i.e., for every e > 0 there exists /3 > 0 such that if the
inequalities -

IB(t) — A(t)I < Ib(t) — c(t)J < /3 in J', — < /3 (11)

are satisfied and if z(t) is a solution of the initial value problem

= B(t)z + c(t), z('r) = (12)

(B, c are continuous), then the inequality

z(t) — y(t)I < e in J' (13)

holds.

Proof. Suppose J' is a compact subinterval. Then, since a continuous func-
tion on assumes its maximum, it follows that there exist constants L, 6 such
that (9) holds. In D = J' x Rtm, respectively J' x f(t, y) = Ày + b satisfies
a Lipschitz condition (4)

j(Ay+b)— �
Therefore, by Theorem 10.VII, problem (8) has exactly one solution, defined in
all of J'. We use Theorem 12.V with f(t, y) = Ày + b and z(t) 0:

— f(t,z)I = Ib(t)I � 6, Iz(r) = Itil �
That is, (12.5) holds, as does the estimate (12.6), which is identical to (10).

Since in this reasoning J' can be any compact subinterval of J, the solutions
of (8) exist in all of J.

Now let J' C J be a compact interval, and let (9) and (13) hold, where it is
assumed that /3 � 1. Then there exists a constant c such that

B(t)I�c, c(t)l�c,
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and thus every solution z(t) of (12) satisfies (10) with = L = S = c, and hence
iz(t)i in J'. We now apply Theorem 12.V to the two solutions y(t) and
z(t) of (8) and (12) and to f(t, y) = Ay + b. The result is

lz'—f(t,z)i =

� IB—Ai.!zi+lc—bi

�
Therefore, (12.6) holds with 'y = /3, 5= /3(1 + c1). If /3 > 0 is chosen sufficiently
small, the inequality (13) follows. U

VII. Complex Systems Versus Real Systems. Let

z' = B(t)z+b(t) (14)

be a complex system of n differential equations, where

z=x+iy, b=c+id, B(t)=C(t)+iD(t) with

By separating (14) into real and imaginary parts, one obtains the pair of differ-
ential equations

x' = C(t)x — D(t)y + c(t),
15

= C(t)y + D(t)x + d(t).

This real system of 2n equations can be written in the form

u' = A(t)u + a(t), (15')

(x\ (c\where u = I and a = i are 2n-dimensional column vectors and\d)

(C -D\
A= c) (16)

is a real x 2n matrix. Therefore, every complex system of order n is equivalent
to a real system of order 2n of the special form (15'), (16).

VIII. Exercise. Let ck > 0 for k = 1,.. . , n. Show that

lxi : >CkIXki

and

Al := max >cklakml
k=1

define compatible norms in the sense of II.



164 IV. Linear Differential Equations

IX. Exercise. The Operator Norm. If lxi is an arbitrary vector
norm, then

Al :=max{IAxl : xl � 1}
defines a compatible matrix norm (proof as an exercise). This norm is called
the operator norm of A. The operator norm is the smallest number 'y such that
1A.xI�7ixlforallx.

Show that the norm given in VIII is the operator norm (for all A) and that
the two matrix norms defined in II are, in general, not operator norms (calculate
the operator norm of A = I).

15. Homogeneous Linear Systems
A linear system of differential equations y' = A(t)y + b(t) is called homo-

geneous if b(t) 0; otherwise, it is called inhomogeneous. Within this section,
the term solution refers to a solution of the homogeneous system

y' = A(t)y, - (1)

where A(t) is continuous in the (arbitrary) interval J. By Theorem 14.VI, there
exists exactly one solution y = y(t; r, for every i- J, or Ctm, and
this solution exists in J.

I. Theorem. If A(t) is real-valued (complex-valued) and continuous in
J, then the set of real (complex) solutions y(t) of the homogeneous equation (1)
forms an n-dimensional real (complex) linear space.

For fixed 'r J the mapping

y(t; r,

defines an isomorphism (a linear, bijective mapping) between 1R71 (C'2) and the
space of solutions.

This theorem is a simple consequence of the superposition principle, which
states that every linear combination

of solutions is again a solution. It follows that

y(t; r, + = Ay(t; r, + )Vy(t; 'r,

since the functions on the left and the right are both solutions with the same
initial value + A'r,' at r. Therefore, the mapping '—i y(t; 'r, is linear. In
particular, the zero solution y 0 is the image of the zero vector = 0. The
remaining statements are evident. I

The isomorphism '—p y(t;T, which is well-defined for every fixed 'r E J,
leadsimmediately to some important



§15. Homogeneous Linear Systems 165

II. Propositions. (a) If y is a solution and y(to) = 0 for some to E J,
then y 0 in J.

(b) A set of k solutions ..., Yk is called linearly dependent if there exist
constants C1, ..., with cii + > 0 such that

Because of (a) and the superposition principle, this equation holds identically if
it holds at one point in J. The k solutions are said to be linearly independent
if they are not linearly dependent.

(c) We recall that k vectors a1,. . . , E are linearly independent in
if and only if they are linearly independent when considered as vectors in
A similar statement holds for real solutions of (1) when A(t) is real.

(d) For k > n, any k solutions Yi, ..., are linearly dependent.
(e) There exist n linearly independent solutions Yi, ..., Every such set

of n linearly independent solutions is called a fundamental system of solutions.
If Yi, ..., is a fundamental system, then every solution y can be written in
a unique way as a linear combination

y c1y1 + (2)

(f) A system of n solutions Yi, ..., can be assembled into an n x n
solution matrix

Y(t) = (yi,.. . ,yn).

In this notation, the n differential equations = A(t)y2 (i = 1,. . . , n) can be
written as a matrix differential equation

Y' A(t)Y; (3)

it is easy to see that this matrix equation is equivalent to the n differential
equations. The solution Y(t) of (3) is uniquely determined by the specification
of an initial condition Y(r) = C. Here Y(t) is a fundamental system (also called
fundamental matrix) if and only if the matrix C is nonsingular. It follows then
from (b) that Y(t) is nonsingular for every t E J. If Y(t) is a fundamental
matrix, then every solution of (1) can be written in the form

y = Yc, c E or respectively. (2')

This equation is identical to (2).
(g) A special fundamental matrix X(t) is obtained from the initial value

problem

X' = A(t)X, X(T) = I. (4)

Problem (4) is identical to the n initial value problems

= = (i = 1,... ,n). (4')
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Using the solution matrix X(t), the solution to any initial value problem can be
immediately given:

y' = A(t)y, y(r) = y(t) = X(t)i7.

(h) The following extension of (f) is true: If Y(t) is a solution to (3) and
C is a constant matrix, then Z(t) = Y(t)C is also a solution to (3). We have
namely

Z'=Y'C=AYC=AZ.

If Y(t) is a fundamental matrix and C nonsingular, then Z(t) is again a funda-
mental matrix; moreover, every fundamental matrix can be represented in the
form Y(t)C with C nonsingular.

In particular, every solution matrix Y(t) satisfies

Y(t) = X(t)Y(r), (5)

where X(t) is the solution to (4). This follows because the right side is a solution,
and it has the correct initial values X(T)Y(T) = IY(r) = Yfr).

III. The Wronskian. If Y(t) = (yr,.. . is a solution of (3), then
its determinant := det Y(t) is called the Wronskian determinant or Wron-
ski am1 , of Y(t).

Theorem. If A(t) is continuous in J, then the Wronskian := det Y(t)
of a solution of (3) satisfies the differential equation

= (trA(t))cb in J, (6)

where

trA(t) = aij(t) + a22(t) + ... +

is the trace of A. Hence

= exp (f tr (A(s)) ds). (7)

In particular, the Wronskian of the solution X(t) of (4) is given by

det X(t) = exp (f tr A(s) ds) . (8)

The theorem shows that the Wronskian can be calculated from the initial value
Y(r) alone without knowledge of the solution.

1After J.M. Hoene-Wronaki (1778—1853), Polish mathematician.
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Proof. By (14.5) we have

(detX(t))' =

Hence, because = e2, = we have

(detX(r))' ..

= trA(r).

By (5), the function = detY(t) satisfies = detX(t). Hence

= (detX(t))',

and in particular,

çb'('r) = çb('r)trA(T).

Since this argument can be applied at every point -r, it follows that satisfies
the linear differential equation (6) in all of J. I

Corollary. The Wronskian is either 0 or 0 in J. The nonvanish-
ing of the Wronskian is a necessary and sufficient condition for Y(t) to be a
fundamental matrix (this follows already from II.(b)).

IV. D'Alembert's Method of Reduction of Order. In general, it
is not possible to give the solutions of a homogeneous system in closed form.
However, if one solution is known, it is possible to reduce the system to a system
of n — 1 differential equations. If x(t) is a (known) solution of the differential
equation (1), then for the remaining solutions one makes the ansatz

0

Z2
y(t) = + z(t) with z(t) = (9)

Zn

scalar). This function is a solution of (1) precisely if

y' = + + z' = q5Ax + Az,

i.e., if

= Az — q!/x.

The equation for the first component is

(10)
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and for the ith component (2 � i � n) it is

n,_;—
j=2

Thus, for the components;, one obtains the differential equations

(i=2,...,n), (11)

that is, a homogeneous linear system of n — 1 equations. Here it is assumed,
without loss of generality, that x1 (t) 0 (instead of the first component, any
other component can be chosen). If (zn,. . . , is a solution to this system,
then from (10),

= f
a solution y(t) of (1) is obtained by (9).

If (11) has been completely solved, i.e., if a fundamental system has been
found, then this procedure leads to n — 1 solutions Yi, ..., Ym1 of the original
differential equation (1). Combining these solutions with x gives a fundamental
system for (1).

To prove the linear independence of these n solutions, let

(i=1,...,n—1)

and consider the equation

0.

Since the first component of each z2 vanishes, the first component of this equa-
tion, divided by x1, reads

Multiplying this equation by x and subtracting from the previous one gives

+ . . . + = 0.

Therefore, since the z1 are linearly independent,
A = 0. I
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V. Example. The system
1 1

Yi=Y1Y2, — —1
t A(t)=
1 2 1 2

has the solution

x(t)
= (:)•

Here (11) reduces to a single equation for z2 (t) = z (t),

(2 t\ 1
z

One solution is z(t) = t. We choose the basic interval to be J = (0, oo). By
(12), then,

Therefore, in view of (9),

fo\ (—t2int
y(t) = —x(t) mt + I I =

is another solution of the original system. The system of solutions

t2 —taint 1 0
Y(t) = (x,y)

= t+tint)
with Y(1)

)
(13)

is a fundamental system. If the second column in Y(t) is added to the first and
the second is left unchanged, then one obtains the identity matrix for t = 1, i.e.,

1t2(1—lnt) —t2]nt
X(t) = (x+y,y) = I tint t(1+lnt)

is a solution with X(1) = I.

VI. Exercise. The Adjoint Equation. Let C* = 0T be the complex
conjugate transpose of the matrix C, that is, = If CC* = I, then C is
called 'unitary. The star operation obeys the rules

(BC)* = C*B*, = (Cl)*, (C*)* = C,

and (Cy,z) = (y,C*z) for y,z Ctm, where (a,b) = a1b1 + is the
inner product in Ctm. Further, if C = C(t) is differentiable, then

(CI(t))* =
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The equation adjoint to equation (1), y' A(t)y, is given by

z' = _A*(t)z. (14)

Similarly, the differential operator M corresponding to (14), that is, Mz =
z' + A* (t)z, is called the adjoint operator to the operator L, which corresponds
to (1) and is given by Ly = y' — A(t)y. The adjoint to M is again L. The
operator L is called seif-adjoint if L = M, i.e., A = _A*.

(a) Let Y(t) be a fundamental matrix for equation (1). Then Z(t) is a fun-
damental matrix for equation (14) if and only if Y' (t)Z(t) = C is a nonsingular
constant matrix.

(b) The Lagrange identity for y(t), z(t) E C'(J) reads

(Ly,z) + (y,Mz) = (y,z).

(c) If L is seif-adjoint, r E J, and Y(t) is a fundamental matrix for (1) with
the property that Y(r) is unitary, then Y(t) is unitary for all t J.

Hint for (a): (Y*Z)I = Y*A*Z + Y*Z, =0 Z' = _A*Z.

Remark on the Real Case. If C is real, then C* = CT. In this case unitary
matrices are called orthogonal. If (1) is a real system, then L is seif-adjoint if
and only if A(t) is skew-symmetric.

16. Inhomogeneous Systems
As earlier, A(t), b(t) are defined and continuous in an interval J (real- or

complex-valued).
The following theorem gives the relationship between solutions of the inho-

mogeneous differential equation

y' = A(t)y + b(t) (1)

and solutions of the corresponding homogeneous differential equation.

I. Theorem. Let be a fixed solution of the inhomogeneous equation
(1). If x(t) is an arbitrary solution of the homogeneous equation, then

y(t) = + x(t)

is a solution of the inhomogeneous equation, and all solutions of the inhomoge-
neous equation are obtained in this way.

As in the case n = 1, the proof rests on the simple fact that the difference
between two solutions of the inhomogeneous differential equation is a solution
of the homogeneous equation. U

Thus our task is to find just one solution of the inhomogeneous equation.
We make use of a procedure that originated with Lagrange, the
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II. Method of Variation of Constants. If Y(t) is a fundamental ma-
trix to the homogeneous differential equation, then by 15.11. (e), every solution
of the homogeneous equation can be represented in the form Y(t)v, where v
runs through all (constant) vectors. In the method of variation of constants the
constants (vi,.. . , are "varied," i.e., replaced by functions of t,

z(t) = Y(t)v(t).

The function v(t) is to be determined such that z(t) is a solution of the inho-
mogeneous differential equation (1). Substituting z(t) into (1) gives

z' = Y'v + Yv' = AYv + Yv' = AYv + b,

which leads to the condition

Y(t)v' = b(t). (2)

Since Y is a fundamental matrix, the Wronskian det Y is 0. Therefore, the
inverse matrix exists and is continuous in J. Multiplying equation (2) on
the left by this matrix and integrating gives

v(t) = v(T) + f ds.

For instance, the solution z(t) with initial value z(T) = 0 is given by

z(t) = Y(t) ds. (3)

III. Theorem. The initial value problem (A(t), b(t) e C(J), T E J)
= A(t)y + b(t), y(r) =

has the (uniquely determined) solution

y(t)

X(t) is the fundamental matrix of the homogeneous differential equation
with X(r) = I.

Proof. The first summand on the right side is a solution of the homogeneous
equation with the initial value rj, and the second summand is a solution of the
inhomogeneous equation with initial value 0 (see (3)). I

Remark. If Y(t) is a fundamental matrix, then by (15.5) Y(t) = X(t)Y(r),
whence Y—'(t) = and it follows that

=

Thus a representation of the solution y to the initial value problem in terms of
Y(t) is given by

y(t) = + (4')
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Example.

, 1

/ t \
1 2

b(t) = ( )
(t > 0).

" /

The general solution to the corresponding homogeneous equation was found in
15.V. Using the well-known formula for the inverse of a 2 x 2-matrix,

(a b\ 1 Id —b\
B=I I I,

d) a)

and (15.13), one can easily calculate Y1(t). The resulting matrix is

1 (t(1+lnt) t2lnt

t

Hence

1 (lnt+1—t2lnt\
Y—1(t)b(t) =

)'
p2

1 (t2—1+(4—2t2+2lnt)lnt\
I Y'(s)b(s) ds = — I I,ii 4lnt—2t2+2 )

and therefore from (3),

t
1

1t2(t2_1+2int_21n2t)
z(t) = Y(t) I Y'(s)b(s) ds = —

Ji

Thus we have found a particular solution of the inhomogeneous differential
equation with initial value z(1) = 0.

IV. Exercise. Show that the real linear system

= a(t)x — b(t)y,

= b(t)x + a(t)y

can be reduced to a single complex linear differential equation

= c(t)z

for z(t) = x(t) +iy(t). Derive a linear differential equation for v(t) = z(t)2(t) =
x2(t) + y2(t).

Use this method to solve the system

x'=xcost—ysint, -

y' =xsint+ycost.
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In particular, determine a fundamental system X(t) with X(0) = I and compute
its Wronskian det X(t). Show that every solution is periodic. What is the
period?

Sketch the orbit z(t) (x(t), y(t)) of the solution with initial values
(x(0),y(0)) = (1,0) in the xy-plane. Determine v(t) = Iz(t)12 and find two
bounds 0 <a <v(t) /3 for this solution.

V. Exercise. Determine the general solution of the system

= (3t— 1)x— (1 _t)y+tet2,

= —(t + 2)x + (t — 2)y — et2.

Hint. The homogeneous system has a solution of the form (x(t), y(t)) =

Supplement: L'-Estimation of C-Solutions
We consider solutions in the sense of Carathéodory of the problem

y'=A(t)y+b(t) in J=[r,T+a}, y(r)=q (5)

under the assumption that (all components of) A(t) and b(t) belong to L(J).
According to Theorem 10.XII, there exists a unique C-solution in J, and it is
not difficult to show that the earlier results, in particular Theorems 15.1 and
15.111 for the homogeneous system and the representation formula (4) for the
solution of problem (5), are also valid under these assumptions.

Our aim now is to establish pointwise estimates on y(t) and on the difference
y(t) — z(t), where z(t) satisfies

z'=B(t)z+c(t) in J, (6)

in terms of integral estimates of the given functions. Note that in the cor-
responding Theorem 14.V1 pointwise bounds (and not L' bounds) on these
functions are required.

VI. Estimation Theorem. Assume that A, B, b, c belong to L(J) and
that IA(t)I, IB(t)I � h(t) E L(J). Then the solutions y(t) of (5) and z(t) of (6)
satisfy

� Ii,I + ds, (7)

where H(t) = f.rt h(s) ds and

ly(t) — (8)

� - CI + f - c(s)I + A(s) - B(s)I Iy(s)I} ds.
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For the maximum norm = maxj If(t)I and the L'-norm IlL' =fr+a
lf(t) I dt, the estimates

� C(j11I+IIbIIL1), C=exp(IIhIlL,), (9)

� lIb—CIIL1 +lIA—BIIL1) (10)

hold, where C1 depends only on IIhIlLl and IlbilLi.

Proof By 10.XVI,

Iy(t)I' � ly'(t)l = IA(t)y+b(t)I � + lb(t)I.

Hence = satisfies � j(T) = which leads
to (7) after integration.

The difference u = z — y satisfies

u'=Bz+c—Ay—b=Bu+(c—b)+(B—A)y.

The estimate (7), applied to u (with — instead of B instead of A, and
(c — b) + (B — A)y instead of b) gives (8). I

Our next theorem deals with the linear case of the comparison theorem
10.XII in the context of C-solutions.

VII. Positivity Theorem. Assume that the real matrix A(t) E L(J),
J = [r,r + a], is essentially positive; i.e., � 0 for i j. Then, for
U E AC(J),

u' � A(t)u a.e. in J, u(T) � 0 implies u(t) � 0 in J.

Moreover, if >0, then u2(t) >0 fort> t1.

Proof Let IA(t)I � h(t), where is the maximum norm, and H(t) =
h(s) ds. Then B(t) = A(t) + h(t)I � 0, i.e., b33 � 0 for all i, j, and IB(t)I �

2h(t). The function w(t) = satisfies w'(t) � B(t)w, and the function
o• = (p, p,. . . , p) with p(t) = also satisfies B(t)o; both inequalities
are easily established. Hence WE W + satisfies � BwE and wE(0) > 0.
As long as wE(t) � 0, we have � 0, and this shows that wE(t) is increasing
and positive in J. Since e is arbitrary, w(t) is increasing, and both propositions
about u(t) are obtained as a result. I

This theorem can be used to give an alternative proof for the comparison
theorem 10.XII that is valid for C-solutions. As before, Pu = u' — f(t, u) is the
defect of u.
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VIII. Comparison Theorem. Suppose f(t, y) J x is quasi-
monotone increasing in y and satisfies a Lipschitz condition in the maximum
norm with h(t) E L(J),

If(t,y) —f(t,z)I � h(t)Iy—zI for y,z ERTh.

Then, for v, w E AC(J),

v(r) <w(r) and Pv Pw a.e. in J implies v � w in J.

If v2(t1) <w2(ti) for an index i and t1 J, then v.j <w2 fort > t1.

Proof as an Exercise. Hint: Show that for y, z E R?t, the difference f(t, y)—
f(t, z) can be written in the form A(y — x) where A is essentially positive and
bounded in norm by h(t), and apply VII (use a decomposition of the f-difference
as given for n = 2 by 9(y1,y2) —g(z1,z2) = —g(zl,y2)]+[g(zl,y2) —

g(z1, z2)]).

§ 17. Systems with Constant Coefficients
I. The Exponential Ansatz. Eigenvalues and Eigenvectors. In

this section suppose A = (a23) in the homogeneous linear system

y'=Ay (1)

is a constant complex matrix. Solutions can be obtained using the ansatz

c eAt = , (2)

where A, Cj are complex constants. Substituting y = c eAt into equation (1)
leads to

y' = AceXt =

i.e., y(t) is a solution of (1) if and if

Ac = Ac. (3)

A vector c 0 that satisfies equation (3) is called an eigenvector of the
matrix A; the number A is called the eigenvalue of A corresponding to c.

We recall a couple of facts from linear algebra. Equation (3), or what
amounts to the same thing,

(A — AI)c = 0, (3')
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is a linear homogeneous system of equations for c. This system has a nontrivial
solution if and only if

a11—A a12

a12 a22—A •..
det(A = : : .

= (4)

in other words, the eigenvalues of A are the zeros of the polynomial

= det(A — Al), (5)

called the characteristic polynomial. This polynomial is of degree n, as one can
see, for instance, from the definition (14.1) of a determinant. Thus it has n
(real or complex) zeros, where each zero is counted according to its multiplicity.
An eigenvector c 0 corresponding to a zero A (an eigenvector is 0 by
definition) is obtained by solving the system (3'). It is determined only up to
a multiplicative constant. The set o(A) of eigenvalues is called the spectrum of
A.

II. Theorem (Complex Case). The function (A, c, A complex, c 0)

y(t) = c .

is a solution of equation (1) if and only if A is an eigenvalue of the matrix A
and c is a corresponding eigenvector.

The solutions

y2(t) = (i = 1,. . . ,p)

are linearly independent if and only if the vectors c2 are linearly independent.
In particular, they are linearly independent if all eigenvalues A1, ...,

A has n linearly independent eigenvectors (this is the case, for ex-
ample, if A has n distinct eigenvalues), then the system obtained in this manner
is a fundamental system of solutions.

Proof. By the isomorphism statement proved in Theorem 15.1, the solutions
are linearly independent if and only if their initial values = are lin-

early independent. The statement that p eigenvectors corresponding to distinct
eigenvalues are linearly independent is certainly true for p = 1. It is proved in
general by establishing the inductive step from p to p + 1. If the eigenvectors
c1,. . . , c an additional eigenvector corre-
sponding to the eigenvalue A and A (here and in the following equations i
runs through the numbers 1 to p), then, as we will now show, a representation
of the form

=
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is not possible. By applying A to both sides. one would obtain

Ac =

and because such representations are unique,

Aa2 = Ajaj, i.e., = 0.

I

III. Real Systems. Obviously, the theorem also holds for real systems.
In this case, however, one is interested in real solutions. Here one runs into the
difficulty that a real matrix may have complex eigenvalues, which lead in turn
to complex solutions y(t). Now, it is immediately obvious that for real A both
the real part and the imaginary part of a complex solution are real solutions
to (1). Thus from a complex eigenvalue one obtains two real solutions. Note,
however, that if the complex quantities A and c satisfy equation (3), then their
complex conjugates A and ë do also. Therefore, A andë are also an eigenvalue
and eigenvector of A and lead to a solution = which is the complex
conjugate to y = c The decomposition of the complex conjugate solution
into real and imaginary parts leads to exactly the same two real solutions.

1V. Theorem (Real Case). If A = + iv (i/ 0) is a complex eigen-
value of the real matrix A and c = a + ib is a corresponding eigenvector, then
the complex solution y ceAt produces two real solutions:

u(t) = Rey = eMt{acos vt — bsinvt},

v(t)= Imy= e1Lt{asinvt+bcosvt}.

Suppose there are 2p distinct, nonreal eigenvalues

A1,..., = Li,.. , =

and q distinct real eigenvalues (i 2p + 1,. . . , 2p + q). If for the 2p distinct,
nonreal eigenvalues one constructs 2p real solutions

(i=1,...,p)

in the manner described above and q real solutions y2 corresponding to the q
distinct real eigenvalues using (2), then the resulting 2p + q solutions are linearly
independent.

A corresponding result also holds if some of the A2 are equal, i.e., if there
are multiple eigenvalues. If the 2p + q corresponding eigenvectors are complex
linearly independent, then the same is true for the corresponding 2p + q solu-
tions of the form (2), and it remains true for the 2p + q real solutions obtained
after splitting into real and imaginary parts. In particular, if A has n linearly
independent eigenvectors, then one obtains a real fundamental system.
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The independence of these real solutions follows from the fact that the
original solutions = (i = 1, . . . , 2p + q) are linearly independent by
Theorem II and can be represented as linear combinations of the above real
solutions; cf. 15.II.(c).

V. Example.

Vi= Y12Y2 1 —2 0

= 2 0 —1

= — — 4 —2 —1

We have

1—A —2 0

P3(A)= 2 —A —1 =(1—A)(A2+A+2).
4 —2 —1—A

The eigenvalues are

A3=1.

The corresponding eigenvectors are solutions to the system (3'). For example,
the equation for c1 = (x, y, z)T is

—2 0 x 0

2 —2 y = 0

4 —2 z 0

which has a solution
..(3 A\T

It follows then that c2 = = — i$, 2,4)T is also an eigenvector. Another

simple calculation gives c3 = (1,0, 2)T. Taking the solution

yi(t) = e 2 2 /

and separating into real and imaginary parts leads to the two real solutions

2

2 cos$t— 0

4 0

2

0 cos$t+ 2 sin4t
0 4
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which, combined with the solution

1

y3(t) 0 et,

2

constitute a real fundamental system.

VI. Linear Transformations. We consider the obtained above
from a somewhat different point of view. If C is a nonsingular constant matrix,
then the mapping

y = Cz, z C'y (det C 0) (6)

transforms a solution y(t) of (1) into a solution z(t) of the system

z' Bz, with B = C'AC, (7)

and conversely.
Suppose now that A has n linearly independent eigenvectors c1,

one sets

C (ci,. .. ,

then

AC = = = CD,

where

D = diag . . . , (i.e., d23 = 0 otherwise),

is a diagonal matrix. Thus for this choice of C,

B=C'AC=D,
and then (7) reads simply

z'1 =

=

It is easy to find a fundamental system of solutions for this system, namely

0 ... 0

0 ... 0

Z(t) = (zi, . . . ,

: : :

(8)

0 0 ...
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Going back to y = Cz, we obtain the fundamental system of Theorem II,

Y = CZ = (Czi, . . , = (cieAht,.. , (9)

Summary. In the case where there are n distinct eigenvalues and, more gen-
erally, in the case of n linearly independent eigenvectors there is a fundamental
system of solutions of the form (2) (the simplest example, A = I with eigen-
vectors e1, ..., shows that it is also possible to have n linearly independent
eigenvectors in the case of multiple zeros of the characteristic polynomial).

VII. Jordan Normal Form of a Matrix. In order to handle the gen-
eral case, we make use of a result from matrix theory without proof. It says
that for every real or complex matrix A there exists a nonsingular matrix C (in
general, C will be complex), such that B C'AC has the so-called Jordan
normal form

B= , (10)

where the Jordan block is a square matrix of the form

1 0 0

0 1 0 0

0 0 )tj 1 ... 0

Ji= ... ... (11)

0 0 1 0

0 0 0 1

0 0 0

with rows and coluxnxis; outside of the Jordan blocks, B consists entirely of
zeros. Here r1+ + rk = n, and

= — Ày' ... (A —

Note that the main diagonal of B consists of eigenvalues of A and that each
block is made up of one and the same eigenvalue. However, the same eigenvalue
can appear in more than one block; for example, the matrix I is in Jordan
normal form (k = n, = 1, A. = 1).
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The system corresponding to a Jordan block J with r rows and diagonal
element A is given by

=Axi+x2
=Ax2+x3

and can be easily solved (one begins with the last equation). The matrix

is a fundamental matrix for equation (12) with X(O) = I.

Proceeding in this way, a fundamental matrix Z(t) for equation (7) can be
constructed if B is a Jordan matrix; one has simply to insert the corresponding
solution (13) into each Jordan block. For example, if

x' = Jx, or

= AXr_i + Xr

= AXr

0

0

(12)

(13)X(t)=

teAt

eAt teAt

0 eAt

0

1 At
(r—2)' e

1 #r—3 At
(r—3)! e

0

/

/
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then the corresponding fundamental matrix Z(t) with Z(O) = I reads

o

o 0

0

/

Thus, if B C—1AC has Jordan normal form, then each column of Z(t) is a
solution of (7) of the form

z(t) =

where A is an eigenvalue of A (note that u(A) = a(B)). Consequently, y = Cz
is a solution of equation (1) of the form

y(t) = pm(t)eAt with pm(t) = . ..

where is a polynomial of degree ç m.

VIII. Summary. For every k-fold zero A of the characteristic polyno-
mial there exist k linearly independent solutions

= (14)

in which every component of

(m=0,1,...,k—1)

is a polynomial of degree � m. If carried out for every eigenvalue, this con-
struction leads to n solutions, which form a fundamental system.

If A is real, then a real f'andamental system is obtained by taking, in case A
is nonreal, two real solutions = v2 = from each of the k solutions

of (14) and ignoring the corresponding k solutions for the complex conjugate
eigenvalue A.
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The degree of the polynomials that arise can be determined from the Jordan
normal form. In the previous example, where B is a Jordan matrix with n = 6,

there is a solution y = with degree p = 2, but no solution with higher
degree, and this is true even if A = = ii. If a
solution y = with degree p 1, but no solution with degree p = 2, etc.
The following terminology is useful here.

Algebraic and Geometric Multiplicity. If A is a k-fold zero of the
characteristic polynomial of A, then the number m(A) := k is called the algebraic
multiplicity of the eigenvalue, and the dimension m' (A) of the corresponding
eigenspace, that is, the maximal number of its linearly independent eigenvectors,
is called the geometric multiplicity. Here 1 < m'(A) m(A) � n. If m(A) =
m'(A), the eigenvalue is called semisimple. In this case, the number A appears
rn(A) times in the main diagonal of the Jordan normal form, but there is no 1 in
the superdiagonal, and in the corresponding m(A) solutions (14) the pm(t) are
constant polynomials (namely the eigenvectors). If this is true of all eigenvalues,
then the Jordan matrix corresponding to A is a diagonal matrix, and the matrix
A is said to be diagonalizable.

The calculation of the solutions is easily accomplished once the Jordan nor-
mal form B = C'AC and the transformation matrix C have been determined.
However, the k = m(A) solutions belonging to the eigenvalue A can also be ob-
tained, a step at a time, by first determining the corresponding eigenvectors c
that lead to the solutions y = ce)st. Then, one after another, the ansätze (a, b,

y = (a + ct)eAt, y = (a + bt +

are applied until m(A) solutions have been found. By equating coefficients of
like terms, one sees that the coefficient c of highest power of t is always an
eigenvector.

IX. Example. n = 2, y(t) = (x(t),y(t))T,

x'—x—y A=( —1

y'=4x—3y —3

From

det(A—AI)—-A2+2A+1

it follows that A —1 with algebraic multiplicity m(A) = 2 and

(2 —1
A-AI=A+I=I

—2
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The corresponding homogeneous system (3') has only one linearly independent
solution,

(1
c=I

Thus we have m'(A) = 1. The corresponding solution is

faA I i\
I 1=1 Iet.

\2)
A second, linearly independent, solution can be obtained using the ansatz

(x\ (a + bt\

\yJ \c+dt)
We have that

(x'\ (b—a—bt\ fa+bt\
I 1=1 let=AI let
\y')

holds if and only if

(b\ (b\ fa\ (b—a
Al 1=—I I and Al 1=1\dJ \dJ \c) \d—c

The first equation has the eigenvector c as a solution, i.e., b = 1 , d = 2. The
second equation is satisfied, for example, if a = 0, c = —1. The corresponding
solution

\y) \-1+2tJ
is linearly independent from the first solution.

X. Real Systems for n = 2. We consider the real system for y =
(x,y)T

(x)'
= A

(x), A = (a11 a12)
(15)

y y a21 a22

under the assumption D = det A 0. This implies that A = 0 is not an
eigenvalue. The corresponding characteristic polynomial

P(A)=det(A—AI)=A2—SA+D with S=trA=a11+a22

has zeros
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Real Normal Forms. Our first goal is to show that every real system (15)
can be reduced by means of a real affine transformation (6), (7) to one of the
following normal forms:

IA o\ IA i\ 1aw
R(A,1i)

),
Ra(A)

= ),
K(a,uj)

=OA —Wa

Here A, a, w are real numbers with ji 0 and W > 0. If > 4D, we
have the real case (R). If S2 < 4D, the complex case (K) occurs, while if
S2 = 4D, the case (R) or (Ra) occurs depending on whether A = has two
linearly independent eigenvectors. We construct now the affine transformation
C.

Case (R). There are two (real) eigenvectors c, d with Ac Ac, Ad 'id.
If C (c, d), then C'AC = R(A, /h); cf. VI.

Case (Ra). We have A = and only one eigenvector c. However, as is
shown in linear algebra, there is a vector d linearly independent of c such that
(A — AI)d = c. The matrix C = (c, d) again satisfies C'AC = Ra(A).

Case (K). = A; hence Ac = Ac and Aë= The matrix (a, e) transforms
the system to the normal form B diag (A, A). However, we want to find a real
normal form. This can be obtained as follows.

Let c = a + ib, A = a + iw with W> 0. Separating the equation Ac = Ac
into real and imaginary parts leads to

Aa=aa—Wb ) / a w
= (Aa,Ab) = (a,b)

Ab=ab+wa) a

Since a, ë are linearly independent and can be representedin terms of a, b,
it follows that a and b are also linearly independent; i.e., the matrix C = (a, b)
is regular and transforms the system to the real form K(a, w). I

We investigate now each of these cases and construct a phase portrait of
the differential equation, from which the global behavior of the solutions can be
seen. If equations (1) and (7) are coupled by the transformation (6), then their
phase portraits are also coupled by the same affine mapping y = Cz of
which transforms straight lines into straight lines, circles into effipses, ..., but
preserves the characteristic features such as the behavior as t —+ oo. In this way
we obtain an insight into the global properties of all systems with det A 0.

(a) A = R(A, ji) with A � ji < 0. The solutions of the system x' = Ax,
= jiy are given by (x(t),y(t)) = (ae)*t, beiLt) (a, b real), their trajectories by

= (a, b 0 with x/a, y/b> 0).

The special cases a = 0 or b = 0 are simple. All solutions tend to 0 as t oo. In
the case A = ji, the trajectories are half-lines; in the general case, corresponding
power curves. The origin is called a (stable) node.

(b) A = Ra(A) with A <0. From x' = Ax + y, y' = y, one obtains

x(t) = + y(t) =
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Stable nodes. A= R(A,A) with A <0 (left) and A = R(A,ji) with A <0,
= 2 (right)

Stable node for A = with A <0

For a = 0 (this means that (x(O),y(O)) = (0, b)), we have x = ty and At =
log(y/b). Thus the trajectories are given by

Ax = ylog for b 0 (with > 0).

The positive and negative x-axis are also trajactories. Here, too, all solutions
tend to the origin as t —+ oo, which is again called a (stable) node.

(c) A = R(A, p) with A < 0 < p.. The solutions and their trajectories are
determined formally as in (a). However, the phase portrait has a completely
different appearance. There are only two trajectories that point toward the
origin (b = 0). All of the other solutions (with (a, b) 0) tend to infinity;
x2(t) + y2(t) —+ oo as t —' oo. The origin is called a saddle point.
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Saddle point. A = R(A, with <0 <p, A/u = —2 (left) and A
=(affine distortion, right)

Center for A = K(0, w) (left) and A
= (

(affine distortion, right)

are two solutions of (15), from which one can construct a fundamental system
X(t) with X(O) = I. Using complex notation, in which complex numbers are
identified with pairs of real numbers, the above solutions are represented by
zi(t) = and z2(t) = izi(t). In this notation, the form of the trajectories
can be read off.

If a = 0, the trajectory is a circle around the origin, which is traced out in
the negative sense with circular frequency w. If a <0, then an additional factor

is included and the trajectories are spirals that approach the origin. In the

x

y y

x S

(d) A = K(a, w) with a � 0. It is easy to check that

(x1, Yi) = eat (cos wt, — sinwt),

(x2,y2)=eat(sinwt,
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y

x

Stable vortex for A = K(a, w) with a < 0

case a = 0, the origin is called a center, in the case a < 0 a (stable) vortex.
(e) Switching from t to —t. If (x, y) is a solution of (15), then the pair of

functions := (x(—t), y(—t)) is a solution of a related equation, in
which A is replaced by —A (and consequently A, are replaced by —A, —pa.
The functions (x, y) and have the same trajectories, only the direction of
the arrows is reversed. This takes care of all possible cases.

(f) Summary. The following table summarizes the properties of the origin
in each of the various cases. See Exercise XII for the case D = det A = 0.

S2 � 4D, D > 0, S < 0 stable node [asymptotically stable]
"

'I 5 > 0 unstable node [unstable]

" D <0, u saddle point [unstable]

S2 <4D, " S < 0 stable vortex [asymptotically stable]
I' S = 0 center [stable]

U S > 0 unstable vortex [unstable]

The entries in brackets are explained in the next section.

XI. Stability. We consider the homogeneous linear system (15.1)

y' = A(t)y in J = [a, oo)

and assume that A(t) is continuous in J. The zero solution y(t) ü is called
stable if all solutions are bounded in J, asymptotically stable if every solution
tends to 0 as t —' 0, and unstable if there exists a solution that is unbounded
in J. If the zero solution is stable and if X(t) denotes the fundamental system
with X(a) = I, then there exists K > 0 such that IX(t)I � K for t � a. If y
is the solution with initial value y(a) = c, then Iy(t)I = X(t)cI � Thus
stabifity means, roughly speaking, that solutions with small initial values remain
small for all future time. The differential equation y' = A(t)y is also sometimes
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called stable, asymptotically stable, or unstable, when the zero solution is stable,
asymptotically stable, or unstable, respectively.

If the matrix A is constant, then the Summary VIII gives us a complete
description of the stability behavior of the zero solution. The zero solution is

asymptotically stable if Re A < 0 for all A e o(A)

stable if Re <0 for A E a(A) and if m'(A) = m(A)
for all eigenvalues A with Re A = 0

unstable in all other cases, i.e., if there exists a A
c,-(A) with ReA > 0 or with ReA = 0 and
m'(A) <m(A)

In the first two cases, there exists a fundamental matrix Y(t) by VIII, which
tends to 0 as t —' 0 or remains bounded, respectively. The same holds then
for an arbitrary solution, since every solution can be represented in the form
y(t) = Y(t)Y'(a)y(a). In the third case, there exists an unbounded solution
y = ce\t with ReA>0 or y = with real and degree p � 1.

Exercise. Let A(t) be a complex matrix satisfying

Re(A(t)y,y) � for t a and yE

where (.,.) is the usual scalar product in cf. 28.II.(a). Let h(t) = 'y(s) ds.
Show that if h(t) is bounded, the zero solution is stable, and asymptotically
stable if h(t) as t oo (holds also for real matrices).

Hint: Derive the inequality q5' for q5(t) =

XII. Exercise. Investigate the two-dimensional linear system (15) in the
caseD = detA = 0.

(a) Determine the normal forms that arise.
(b) Solve the corresponding systems, determine the critical points, and

sketch their phase portraits.
(c) Solve the system x' = 2x — 4y, y' = —x + 2y (include a phase portrait).

XIII. Exercises. Determine a real fundamental system of solutions for
the following systems:

(a) x'=3x+6y, (b) x'=8x+y,
= —2x — 3y. y' = —4x + 4y.

(c) x'=x—y+2z, (d) x'=—x+y—z,
y'=—x+y+2z, y'=2x—y+2z,
z'=x+y. z'=2x+2y—z.
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18. Matrix Functions. Inhomogeneous
Systems

I. Power Series of Matrices. In this section, the constants and matri-
ces can be complex. If B is an n x n matrix and p(s) is the poiynomial

(1)

then p(B) is defined to be the matrix

p(B)=coI+C1B+...+ckBlc. (2)

In particular, for B = At (i.e., =

p(At) = col + c1At + . .. + ckAktc.

The derivative of this matrix with respect to t is given by

= Ap'(At), (3)

where p' (s) is the derivative of p(s) (note the analogy to the chain rule).
We now consider infinite series of n x n matrices Ck,

C =

Convergence is defined as usual: S, = Co + ... + C as p —poo, i.e.,
— 0, where is a compatible matrix norm; cf. 14.11. This is true if

and only if with the notation Ck = each of the n2 series converges
to We say that the matrix series is absolutely convergent if the real series
> I

converges, or, equivalently, if each of the n2 scalar series is absolutely
convergent. This equivalence follows from the fact (10.111) that for each norm
there are constants a, fi> 0 such that

a1b221 � IBI (4)

In particular, every power series

f(s) = >cksIc (Isi <r) (1')

with radius of convergence r > 0 generates a matrix function

1(B) = (absolutely convergent for IBI <r). (2')

To be precise, if El =: s <r, then, since IBCI � IBIICI by (14.2),

1B21 � 1B12=82,...JBkl
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and hence ICkBkI <00. Thus

f(At) = col + c1At + c2A2t2 +

is absolutely convergent for

iti to

and uniformly convergent in every compact subinterval of (—t0, t0). Since the
formally differentiated series is again uniformly convergent, one can differentiate
f(At) term by term and obtain, similar to (3), the formula

= Af'(At). (3')

II. Example. The Exponential Function. The series

B B2 B3
e

converges absolutely for all B. Here we have

= AeAt (3")

by (3'). This is a really surprising result: We have found a fundamental matrix
for the linear system

y'=Ay (5)

in a second way, independent of §17, namely

X(t) = with X(O) = I. (6)

Formally this result agrees completely with the one-dimensional case: The so-
lution of x' = ax, x(O) = 1 is x(t) = eat. Additionally, we note that one obtains
the series for X (t) by writing the initial value problem for X (t) as a matrix
integral equation

X(t) = I + f AX(s) ds

and applying the method of successive approximations

Xo=I,Xk+l=I+jAXk(s)ds (k=O,1,2,...).

A simple calculation shows that

Xk(t)—I+At+•••+

which is the kth partial sum of the series for
We are going to derive some properties of the exponential function.



192 IV. Linear Differential Equations

III. Lemma. We have

(a) eB+C = eB eC if BC = CB;

(b) = C_1eBC if detC 0;

(c) = diag(eA1,. .. ,e"),

where D = diag ... , means that = ,ij, and = 0 for i j.
Proposition (a) is the addition theorem; it does not hold in general.

Proof. Because of the absolute convergence of the series for eB and eC,
these series can be multiplied termwise (this actually involves the termwise
multiplication of n2 scalar series), and one obtains

00 ID cnn 00 fl
— +

—
n!

n=O n=Ok=O

= .

= eB . eC.

This proves (a). To prove (b), it can be shown by induction that

(C_1BC)k = C_1BkC (k = 0, 1,2,...)

and hence

(n=0,1,2,...).

The assertion follows from this relation by taking limits as n —+ 00.

It can also be shown by induction that

The final assertion in the lemma now follows after multiplication by 1/k! and
then forming the infinite series.

Remark. The addition theorem can also be derived from property (3"). Ac-
cording to this property, U(t) := e(B+C)t is a solution of

U' = (B + C)U with U(0) = I. (7)

It follows from the product rule 14.W that V(t) := . eCt also satisfies (7),

V' = BeBteCt + (B + C)V,

since CeBt = Hence U = V by uniqueness.

We note some simple consequences of the addition theorem.
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IV. Corollaries. For an arbitrary square matrix A,

(a) (eA)_l = e_A;

(b) eA(5+t) = eA3 eAt;

(c) = eA.

V. Remark. If the matrix A has the form of a Jordan block (17.11),
then the fundamental matrix X(t) with X(0) = I can be explicitly given; cf.
(17.13). It is also given by eJt, where J is the r x r matrix from (17.12). The
uniqueness theorem guarantees that eJt actually has the form (17.13); however,
this result can also be explicitly verified without difficulty. We briefly indicate
the necessary steps. If F = (fij) is the r x r matrix with elements = 1,

0 otherwise, then it is easy to check that

G = F2 is given by 9j,j+2 = 1, g23 = 0 otherwise,

H = F3 is given by = 1, = 0 otherwise,

In particular, Fk 0 for k � r. It follows that
1 1

1

1

hence, if J = Al + F, then by W.(c),

eJt = (9)

This is precisely the matrix given in (17.13).

VI. Inhomogeneous Systems. By (16.4), the initial value problem

y' = Ay + b(t), y(T) = ij (A constant) (10)

has the solution

y(t) = + f ds. (11)

This is true because X(t) = is the fundamental matrix with X(T) = I
and, by W.(a),

= (12)
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VII. Exercise. Power Series. (a) If A is a constant n x n matrix, then
sin A and cos A are defined by the power series

sinA := cosA :=

Prove the Euler formulas

eiA =

cosA = + e_iA), sinA = — e_uht)

and the addition theorems

cos(A+B) = cosAcosB—sinAsinB,

sin(A+B) sinAcosB+cosAsinB,

under the assumptions that A and B commute (AB = BA).
Show that the functions cos At and sin At can be defined by initial value

problems:

Y" + A2Y = 0, Y(0) = I, Y'(O) = 0 Y(t) = cosAt,

Y"+A2Y=O, Y(0)=0, Y'(O)=A Y(t)=sinAt.

For n = 1 this reduces to well-known properties of cos at and sin at.
(b) Let f(t) = g(t) = and h(t) = (i runs from 0 to

oo) be power series with positive radii of convergence r1, r9, and rh � r1 + r9.
Assume that f(s)g(t) = h(s + t) for si < r1, <r9. Show that if IA1 < r1,
IBI <r9, and AB = BA, then f(A)g(B) = h(A + B). Here Al is an operator
norm generated from an arbitrary vector norm in iir (or Ca).

VIII. Exercise. Special Inhomogeneous Systems. In the following
p(t) and q(t) are vector polynomials. Show:

(a) If a cr(A), then the differential equation

yl=Ay+ceat (cECTh) (13)

has exactly one solution of the form y = deat, d E
More generally, the differential equation

y' = Ay + p(t)eat (14)

has exactly one solution of the form y = q(t)eat, and degree p = degree q.
In particular, the differential equation

y' = Ay + c

has exactly one constant solution if det A 0.
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(b) If A, a, and p(t) are real-valued and if in o(A), then the equation

y' = Ay+p(t)cosat (15)

has exactly one solution of the form y(t) = q1 (t) cos at + (t) sin at with real
polynomials q1, q2, and degree p = max{degree q1, degree q2}.

(c) Also in the case a E a(A) the differential equation (14) has a solution
of the form y = but we can say only that degreeq degree p + m(a),
where m(a) is the algebraic multiplicity of the eigenvaluea.

Hint: For (b) consider the equation y' = Ay + for (c) transform
first into Jordan normal form and prove the statement for A = J.

Supplement: Floquet Theory
We deal with linear systems with periodic coefficients. The following theory

goes back to the French mathematician Gaston Floquet (1847—1920). A main
result states that systems with periodic coefficients can be reduced to systems
with constant coefficients (at least in principle).

IX. Homogeneous Systems with Periodic Coefficients. Let > 0.
A function f is called w-periodic if f is defined in IR and satisfies the equation
f(t + w) = f(t). We consider systems with a continuous, w-periodic (real or
complex) coefficient matrix,

y' A(t)y with A(t + = A(t). (16)

In the following, the term solution will always refer to solutions of (16). Every
solution exists in IR.

(a) If y(t) is a solution, then so is z(t) = y(t + w).
(b) If y is a solution and = .Xy(0) (A E IR or C), then it follows that

y(t + w) = Ay(t) and more generally y(t + = for all t (k an integer).

The proof of (a) is elementary; (b) follows for k = 1 from the observation
that Ay(t) and y(t + both satisfy the same initial condition at t = 0, the
result for k > 1 is obtained by induction and for k < 0 using the change of
independent variable t' = t + kw. I

Let X(t) be the fundamental matrix for (16) with X(0) I. Then by (a)
and Proposition 15.111, Z(t) = X(t+w) is also a fundamental matrix, and from
15.II.(h) it follows that

X(t + w) = X(t)C with nonsingular C =X(w). (17)

The transition matrix C will play a decisive role in the following. Its eigenval-
ues are called characteristic (or Floquet) multipliers. Since C is nonsingular,
they are nonzero, and there exist numbers jij E C with = The are
called characteristic exponents. They are determined only up to a multiple of
2iri/w (because = 1). However, Re is uniquely determined.
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Since an arbitrary solution can be represented in the form y(t) = X(t)y(O),
the relation y(w) = Cy(O) holds. Thus the equation = Ay(O) is equivalent
to Cy(O) = Ay(O), and from (b) one obtains the following theorem.

Theorem. There exist nontrival solutions to (16) satisfying y(t + w) =
Ay(t) if and only if A is an eigenvalue of C. Every such solution has the form
y = X(t)c, where c is an eigenvector of C corresponding to A. If the matrix
C is diagonalizable, then one obtains a fundamental system of solutions in this
manner.

Therefore, there exist nontrivial u-periodic solutions if and only if A = 1 is
an eigenvalue of C, and periodic solutions with minimal period > 0 (k E N)
if and only if C has an eigenvalue A satisfying Ak = 1 and 1 for 1 � j <k.

We need a result that will not be proved until 22.VI: For a nonsingular
matrix C, there exists a matrix B with C = (in general, B is complex, even
for real C). Because = 1, the matrix B is not uniquely determined; for
example, one can add

X. Theorem of Floquet. The fundamental matrix X(t) of (16) with
X(0) = I has a Floquet representation

X(t) = Q(t)eBt Floquet representation, (18)

where Q E C'(R) is w-periodic and B satisfies the equation C = X(w) =
Clearly, Q(O) = I, and Q(t) is a nonsingular matrix for all t.

Proof. We define Q by (18), i.e., Q(t) = X(t)e_Bt. Then

X(t+w) =

On the other hand, X(t+w) = X(t)C = Q(t)eBtC =
Q(t) Q(t + follows (after multiplication by by comparing these
two results. I

Our analysis of the Floquet representation uses the following lemma.

Lemma. Prom the Jordan normal form V of the matrix U one obtains the
Jordan normal form of eU by replacing the diagonal elements A2 of V by eAi
(the corresponding Jordan blocks are thus of the same size). An eigenvalue A of
U has the same algebraic and geometric multiplicity and the same eigenvectors
as the corresponding eigenvalue of eU.

Proof. If V = D'UD (D nonsingular), then by IH.(b), eV = In
our investigation of the matrix we can confine ourselves to a single Jordan
block J = Al + F with r columns (cf. V for the notation). We show that for
x E

Jx =

= eAx (eF' — I)x = 0 x = ae1,
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where e1 = (1,0,. . . , 0). The first line is easily established, and by (8) the
matrix B = — I satisfies = 0 for j � i, = 1, which leads to the
same result x = ae1 (the reader should consider, e.g., the case r = 4). The
matrix J has only one eigenvalue A, and the matrix has only one eigenvalue

and both matrices have e1 as the only eigenvector. Hence + F is the
Jordan normal form of the matrix If one observes, in addition, that from a
common eigenvector x of V and a common eigenvector c = Dx of U and
e&' is obtained, then all assertions of the lemma are proved. I

We apply the lemma to the matrix U = If jii are the eigenvalues of B,
then are the eigenvalues of U and X, = are the eigenvalues of C =
(i = 1,... , n); i.e., the are characteristic exponents.

Suppose both sides of (18) are multiplied on the right by a nonsingular
matrix D. Then the matrix Y(t) = X(t)D on the left is a fundamental matrix
of (16), and the matrix Z(t) = eBtD on the right is a fundamental matrix of
the equation z' = Bz (both with the initial value D at t 0). The resulting
equation Y(t) = Q(t)Z(t) shows how the fundamental solutions of (16) are
obtained from those of z' = Bz. The summary given in 17.VIII (with B instead
of A) leads then to the following

XL Summary. An eigenvalue A = of C corresponds to an eigenvalue
p of B, and both have the same algebraic multiplicity k. Moreover, there exist
k linearly independent solutions

(m=0,1,...,k—1),

where pm(t) is a vector polynomial of degree m. The function

qm(t) = Q(t)pm(t) = co(t) + ci(t)t + Cm(t)tm

is a "polynomial with ce-periodic coefficients" c3. This construction, carried out
for all characteristic exponents leads to a fundamental system of solutions
to equation (16).

Stability. Since there exist positive constants a, /3 with a IQ(t) I � /3,

the stability analysis from 17.XI carries over to equation (16) with A replaced
by p. Thus the zero solution of equation (16) is

asymptotically stable if Al <1 for all A a(C)

stable if IA! 1 for all A e o(C) and the eigenvaiues
A with Al = 1 are semisimple

unstable in all other cases.

Note that the condition IA! < 1 or 1 or > 1 for the characteristic exponents
is equivalent to Rep < 0 or 0 or > 0.
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The fact that the characteristic exponents are not uniquely determined plays
no role here. From A = it follows that ji = p' + 2kiri/w (k an integer). If
is replaced by in elLt, then an w-periodic factor appears, which can
be incorporated into the term qm(t).

XII. The Inhomogeneous System. The system

y' = A(t)y + b(t) (19)

is now considered under the assumption that A(t) and b(t) are continuous and
u-periodic. The following theorem clarifies the relationship of (19) with the
system

= Bz + c(t) with c(t) = Q'(t)b(t). (20)

Theorem. The solutions y of equation (19) and z of equation (20) with the
same initial value y(0) = z(0) = are coupled by the relation y(t) = Q(t)z(t)
(equivalently, z(t) =Q(t)'y(t)).

Proof. From the Floquet representation X = it follows that X' =
(Q' + = AX = AQeBt , hence

Q'+QB=AQ. (*)

Let y be a solution of (19) and z be defined by y = Qz. Then y' = Q'z + Qz'
and y' = Ay + b, from which

Q'z+CJz'=AQz+b=Q'z+QBz+b
follows because of (*). By multiplication on the left by Q' one obtains (20).
The reverse direction is proved similarly.

§ 19. Linear Differential Equations of Order n
A linear differential equation of order n

Lu := + + ... + ao(t)u = b(t) (1)

is equivalent to the system

= Y2

(2)

= 1171

= +... + an_iyn) + b(t);

cf. 11.1. This can be written in the form

y' = A(t)y + b(t), (2')
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where

Yi U 0

Y2 U 0

: = : , b=

Yn—i o

b(t)

o 1 0 0

o o 1 0 0

o o 1 0

_O _O

:1
_0_ _1_

a0 ai a2

On the basis of Theorem 14.VI, we have the following theorem.

I. Existence and Uniqueness Theorem. If the real- or complex-valued
coefficients b(t) (i = . . , n, 1) are continuous in an interval J
and if T E J, then the initial value problem

LU = b(t), u(v)(r) = (v = 0,1,..., n — 1) (3)

has exactly one solution. The solution exists in all of J and depends continuously
on and on b(t) in each compact subinterval of J.

II. The Homogeneous Differential Equation Lu = 0. If the coef-
ficients (t) are real (or complex), then the real (complex) solutions of the
homogeneous differential equation form an n-dimensional vector space over the
field of real (complex) numbers.

Each vector (7)o, 7)i,. . . , i) or is associated with a solution sat-
isfying the initial conditions in (3), and this mapping is again a linear isomor-
phism; cf. 15.1. Thus there exist n linearly independent solutions

uj(t),. . . (4)

and they form a fundamental system. Every solution is a linear combination of
the
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In going from (1) to (2), a solution u(t) of (1) is associated with the vec-
tor y(t) = (u(t), u' (t), . . . , (t)) T, which is a solution of the corresponding
system (2). Thus the Wronskian of the n solutions (4) is the determinant

U1 Ufl

W(t)—4

(n—i) (n—i)
U1 Un

By (15.6), (15.7), the Wronskian satisfies the equation

hence
—

f ds
W(t) = W(-r)e r (5)

In §15 we constructed a special fundamental system X(t) with X(t) = I.
Here that system corresponds to a fundamental system u1, ..., of (3), where

1 1 for j=i—1,
Lu,=0,

0 otherwise.

Ill. The D'Alembert Reduction Method. The reduction method of
§15 is valid for every homogeneous linear system. However, if applied directly
to the system (2), it has the disadvantage that the new system of order n — 1

no longer has the special form of (2), i.e., it cannot be written as a system of
linear differential equations of order n — 1. Therefore, it is expedient to modify
the ansatz as follows:

Suppose v(t) 0 is a particular solution of Lv = 0 and

u(t) = v(t)w(t).

The function w(t) is to be determined in such a way that u is also a solution.
Applying the differential operator L, we have

LU —
(i.)

= > (i.)i=O j=O j=O i=j

The term corresponding to j = ü in the sum on the right equals w Lv and
hence equals zero; thus we have

Lu = with := > (i.)
aj(t)v(23)
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(note that the sum starts with j = 1). Therefore, Lu = 0 holds if and only if w
satisfies the differential equation

L*W = 0.

This equation, however, is a differential equation of order n — 1 for w'. Suppose
that ii — 1 linearly independent solutions ..., have been determined
and w1, ..., are corresponding antiderivatives. Then the n functions

v,vW1,...,vWn—1

are a fundamental system for the original differential equation Lu = 0.

For proof, we consider a linear combination

coy + ciVWi + .•• + CTL_1VWfl_1 0.

After division by v and differentiation one obtains

C1 W11 + + = 0.

Therefore, Ci = = c0_1 = 0 because of the linear independence of the

IV. The Case n = 2. If v(t) is a solution of the equation u" +ai(t)u' +
ao(t)u = 0, then a second solution u = vw is obtained by solving

( v'\w'1a1+2—I+W =0.
VI

Example.

U" — u' cost + usint = 0.

A solution is given by

v =

For w(t), we have

w" + vi cost = 0, i.e. w'(t) =

Thus a second solution is

u(t) = j ds.
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V. The Inhomogeneous Differential Equation. The result that was
proved in 16.1 for systems remains true:

Every solution w(t) of the inhomogeneous differential equation

Lw = b(t) (6)

can be written in the form

w = wt + U,

where vi" is a particular solution of (6) and u is the general solution to the
homogeneous differential equation.

A particular solution w of the differential equation (6) can be obtained by
means of the

VI. Method of Variation of Constants. Let

w(t) = uj.(t)C1(t) + ... +

where u1, ..., is a fundamental system and Ci, ..., are functions that are
yet to be determined. Instead of recomputing this ansatz, we refer to the result
in in particular (16.3). There it was shown that

z(t) = Y(t) (s)b(s) ds

is a solution of the inhomogeneous differential equation z' = A(t)z + b(t). In
order to carry this over to the system (2), we define

U1

z=
(n—i)

Due to the special form of b, the calculation of the expression (t)b(t) = a(t)
is particularly simple. Since a(t) is the solution of the linear system of equations

Ya=b,
then using Cramer's rule, one obtains the components of a in the form

vi
=

with W = det V and

U1 0 UH1

V2 = det

(n—i) (n—i) ,j (n—i) (n—i)
U1 Uj+i ... Un
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Expanding V2 in terms of cofactors of the ith column yields

14(t) =

where W2 is the Wronskian determinant (of order n — 1) of the functions
, ui_i, . . . , Un.
Thus a solution w of the inhomogeneous differential equation reads (w is the

first component of z)

w(t) = f ds. (7)

VII. The Case n = 2. If ui(t), u2(t) is a fundamental system for the
homogeneous differential equation, then

w(t) = —ui(t)
b(s)u2(s)

ds + u2(t)
b(s)ui(s)

ds (8)

is a solution of the inhomogeneous differential equation.

Example.

— WI C05 t + W Sin t = sin t.

The corresponding homogeneous equation was dealt with in VI. Using the fun-

damental system found there, v = u = with
= j ds, we

have

I'V(t) = =
cost 1 + cost

which also follows from (5). By (8),

W(t) = f sinr (f' e ds) dr + f sinr dr

is a solution to the given inhomogeneous differential equation. From the rela-
tions

(j dr__fe_siT's (f sinrdr)

=—f0
cost — + 1

it follows that

W(t)
= f ds + 1 — = U(t) + 1 — v(t).

Hence wi(t) 1 is also a solution.
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§ 20. Linear Equations of Order n with
Constant Coefficients

Now let

Lu = = 0, constant, = 1. (1)

The characteristic polynomial

—A 1 0 0 0

0 —A 1 0 0

P(A)=
0 0 0••. 1 0

0 0 0 —A 1

—a0 —a1 —a2 — A

can be given explicitly. Expanding the determinant in cofactors of the last row,
one obtains

P(A) = (—1)'2 [A'2 + + + a1A + ao]. (2)

I. Theorem. If A is a zero of the characteristic polynomial of multiplicity
k, then there are k solutions of the differential equation (1)

.. (3)

that correspond to A. In this manner, one obtains n linearly independent so-
lutions from the n zeros of the characteristic polynomial P(A) (each counted
according to its multiplicity), that is, a fundamental system.

If the are real and there exist complex zeros, then this fundamental system
contains complex solutions. A real fundamental system can be obtained by split-
ting the k solutions in (3) corresponding to a complex zero A + iv (v 0)
into real and imaginary parts,

(q = 0,1,... ,k —1)

(and discarding the solutions corresponding to

An elementary proof, which is independent of §17, will be given for this
important theorem. Because of (2), the ansatz u = leads to

= = = (4)
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i.e., u = is a solution of (1) if and only if A is a zero of the characteristic
polynomial. In order to show that for a zero A of multiplicity k the functions

q < k) are solutions, one makes use of the following trick: We have

— _eAt

and hence, because of (4),

L =

The interchange of derivatives with respect to t and A is clearly permissible. It
was assumed that P(A) has a zero of multiplicity k at the point A, i.e., that the
derivatives of P(A) up to order k — 1 vanish at the point A. The same is then
also true for the the derivatives of the function (t fixed; product rule!).
Hence we have 0 for q = 0, 1, . . . , k — 1.

In order to check that these n solutions are linearly independent, we con-
sider an arbitrary linear combination of these solutions (with real or complex
coefficients). It is clearly of the form

=

where is a polynomial (with complex coefficients, in general) and A1,
Am (m � n) are distinct numbers, namely the zeros of the characteristic poly-
nomial (multiple zeros are only counted once).

We must show that vanishes identically only if all (t) vanish. For
m = 1 this is immediately clear. In the induction proof, it will be assumed that
the result is true for m summands (with arbitrary polynomials) and that

+p(t)eAt 0 (A

Multiplication by gives

+p(t) 0, pj = A 0.

If this equation is repeatedly differentiated until p(t) vanishes, then what re-
mains is an expression of the form

= 0,

and by the induction hypothesis 0, since the qj are again polynomials.
However, this is possible only if p% (t) 0, since differentiation of an expression
r(t)eQt (r a polynomial 0, p 0) gives rise to an expression (r' + Qr)eet =
q(t)ePt, where q(t) is a polynomial of the same degree, hence 0. I

Procedure for Finding Solutions. By Theorem I, the ansatz u =
dliately produces the characteristic polynomial and with it all solutions.
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II. Example. + + 2y" — 4u" + 8u' + 16u = 0.

The characteristic polynomial is

—P(.\)=A5 +4A4+2A3 —4A2+8A+16

=

A real fundamental system of solutions is given by

e_2t, te_2t, t2e_2t, etsjflt,et cost.

III. Second Order Linear Differential Equations. The differential
equation

Lu=u"+2au'+bu=0 (5)

arises in physics, for example as the differential equation of damped oscillations

mä+13i+ks=0 for s=s(t). (6)

In the mechanical interpretation m is the mass, s(t) the displacement from the
equilibrium s = 0, /3 > 0 the coefficient of friction, k > 0 the coefficient of
elasticity, i.e., of the linear restoring force ("spring constant").

The characteristic equation

has the two roots,

ji=_a+fa2_b.
If only real coefficients are considered, then the following three cases need

to be distinguished:

(a) a2 > b: = e(_a)t, u2 =

are real solutions. In the case a> 0, b> 0 both solutions tend to zero exponen-
tially as t —+ 00.

Oscillator equation: > 4km, overdamped motion (nonoscillatory, aperi-
odic case).

(b) a2 =b: u1 =e_at,

Oscillator equation: = 4km, critically damped motion (nonosdillatory, ape-
riodic case).

(c) a2 < b: u1 = a2t, u2 = a2t.

Oscillator equation: Damped oscillations with frequency

1, 1
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U

t U

Damped oscillation curve in the tu-plane (left) and trajectory (right)

If equation (5) is regarded as a plane system for (x, y) = (u, u'), then the
classification introduced in 17.X leads to the following results (here it is assumed
that a > 0, b> 0):

Case (a) (overdamping) corresponds to 17.X. (a) with the normal form R(A, ii),
where A < 0. The origin is a stable node.

Case (b) (critical damping) falls under 17.X.(b); the normal form is Ra(—a).
Here again the origin is a stable node.

The case (c) of damped oscillations has the normal form K(—a, 'lb — az);
cf. 17.X. (d). The origin is a stable vortex. The reader should study the two
figures to get a clear understanding of the connection between the behavior of
the function u(t) and the trajectory in the phase plane.

A detailed discussion of damped oscillations is found in elementary texts.

[V. The Inhomogeneous Equation of the form

Lu=u"+2au'+bu= (a,b,candcr Oreal) (7)

can be solved using the technique given in §19. However, one arrives at this
goal more quickly by taking advantage of Exercise 18.ViII. (b). One considers
the complex differential equation

(7')

and uses the ansatz u(t) = (A complex). It leads to the equation

A can be calculated (the term in parentheses vanishes only if a 0

and a2 = b). The real part of u is a solution to the original equation (7).
In the case b > 0, the equation (7) describes an oscillatory system (with

damping if a> 0) driven by an external force cos at that acts on the system.
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The solution represents a forced oscillation with the frequency of the external
force.

The special case a = 0, b = is called the resonance case; equation (7')
has then an unbounded solution

u = with A =

The phenomena occurring for a 0 are discussed in Exercise VIII.

V. Euler's Differential Equation. This name is given to a differential
equation of the form (a, constant)

Ly = + + . . + a1zy' + aoy = 0 (8)

for y = y(x). If y(x) is a solution, then so is y(—x); therefore, it is sufficient to
study the case x> 0. Using the change of variables

x = et, y(et) = u(t), y(x) = u(lnx)

we obtain the derivative formulas

du , du

d2u du
—

d3u d3u d2u du
+y"x3 —

etc., which lead to a linear differential equation with constant coefficients for
u(t),

d'7u

This equation can be solved in closed form using the techniques in I. By the
way, a0 = b0 and a,7 =

Procedure for Calculating the Solutions. The two operators L and M are
connected through the equation

(Ly)(et) = (Mu)(t) with u(t) = y(et).

In particular, by equation (4),

L(XA) = = (x = et),

where P is the characteristic polynomial of M. Therefore, in order to obtain
F, it is not necessary to calculate the operator M; it is sufficient to calculate

Then all of the solutions can be given using the result of Theorem I.
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Coupled pendulums

— 3xy' + 7y = 0.

Here

L(xA) = [A(A — 1) — 3A + = P(A)x".

The characteristic equation A2 — 4A + 7 = 0 has the roots A = 2 ± Thus
the differential equation Mu = 0 reads

d2u du

From the two real linearly independent solutions

u1 (t) = e2t sin u2 (t) = e2t cos

one obtains the solutions

y2(x) =x2cos(VThnx)

of the original differential equation.

VI. Exercises. Determine all real solutions of the differential equations
(a) y" + 4y' + 4y = eX,

In particular, find the solutions satisfying the initial conditions y(O) = 1,

y'(O) 0.

VII. Exercise. Coupled Pendulums. For two coupled pendulums of equal
mass m and equal length I the equations of motion read

—ax — k(x —
with a=mg/l

(g is the gravitational constant, k is the spring constant). Here the coordinate
systems are chosen in such a way that x y = 0 corresponds to the equilibrium
point, and it is assumed that the pendulums hang vertically at rest. These are

Example.
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linearized equations, which are valid for small oscillations. Give a fundamental
system of solutions (either by transforming to a system of first order and cal-
culating the characteristic poiynomial or by making two physically suggestive
ansätze). Discuss the course of the motion if one pendulum is given a push at
time t = 0, that is, x(0) = 0, ±(0) = 1, y(O) = 0, = 0.

VIII. Exercise. all (real) solutions of the differential equa-
tion

u" + 2au' + w2u = c. coswt (c> 0, 0 � a <w).

Show that L = Jim sup Iu(t) I depends only on a, c, and calculate L(a, c, w)
t-*oo

(a = 0 is a special case).

Remark. The above differential equation represents the simplest mathemat-
ical model for a resonance phenomenon in a periodically excited mechanical
system (usually to be avoided in mechanical systems, but sometimes a desirable
property in electrical circuits). In the differential equation for a harmonic os-
cillator u" + w2u = 0, the solutions u = a cos wt + /3 sin wt describe a harmonic
oscillation with frequency w/ (2ir). If the system is excited with the same fre-
quency (right side = cos wt), then resonance occurs, and the solutions grow
without bound (in the case a = 0) as t —p 00. In the case of damping (a> 0)
(which is always present in practice), the solutions remain indeed bounded.
However, the maximum amplitude tends to infinity as a 0+.

Supplement: Linear Differential Equations with Periodic
Coefficients

IX. Second Order Equations with Periodic Coefficents. We con-
sider the differential equation

u" + 2a(t)u' + b(t)u = 0 (9)

with real-valued, continuous, and w-periodic coefficients a, b. We apply the
Floquet theory, developed at the end of §18, to the equivalent system for y =
(IL, ul)T,

/0 i\
y' = A(t)y with A(t) = ( )

. (9')
\—b —2aJ

The transition matrix C = X(w) must be determined first. Thus let (u, v) be a
fundamental system for (9) with initial values u(0) = 1, u'(0) = 0 and v(0) = 0,

v'(0) = 1 and

fu v\ 1 v(w)
X(t)=I

v')
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Thus we have det(C — Al) = A2 — A trC + detC. The last term can be
computed using formula (15.8): det C = tr A(s) ds). Thus it remains
only to calculate tr C; then the stability behavior is essentially determined.
Using the notation det C = y> 0, tr C = u(w) + v'(w) = 2a, the eigenvalues of
C can be obtained from the equation

A2—2aA+-y=0 as

From the root theorem of Vieta, we obtain the relations

A1A2 = y> 0 and (suitably normalized) + = log'y

for the characteristic multipliers and exponents (the latter are determined
by = Theorem 18.XI yields the following separation into cases. Note
here that the first component of a solution y(t) = q(t)eIlt of (9') represents a
solution of (9) and that a is real.

(a) a2 'y. There exist two real or complex conjugate eigenvalues A1, A2
and correspondingly a fundamental system of solutions of the form

ui(t) =pi(t)eL1t, u2(t)

where the are w-periodic functions. Recall that these two solutions satisfy
= A2u1(t) (i = 1,2).

(b) = 'y and the only eigenvalue a is semisimple. In this case C has
two linearly independent eigenvectors and hence, similar to case (a), there is a
fundamental system

ui(t) = u2(t)

where the are again w-periodic and /1 determined by = a. Since
every vector y E R2 satisfies the equation Cy = ay, we have C cxl, whence
X(t + w) = aX(t). Thus for every solution u we have u(t + w) = au(t).

(c) a2 = the eigenvalue a is not semisimple. There exists a fundamental
system of solutions w-periodic, a

ui(t) u2(t) = (p2(t)

In addition, one can assume that Pi = p3 here; the basis for this result is the
last sentence in 17.V1II. These solutions may be complex. Real solutions are
obtained by splitting into real and imaginary parts, similarly to 17.W.

X. Hill's Differential Equation. If a(t) 0, one obtains from (9)

u" + b(t)u = 0 (b(t) w-periodic) Hill's equation. (10)

Here trA(t) = 0; hence 'y det C = 1. The characteristic multipliers are given
by

A1A2=1,

Note that a is real. According to 18.XI, there are three cases:
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> 1: > 1, the zero solution is unstable.

H <1: A1,2 (/3> 0) andthus tAil = 1.

The zero solution is stable, but not asymptot-
ically stable.

tat = 1: A1 = A2 = 1 or —1. If the eigenvalue is
semisimple, then the zero solution is stable,
otherwise unstable.

If al = 1 and the eigenvalue is semisimple, then by IX.(b), X(w) = X(0) in
the case a = 1 and X(2w) = X(0) in the case a = —1. In the first (or second)
case every solution of the differential equation is periodic with period w (or 2w).

A Special Case. Let the coefficient b(t) be an even function. Then in the
fundamental system considered above, u(t) = u(—t) and v(t) = —v(—t). From
this observation and from = X(—w) one deduces that u(w) = v'(w) (exer-
cise!). Thus the stability behavior (except for the case a = ±1) is completely
determined by a single function value a u(w).

A well-known example with numerous physical applications is

u" + (8 + cos 2t)u 0 (w = ir) Mat hieu 's equation,

named after the French mathematician Emile-Léonard Mathieu (1835—1900).
The domain of stability, the set of all points (7, 8) with stable zero solution, can
be represented in a figure in the 78-plane (this is also true for other differential
equations in which b(t) depends on two parameters). Such a representation is
called a stabifity map. It can be found, among others, in the book by L. Collatz
(1988).

Numerous stability criteria have been established for Hill's equation (10).
Two examples:

(a) If b(t) � 0, then the differential equation is unstable.

(b) If b(t) > 0 and f b(t) dt � 4/w, then the differential equation is stable

(Lyapunov 1839).
(c) Exercise. Carry out the above analysis for the differential equations

u" + u = 0 and u" = u in terms of w (the calculation of C, a, stability).
The coefficient b = ±1 is w-periodic for every w> 0.

The proof of (a) is simple. By (10), u" = —b(t)u � 0 as long as u is positive.
Thus the solution u with u(0) = 1, u'(O) = 1 is convex and � 1 + t. I

The book by L. Cesari (1971) contains additional examples and proofs.



Chapter V
Complex Linear Systems

§ 21. Homogeneous Linear Systems in the
Regular Case

I. Notation. The Space H(G). The subject of this chapter is the
homogeneous linear system

w'(z) = A(z)w(z), (1)

where w(z) = (wi(z),. . . is a complex-valued vector function and
A(z) = (a23(z)) is a complex-valued ii x n matrix. We also investigate homo-

geneous linear differential equations of higher order. Let C C C be open and
denote by H(G) the complex linear space of functions that are single-valued and
holomorphic on C. We write w(z) E H(G) or A(z) E H(G) if every component

(z) or a23 (z) belongs to H(G). Compatible norms for complex column vectors
and n x n matrices will be denoted by single vertical bars, and the properties
(14.2—3),

and AwI�IAIlwI,

are taken for granted. Throughout this chapter, matrices are understood to be
complex n x n matrices.

II. Theorem. If C is simply connected and A(z) E H(G), then the ini-
tial value problem

w' = A(z)w, w(zO) = wo (z0 E G, Wçj E CTh) (2)

has exactly one solution w(z) = w(z;zo,wo) E H(G).

The solutions of (1) form an n-dimensional (complex) linear subspace of
H(G). For a fixed z0, the mapping wo w(z; zo, wo) is a linear isomorphism
between C'2 and this "solution space."

This theorem is in almost complete agreement with the real Theorem 15.1.
It is important to note that if C is simply connected, then every solution can
be extended to all of C.

213
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Proof. Local existence and uniqueness in a disk lz — zol <a follow immedi-
ately from Theorem 1O.X. If z is an arbitrary point in G, then z can be connected
to z0 by a path lying in C, and the solution w can be extended along this path
from zO to z by applying the local existence theorem 1O.X.

It is easy to give a positive lower bound for the radii of disks appearing in
the individual steps of the extension. Thus by the monodromy theorem the
solution exists in C. The statements about the isomorphism are trivial; cf. 15.1.

Here is another proof that avoids analytic continuation and the monodromy
theorem and at the same time yields an error estimate that will be important
later on.

Let p(z) be a real-valued continuous function defined on C such that

IA(z)l � p(z) in C. (3)

Let C (= ((s) (0 � s � 1) be a smooth curve, parametrized by arc length,
connecting the points zo and z in C. Define

Q(z;C) = fpds
= f p(((s))ds

and

P(z) = inf Q(z; C), (4)

where the irifimum is taken over all curves lying in C that connect the points
z0 and z. It is easy to see that P(z) is bounded on every compact subset of G.
Indeed, P is continuous; however, we do not need this fact. The set B(C) of all
vector functions u E H(G) with

lull := sup (5)
C

is a Banach space. The completeness of B(C) follows from the fact that con-
vergence in the norm implies uniform convergence on compact subsets of C.

We consider the linear operator T defined by

(Tu)(z)
— L A(()u(() d(, u E B(G);

the integral is independent of path. Let C : = ((s) (0 < s � 1) be a smooth
curve connecting the points z0 and z and let

q(s)
= f p(((s')) dd, whence q(1) = Q(z; C).

Clearly, q(s) � P(C(s)), since the function ((s'), 0 s' s, is a path connecting
the points 20 and ((s). Therefore, lu(((s))l � and

lTu(z)I �f ds
C

� Dull f <
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where the relation = is used to establish the final inequal-
ity. Since C is arbitrary, the term q(l) = Q(z; C) on the right can be replaced by
P(z). Multiplying both sides of the resulting inequality by e_2P(z) and taking
the supremum over C leads to

ilTuli � (6)

The initial value problem is equivalent to the operator equation w = wo+Tw =:
Sw, where the operator S satisfies in B(C) a Lipschitz condition liSu — Svil =
IIT(u — v)ii � — vii with Lipschitz constant 1/2. In addition, w0 E B(G).
Therefore, by the fixed point theorem 5.IX, there exists exactly one solution w
in B (C). Since this proof works also in compact subsets C1 C C and every
solution v E H(G) belongs to the Banach space B(G1), we get v = w in G1
and hence in C, i.e., all solutions belong to B(C). I

III. Corollary. The solution of.the initial value problem (2) satisfies the
estimate

iw(z)i in C.

Proof. Because of (6), we have

iiwii �

whence iiwll < 2IIwoii = 2lwoI. The assertion follows. I

IV. Fundamental Matrices. By Theorem II, the solutions of (1) form
an n-dimensional complex linear space, and the propositions discussed in 15.11,
III hold for (1). We recall them briefly. If a "solution matrix" W is
formed with n solutions w1, ..., as columns, then W satisfies the differential
equation

W'(z) = A(z)W(z). (7)

In particular, there exist n linearly independent solutions (a fundamental sys-
tem) w1, ..., from which every solution can be obtained as a linear combi-
nation

(cjEC).

In this case, the solution matrix W (wi,... , is again called a fundamental
matrix. The following four statements are equivalent:

(a) W(z) is a fundamental matrix.

(b) W(zo) is a nonsingular matrix for some z0 C.

(c) W(zo) is nonsingular for every z0 E C.
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(d) the Wronskian q5(z) = detW(z) is 0 in G.

The Wronskian q5(z) belongs to H(G) and satisfies

qY = tr(A(z)) . (8)

Finally, we recall Proposition 15.11. (h): Given a fundamental matrix W(z),
one can obtain every fundamental matrix in the form

U(z) = W(z)C, C nonsingular.

Exercise. Show that every solution of the equation w" = ezw satisfies an
estimate Iw(z)I + w'(z)I z = x+iy, = 1+ (ez — 1)/x.

22. Isolated Singularities
I. Statement of the Problem and Examples. We investigate the

behavior of the solutions to the differential equation

w' = A(z)w (1)

in a neighborhood of an isolated singular point zo of the matrix A(z). It can be
assumed that z0 = 0 (one introduces the change of variables z' = z — zo). Thus
A(z) is assumed to be single-valued and holomorphic for 0 < Izi <r (r > 0).

An understanding of some elementary properties of the complex logarithm

logz = in IZI + iargz + 2kiri (k an integer),

and the generalized power,

(CEC),

is needed in this section. The argument of z is normalized to

—ir <argz

The logarithm is an analytic, infinitely many-valued function in the domain
C = C \ {O}. With k = 0 one obtains the principal value of the logarithm.

We begin with two examples.
(a) Let n = 1, c E C and consider the differential equation

w = -w.
z

A solution is given by w = (since it is 0 and ri = 1, this solution is a
fundamental system). The function A(z) = c/z is holomorphic in C = C \ {0}.
However, the domain C is not simply connected. Therefore, Theorem 21.11 does
not apply in G, but it does apply on simply connected subsets of C. For real
integers c, the solution is single-valued and holomorphic in C. On the other
hand, for c = 1/2 the solution w = is double-valued, etc.
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Tins Imz

3ir

2ir

1
Rez

'logb
loga

—ir

—2ir

The mapping s = log z

(b) Consider the system (n = 2)

, WZ ,w1=—,

The corresponding matrix A(z) is likewise holomorphic in C = C\{O}. From the
solution w2 = c of the second equation one obtains w1 = clog z. A fundamental
system of solutions is given by

flogz 1
W(z)=(\

1

The first of these solutions is infinitely many-valued in C, the second is
single-valued.

These examples show that the solutions of (1) can be infinitely many-valued
functions in the neighborhood of an isolated singular point of the matrix A(z).
We introduce a transformation that clarifies this situation and shows a way to
avoid some of the associated problems.

II. The Transformation s = logz. The transformation

s=logz, or z=e8,

maps the punctured disk Kr° : 0 < Izi <r in the z-plane into the hail-plane
Re s <log r of the s-plane.

Let Ra denote the hail-plane Re s <a. The equation

v(s) := w(e3)

associates each many-valued analytic function w in Kr° with a holomorphic,
single-valued function v in Riogr. Conversely, every v E H(Riogr) gives rise to
a possibly many-valued function w in given by

w(z) v(logz).
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Here w is single-valued or rn-fold many-valued if and only if v(s) is periodic with
period 2iri or periodic with smallest period 2rniri, respectively. If neither of these
cases is present, then w(z) is infinitely many-valued in Some examples are

w(z) = (logz)2 v(s) = s2,

w(z) = zC v(s) =

As a first application of this transformation, we investigate

III. Euler Systems. These systems are of the form

/ Aw = —w, A = constant. (2)

The function w(z) is a solution of (2) if and only if v(s) := w(es) satisfies the
differential equation

w' e3 = Aw(e8) Av(s).

We know from 18.11 that such a system of differential equations with constant
coefficients has a fundamental matrix of the form

EH(C);

the proof that given in §18 is also valid for s C. Hence

W(z) = zA with zA = AIc (log Z)!C
(

is an analytic, in general infinitely many-valued fundamental matrix for equation
(2) inK0 =C\{O}.

IV. The Structure of zA. Formula (3) defines the power function zA.
Its structure is easily determined from the analysis of carried out in §18. If
A is a Jordan block, A = Al + F (F is defined as in 18.V), then by (18.9),

=

where eF's is given by (18.8). It follows that

1 logz

1 logz

1 logz
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If A is an arbitrary matrix and C a nonsingular matrix with A C'BC, then
by 18.111, eA = C_1eBC holds, and hence

= = C_leBIogzC = C_1zBC.

If C is chosen such that B has Jordan normal form (17.10), then zB is obtained
from B by replacing the individual Jordan blocks of B with square blocks of
the form (4).

The main result of this section is the following theorem. It shows that
the examples previously considered in I and III are representative of arbitrary
systems with isolated singularities at z = 0. More precisely, it says that the
solutions are products of at most three factors: a holomorphic function, and
log z. Other kinds of many-valued functions do not occur.

V. Theorem. If A(z) is single-valued and holomorphic in Kr° : 0 < <
r, then (1) has a fundamental matrix of the form

W(z) = U(z)zB, (5)

where U(z) is a single-valued holomorphic function in Kr° and B is a constant
matrix.

Proof. If W(z) is a fundamental matrix of (1) and V(s) = W(e3), then

i-V(s) = e3A(e3)V(s). (6)

By 21.11, this differential equation has a fundamental matrix V(s) that is holo-
morphic in Riogr. Since e8A(es) is periodic with period 2iri, the matrix V(s +
2iri) is also a solution of (6) and indeed is again a fundamental matrix by
21.IV.(b),(c). Bence, by 21.IV,

V(s + 2iri) = V(s)C, C nonsingular.

By a theorem from matrix theory, there exists a matrix B such that C =
cf. Lemma VI below. The function

T(s) := V(s)e_B3

satisfies the equation

T(s + 2iri) = V(s + = V(s)e2 Be_B(3+21d) =

i.e., T(s) is 2iri-periodic. Therefore, U(z) = T(log z) is single-valued in and
W(z) := V(logz) = T(logz)zB has the form given by (5). I

Remark. Every fundamental matrix has the form (5), since for a nonsingular
matrix C

W(z)C = U(z)CC'z2C = U(z)CzD with D = C'BC.
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VI. Lemma. For every nonsingular n x n matrix C, there exists a n x n
matrix X such that

eX = C.

The proof uses matrix versions of some basic facts on infinite series. As in
18.1, matrices are of size n x n, and

I
is a compatible matrix norm.

(a) For a complex double series, we have the theorem

if

This carries iirunediately over to matrices cf. 18.1.
We now consider power series f(z) = g(z) = h(z) =

(i runs from 0 to oo) with positive radii of convergence Tf, r9,
(b) Consider the Cauchy product f(z)g(z) = h(z), = + . . . + If

IBI <min(rf,r9), then f(B)g(B) = h(B). This follows from (a).

(c) We consider h(z) = f(g(z)). Let G(z) = = and denote
the power series expansions of the power gk or by or resp.
If G(p) <r1, where 0 < p <r9, then h has a power series expansion

h(z) = f(g(z)) = where =

The series is absolutely convergent for zI � p. This is a classical result that
can be proved by observing that � If(G(p))I � <00. It
follows easily that

f(g(B)) = h(B) if IBI � p.

one obtains

if BI<1. (7)

We come now to the proof. The equation eX = C holds if and only if

T_1eXT = eT'XT = T'CT (T nonsingular).

Therefore, one may assume that C has Jordan normal form. In fact, it can

be assumed that C has the form of a Jordan block, C = Al + F; cf. 17.VII and
18.V. If for each Jordan block of C a matrix Xk with = 1k has been
found, one simply builds a matrix X by putting Xk in the place of Jk. This
matrix X has the desired property = C.

Therefore, let C = Al + F, where A 0, since C is nonsingular. Since F
is nilpotent, = 0, we can make IFI as small as we want by an appropriate
choice of the norm; cf. D.IV and D.VII in the Appendix. Hence we can use (7)
for B F/A and prove that X = g(F/A) + I log A has the desired property:

eX =A(I+F/A)=AI+F=C.
I

We conclude this section with a theorem about the
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'VII. Growth of Solutions in the neighborhood of a singular point.
Here we will restrict ourselves to the case where A(z) has a pole at z = 0. Let
K,: be a disk with a cut along the negative real axis; that is, K,: is the set of
all z with Izi <r for which Rez � 0 implies Imz 0.

Theorem. Let A(z) E have a pole of order m � 1 at z = 0. If w(z)
is a solution of (1) that is single-valued and holomorphic in K,:, then there exist
positive constants a, b such that

f for m = 1,
jw(z)I 1rn for z E (8)

ae zI
, for in> 1,

Remark. If w(z) is a single-valued solution in Kr°, then the estimate (8)
holds in Kr°12• If w(z) is many-valued, then (8) holds for every branch of w
belonging to H(K,:). However, the constants a, b may depend on the chosen
branch.

Proof. By hypothesis, there exists a constant c with

A(z)I <clzI'm for 0 < � a,
a = r/2. We now apply Corollary 21.111 in C = K,: and note that C is simply
connected. We can set p(z) cIzI_m (the values of p(z) for Izi > a play no role
in the following argument). Let z0 = a. If z is a point in then we connect
a and z using a path C that goes along the real axis from a to Izi, and then
along a circular arc from Izi to z. Then, in the notation of 21.11, we have

P(z) J p(((s)) ds f ctmdt + clzIm7rIzI.
C Izi

The last term comes from the fact that the circular arc from IzI to z has length
at most irlz!. Thus

clog + irc for in = 1,
Z

I. for m>1.
Now the assertion follows from the estimate of Corollary 21.111,

Iw(z) � 21w(a)Ie2P().

I

VIII. Exercise. Determine a fundamental system of solutions for the
system

,

a are all solutions rational functions?
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§ 23. Weakly Singular Points. Equations of
Fuchsian Type

I. Definition. Let the matrix A(z) be single-valued and holomorphic for
0 < Iz — zol <r (r > 0). A point z = z0 is called a weakly singular point of the
differential equation

w' = A(z)w (1)

if A(z) has a pole of the first order at the point z0. Thus, restricting again to
the case z0 = 0, A(z) can be represented in the form

A(z) = with A0 0, (2)

where the power series on the right-hand side converges in a disk Izi <r (r>
0). Here A0, A1,. . . are constant matrices. Formula (2) can be interpreted as
matrix notation for ri2 power series for the components whose radii of
convergence are all � r. The condition A0 0 means that at least one of the
functions a23(z) has a pole at z = 0.

If A0 = 0, then A(z) is holomorphic at 0, and the point z = 0 is called a
regular point of (1). We dealt with this case in §21. If z = 0 is neither regular
nor weakly singular, then it is called strongly singular. The latter occurs if and
only if at least one of the functions a pole of order � 2 or an essential
singularity at z = 0.

The conclusion of Theorem 22.V can be significantly sharpened for wealdy
singular points. In this case the function U(z) that arises there is holomorphic
in the whole disk.

II. Theorem. If A(z) is holomorphic for 0 < Izi < r and if z = 0 is
a weakly singular point of the differential equation (1), then every fundamental
matrix has the form

W(z) = U(z)zB, (3)

where U(z) is a single-valued, holomorphic function in Kr : Izi <r and B is a
constant matrix.

Remark. A representation of the form (3) is not unique. In fact, the relation
= for a = k log z (k a whole number) implies that = and hence

also = I. It follows then from (3) that

W(z) = (4)

which is again a representation of the form (3).
Therefore, it is sufficient to show that a representation of the form (3) exists

where the function U(z) has, at worst, a pole at the point z = 0. If k is the
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order of the pole, then is holomorphic at z = 0, and the representation
(4) has the property required by the theorem.

Theorem II goes back to Sauvage (1886). More detailed historical informa-
tion on singular point theory can be found in the book by Hartman (1964),
pages 91—92.

Proof. Let W(z) be a fundamental matrix of (1). By Theorem 22.V (with
remark) W(z) has the form (3), where U(z) is holomorphic in We consider
W(z) in K7:, where K7: is the disk with a cut along the negative real axis, and
in particular the branch corresponding to the principal value of the logarithm.
On this branch we have the estimate

(lzI<1).

Further, from the series expansion of the exponential function one obtains
I � elB1I5I, and hence

zBI with /3 =IBI.

By 22.Vfl, the estimate

IW(z)I

holds for W(z) in with positive constants a, b, and therefore

IU(z)I = W(z)z_BI <aIzI_bclzl_P.

This implies that U(z) has at most a pole at z = 0. I

Remark on Nomenclature. In the literature one finds different names for
a weakly singular point such as simple singularity (Hartman), singularity of
the first kind (Coddington—Levinson), and regular singular point (often in con-
nection with second order differential equations). Some authors define a regu-
lar singular point by the properties of solutions expressed in Theorem II. The
strongly singular point shares the same fate.

Ill. Singularities at Infinity. A function f(z) that is holomorphic for
I
zI > r is said to have a zero or a pole of order k at z = oc if the same

statement applies to the function g(z) = f(1/z) at z = 0. And f(z) is said to
be holomorphic at the point z = 0° if g(z) is holomorphic at z = 0.

We consider now the case where A(z) in (1) is holomorphic for Izi > r. If
w(z) is a solution of (1), then the function = w(1/() satisfies

= G) (5)
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The point z = cc is called (i) regular or (II) weakly singular or (iii) strongly
singular for (1) if the point (= 0 has this property with respect to equation
(5). This is the case if and only if in the Laurent expansion

k=-oo

(i) all Bk with k < 1 vanish or (ii) all Bk with k < 0 vanish and B1 0 or (iii)
not all Bk with k � 0 vanish.

fl). Theorem. Let A(z) be holomorphic for Izi > r. The point z = 00 is
weakly singular or regular if and only if A(z) has a zero of first order or higher
order at infinity, respectively, i.e., if A(z) has an expansion of the form

B1 B2 B3A(z)=—+--+—+... (IzI>r)
z z2 z3

with B1 0 or B1 = 0, respectively.
Every fundamental matrix of (1) has the form

W(z) = U(z)zB if z = oo is weakly singular,

W(z) = U(z) if z = cc is regular,

where U(z) is a single-valued, holomorphic function for z and
a constant matrix.

These statements are essentially proved by the discussion in III. Note that
since (l/z)B = z_B, a fundamental matrix V(() = U(()(B (IC! < 1/r) of
equation (5) gives rise to a fundamental matrix W(z) = V(1/z) of equation (1)
of the form given above.

Of particular interest are the

V. Equations of Fuchsian Type. Equation (1) is called a differential
equation of Fuchsian type if it has finitely many weakly singular points and if
every other point of C U {oc} is regular.

Theorem. Equation (1) is a differential equation of Fuchsian type with weak
singularities at the (pairwise distinct) points z1, ..., E C and possibly also
at cc if and only if

k

(6)

where are constant matrices 0. If R3 = 0, then cc is a regular point;
3=1

if the sum is 0, it is a weakly singular point.
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Proof. The expansion of A(z) about a weakly singular point begins with
A(z) = (z — R3 0. Therefore,

B(z) =A(z)
k

is holomorphic in C. Since oo is either regular or weakly singular, we have
A(oo) = 0 by Theorem IV, and hence also B(oo) = 0. Thus B(z) is bounded
and therefore by Liouville's theorem a constant. Then clearly, B(z) 0, and
(6) follows. By Theorem IV, oo is regular or weakly singular if and only if the
limit of zA(z) as z oo is 0 or 0, respectively. The assertion about the point
00 follows from this. I

Remark. The theorem shows that except for the trivial case A(z) 0, every
differential equation of Fuchsian type has at least two weak singularities.

24. Series Expansion of Solutions
In this section we investigate series expansions of solutions of the differential

equation

w' = A(z)w (1)

in the neighborhood of a weakly singular point z0. In the process, we obtain not
only an algorithm for the computation of solutions, but we also gain a deeper
insight into the structure of solutions in view of Theorem 23.11. We again assume
without loss of generality that zo = 0.

First we consider power series, that is, vector-valued holomorphic functions
of the form -

u(z) = >ukzJc with Uk E (2)

We use functional analytic methods to deal with the question of convergence
and to this end introduce a new Banach space.

I. The Banach Space H5. The set of all sequences u = (u0, u1, U2,...) =
Uk E Ctm, with finite norm

lull = (6> 0 fixed)

forms a Banach space, which we denote by H5.
It is easy to see that H5 is a vector space and a norm. For example, the

triangle inequality follows from

lu + vii Uk + VklSk � iUklök + = lull + lvii.



226 V. Complex Linear Systems

To prove completeness, let u1, u2,... with = be a Cauchy sequence
in H5; that is, hum — —p0 as rn,n —4 00. Because

for k=0,1,2,...,

there exists Vk E such that vk as n oo. Let >' denote an arbitrary
finite sum. Then

— — u'111 <e for m,n >

and hence -

for rn>n0.

The same then also holds for the sum running from k = 0 to oo; i.e., if we set
v = (vk), then we have liv — Utm � e and, in particular, v—utm E Thus it
is also true that v = (v — Utm) + Urn E 115 and Urn v in 115.

By formula (2), an element u = of generates a holomorphic func-
tion u(z) on K5 : izI < 6. Furthermore, the power series (2) is absolutely
convergent for z = 6 and hence absolutely and uniformly convergent in the
closed disk Izi � 6. Conversely, if u(z) is a holomorphic function in K5 whose
power series (2) is absolutely convergent for z = 6, then the sequence of coeffi-
cients belongs to H5. In this sense, elements of H5 can be identified with
the functions u(z) generated by them.

II. Power Series Ansatz. Formal Solution. To obtain a solution of
(1), we make the ansatz

w(z)
=

Wk E

If A(z) has the form

A(z) = (0< izl <r), (3)

then (1) implies

=

Forming the Cauchy product and equating coefficients of ilke terms, one obtains

kwk = (k = 0,1,2,...), (4)
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or, when the summand Aowk is brought to the left-hand side,

—A0w0=O, -

(I — Ao)wi = A1w0,

(4')

(kI - Ao)wk = Akwo + + Alwk.1,

A formal solution is by definition a sequence that satisfies (4). If the
formal solution (wk) belongs to H5, then the function w(z) >2 wkz" is holo-
morphic in K5 and it is a solution of (1), since term-by-term differentiation is
allowed.

III. Convergence Theorem. Let the series (3) converge for 0 < Izi <
r. Then every formal solution of (1) is a convergent power series for < r
and hence is a holomorphic solution for Izl <r.

The essence of the proof rests on an investigation of the following

IV. Two Operators in H5. Let two linear operators A and Jm from
H5 into itself be defined by

v = Au
= k

(5)

1 0 fork<rn,
VJmU Uk (6)

i -i-- fork�m.
Here the Ak are the matrices appearing in (3). Clearly, (5) is merely a re-
statement of the multiplication v(z) = zA(z)u(z) in terms of the sequence of
coefficients. We will prove the following two propositions:

(a) If C := IAkISk <oo, then hAIl � C; i.e., IIAuII � Chiuhl for u E H5.

(b) The inequality llJmll � I holds for m = 1,2,...

Whereas (b) is obvious, proposition (a) requires a short calculation:
00 00 00 k

Chiuhl = = 8k jAk_311uj1
i=O j=O j=O
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V. Proof of the Convergence Theorem. Let = (*k) be a formal
solution of (1) and let 8 E (0, r) and m> C, where C is the constant in IV.(a).
We claim that the equation

W=JmAW+(*o,*i,...,*m_i,O,O,0,...) (7)

has exactly one solution in H5. Indeed, JmA is a linear operator, and by W.(a),
(b),

IIJmAWI! � � with <1.
m m in

The assertion now follows from the fixed point theorem 5.]X.
The solution w of (7) satisfies the relations

Wk=Wk for k=0,l,...,rn—1,
since the operator Jm sets the first m terms equal to zero. For k = m, we have

Wm = = >Am_jwj,

and corresponding results hold for k > m; i.e., w = (wk) satisfies (4) and is
therefore also a formal solution.

The matrix Al—A0 is singular for at most finitely many A (the eigenvalues);
thus kI — A0 is nonsingular for large k, say k � k0. This means that for k � k0,
the equations (4') can be uniquely solved for wk, or equivalently, the wk with
indices k � k0 are uniquely determined by the wk with indices k < k0. Thus, if
one chooses m � Ic0, then the relations Wk = wk for k < m imply that w
for all k. Therefore, the formal solution * belongs to H5, and the power series
converges for S. S can be chosen arbitrarily close to r, proof of the
convergence theorem is complete. I

VI. Discussion of the Results. (a) Suppose A = 0 is an eigenvalue of
A0. Then the first equation of (4), A0w0 = 0, has a nontrivial solution w0 (the
eigenvector corresponding to the eigenvalue A = 0). If kI — A0 is nonsingular for
Ic E N, i.e., if the numbers 1,2,3,... are not eigenvalues, then (4) can be solved
uniquely; there exists a formal solution (wk) and it is a holomorphic solution in
Kr.

(b) If the assumptions in (a) hold and if there exist several, let us say p,
linearly independent eigenvectors corresponding to the eigenvalue A = 0, then
p solutions can be calculated from the p eigenvectors, and these solutions are
likewise linearly independent, since their values at the point z = 0 are the
linearly independent eigenvectors just mentioned.

(c) Now let A 0 be an eigenvalue of A0. We make the ansatz

w(z) = zXu(z)

to obtain a solution of (1). Then the equation

= + z"u'(z) = A(z)z'>'u(z)
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holds if and only if

= — u. (8)

In other words:

u(z) = satisfies the same differential equation as w(z), but with
A0 replaced by A0 — Al.

(d) Thus if A e C is an eigenvalue of A0 but A + k is not an eigenvalue of A0
for any k E N, then there exists a solution of the form

w(z) = (9)

of (1), where wo 0 is an eigenvector corresponding to A and the Wk can be
uniquely determined from the equations

((A +k)I — AO)wk = (10)

(k = 1,2,3,.. .). If several linearly independent eigenvectors are associated with
A, then the solutions obtained from them are also linearly independent.

VII. Generalized Series Expansions. In order to obtain series ex-
pansions of solutions that have logarithmic components and hence are not of
the form (9), we transform the differential equations as in using z = e8. For
v(s) := w(es) we obtain from (1) the differential equation

dy(s) = e3A(e8)v(s) = (fAkeh8) v(s). (11)

Let Pg be the space of all vector polynomials of degree q,

p(s) = P0+ piS + + with Pk e C.

If we make the ansatz

v(s) = with vk(S) E Pq, (12)

then (11) reads

+ kvk)ec3 = . (13)
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Carrying out the multiplication on the right-hand side and equating "coeffi-
cients" of the terms we obtain the system of equations

(k=0,1,2,...). (14)

In the case q = 0, we get the power series expansion considered earlier, and (14)
reduces to (4).

As in II, we call a sequence v = with E Pg a formal solution of
(11) if (14) holds. Our next objective is to prove the following

VIII. Convergence Theorem. Let the series (3) for A(z) be conver-
gent for 0 < Jzj < r. Then every formal solution of (11) is a holomorphic
solution in the half-plane Riog r: Re s <log r.

More precisely: If one constracts a formal solution v(s) from (vk), then the
resulting series is absolutely convergent in Riogr and uniformly convergent in
every compact subset of Riog r• Moreover, the same holds for the series obtained
by termwise differentiation and for the series expansion of e3A(e3), and hence
for all the series that appear in (13). It follows then from (14) that v is a
solution of(11).

The proof that follows is similar to the earlier convergence proof.

IX. The Banach Space We introduce a norm iii Pg. If p(s) =
define

p(s)lg := Ipol + +

The space is defined to be the set of all sequences u = (uk)8°, Uk E Pq,
with finite norm

lull := > ualq8' (8> 0 fixed).

A polynomial p(s) E Pg can be identified with the n x (q + 1) matrix of its
coefficients (Po,... , Thus the space is the same as the earlier space H5,
where, however, here the Uk are matrices (or n(q + 1)-dimensional vectors). In
particular, by the considerations in I, is a Banach space.

X. The Operators A and Jm. The operator A is defined as in (5),

v = Au Vk Au
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where, naturally, u E and hence Uk, vk E Pg. The definition of Jm is altered
as follows -

( 0 for k<m,

1
(15)

for k � ni,

with

(pEPq). (16)

The series has at most q + 1 summands that are 0. The significance of the
operator Dk is that it solves a linear differential equation, namely

y(s) y' + ky = p, (17)

as is easily verified.
(a) The inequality lAull � Cull holds with the constant C given in W.(a).

The proof is exactly as in W. (a). Note that if p E Pq and B is a constant matrix
and if one takes the norm given above for Pq, then

Bp = Bp0 + ... + Bpqs" IBPIq = lBbol + . . + Bpq � IBI Pig.

(b) It is easy to see that qipig; hence there exists a constant C1 such
that

DkPq � Pg for all k E N, p E Pg.

It follows immediately that

lljmUii �

(c) Convergence Proof Let = be a formal solution and 0 < 5 <r.
For sufficiently large ni, the equation

v E This follows from the fixed point theorem

5.IX if we choose ni> CC1, because ijJmA\'I �
m

We will show that v is likewise a formal solution. First, as before, Vk = vk
holds fork<m. For k�m,

Vk = with p = (AV)k.

Therefore, by (17),

+ kvk = p = (Av)k
=
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i.e., v = (vk) is likewise a formal solution. It follows now from Lemma XI, given
below, that if m is chosen sufficiently large, then the elements vk with indices
k � m are uniquely determined by the Vk with indices k < m (in the lemma
p=vk andB=kI—A0; henceBisnonsingularforlargek). ThuSVk —Vk
holds for all k, and hence e Hff.

Now suppose M C Riog r is a compact set. Clearly, there exists a constant
CM such that

�
Further, there exist constants S with 0 <-y < S <r such that M C Rjog7.
Thus, we have

� � (k � Ico).

The uniform convergence of the series kv, in M follows from this in-
equality. Naturally, then, the series and > are also uniformly
convergent in M, the latter because P'Jq � I

XI. Lemma. Let B be a constant n x n matrix and q(s) a polynomial
vector of degree m. If B is nonsingular, then the differential equation

p'(s) + Bp(s) = q(s)

has exactly one polynomial solution p(s), and it has degree m. If B is singular,
then there are several polynomial solutions; all have degree m + r0, where r0
is the multiplicity of the zero A = 0 of the characteristic polynomial of B.

Proof. Setting p(s) = Tu(s), where T is a nonsingular matrix, one obtains
the differential equation for u

u' + Cu = h with C = T'BT, h = (18)

Let T be chosen such that C has Jordan normal form. If the first Jordan block
of C is J = Al + F with r rows and columns (notation as in 18.V), then the
corresponding equations read

+ Au1 = h1 —

(18')
+ Au,._1 = hr_i — Ui.

These equations can be solved one by one, starting with the last equation.
If A = 0, then it follows that degree u,. = 1+degreeh,. 1+m, degree u,._1 �

2 + m, ..., degree u1 � r + m.
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If A 0, then the homogeneous equation y' + Ày = 0 has no polynomial so-S
lutions, and therefore the nonhomogeneous equation y' + Ày = h (h polynomial)
has exactly one polynomial solution, namely

1 h h' h"

cf. (16), (17), and degreey degreeh. Applying this result to (18') shows that
(18') has exactly one polynomial solution (u1,. , and the maximal degree
of the is equal to the maximal degree of the

If B is nonsingular, then all of the Jordan blocks have the form J = Al + F
with A 0; if B is singular, then there exists at least one block where A = 0.

Using the solutions of (18') for the individual blocks, we construct a solution u
of (18) and then obtain p from the transformation p = Tu. I

XII. Construction of a Fundamental System. As in VI.(c) we get
(a) v(s) is a solution to (11) if and only if u(s) := is a solution to

the corresponding differential equation with A0 — Al in place of A0.
(b) As a result, the ansatz

v(s) = with Vk E Pg, (19)

for a solution of (11) leads to a system of equations of the form (14) with A0 — Al
instead of A0, i.e.,

v'0+(AI—Ao)vo=0

v'1 + ((A + 1)1 — Ao)v1 = A1v0

- (20)

+ ((A + k)I — Ao)vk = Akvo + . .. + Alvk_l

The first of these equations holds if and only if the function

y(s) (21)

is a solution of the differential equation

y'(s) = Aoy(s). (22)

By 17.VIII, equation (22) has a fundamental system of solutions of the form
(21), where A is an eigenvalue of A0 and v0(s) is a polynomial. For every such
solution y(s), the function vo(s) satisfies the first equation in (20), and the
remaining equations of (20) can be solved using Lemma XI. In this way, one
obtains a formal solution (vk) of the differential equation with A0 — Al in place
of A0. By the convergence theorem VII, the formal solution is a solution; i.e.,
the function v(s) given by (19) is a solution of (11).
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(c) The n solutions of (11) obtained in this manner form a frandamental
system.

To prove the linear independence of these solutions, we first let s = ct with
t real and Rec = —1 and show that every solution v(s) of the form (19) can be
written in the form

v(s) = + o(1)) as t —+ oo, where s = ct. (23)

This is true, since there exists to > 1 such that for every p(s) E .Pq,

p(ct)I � � for j � t0.

Thus, because Rec= —1,

� e 2tIVk

with i5 = e_t0 <1, and hence

00 00� = o(1).

Now let A be an eigenvalue of A0 and y3(s) = j = 1,... , m,
the m corresponding linearly independent solutions of (22). Obviously, the
polynomials are also linearly independent. If the corresponding solutions of
(11) are denoted by v'(s), then by (23),

= + o(1)) with p(s)
=

(24)

If this linear combination is equal to zero, then p(s) + o(1) = 0. Therefore,
p(s) = 0, and consequently, c3 0 for j = 1,. .. , m. This proves the linear
independence of solutions of (11) corresponding to a fixed eigenvalue.

Let A1, ..., A,. be the distinct eigenvalues of A0. A linear combination of all
n solutions of (11) can be written in the form

eA18(pi(s) + 0(1)) + . + + 0(1)), (25)

where the combination of solutions corresponding to a fixed are summed as
in (24). We assume that this linear combination (25) is identically zero and
have to show that pi(s) = ... = = 0. It then follows from what was
proved for (24) that all of the coefficients of the linear combination vanish. To
show that the p3(s) (1 � s � r) are zero, it is sufficient to determine c with
Re c = —1 such that the numbers a3 = Re A3c (j = . . , r) are all different.
This is certainly possible, since for each j, y = Re A1(—1 + ix) is the equation
of a line in the real xy-plane, and these r lines have at most a finite number of
points of intersection. Thus we choose an x that is not the first coordinate of a
point of intersection and set c = —1 + ix. Further, we number the eigenvalues
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such that a1 > a2 > > ar-. Then = eajt. Thus, setting s ct in (25)
and multiplying by we obtain

pi(ct) + o(1) + + o(1)) +... = 0.

It follows that p1(ct)+o(l) 0 as t +00, because Re(A2—Ai)c = a2—a1 <
0, ..., and hence pr(s) = 0. This same argument gives, one after another,
P2 Pr = 0. This proves the linear independence. U

(d) Suppose v(s) is a solution of (19). Using the inverse transformation
w(z) := v(log z) and rearranging in terms of powers of log z, we get

w(z) = zA{ho(z) + (log z)hi(z) + ... + (log (26)

where (z) are holomorphic functions for zI < r. If the Jordan normal form
of A0 is known, it is easy to estimate how large the powers of log z are.

As an example, consider

XIII. The case n — 2. Suppose A, are the two zeros of the char-
acteristic polynomial det(Ao — Al) and Re A Re Further, let h(z), h1 (z),

denote holornorphic functions, for
I

< r. Then by VI. (d), there exists a
solution w(z) of the differential equation (1) of the form

w(z) =

Further, there exists a second solution, linearly independent of the first, of the
form

* = z"{hi(z) + (log z)h2(z)}. (27)

If A — is not a whole number, then h2 0. If A = and there exist two
linearly independent eigenvectors for this eigenvalue, then again h2 = 0. This
follows from VT.(d).

Thus a logarithmic part arises only if A is a double zero of the characteristic
polynomial with only one eigenvector or if ,u = A + m with m E N. In the
second case, v0 is constant in equation (20), namely, v0 is the eigenvector of A0
corresponding to A. The solution of (20) gives constant vectors v1, ..., vm_1.
If (A + rn)I — A0 is singular, then in general, the mth equation of (20) is not
satisfied by a constant vm; i.e., if k � m, vk(S) is a linear polynomial (h2(z)
starts with the power Zm). In the case of a double zero A = vo(s) is already
a linear polynomial, and all remaining Vk(3) can be uniquely determined from
(20) as linear functions of s; cf. Lemma XI.

The function (z), which multiplies log z in the formula for *, is itself a
solution of (1), hence a multiple of w. Therefore, the second solution * has the
form

*(z) = zAhi(z) +cw(z)logz (c E C). (27')

The proof is left as an exercise: Show that *' — A(z)* = (h3 +h4 log z) = 0
with h2 holomorphic, and deduce from this that h4 = 0.
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§ 25. Second Order Linear Equations

As an application of our theory we consider the linear differential equation

'a"+a(z)u'+b(z)u=O (1)

for a scalar function u(z). The usual transformation yields an equivalent first
order system

/ 0 i\ fwj\ (u\
w'==( )w for w=( )==( ); - (2)

—aj \w2J \U J

cf. (19.2). It is evident from the equation that if the functions a(z), b(z) have
at most a pole of first order at z0, then the point zo is either regular or weakly
singular.

However, a more general result is obtained if we transform (1) into a system
for w1 := u(z), w2 := (z — zo)u'(z). After a simple calculation, we get

w'
=

w for w =
(wi)

. (3)

—(z—zo)b(z) —a(z) w2

For this system, the point is still a wealdy singular point if b(z) has a pole of
second order and a(z) has a pole of at most first order at

I. Classification of Singularities. Let a(z), b(z) be single-valued holo-
morphic functions in a punctured neighborhood of zo E (C, say 0 < Iz — zoI

The point z0 is called a regular point of (1) if a(z) and b(z) are both holomorphic
at zo. If z0 is not regular and if a(z) has at most a pole of first order and b(z)
has at most a pole of second order, then z0 is a weakly singular point of (1). If
neither of the previous cases holds, then the point zo is strongly singular.

If (1) is transformed into a system of the form (3), then the above classifi-
cation agrees with the one given in 23.1 for systems.

The classification of (1) at the point z0 = 00 is carried out as in §23 by the
change of variables (= l/z. The result is the differential equation

d2v(() dv(() 12 1 (1\1 1 (i\
+ d( (4)

for v(() = u(1/z). As with systems in 23.111, we make the following definitions:
The point z = 00 is called regular or weakly singular or strongly singular for
the differential equation (1) if the point = 0 is of the corresponding type for
the equation (4).
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IL Theorem. Let a(z), b(z) be holomorphic for Izi > r. The point z =
00 is regular or weakly singular for (1) if and only if a(z) has a zero and b(z)
has a multiple zero at z = 00, i.e., if the expansions

a1 a2 b2 z3
(IzI>r)

hold, or equivalently, if za(z) and z2b(z) have finite limits as z 0°. In
particular, the regular case holds if and only if

aj=2 and b2=b3=O.
This result follows immediately from a classification of the point = 0 with

respect to the differential equation (4) with coefficients

- 2 1 (1'\ - 1 (1

III. Examples. (a) Consider the differential equation

(z + 2)z2u" + (z + 2)u' — 4zu 0;

the coefficients a(z) and b(z) are the functions

1 4
a(z) = —i, b(z)

z z = is weakly singular, z = oo is weakly
singular, all other points of C are regular.

(b) In the equation

(sinz)u" — zu' + (ez — 1)u = 0

the coefficients are -

z ez_1
a(z) = _—--—, b(z) =

smz smz
Clearly, z = 0 is regular. The points z krr with k = ±1, ±2,... are weakly
singular, since sin z has a simple zero at these points. The point z = 0° is an

accumulation point of singularities. Since it is not an isolated singularity, it
cannot be classified. -

IV. Series Expansions. The Indicial Equation. Let z = 0 be a
weakly singular point of (1), i.e., let

(0<Izl <r).

Then, in the notation of §24, the matrix in (3) is given by

i/o 1 \ /0
A(z) = — I 1, A0 = I I . (5)

Z \—z2b(z) 1 — za(z)) \—bo 1 — ao)
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The characteristic poiynomial of A0 is

P(A)=det(Ao—AI)=A(A+ao—1)+bo. (6)

The equation P(A) = 0 is called the indicial equation for (1). Its roots
A2 (the eigenvalues of A0) are called the with respect to equation
(1). Suppose ReA2 ReA1. Then we know from 24.XIII that there exists a
fundamental system of the form

u1(z) = zA1h(z), u2(z) = z>'2(hi(z) +h2(z)logz), (7)

where h, are holomorphic functions for zi <r. A logarithmic part arises
only if A1 — A2 is an integer.

In the logarithmic case, the factor h2 (z) that multiplies the logarithm is
itself a solution to (1) and hence is a multiple of u1. Thus one can write (7) in
the form

ui(z) = zA1h(z), u2(z) = ui(z)logz+zA2hi(z) - (7')

in this case; cf. the exercise of 24.XIII.
In calculating the series expansion one can use the recursion formula from

§24. However, it is often more convenient to substitute the corresponding series
into the equation and calculate the coefficients of powers of z directly. We
consider as an example

V. Bessel's Equation

z2u"+zu'+(z2—a2)u=0,

where a E C is a parameter with Re a 0 (the latter is not a restriction, since
a can be replaced by —a). The results in I and II imply that the point z 0

is weakly singular and the point z = oo is strongly singular. Since a0 = 1 and
—a2, the indicial equation is

Pa(A) = A2 — a2 = 0 A1 = a, A2 = —a.

The ansatz

u(z)=zA>ukzk with

leads, after the coefficients of like terms are set equal, to the formulas

Pa(A+k)Uk+Uk_2=0 for k�0 (withu_i U_20). (8)

The requirement u0 0 leads to the indicial equation Pa(A) = 0.
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(a) A — = If one sets, for instance, u0 — 1, then the equations (8)

are uniquely solvable, since Pa(a + k) 0 for k � 1. The condition = 0

implies that u1 = u3 = u5 =••• = 0. For even k = 2m, (8) reads

4m(m + a)u2m + U2m_2 =0 U2m (9)

Here we have used the notation

(x)m:=x(x+1)(x+2)'"(x+m—l), (x)o=1,

in particular, (1)m = m!. This leads to a solution ua, defined by

00 (_1)m..a+2m

+
(10)

(b) A = A2 = —a, where A1 — A2 = 2a is not an integer This is the "nor-

mal case," where no logarithmic part appears. Since Pa(—a+k) 0 fork EN,
(8) is again uniquely solvable. The relation (9) holds with —a instead of a, and
one obtains the solution

(c) A =A2 = —a with a=n+ (n � 0 an integer) In this case too, the

series for u_a = is well-defined and represents a solution. Thus (con-
trary to expectation) no logarithmic part arises. In order to clarify matters,
we consider the recursion formula (8) with A = —a. For the critical index
k = 2a = 2n + 1 we have Pa(A + k) = 0, and hence (8) is given by

0 . U2n+1 + U2n_1 = 0.

'While this equation is not uniquely solvable for U2n+l, it is satisfied,
since all iLk with odd index vanish. For even k, (8) is uniquely solvable, and one
obtains the above mentioned solution U_a.

(d) A = A2 = —a with a = n E N In this case the recursion formula (8)
breaks down for k = 2n, and a logarithmic part appears. To determine the
logarithmic part, we apply the procedure in 24.VII. We consider v(s)
where u(z) is a solution of Bessel's equation, and obtain the equation

+ — a2)v = 0

for v(s). The ansatz

v(s) = (vk(s) linear)

leads to the recursion formula

for k�0, (11)
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where v_1 = v2 = 0 and = 2A. Again, it is easily seen that v1 = V3 =
v5 = = 0. Beginning as before with v0 = 1, we see that (11) has constant
solutions for 0 < k = 2m < 2n. Indeed, equation (11) reads (with a = —A = n)

4m(m — fl)V2m + V2m_2 0 V2m = (0 � m < ii).

For k = 2n, one obtains

+ 0 V2n + V2n_2 = 0,

which has the solution

=ao(s+,8o) with ao = _V22
=

(12)

and arbitrary. For k > 2n we write k = 2ri + 2m and vk as

V2n+2m = am(s + 13m) (m � 1).

Since + k) = 2(2m + n), + k) = 4m(m + n), (11) shows that

4m(m + n)am + am_i = =

and

2(2m + + 4m(m + n)am/.3m + am-i/3m-i =0.

If we now replace by —4m(m + n)am and divide by this same number,
then

2m+n 1/1 1 \
),2m(m+n) 2 m m+n

and hence

lm 1 1
13m = /30 — ( +

Denote the partial sums of the harmonic series by

1 1Hm1++"+
2 m

and set /3o = Then /3m = + Hm+n). If we set e3 = z, we obtain
the following solution of Bessel's equation for the case a = n:

00 m 2m+n n—i 1 m 2m—n
=

4mm!(n+ 1)m 4mm!(1 fl)m

—
(1)m(Hm + Hn+m)Z2m

2 4mm!(fl+1)
m=0
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where a0 is given by (12).

(e) a = 0 The solution that was just constructed is also valid for a = 0.

In this case the finite sum disappears. Note that the first equation (11) reads

0 . V(3 + 0 . = 0,

while the remaining equations are uniquely solvable. The choice v0 = 1 gives
uo(z), while the choice v0 = aos gives ü0; cf. (a) and (d).

VI. Bessel Functions. Certain linear combinations of the above solu-
tions are considered on technical and historical grounds. The solutions

— — (_1)m
a(z) — 2aF(a +1) — + a +1)

(a —1, —2,...) are cafled Bessel functions of the first kind, and

1n2
= —

—

2 (_1)m(n_1)! fz\2m—n
= I—

ir 2 \2m=0

— 1 (1)m(Hm + Hm+m) (z\12m+n
m!(n+m)!m=0

(n = 0, 1, 2, . . .), are Bessel functions of the second kind. Note that the func-

tional equation of the gamma function, zr(z) = r(z+1), yields r(a+m+1) =
r(a + 1)(a + 1)m in the series for -

A fundamental system for Bessel's equation in terms of Bessel functions is
given by

Ja(Z), if a is not an integer,

if a = ii is a nonnegative integer.

The linear independence of these solutions follows from 24.XII, but it can also
be verified directly without difficulty.

VII. Differential Equations of Fuchsian Type. As in 23.V, equation
(1) is called a differential equation of Fuchsian type if finitely many points of
C U {oo} are weakly singular and all the remaining points are regular.

Theorem. Equation (1) is a differential equation of Fuchsian type with m
singularities z1,... , Zm e C if and only if

(13)
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where rk, Sk, tk are constants with IrkI + ski + itki 0 and

(14)

The point oo is reg?zlar if and only if

= 2 and +Zktk) = = 0. (15)

Proof. If (1) is of F\.ichsian type and zk is a weakly singular point, we have

Tk 8k tk
a(z) = + hk(z), b(z) = 2 + + lk(Z),ZZk (z—zk) ZZk

where the functions hk, 1k are holomorphic at the point zk. Thus, if we denote
by A(z), B(z) the differences between the left and right sides of (13), then A(z)
and B(z) are holomorphic in C. Further, Theorem II implies that a(z) 0 and

Thus, by
Liouville's theorem, the functions A(z), B(z) are constant, in fact, are equal to
zero. This proves (13).

By (13), zb(z) —+ as z —i 00; however, we also have zb(z) —+ 0 as
z 00, and hence (14) holds. The equations (15) also follow from Theorem II
if one takes into account the following expansions about the point 00:

1 1 Zk 1 1 2Zk

ZZk z z2 z3 (z—zk)2 z2 z3 z

I

VIII. Exercise. Show that every Fuchsian differential equation with at
most one finite singular point z0 E C has the form

r u'+ u=0
z—z0 (z—zo)2

and give a fundamental system. Find the special cases in which (a) a logarithmic
term appears, (b) there is only one singular point.

IX. The Hypergeometric Equation

z(z—1)u"+{(a+13+1)z---y}u'+a,%=0 (cx,13,7EC)

is a differential equation of Fuchsian type with three weak singularities at the
points 0, 1, oo (compare the exercise for exceptions). The indicial equation
corresponding to the point 0 is given by

—1) = 0 A1 = 0, A2 = 1
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The power series ansatz leads to the hypergeometric function

F(z;a,/3,y)

as a solution. Here, (x)k := x(x + 1) (x + k — 1). This series converges for
Izi < 1. If -y is not an integer, then there exists a second solution of the form
u = with h holomorphic at z = 0. It is easy to show that

u(z) a — 'y + 1, /3 — -y + 1,2 — y)

is such a solution. If -y is an integer, then — )'2 is also an integer, i.e., we are
in the exceptional case, which will not be discussed here.

Exercise. For which values of the parameters is 0 or 1 a regular point?

X. The Legendre Equation

(z2—1)u"+2zu'—a(a+1)v=0 (aEC)

is likewise a differential equation of Fuchsian type. The points +1, —1, oo are
singular. Thus there exists a series expansion about the point oo of the form

u(z) = >uksA_k. In this way, one obtains the solution

(a"\ (a'\
UQ(a) = za_2k (2a 1,3,5,...).

k=O (2k)

The series converges for z > 1.

A second solution is since only a(a + 1) = (—a — 1)(—a) ap-
pears in the differential equation, where now it must be assumed that 2a
—3, —5, —7 These two functions form a fundamental system for 2a
±1, ±3, ±5,...; they are, up to a constant factor, the Legendre functions of
the first and second kind. If a = n is a natural number, then the series for

terminates, and one obtains polynomial solutions, the so-called Legendre
polynomials.

XI. The Confluent Hypergeometric Equation

zu" + (/3 — z)u' — au = 0 (a, /3 E C)

has the point 0 as a weak singularity and the point oo as a strong singularity.
For /3 0, —1, —2,..., the confluent hypergeometric function (or Kummer's
function)

K(z;a,13)
=
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is a solution. Together with the function z1l3K(z,cx — /3 + 1,2 — /3) it forms a
fundamental system if /3 is not an integer.

The proof is an exercise.

XII. Exercise. Classify the singularities of the differential equation

z2u" + (3z + l)u' +u = 0.

Use the fact that the left side of the differential equation is a total differential
in order to find a fundamental system of solutions. Show that every solution
can be written in the form u = h1 + h2 log z, where the are single-valued and
holomorphic in C \ {0} but have an essential singularity at the point z = 0;

cf. in this regard Theorems 22.V and 23.11 and the nature of the singularity at
z=0.

'&ansform the differential equation using the change of variables = 1/z,
solve the corresponding differential equation by series expansions, and compare
the two results.

XIII. Exercise. Legendre Polynomials. If = n is a nonnegative inte-
ger, then the solution u(, of the Legendre differential equation given in X is a
polynomial of degree n. Show that up to a constant factor, this polynomial is
equal to the nth Legendre polynomial

=

(Expand the power using the binomial formula and then differentiate.) Give
P0, ..., P4 explicitly.

XIV. Exercise. Linear Differential Equations of Higher Order. (a) Us-
ing

w1 = u, w2 = zu', w3 = =

transform the differential equation

+
a first order system

w' = A(z)w.

Show that the point z = 0 is regular or weakly singular for this system if and
only if the functions zn_cak (z) are holomorphic in a neighborhood of the origin
(Ic = 0,...,n— 1). If this is the case and if the a, are not all holomorphic in
a neighborhood of the origin, then, in analogy to I, the point z = ü is called
weakly singular for equation (16).

(b) Give a corresponding definition for regularity or weak singularity at a
point z0 E C.

(c) Classify the singularities of (16) at oo as in I by means of the transfor-
mation (= l/z. Formulate the conditions on the coefficients for regularity and
weak singularity at oo in the special case n = 3.



Chapter VI
Boundary Value and
Eigenvalue Problems

§ 26. Boundary Value Problems
I. General. In a botmdary value problem for an nth order differential

equation

= f(x,u, .. .

the n additional conditions that (we expect to) define a solution uniquely are
not prescribed at a single point a, as in the case of the initial value problem, but
at two points a and b that are the endpoints of the interval a <x � b where the
solution is considered. Boundary value problems for (real) linear second order
equations

u"+ai(x)u'+ao(x)'u=g(x) for (1)

are particularly important because of numerous applications in science and tech-
nology.

Boundary conditions. The three most common types of boundary condi-
tions for (1) are the boundary conditions of the

first kind: u(a) u(b)
second kind: u'(a) = u'(b) =
third kind: aju(a) + a2u'(a) = 131u(b) + 132ii'(b) =

Obviously, the first two conditions are special cases of the third, which is also
called a Sturmian boundary condition. There are also other boundary conditions
such as

u(a) — u(b) = 771, u'(a) — u'(b) = 772.

When = = 0, these are called periodicboundary conditions for the fol-
lowing reason: If the coefficients are continuous, periodic functions with period

245
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1 = b — a and if u(x) is a solution to (1), then v(x) := u(x + 1) is also a solution
of the differential equation (it follows from Theorem 19.1 that every solution
exists in 11k). If u satisfies the periodic boundary conditions described above,
then v(a) = u(a) and v'(a) = u'(a). This implies u v by the uniqueness
theorem for the initial value problem. In other words, u is a periodic function
with period 1.

Nonexistence and Nonuniqueness. In contrast to the initial value
problem, where general existence and uniqueness theorems are available, cases
of nonuniqueness or nonexistence arise in very simple boundary value problems.
Consider the simplest example: u" = 0. The solutions are linear functions
u(x) = a + bx. A boundary value problem of first kind is always uniquely
solvable, while one of the second kind has no solution if and infinitely
many solutions if = 772.

Exercise. For which values of is the third boundary value problem for
the equation u" = 0 in [0, 1] uniquely solvable? In the literature on boundary
value problems it is customary to denote the independent variable by x, since
in most applications it is a spatial variable. Although we will occasionally en-
counter complex-valued solutions in the discussion that follows, the independent
variable x is always real.

II. Boundary Value Problems of Sturmian Type. We now consider
the boundary value problem

Lu := (p(x)u')' + q(x)u = g(x) in J b] (2)

R1u := + a2p(a)u'(a) 77i,
(3)

R2u := 131u(b) + 132p(b)u'(b) = 772

under the assumption

p C'(J) and q, g E C°(J) are real-valued functions,
() p(x)>OinJ and

The corresponding homogeneous boundary value problem is given by

Lu=0 in J, R1u=R2u=0. (4)

Remarks. 1. Self-adjointness. We have written the leading terms in the
differential operator L in the so-called seif-adjoint form (pu')' instead of the
form u" + a1u' that appears in (1). The reason for this becomes apparent when
one considers the Lagrange identity (5). Using the notation of 28.11, formula
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(6) can be expressed in the form (Lu, v) = (u, Lv), which is analogous to the
relation (Ax, y) (x, Ay) for symmetric matrices in This relation plays a
fundamental role in our treatment of the eigenvalue problem in § 28.

Equation (2) is equivalent to the following first order system for (yl,y2),

Y2/P, = — g, where = u, 112 = pu', (2')

which is also occasionally used.
This form of (2) also explains the appearance of the factors p(a), p(b) in (3).
2. The relationship between equations (1) and (2). Equation (1) can always

be transformed into the self-adjoint form (2) by multiplying by the positive
factor p(x) := exp (f ai(x)dx):

p(u" + a1u' + aou) (pu')' + pa0u.

Conversely, if p> 0 and p E C1, then equation (2) can be written in the form
(1) by expanding the derivative

(pu')' + qu = pu" + p'u' + qu.

3. Problem (2), (3) is named after Jacques Charles François Sturm (1803—
1855), who was born in Geneva and spent most of his life in Paris, where he
was professor at the Ecole Polytechnique. Sturm developed the theory of this
boundary value problem, partly in collaboration with J. Liouville (1809—1882).
The problem also goes under the name Sturrn—Liouville boundary value problem.

The Lagrange Identity. The great French mathematician Joseph Louis
Lagrange (1736—1813) discovered the identity

vLu — uLv = {p(x)(u'v — v'u)}' Lagrange identity (5)

(u,v E C2(J)) that carries his name. An important consequence of (5) is the
relation

b

f (vLu — uLv) dx = 0 if R.ju = = 0 (i = 1,2). (6)

Equation (5) is easily verified, and then (6) follows from (5) and the observation
that (u'v — v'u) vanishes at both endpoints a and b. It is sufflcient to consider
the point a. In the case 0 one has u(a) = v(a) = 0; if 0, then u'(a) =
öu(a), v'(a) = 6v(a), where 6 = In either case, (u'v—uv')(a) = 0.

Note that (6) also holds for the periodic boundary condition u(a) u(b),
u'(a) = u'(b) if p(a) = p(b) (Exercise!).

Consequences of Linearity. Since the boundary value problem is linear,
the following simple propositions hold:
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(a) A (finite) linear combination > of solutions of the homogeneous
problem (4) is again a solution of that problem.

(b) The difference v1 — v2 of two solutions v1, v2 of the inhomogeneous
problem (2), (3) is a solution of the homogeneous problem (4).

(c) If u is a solution of the homogeneous problem (4) and v a solution of
the inhomogeneous problem (2), (3), then the sum u + v is a solution of the
inhomogeneous problem (2), (3).

(d) Let be a fixed solution of the inhomogeneous problem (2), (3). Then
every solution v of the inhomogeneous problem can be written in the form

V = + U,

where u runs through all solutions of the homogeneous problem.

III. Theorem. Let u1 (x), u2 (x) be a fundamental system of solutions
to the homogeneous differential equation Lu = 0. The inhomogeneous boundary
value problem (2), (3) is uniquely solvable if and only if the homogeneous problem
(4) has only the zero solution u 0. The latter is true if and only if the
determinant

R1u1 R1u2
(7)

R2u1 R2u2

It follows that condition (7) is independent of the choice of fundamental system.

Proof. The first part is an immediate consequence of II. (b). For the second
part involving (7) we choose a solution of (2). Then the general solution of
this differential equation is given by

v=v*+clul+c2u2 (ci,c2EIR).

The two boundary conditions (3) lead to a system of two linear equations for
c1, c2,

(i=1,2).

This system is uniquely solvable if and only if (7) holds. I

Theorem III shows that a linear boundary value problem can be easily solved
when a fundaniental system for Lu = 0 is known. When this is the case, a
solution of the inhomogeneous equation can be constructed (see 19.VII) and
the problem then reduces to the solution of a linear system of two algebraic
equations.

Example. (a) u" + u = g(x) for 0 � x ir, -

R1u := u(0) + u'(O) = R2u := u(ir) =
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This problem is uniquely solvable for arbitrary g(x) because for the
fundamental system u1 = cos x, U2 = sin x the determinant in (7) has the value

Ri(cosx) Ri(sinx) 1 1

R2(cosx) R2(sinx) —1 0

(b) In the special case g(x) = 1 we may choose v*(x) = 1. Then the general
solution of the differential equation is given by

v(x) = 1+c1cosx+c2sinx.

Consider the case where = 712 = 0. It follows from the boundary values

Riv=1+c2+ci=0, R2v=1—c1=0

that c1 = 1, c2 = —2. Hence the solution of the boundary value problem is

v(x) = 1 + cosx — 2sinx.

(c) If the boundary condition in (a) is changed to

R1u := u(0) = hi, R2u := u(ir)

then the determinant in (7) vanishes. Now the homogeneous boundary value
problem has infinitely many solutions u = csinx, while the inhomogeneous
problem u" + u = 0, u(0) = 0, u(ir) = 1 has no solution.

IV. Fundamental Solutions. Let J = [a, b], let Q be the square J x J
in the xe-plane, and let

Qi be the triangle a b,

Q2 bethetriangle

Note that both triangles are closed and that the diagonal x = belongs to
both triangles. A function 'y(x, defined in Q is called a fundamental solution
of the homogeneous differential equation (2) Lu 0 if it has the following
properties (recall that p> 0):

(a) is continuous in Q.
(b) The partial derivatives Yx, exist and are continuous in Qi and Q2 (on

the diagonal one has to take the one-sided derivatives from the corresponding
triangle).

(c) Let e e J be fixed. Then considered as a function of x, is a
solution to L'y = 0 for x x E J.

(d) On the diagonal x = the first derivative makes a jump of magnitude
l/p; i.e.,

for a<x<b.

Here, (x+, x) is the right-sided derivative of with respect to x at the
point (x, x) (or, equivalently, the limit of when the point (x, x) is approached
from the right); the left-sided derivative (x—, x) is defined similarly.
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S

Lemma. Under the assumption (S)
not unique.

Proof. Let u(x; be the solution to the initial value problem

Lu = 0, = 0, u'(e)
=

e J).

Then

1 0 for

a fundamental solution. Properties (a)—(d) are easily verified.
Now let g E C2(J) be a solution of Lg = 0, and let h E C°(J). Then the

function -y' (x, = 7(5, + is also a fundamental solution.

Two Examples. Using the notation a+ = max (0, a), one obtains

Given a fundamental solution, it is easy to construct a solution of the inho-
mogeneous differential equation, as the following theorem shows.

V. Theorem. Let (S) from II hold. If'y(x, is a fundamental solution,
then

b

v(x)=f (8)

belongs to C2(J) and is a solution of the inhomogencous equation Lv = g(x).

a fundamental solution exists, but it is



§26. Boundary Value Problems 251

Proof. If the integral (8) is divided into two parts, an integral from a to
x and an integral from x to b, and each part is then differentiated, then one
obtains -

v'(x) = x)g(x)
+ f

6

- 7(x, x)g(x)
+ j

b

= f
Applying the same procedure to this last integral and taking into account

property IV. (d) of the fundamental solution, one is led to

v"(x) = 'yx(X+, x)g(x) + f

— 7x(X_, x)g(x)
+ f

=

f6
+

Since L7 = 0 by IV.(c), it follows that

6

Lv = pv" + p'v' + qv
= f + g(x) = g(x).

I

VI. Green's Function. Green's function T(x, for the Sturmian bound-
ary value problem (4) Lu = 0, R1u = R2u = 0 is defined by the following two
properties:

(a) r(x, is a fundamental solution of Lu 0.

(b) R1r=R2r=o for eache E J0 = (a,b).

It is assumed that the homogeneous problem (4) has only the trivial solution.
Our construction of Green's function is based on determining two solutions

u1, u2 of the homogeneous equation Lu = 0 satisfying the conditions

R1u1 = 0, R2u2 = 0. (9)

The function u1 can be determined as the solution of Lu = 0 with the initial
values u(a) = A, p(a)u'(a) = where (A, 0 satisfies the equation a1A +

= 0. Constants A, with this property are easily found. The function u2
is constructed in a similar manner. If u1, u2 are linearly dependent, that is, if



252 VI. Boundary Value and Eigenvalue Problems

= yu2, then it follows that u1 also satisfies the second boundary condition
= 0 and therefore is a nontrivial solution of the homogeneous problem

(4). This case has been excluded. Therefore, (u1, u2) is a fundamental system
of solutions of Lu = 0. By Lagrange's identity, the expression

c = p(u1u'2 — ulu2) is constant and 0,

since the left side of (5) equals 0, and u1u'2 — u'1u2 is the Wronskian of (u1,u2),
hence 0 by the results in 19.11. Green's function can now be determined. It
is given by

in
(10)

C in Q2 : a � x � � b.
The properties (a), (b), (c) of W are obvious for r. The jump relation (d),

(x+, x) (x—, x) = l/p(x), also follows without difficulty from the relations

= =

U

VII. Theorem. Let (S) hold. If the homogeneous boundary value prob-
lem (4) has only the trivial solution, i.e., if (7) holds, then Green's function for
(4) exists and is unique. It is ex'plicitly given by (10) and is symmetric,

r(x,e) =r(e,x). (11)

The solution of the "semihomogeneous" boundary value problem

Lv = g(x), Rjv = R2v = 0,

which is unique by Theorem III, is given by

b

v(x)
= j r(x, (12)

Proof. Theorem V shows that v satisfies the equation Lv = g. Since r
satisfies the homogeneous boundary conditions, this is also true of v, because
v' (x) can be obtained by differentiating under the integral sign (see the proof
of V), and therefore Rj = 0.

To prove uniqueness of r, we consider a second Green's function r'. Let

b b

v(x)=f w(x)=j

with continuous functions g, h. Since Rjv = = 0 (i = 1,2), equation (6)
holds,

b

f (vLw — wLv) dx =0.
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Inserting the expressions for v and w and observing that Lv = g, Lw = h, one
obtains

bb bbjf ff
and then, by interchanging x and e in the second integral,

ff — x)}g(e)h(x) dx = 0.

Since this relation holds for arbitrary continuous functions g, h, the expression
in curly braces vanishes; i.e., = F' = F. Then this
relation shows that F is symmetric (this also follows from (10)). But then the
same relation implies that F = I". I

Example. Consider the problem

Lu=u"=O in[0,1], Riu=u(0)=0, R2u==u(1)=0.

Equations (9) are satisfied by Ui = x, u2 = x — 1, for which c = 1. Hence

for

for

is Green's function for this boundary value problem. Since all solutions of
Lu = 0 are linear functions, the homogeneous problem (4) has only the zero
solution.

VIII. Linear and Nonlinear Boundary Value Problems. Theorem
VII gives an explicit formula for the solution to a semihomogeneous boundary
value problem. Green's function for problem (4) can also be used to solve

(a) Inhomogeneous boundary value problems. Given an inhomogeneous prob-
lem (2), (3), one looks first for a function go E C2(J) that satisfies the boundary
conditions Rjgo = (i = 1,2). This is easily accomplished. Then the ansatz
u = v + go in the inhomogeneous boundary value problem leads to the equations

Lu=Lcp+Lv=g, (i=1,2)
which are satisfied if v is a solution to the semi-homogeneous problem

Lv=h, R1v=R2v=0, with h—g--Lgo.

Assuming (7) holds, the solution v can be found using Theorem VII. Then
u = v + go is the solution of the given problem.

The importance of Green's function goes further yet.
(b) Nonlinear boundary value problems. Consider the boundary value prob-

lem

Lu=f(x,a) inJ=[a,b]with R1u=R2u=0, (13)

where f is continuous in J x lit We can transform this boundary problem into
an integral equation using Green's function, as the following theorem shows.
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Theorem. The function u is of class C2(J) and a solution of problem (13)
if and only if u is continuous in J and satisfies the integral equation

b

u(x)
= f r(x,e)f(e,u(e)) in J. (14)

The proof follows ixnmedliately from Theorem VII using g(x) := f(x, u(x)).
I

IX. Existence and Uniqueness Theorem. Assume that the function
f(x, y) is continuous in [0, 1] x R and satisfies a Lipschitz condition

If(x,y)—f(x,z)I �LIy—zI with L <

Then the boundary value problem

u(0)=u(1)=0

has a unique solution.

The restriction on L in this theorem is sharp, i.e., the theorem becomes
false if L = 1r2. To see this, we consider the examples f(x,u) = —ir2u and
f(x,u) = —ir2(u+ 1). In the first case, an infinity of solutions u(x) = Csin7rx
exists; in the second case there is no solution (proof?).

Proof. We consider (14) as a fixed point equation of the form u = Tu, where
T is defined by

ci
(Tu)(x) = /

r is taken from the example given in VII. We consider this
equation in the Banach space B = C[0, 1] and apply the contraction principle.
If the norm in B is the maximum norm, then T satisfies a Lipschitz condition

with Lipschitz constant L/8, since / Ir(x, I dx � 1/8. The theorem now
Jo

follows from the contraction prmciple 5.D( for L < 8.

In order to obtain the general result, we consider the space B* of all functions
u e B that satisfy an estimate of the form Iu(x)I � Csinirx (this implies in
particular u(0) = u(1) = 0). In B* we use a weighted maximum norm

* Iu(x)I
lull sup . <00.

smirx

The proof that (B*, II 11*) is a Banach space is left to the reader as an exercise.
if u,v E B*, then

If(e,u(e)) � —v(e)I �
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Therefore,

(Th—Tv)(x)l �LMU_vlI*f

We denote the integral term on the right-hand side by w(x). It follows from
r � 0 and Theorem VII that WI' = —sinirx and w(0) = W(1) = 0, and hence
W(x) = (sinlrx)/7r2. This implies the estimate

I(Tu—Tv)(x)I �
Dividing by sinirx leads to the inequality lTu — TvIl* — This

shows that T is a contraction for L < 7r2. I

Example. We consider the boundary value problem

= in [0,1], u(0) u(1) = 0,

where g e C[0, 1], and claim that there is one and only one solution if 0
g(x) L <ir2 in [0,1].

For a proof, we note that u" � 0, i.e., u is convex and therefore u 0.

If f(x,u) = g(x)eu, then < < L < ir2, since u 0 can be
assumed. Hence f satisfies a Lipschitz condition with constant L < 7r2. I

X. General Linear Boundary Value Problems. The theory devel-
oped so far carries over without difficulty to linear differential equations of order
n and, more generally, to linear systems of first order. We consider the boundary
value problem

Ly=f(x) in J=[a,b], Ry=ij, (15)

where

Ly := y' — A(x)y, Ry Cy(a) + Dy(b). (16)

Here, A, C, D are n x n matrices, and f, are n-vectors; A and f are continuous
in J, while C, D, and ii are constant. All these entities are allowed to be

complex-valued.

Three examples. (a) Letting C = I, D = 0, gives the initial value problem
(14.8).

(b) For n = 2, the Sturrnian boundary value problem (2), (3) is obtained
when y(x) is taken to be (u,p(x)uI)T and

/ 0 1/p\ /O\ A"Q 0
1,f(x)=(

\—q 0 / 0 0)
Observe that the system (2'), which is equivalent to (2), has been used here.

(c) The periodic boundary condition y(a) = y(b) is obtained by putting
C—-D=I,q=0.
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XI. Theorem. Let Y(x) = (yl,. .. , be a fundamental system ofsolu-
tions of the differential equation Ly = 0, where A(x) E C(J) is complex-valued.
Then the following properties are equivalent:

(a) The homogeneous problem Ly = 0, Ry = 0 has only the trivial solution
y=O.

(b) The matrix R(Y) = CY(a) + DY(b) is nonsingular, det R(Y) 0.
(c) For given f E C°(J), the boundary value problem (15) has a

unique solution.

Proof. The general solution of the inhomogeneous equation Ly = f is

(17)

where z(x) is a solution of the inhomogeneous equation Ly = f and c =
(ci,.. .

, is arbitrary. The boundary condition reads

R(y) = R(z) + R(Y)c = (18)

Hence problem (15) has a unique solution if and only if equation (18) has a
unique solution. The rest is simple linear algebra; notice that z = 0 in case (a).

I

XII. Green's Operator and Green's Function. Let be the vector
space of all y C1 (J) satisfying the homogeneous boundary condition Ry = 0.
The semihomogeneous problem

Ly=f, Ry=O (19)

can be formulated in another way: Look for a y E such that Ly = 1.

According to Theorem XI, this problem has a unique solution if and only if
det R(Y) 0. Under this assumption,

L: C°(J)

becomes a bijective linear map between the two spaces, and the inverse map

= G: C°(J)

is likewise linear and bijective. Expressed in terms of the operator C, the
function y := Gf is the unique solution of the semihomogeneous problem (19).
We look for an integral representation of G, i.e., an n x n matrix r(x, () such
that

b

Y(x)=(Gf)(x)=f r(x,e)f(e)de for f€C°(J). (20)

The operator C is called Green's operator and r correspondingly Green's func-
tion or Green's matrix for problem (19).
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To find Green's function, we look back to the proof in XI. According to
(16.3),

z(x)
= f

is a solution of Lz = f, and the boundary operator R is given by

b

R(z) Cz(a) + Dz(b) = Dz(b) = D f
Solving (18) with = 0 for c leads to a solution y of (19) of the form

y(x) = Gf z(x) — Y(x)R(Y)'R(z).

If the above expresssions for z(x) and R(z) are inserted into this equation, we
get an integral representation for G. Since the integral for z(x) runs only from
a to x, we multiply the integrand by

1 1 for e<x,
—

for e>x,
which allows us to integrate from a to b. En this way an integral representation
(20) is obtained, where Green's function is given by

— Y(x)R(Y)'DY(b)Y'(e)
(21)

=Y(x){c(x,e) — R(Y)—'DY(b)}Y—'(e).

XIII. Theorem. Let Y(x) be a fundamental matrix for Ly = 0, where
A is continuous in J. If det R(Y) 0, then Green's function r(x, for the
boundary value problem (19) is unique and given by (21). It has the following
properties (recall that Qj, Q2 are the closed triangles a x b and
a x � b, resp.):

(a) If r(x, is defined to be r(x+, x), the limit from the interior of Qi on
the diagonal x = then r is continuous on Qi; it is continuous Q2 if it is
defined to be T(x—, x), the limit from the interior of Q2 on the diagonal x =
These limits satisfy the jump relation

r(x+, x) — T(x—, x) = I.

(b) For E J, LI'=0 in J\{e}.
(c) For fixed J° = (a, b), = cr(a, + Dr(b, = 0.

The properties (a)—(c) characterize r(x, uniquely.

Proof. The properties in (a) follow immediately from formula (21). The
second suinmand is continuous in the set Q = J x J, while putting x = in the
first gives c(x,x)Y(x)Y'(x) = I. Property (b) follows similarly, since in each
of the two triangles Qi, Q2, Green's function has the form r(x, = Y(x)S,
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where the matrix S is independent of x; cf. 15.11. (h). To verify (c), we evaluate
R(r(x, i)),

R(r(x, = R(c(x, (c)) — R(Y(x)R(Y)'DY(b)Y' (e))

=DY(b)Y-'(e) - R(Y)R(Y)-'DY(b)Y-'(e) =0.

Hence r satisfies (a)—(c). The proof of the uniqueness of r uses the fact that a
piecewise continuous function that satisfies

b

f = 0 for all real-valued f C°(J)

also vanishes in J (except for the points of discontinuity). This remains true
if h is complex-valued. One can show after a little thought that a piecewise
continuous matrix satisfying

b

f =0 for all f E C°(J) (*)

again vanishes in J. Now assume that r' is another Green's function. The
function = r(x, — r'(x, with x fixed, satisfies (*). Therefore, since
x E J is arbitrary, r = r' holds at all points of continuity of both functions. It
remains to show that the function r given by (21) is the only function with the
properties (a)—(c). If r' is another function with these properties and if e E (a, b)

is fixed, then V(x) is continuous in J (in particular at x =
The equation LV = 0, which holds for x by (b), is also true for x = e (for a
proof let x —i and use Lemma 6.\TI). Hence V (that is, each column of V) is
a solution of the homogeneous boundary value problem and therefore vanishes
identically. I

XIV. Remarks. (a) Clearly, the theory developed in X—XIII applies also
to the real case, where A(x), C, D, f(x) are real-valued and L and C =
are bijections between the real spaces and C° (J).

(b) The above theory contains the earlier results obtained for the Sturmian
boundary value problem. To see this, define A(x), f(x), C, D as in X.(b). Let
L and (i, i = 1,2) correspond to this matrix problem, while r3 denote
the Sturmian operator (2) and its (scalar) Green's function. If y satisfies Ly f
and u := Yl, then Y2 = pu' and L5u = g. The solution of the semihomogeneous
problem (19) is given by

(
u(x) = (p11

(
0

Ja F22)

which implies

b b

u(x) f r129 pu'
= f F22
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A comparison with Theorem VII shows that r,2 = r3, r22 = p ar8/ax. Ac-
cording to the jump relation XIII. (a), r,2 is continuous in Q, while r22 makes a
jump of magnitude 1 on the diagonal. This coincides with the properties W.(a)
and (d) of r3.

XV. Boundary Value Problems with Parameters. Holomorphy
in A. We consider the operator LA depending on a complex parameter A,

y' — (A(x) + AB(x))y,

where A and B are continuous in J, together with the earlier boundary operator
(without parameter)

Ry := Cy(a) + Dy(b).

By Theorem 13.111, the solution y(x, A) to an initial value problem = 0,

y(a) independent of A) is an entire holomorphic function of A E C.
If n such initial value problems with linearly independent initial values are
solved, we obtain a fundamental matrix Y(x, A) that for every x E J is an
entire holomorphic function of A. It follows that Y1(x,A), the Wronskian
det Y(x, A), and the boundary operator

R(Y(x, A)) = CY(a, A) + DY(b, A)

are also entire holomorphic functions of A. Hence either
(a) detR(Y(x,A)) = 0 for all A e C; or
(b) det R(Y(x, A)) 0 with the possible exception of a finite or countable

set of values A = Ak. In the latter case lim IAkI = 00.

In case (b), Green's function r(x, A) exists for A Ak, and it is a holo-
morphic function of A. This can be seen from the representation (21), since
R(Y(x, A))—' is holomorphic for A Ak.

XVI. Exercise. Prove that Green's function for the boundary value
problem

u"+Au=O in [0,1], u(0)=0, u(1)=0

is given, forA>0, by

1 1 sinv'Xe.sinv"X(x—l),

and that the numbers A = n27r2 belong to the exceptional case, where (4) has a
nontrivial solution.

The function S(z) = >(_l)lczk/(2k + 1)! is holomorphic in C, and sinz =

zS(z2). Show that I' can be written as

1 f S(Ae2)S(A(x — — 1), 0 � < x 1,
r(x, A) = S(A) — 1)2)x(e — 1), 0 � x 1,
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and that in this form it represents Green's function for all complex A r121r2

(n = 1,2,.
. .). For A = 0 the example from VII is obtained. Express Green's

function for real A <0 using the hyperbolic sine.

XVII. Exercise. (a) Solve the inhomogeneous boundary value problem

in [0,1], u(0)=u(1)=0;

(a1) using a fundamental system of the homogeneous and a special solution of
the inhomogeneous differential equation; (a2) using Green's function.

(b) Determine Green's function for the boundary value problem

u(1)=u(2)=0.

Hint: The substitution x = et helps.
(c) Prove that the boundary value problem

= g(x)sinu in [0,1], u(0) u(1) = 0,

where g E C[0, 1] satisfies the inequality Ig(x)I <7r2, has a unique solution.
(d) Find Green's function for u" = 0 in [0, 1], u'(O) = u(1) = 0.

Supplement I: Maximum and Minimum Principles
Generally speaking, a maximum or minimum principle is a proposition on

maxima or minima of solutions of a differential equation or inequality. We
consider theorems of this kind for the operator Lu = (pu')' + qu. Instead of
assuming p E C', U E C2, we make weaker assumptions. If u and pu' belong
to C'(I), where I is an interval, we write u e As before, J = [a, b] and

= (a,b).

XVIII. Strong Minimum Principle. (a) Letp, q E Co(J0) andp> 0,
q � 0 in J°. Suppose that u E C°(J) fl satisfies

Lu = (pu')' + qu � 0 in J°, u(a) � 0, u(b) � 0. (22)

Then (i) U 0 or (ii) u> 0 in J°.
(b) Suppose the assumptions regarding p, q, and u hold in J rather than in

J°, inparticularp>0 in J. Ifu >0 in J° andu(a) = 0 oru(b) = 0, then
u'(a) > 0 or u'(b) <0, respectively.

(c) If u 0, then (a) and (b) remain true without the assumption q � 0.

Proof. (a) If minu < 0, then there is an interval I = [a,/3] with u(a) =
u(/3) = 0 and u <0 in 10. Since qu � 0 in I, we have (pu')' � Lu � 0, i.e., Pu'
is decreasing in I. On the other hand, there are points in I close to where
u', and hence pu', is negative, and points in I close to /3 where pu' is positive.
This is a contradiction; it shows that u � 0 in J.
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Now assume that u 0 is not positive in J°. Then there is a point a e J°
such that u(a) = 0 and u > 0 in an interval to the right or left of a. We
consider only the first case and assume that I = [a, a + r] c J°, u > 0 in

and p> 5 > 0, q � —K in I. It follows from u(a) = 0, u'(a) = 0, and
(pu')' � Ku in I that

u(x)
= f and (pu')(x) f Ku(t) dt.

Let U(x) = max{u(t) : a t x}. Then the last inequality yields p(x)u'(x) �
K(x — a)U(x) and hence u'(x) � c(x — a)U(x), with c = K/5, and so the
preceding equation leads to

u(x) <c(x — a)2U(x).

Since there are points x with the property u(x) U(x) arbitrarily close to a,
we have again arrived at a contradiction.

(b) The above proof applies also at a = a and shows that the assumption
u(a) = u'(a) = 0 leads to a contradiction.

(c) Let q(x) = mm {q(x),0} 0 and Lu = (pu')' + qu. Because of
u � 0, we have qu � qu and hence Lu Lu 0. Now apply (a) to L. U

In the next theorem q(x) is allowed to assume positive values.

XIX. Theorem. Let p,q E C°(J) and p> 0 in J. Assume that u e
satisfies (22) and that an "auxiliary function" h exists with the

properties

Lh 0 in J° and h < 0 in J°.

Then (i) u 0, or (II) u> 0 in J°, or (iii) u = with 0.

Proof. The references to (a), (b), (c) refer to items in the preceding strong
minimum principle. The function d(x) dist (x, 0J) miii {x — a, b — x}
satisfies d'(a) = —d'(b) = 1. If u � 0 then, according to (c), (i) or (ii) holds.
If mm u <0, then the Lipschitz continuity of u together with the inequalities
u(a),u(b) � 0 leads to a lower bound u(x) � —'yd(x) for some > 0. If (b) is
now applied to h, one obtains h(x) � Sd(x) with S > 0 because h(a) = 0 implies
h'(a) > 0. Both inequalities give u + ,\h � (—'y + 0 for large Let

v � 7d(x), where '7> 0. The first case leads to (iii), while the second case is
incompatible with the munimality of I

Example and Remarks. 1. Let u" + q(x)u 0 in (0,ir), where q(x) 1,

and suppose u(0),u(ir) � 0. Then u 0 or u> 0 in (0,ir) or u(x) = —'ysinx,
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where y < 0. Here, case (c) with h(x) = sinx applies. Note that u> 0 in (0,ir)
unless we have equality in all four inequalities of the hypotheses.

The eigenvalue case. Note that case (iii) in (c) can occur only if all
inequalities reduce to equations, i.e., Lu = Lh = 0 and u(a) = h(a) = u(b) =
h(b) = 0. If just one of these equalities is violated, then u 0 or u> 0. The
situation is more clearly described in the terminology of eigenvalues (cf. § 27).
Case (iii) means that = 0 is the first eigenvalue and u0 = h a corresponding
eigenfunction to the eigenvalue problem Lu + = 0 in J, u(a) = u(b) = 0.

3. Continuity of q(x) is not needed in Theorem XVIII. The proof carries
through if q is locally bounded in part (a) and bounded in part (b).

The above theorems have their counterparts for second order elliptic
differential equations. The alternative u 0 or u> 0 in the interior is known as
the strong minimum principle, while the statement about positivity of normal
derivatives at the boundary, the analogue of XVIII. (b), is called Hopf's lemma.
It was discovered in 1952 by Eberhard Hopf. A version of Theorem XIX under
the stronger assumption that h(x) � S > 0, which excludes case (iii), has been
known for a long time. In the sharper version given here (h > 0 only in the
interior) it goes back to Walter (1990) and has since been extended to elliptic
systems by various authors.

Exercises. (a) Suppose p> 0 and q � 0 in J°. Prove that if u E
satisfies Lu � 0 in J° and has a positive maximum in J°, then u is constant.
This remains true if u has a negative minimum and Lu 0 in J°.

(b) Prove that the strong minimum principle XVIII remains valid for the
operator Mu = a2 (x)u" + a1 (x)u' + q(x)u in non-self-adjoint form if a2 has the
properties of p, a1 is continuous, and u is of class C2 (in J° or J, resp.).

Hints. (a) Find an interval where pu' is monotone. (b) Use the transforma-
tion in Remark 2 of II.

Supplement H: Nonlinear Boundary Value Problems
In IX a nonlinear boundary value problem was solved using the contraction,

principle. Here we shall employ Schauder's fixed point theorem and other means
to accomplish the same purpose. Since Schauder's theorem does not exclude the
possibility of several fixed points, new methods for dealing with the uniqueness
problem must be developed. First, we consider the boundary value problem

Lu = f(x,u,u') in J = [a,b], Rju = R2u = (23)

where Lu = (pu')' + qu and R1, R2 are defined as in (2), (3).
In 1935, the Italian mathematician G. Scorza Dragoni proved the following

XX. Existence Theorem. Let f = f(x, z, p) be continuous and bounded
in J x 1R2, and assume that the homogeneous problem (4) has only the trivial
solution. Then the boundary value problem (23) has at least one solution.
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This result is a special case of the next theorem, which deals with the
general nonlinear boundary value problem

y'(x)=:A(x)y+f(x,y) in J=[a,bI, (24)

The corresponding linear problem with f = 0 was treated in Sections X—XIII,
and we use the notation introduced there, in particular Ry = Cy(a) + Dy(b).
As before, y, A, and f are allowed to be complex-valued.

Existence Theorem. If f(x,y) is continuous and bounded in J x arid
det R(Y) 0, then the boundary value problem (24) has at least one solution.

Proof. As in VIII. (a), one reduces the problem to the semihornogeneous case
= 0 by writing the solution in the form y = Yo + z, where Yo C' (J) satisfies

Ryo = and considering the corresponding semihomogeneous problem for z.
According to XII, in particular equation (20), y is a solution of (24) with = 0
if and only if y is a continuous solution of the integral equation

&

y=Ty with (Ty)(x) =1 (25)

Schauder's fixed point theorem is applied in the Banach space B = C(J, Ctm)

with the maximum norm : XE J}. Fory E B, f(x,y(x)) is
continuous in J; hence v = Ty, which is a solution of

v' = A(x)v + f(x, y(x)), (26)

belongs to C B.
The functions f, A, and r are bounded, say, Al, ri c. Therefore,

v = Ty satisfies by (25) and (26):

Iv(x)l = l(Ty)(x)l — a) =: (27)

lv'(x)l < cci+c.
These two estimates show that T(B) is bounded and equicontinuous and hence
relatively compact in B. It remains to show that T is continuous. Let (yk) be a
sequence that converges in B, i.e., uniformly in J, to z E B. Then f(x, yk(x)) —4

f(x, z(x)) uniformly in J because f is uniformly continuous in bounded subsets
of J x Since P is bounded, Tyk —i Tz uniformly in J, which shows that T
is continuous. Now Schauder's theorem can be applied. I

XXI. Upper and Lower Solutions. If the nonlinearity f in the bound-
ary value problem (23) is unbounded, but upper and lower solutions exist, then
existence of a solution can be established by reduction to the case where f is
bounded. We will demonstrate this important method by proving the existence
of a solution to the first boundary value problem

Lu = f(x,u) in J = [a,b], u(a) = q,, u(b) = (28)
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where Lu = (pu')' + qu. Let v,w E C2(J). The function v is a lower solution
and w an upper solution for (28) if

Lv � f(x,v), v(a) v(b) �
w(b)�772;

note that in the differential inequality the direction of the inequality is reversed.

Existence Theorem. Assume that p satisfies (S) and that v is a lower
solution and w an upper solution with v w. If f(x, z) is continuous in the
region K = {(x, z) : a x b, v(x) � z � w(x)}, then there exists a solution
u of the boundary value problem (28) between v and w.

Proof. We write the differential equation in the form (pu')' = g(x, u), where
g(x, z) = f(x, z) — q(x)z. We then extend g as a continuous function to the
strip J x R in such a way that g(x, z) is constant in z outside K. Let G be the
extension. By Theorem XX, the boundary value problem for (pu')' = G(x, u)
has a solution, since the homogeneous problem (pu')' = 0, u(a) = u(b) = 0 has
only the zero solution. We have to show that graph u C K. Assume to the
contrary that, e.g., u is not � w. Then = w — u is negative in an open interval
10 and vanishes at its endpoints. For x E 10,

(p'ço')' = (pw')' — (pu')' � G(x,w) — C(x,u) = 0.

This is a contradiction to Theorem XVIII. Hence u � w, and a similar argument
shows that v u. It follows that graph C K and therefore g(x, u(x)) =
G(x,u(x)); i.e., u is a solution to problem (28). I

Example. (cf. IX). The problem

u"=f(x,u) for

has at least one solution if f is continuous in [0, 1] x R and satisfies

f(x,u)l�A+BIuI with B<ir2.

Proof. Let w = —v = acos-y (x
—

where B <'y2 Then

w(x) � w(0) = w(1) = acos ('y/2) > 0 in [0,1].

Furthermore, w" f(x,w) and v" f(x,v) if

(x
—

— —A — Bw(x).

Choose a > 0 so large that A < — B)w(0) and <w(0). I
The following estimate uses a family (x) of upper solutions that is increas-

ing in A e [a, j3]. It was established by A. McNabb (1961) for effiptic equations
and is related to "Serrin's sweeping principle."
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XXII. Estimation Theorem. Assume that f(x, z) is continuous in Jx
R and locally Lipschitz continuous in z; that u E C2(J), w), E C2(J) for A
A = [a,$]; and that WA and W'A are continuous in (x,A) E J x A. Suppose
further that WA is increasing in A. Let

(a) Lu 2 f(x,u) in J and LW,. � f(x,w,.) in J for a A � f3,
(b) u(a) S w,.(a) and u(b) <w,.(b) for a < A <13,

where we exclude the case that equality holds everywhere in (a) and (b). Then

u(x) wp(x) in J implies u(x) � Wa(x) in J.

Proof. There is a minimal p E A such that u(x) S in J. Assume that
the assertion is false, i.e., that a <p. The function w,., — u satisfies

Lço = — Lu f(x, — f(x, u) = c(x)ço.

Here c(x) = [f(x, — f(x, u)]/(W,.L — u) for W1.L u, and c(x) = 0 otherwise.
Our assumption on f implies that c is bounded. Using the notation L*co =
(pçd)' + (q — c)ço, we get

cp�0 and inJ.

Theorem XVIII.(c) with Remark 3 in XIX implies ço(x) > 0 in J°, since the
case 0 is excluded by our assumption in (a), (b). Now we shall derive a
contradiction by showing that p is not minimal, more precisely, that there is an
index" E (a,p) with

wL, 2 U — w,, (*)

If ço(a) > 0, ço(b) > 0, then cp(x) 2 6> 0 in J, and (*) is easily established.
Now let ço(a) = ço(b) = 0, whence p'(a) 2 5, cp'(b) � —ö by XVIII.(b). The
function = — � 0 satisfies = i/.i(b) 0. If v is sufficiently close to
p, then çL"(a) 5/2, 2 —5/2. Hence i,b(x) ço(x) for a x a + e and
b — e < x � b (s> 0 and small). In the interval [a + r,b — we have ço � > 0.
Moving ii still closer to p if necessary, we may assume that (*) holds in this
interval and hence in all of J. The cases ço(a) = 0 <cp(b) and cp(a) > 0 = ço(b)

are treated similarly. This reasoning that the inequality (*) holds in all
cases. The theorem follows. I

Remark. The example Lu u"+u, J = [0,ir], f 0, u = sinx, w,. = Asinx
for 0 A 1 shows that the theorem is false without the provision regarding
equality in (a) and (b).

Example. The stationary Logistic Equation. The parabolic logistic equation
for u = u(t, x), x E

Ut = + u(b — cu) in (0, co) x D,

models the density u of a population that is not evenly distributed in D Cr and subject to diffusion. If u depends only on t, the equation reduces to
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the logistic equation (1.16) u' = u(b — cu). If u depends only on x, then the
stationary logistic equation + u(b — cu) = 0 is obtained.

We consider the case n = 1 and look for positive solutions of the boundary
value problem

u"+u(b—cu) =0 in [0,1], u(0) =u(1) =0,

where b and c positive numbers (or functions of x). If 0 <b ir2, then the
family W), = A sin irx (A � 0) satisfies

A positive solution u satisfies u(x) � = /3sinirx for some /3 > 0. The
above theorem with A = [0, j3] shows that u(x) = 0. Hence a positive
solution does not exist. Now let b > 1r2. It is easily seen that v = sin irx (e
small) is a lower solution and w = const. � b/c an upper solution. Theorem XXI
shows that there exists a positive solution u between v and w, i.e., e sin irx �
u max b/c. The uniqueness of this solution follows from our next theorem.

XXIII. Uniqueness Theorem. The function f(x, z) is assumed to be
continuous and nonnegative in J x [0, oo), locally Lipschitz continuous in z, and
such that f(x, z)/z is strictly decreasing in z > 0 for each x E J. Then the
boundary value problem

u"+f(x,u)=O in J, �0, u(b)=q2

has at most one solution that is positive in J°.

Proof. Let u, v be two positive solutions and W), = Au, A � 1. We show
that v � /3u = for some /3> 1. If771 > 0, > 0, this is easily established.
If lJi = 0, then u'(a) > 0, since u is concave down (f � 0). It follows that -
v'(a) < /3u'(a) for /3 large. Similarly, 772 = 0 implies that jv'(b)I < /31u'(b)I.
A moment's reflection shows that v f3u in all of J for large values of /3. It
follows from the monotonicity of f(x, z)/z that the functions w,, = Au satisfy
the conditions of Theorem XXII for A E A = [1, /3]. According to that theorem,
v � = u. Since the inequality u � v can be proved in exactly the same way,
it follows that u = v.

We close this section with some considerations regarding

XXIV. Boundary Value Problems in the Sense of Carathéodory.
The theory of the general linear boundary value problem developed in X—XV
carries over to solutions in the sense of Carathéodory without change. It is
assumed that the components of A(x), B(x), and f(x) belong to L(J). A
solution z(x) satisfies the differential equation Ly = 1(x) a.e. in J = [a, b].

Theorem 10.XII. (b) guarantees existence and uniqueness for the initial value
problem, in particular extistence of a fundamental matrix Y(x). The special
case X. (b) leads to the Sturrnian problem (2), (3), where the general assumption
(S) is now replaced by the weaker assumption
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(Sc) p is measurable, p(x) > 0 a.e. in J, and q,g, i/p E L(J).

A solution u of Lu = g is now a function with the properties that u and
y2 = pu' belong to AC(J) and satisfy the system (2') a.e. in J. Note that we do
not require that p or u' be continuous, only that pu' be absolutely continuous.
In the boundary condition (3), the value p(a)u'(a) is understood to be the value
of Y2 at the point a. Green's function T exists if (4) has only the zero solution;
it can be constructed as in VI.

Example. Lu The functions u 1 and u = are solutions of
Lu = 0 for x 0. For example, the boundary value problem

Lu=l in J=[0,i], u(1)=1

has the solution u = x3/2 + — Green's function for the corresponding
homogeneous problem is constructed as in (9), (10) with ui(s) = 1, u2(x) =

c= —1/2:

— if in Qi:

Exercise. We consider the equation Lu = = 0 in J = [0, 1], where
a < 1 (note that for a � 1 we have i/p 0 L(J)).

(a) Find the solution with boundary values (ai) u(0) = u'(l) 712 and
(a2) (x&u!)(0) = 711, u(1) 712.

(b) Construct Green's function for both cases.
(c) Find the solution of the problem Lu = 1 in J, = 1, u'(i) = 0.

XXV. Strong Minimum Principle. Let p > 0 and q 0 a.e. in
J = [a, b}. Suppose the function u E C°(J) with u,pu' E satisfies

Lu = (pu')' + qu 0 a.e. in J, u(a) � 0, u(b) � 0.

The method of proof used in XVIII carries over. If u is negative in an
interval 10, then pu' is decreasing in 10, which easily leads to a contradiction.
Hence u � 0. If u(a) = 0, u > Din [a,ci+e], then (pu')(a) = 0, and as
in the proof in XVIII, p(x)u'(x) U(x)Q(x), Q(x) = f dt, and, with
F(s) = (i/p) dt, u(s) U(x)Q(x)P(x). A contradiction is obtained as
before, since P(x)Q(x) 0 as x —' a. I

Remark. The assertion that u 0 or u> 0 in J° is false without further
assumptions on p and q. A simple counterexample is u = in [—1,1] with
p = 1, q = _2/x2 or with p q = —6. But Theorems XVIII and XIX can
be generalized considerably for C-solutions; cf. Walter (1992).
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§ 27. The Sturm—Liouville Eigenvalue Problem
I. Formulation of the Problem. The Sturm—Liouville eigenvalue prob-

lem is of the form

Lu+Ar(x)u=O in J—.=[a,b], R1u=R2u=O, (1)

where L and R1, R2 are the operators defined in (26.2—3)

Lu := + q(x)u, (2)

R1u + a2p(a)u'(a), R2u := 131u(b) + 132p(b)u'(b). (3)

This is a homogeneous boundary value problem for the differential equation

(pu')'+(q+Ar)u=O (4)

depending on a real parameter A (all functions are real-valued). In the eigenvalue
problem one is interested in those cases where (1) is not uniquely solvable, that
is, where not only the trivial solution u 0, but also a nontrivial solution u(s)
0, exists. This exceptional case does not hold for all A, but only for certain values
of A called the eigenvalues of the problem. Thus an eigenvalue is a number A
for which (1) has a nontrivial solution U; this solution is called an eigenf unction
corresponding to the eigenvalue A. An eigenfunction is determined only up to
a constant factor, since obviously c. u(s) (c 0) is also an eigenfunction. If (1)
has k, but not k +1, linearly independent eigenfunctions for a given eigenvalue,
then the eigenvalue is said to have multiplicity k; if k = 1, the eigenvalue is
called simple.

Example.

u" + Au = 0, u(0) = u(ir) = 0.

It is easy to see that in the cases A = 0 (general solution u = c1 + c2x) and
A <0 (general solution u = + the boundary value problem
does not have a nontrivial solution. In the case A = > 0 (general solution

= c1 cos + c2 sin six) the boundary conditions are satisfied if c1 = 0 and
sin =0. Thus we obtain the

eigenvalues = n2 (n = 1,2,3,...)

and the corresponding

eigenfunctions = sin nx.

An arbitrary function çø E C1 (J) with = has an "eigenfunction
expansion"

=
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This follows from a well-known theorem about Fourier series: If is extended
to the interval [—ir, ir] as an odd function, then the Fourier expansion of has
only sine terms. This simple example introduces two fundamental questions in
eigenvalue theory.

Existence of eigenvalues. Under what conditions do eigenvalues exist? Are
there infinitely many eigenvalues? Is there an asymptotic growth law (such as

n2 as n —oo)?

Eigenf unction expansion. Under what conditions can an arbitrary function
be expanded into a series in terms of the eigenfunctions,

=

a theory that gives a satisfactory answer to both questions
under the following "Sturm—Liouville assumption":

p(x) E C'(J); q(x),r(x) E C°(J);
" p(x)>O,r(x)>O in J;

II. Existence Theorem. Under the assumption (SL) the eigenvalue
problem (1) has infinitely many simple real eigenvalues

and no other eigenvalues. The eigenfrunction (x) corresponding to has
exactly n zeros in the open interual J° = (a, b). Between two successive zeros of

and also between a and the first zero and between the last zero and b there
is exactly one zero of Un+1 (zeros on the boundary of J, which occur if a2 = 0

or = 0, are not counted).

III. Expansion Theorem. The eigenf'unctions can be normalized in
such a way that

b

L
They then form an orthonormal set of functions, i.e., one has additionally that

6

j r(x)um(x)um(x)dx=0 for

Each function ço(x) E C2 (J) that satisfies the homogeneous boundary conditions
can be expanded in terms of the eigenfunctions in a series

ço(x)
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that converges absolutely and uniformly in J. This series is called the Fourier
series of ço (with respect to the u4. The Fourier coefficients are given by

b

= f dx.

There are several methods for proving these theorems. We will first present
a method that goes back to Prüfer (1926). In this regard, we note that a
solution y(x) of a nonautonomous system y' = f(x, y) can also be considered
as a parametric representation of a solution curve (or trajectory) in the phase
space this point of view is adopted extensively for autonomous systems. In
the present case of a second order equation, we have n = 2 for the equivalent
system; hence trajectories are curves in the phase plane R2. The essence of
Prilfer's method is to represent these curves in polar coordinates.

IV. The Priifer Transform. The differential equation

Lu=(pu')'+qu=O (5)

can be represented in the form of an equivalent first order system for Yl = u,

Y2 = pu'; cf. (26.2'). It is customary to interchange Yl and 1,2 and to look for a
representation of the curve (p(x)u'(x), u(x)) in a h-plane (the phase plane) in
polar coordinates,

e(x) =p(x)u'(x) = p(x)cosço(x), ri(x) = u(x) = p(x)sinço(x). (6)

If u(xo) = u'(xo) = 0, then by Theorem 19.1, u 0; therefore, the trajectory of
a nontrivial solution never passes through the origin. The functions e(x),
belong to C'(J), and it is not hard to see that there exist functions p(x) > 0,

in C'(J) such that (6) holds. One begins by defining

p(x) = Ve2x) + = arctan = arccot

To construct ço, we first fix p(a), say, by requiring —ir < � ir. When
the solution curve is close to the the arctan formula is used, and near the
i1-axis, the arccot formula. When changing from one formula to the other, one
must choose a value of the (multivalued) arc function such that ço is continuous.
The function is uniquely determined up to an additive constant 2kir (k an
integer). Additional details are given in A.III.

In complex notation, ((x) = e(x) the representation (6) reads simply
((x) = The function is denoted by = arg((x) and is called
the argument function belonging to the solution u.

From the equations

one obtains

— e'sinw = pço',
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= U'

Its geometric construction
(w =2)

and further, since = (pu')' = —qu = and ij' = = pcosço/p,

= cos2 + + (q
—

sin2 (7)

A similar argument yields

p'= (8)

Thus we have arrived—and here lies the significance of the Prüfer transform—
at a first order differential equation for ço. Once is known, then p can be
calculated explicitly by a quadrature.

Let be the argument function of a solution u 0. We make the following
observations concerning (k is always an integer):

(a) u(xo) = 0 = kir and u'(xo) = 0 = kir +
ir function

is a solution of equation (7).
(d) Erarnple. The function u = sin (w > 0) is a solution of the differential

equation u" + w2u = 0. Its trajectory in the h-plane is an effipse with semiaxes
and 1, and its argument function = arctan (c1r' tan C4JX) satisfies the

differential equation

• = cos2 + sin2 in = 0.

This follows from = u' = ij = u + = 1, and (7).
The relation = holds for wx kir. Since the functions and

x

The argument function of
u(x) = sinwx

T
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In the special case w = 1, the trajectory is the unit circle and go(x) = x.
The right-hand figure shows part of the unit circle U and the trajectory T in

the with two points P = (coswx,sinwx) e U and Q = (u'(x),u(x)) E

T. Let 0 = (0,0) and E = (1,0). Then LPOE = ux and LQOE =
(e) Exercise. Show that in the preceding example

in (0,ir/2w), > wx in (ir/2w,ir/w)

for 1 and that for 0 <w < 1 these inequalities are reversed. Show also that
the function — wx is periodic with period lr/w.

Hint. Since P and Q have the same n-coordinate, the first inequality can be
read off the figure. Draw a similar figure for each of the other quadrants and
for the case < 1.

In the next theorems two operators L and L0 with coefficients (p, q) and
(Pa, qo) are considered. it is assumed that the conditions in (SL) hold for L and
L0 (in particular,.p> 0 and po > 0 in J).

V. Lemma. Let Pa � p, qo � q in J = [a, b}. Let u, v be nontrivial
solutions of Lu = 0, Lov = 0 with the argument f'unctions go = argu, g°o = argv.
Then goo(a) � go(a) implies coo � go in J. More precisely:

(a) goo(a) <go(a) implies coo <go in J.
(b) goo(a) = go(a) and q implies goo(b) <go(b).

Proof. Equation (7) is of the form go' = f(x, go), where f(x, y) and 9f/ôy are
continuous. Therefore, f is locally Lipschitz continuous in y, and Theorem 9.IX
applies. The inequality coo � go and (a) follow directly from 9.IX. Conclusion
(b) also follows easily, since (i) sin2 go(x) > 0 if u(x) 0 and (ii) u does not
vanish in any interval. C

VI. The Location of the Zeros. Let J be an arbitrary interval. As-
sume that the coefficients p, q of L satisfy 0 <p E C'(J), q E C°(J) and that
the same is true for the coefficients P0, qo of L0.

(a) A nontrivial solution u of Lu = 0 has only a finite or countable number of
zeros, and they are all simple. In the second case, the zeros have no accumulation
point in J. If v is another solution and v(xo) = u(xo) = 0, then v = const. u.

Proof. Since u(x0) = u'(xo) = 0 implies u 0 by uniqueness (19.1), it follows
that all zeros of u are simple. Let u(xk) = 0 (k = 1,2,...) and limxk = E J.
it is easily seen that this implies u 0 again, which is
a contradiction. The proof of the last assertion is straightforward. I

We derive now two central theorems on the distribution of zeros.

Sturm Separation Theorem. The zeros of two linearly independent so-
lutions of Lu = 0 separate each other.

This means that between two consecutive zeros of u there is a zero of v and
vice versa.
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Theorem of Sturm—Picone. Let P0 � p, q in J. Let v be a nontriv-
ial solution of L0v = 0 with v(a) = v(f3) = 0 (a < f3). If qo q in (a,/3), then
every solution u of Lu = 0 has a zero in (a./3).

Roughly speaking: If q is enlarged or p diminished, then the zeros come
closer together. Consider as an example the equation u" + Au = 0 (A> 0) with
the solutions u = sin (x + c).

Proof. We may assume that a, fi are consecutive zeros of v and v > 0
in (a,8) (v can be replaced by —v). Then v'(a) > 0, v'(/3) < 0, and the
corresponding argument function satisfies çoij (a) = 0, cp0 (8) ir (consider
the location of (pov', v) in the phase plane). In Sturm's theorem we have L =
and u(a) 0, say, u(a) > 0. Then the argument function co of u satisfies
0 < <ir, and Lemma V.(a) gives co(8) > ir. Hence there is xo e (a,/3)
with co(xo) ir, i.e. u(x0) = 0; cf. 1V.(a). This proves Sturm's theorem.

This proof works also for the Sturm—Picone theorem if u(a) 0. If u(a) = 0

and, say, u'(a) > 0, then co(a) = 0, and Lemma V.(b) implies again co(13) > ir.
Hence u has a zero in (a,,8). I

Historical remark. In the special case p = Po the Sturm—Picone theorem
was proved by Jacques Charles François Sturm in 1836. The general form goes
back to Mauro Picone (1909). His proof is based on the Picone identity, which
generalizes the Lagrange identity in 26.11.

VII. Preliminaries to the Eigenvalue Problem. We consider the
solution u u(x, A) of an initial value problem for equation (4),

Lu+Aru==0 in J, u(a)=sina, (9)

under the assumption (SL). The solution is unique and, by Theorem 13.11,
continuous in (x, A) E J x R (it is even holomorphic in A; cf. 13.111). The
argument function co(x, A) corresponding to u(x, A) is also continuous in (x, A),
and it satisfies equation (7) with q + Ar in place of q, i.e.,

(10)

and co(a, A) = a. The argument function has the following properties:
(a) co(x, A) is strongly increasing in A E R for a <x ( b.
(b) co(b, A) 0 as A —00.

(c) There exist positive constants 5, D, A0 such that

for A�Ao.

(d) If co(xo, A0) = kir (k e Z), then co'(xo, A0) > 0. This means that in the
xy-plane (not in the phase plane) the curve y = co(x, A0) crosses the line y = kir
at most once, and in a strictly increasing manner.
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Proof. (d) follows in an obvious way from (10), since p> 0.
(a) Let A0 <A. We apply Lemma V with q replaced by q+Aor, q+Ar and

po=p.
follows.

(b) To construct an upper bound for we use Theorem 9.W on upper
solutions. Thus we are looking for a function w with

v/>f(x,w) and

where f(x, denotes the right-hand side of the differential equation (10).
Let w(x) be the linear function with w(a) = ir — e, w(b) e. Here E > 0 is

chosen so small that a < w(a). We have sin2 w � sin2 r0 := minr(x) > 0,
and hence for A < 0,

for A—'—oo.
p \ p 1

Since w' is constant, w satisfies the conditions for a supersolution if A � A* <0.
Hence ço(x, A) � w(x), and in particular, A) � for A � A0. This proves
(b).

(c) For purposes of comparison, we consider a problem with constant coeffi-
cients Po, qo, r0,

pou" + (qo + Aro)u = 0, u(a) 0, u'(a) > 0,

where = maxp(x),qo = minq(x), r0 = minr(x) >0. For qo +Aro >0, the
function u0(x, A) = sin wo(x — a) with w0 = V'(qo + Aro)/po is a solution of this
problem. According to Example W. (d), with x replaced by x — a, the argument
function çoo(x, A) satisfies

coo(b, A) = wo(b — a) + c with ci <ir/2,

and this implies A) � 6(b — for large A and, e.g., S =
Since Wo(a, A) 0 < A), Lemma V shows that çoo(b, A) � A), which
establishes the first inequality in (c).

For the proof of the second inequaiity, we consider again a problem with
constant coefficients P1 = minp(x) > 0, = maxq(x), r1 = maxr(x). The so-
lution u1(x, A) = sinw1(x — a), w1 = + Ar1)/p1, has an argument function

that satisfies = 0 and

=wi(b—a)+c, ci <ir/2.

We again apply Lemma V, but with and in place of Wo and çø. Since the
initial condition (a, A) = ü is not satisfied in general, we change
over to the argument function (x, A) + 2ir and obtain (b, A) + 2ir.
This proves the second inequality in (c). U
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VIII. The Eigenvalue Problem. The first boundary condition

R1u = aiu(a) + a2p(a)u(a) = 0

has a geometrical interpretation in the phase plane. It says that the vectors
(p(a)u'(a),u(a)) and (a2,ai) are perpendicular (their inner product vanishes).
Thus there is one and only one number a such that

a1sina+a2cosa=O, 0�a<ir. (11)

It is given by a = + arctan (a = 0 if a2 = 0, otherwise the principal
2 a2

value of arctan is used). In geometric terms, a is the angle between the positive
e-axis and the straight line through 0 perpendicular to the vector (a2, ai). If
u(x, A) is the solution of the initial value problem (9) with this value of a, then

R1u 0, and every solution of (4) satisfying R1u = 0 is a multiple of u.

Likewise (and with a similar interpretation in the phase plane), there is a

unique number /3 satisfying

(11')

(note that if /32 = 0 here, then we use the value /3 = ir). The solution u(x, A) of
the initial value problem (9) satisfies R2u = 0 if and only if (p(b)u'(b), u(b)) =
const• (cos/3,sin/3) and hence if and only if cp(b,A) = /3 + riir (m E 7L). By
VII.(a)—(c) there is for each n 0 exactly one A such that

m=0,1,2,...,

while for n < 0 no such A exists (this statement would be false if we had taken
= 0 for the case R2u = u(b) = 0). The numbers are the eigenvalues we

are seeking, and the functions

:=u(x;An)

are the corresponding eigenfunctions. Property VII. (c) shows that

� (/3 + irn)2 D2ATh.

This inequality implies the following result on
Asymptotic Behavior. There are positive constants c, C such that

� � for large n. (12)

This inequality proves and sharpens the first part of Theorem II.

Distribution of Zeros. By W.(a), has a zero at x if and only if
Now

0 � ço(a; = a < ir and nir < ço(b; = + /3 � (n + 1)ir.

This inequality combined with VII.(d) shows that assumes the values ir,
2ir,. . . , nir exactly once in J° = (a, b) and no other values of the form Hence
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hasexactlynzerosin (a,b), whichwelabela< x1 <x2 < <b.
The Sturm—Picone theorem tells us that between xk and xk+1 (k = 1,. . ,n—1)
there is a zero of ufl+i. Now, using Vll.(a), we get

a = = An+i) <7r =

Therefore, there is a zero of between a and x1. Similarly, one shows that
has a zero in b). Since there are n + 1 zeros, there must be exactly

one zero of in each of the n + 1 intervals (a, x1), (xk, xk+1), b). This
completes the proof of Theorem II. I

The expansion theorem III will be proved in the next section, §28. There is
also a direct proof, which can be found in Kainke (1945) or Titchmarsh (1962).

IX. Comparison Theorem for Eigenvalues. Consider two eigenvalue
problems with data (po, qo, r, a, /3) satisfying (SL); the num-
bers a, a0 or /3, determine the boundary conditions at a or b according to
(11) or(11'), resp. If the inequalities

inJand

hold with a strict inequality in at least one place (e.g., r0 r or aG <a), then
the corresponding eigenvalues satisfy

for n=O,1,2

Proof. By Lemma V, we have A) A) for the corresponding ar-

gument functions. Since is determined by = + nir and by
= /3+ nir � fib + nir = A)

in A, the inequality < follows. I

X. Oscifiation. We consider (real-valued) solutions of Lu = (pu')' +
qu 0 in a noncompact interval J. A solution u is said to be oscillating (in
J) if it is nontrivial and has an infinite number of zeros. The equation Lu = 0

is oscillatory (in J) if it has an oscillating solution, otherwise nonoscillatory. If
the equation Lu = 0 is oscillatory, then by the Sturm separation theorem, every

nontrivial solution oscillates.

Oscillation Theorem. Consider the differential equation Lu = (pu')' +
qu = 0 in J = [a, oo), where p> 0 and q are continuous in J and such that

f[1/p(x)] dx = oo and f q(x) dx = 00.

(a) If q(x) � 0, then the differential equation is oscillatory.

(b) If for some a > 0 the integral f —

a P
equation is oscillatory and all solutions are bounded.
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Proof. (a) We have to prove that argu(x) —' oo as x oo. Equation
(7) implies that ço is increasing. Assume that lim cp(x) = c < 00. Then either
sin2 c or cos2 c � In the first case there exists x0 such that sin2 ço(x) �
for x> x0. From equation (7) one obtains � which together with the
divergence of the integral q dx shows that urn co(x) = oo, contrary to our
assumption. A similar reasoning applies if cos2 c �

(b) If we consider, instead of L, the operator I3L with the coefficients p = lip,
q= /3q and choose /3 = then aq — 1/p = 1/p). Thus we may assume
that a = 1 and that the integral of q — is convergent.

The differential equations (7), (8) for and p imply that

= + h1(x), p' = h2(x)p,

where h1 and h2 are integrable over the interval [a, 00). It easily follows that
ço(x) oo as x —p oo and p(x) remains bounded. I

XI. Amplitude Theorem. Let J be an arbitrary interval, p, q E
andp> 0, q> 0. Further, letu be a nontrivial solution of Lu = (pu')'+qu = 0.
Then every stationary point of u (point where u' vanishes) is an extremal point;
i.e., u has a local maximum or minimum at that point. For two consecutive
eztremal points Xk <Xk+1,

Iu(xk)I � u(xk+1)I if pq is weakly increasing

and similarly,

Iu(xk)I < u(xk÷1)I if pq is weakly decreasing.

In short, the amplitudes are decreasing or increasing, when pq is increasing or
decreasing. If pq is strictly monotone, then the inequalities are strict.

Proof. The assertion about extremal points follows easily from the equation
Lu = 0, taking into account q> 0. Consider now the function

y(x) := u2 +

The derivative is

= 2uu' — + = —(pq)'
(uF)2

Thus, y is decreasing or increasing whenever (pq)' � 0 or � 0, resp. Since
u'(x) = 0 implies y(x) = u2(x) and u'(xk) = u'(xk+l) = 0, the conclusion
follows. I

In the following two sections the Sturm—Picone theorem is used to study
the oscillatory behavior of solutions and the asymptotic distribution of their
zeros. The coefficients p, q of L and Po, Qo of L0 are assumed to have the
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usual properties (see VI) in an interval J = [a, oo). Solutions are understood
to be nontrivial solutions; the zeros of a solution u of Lu = 0 are denoted by
x1 <x2 <x3 <•-•. An immediate consequence of the Sturna—Picone theorem
isa

XII. Comparison Theorem. Let po � p and qo � q in J. If the
equation L0u = 0 is oscillatory in J, then the same is true for the equation
Lu = 0. Equivalently: If Lu = 0 is nonoscillatory, then so is Lou = 0.

XIII. The Distribution of Zeros. The differential equation

pov" + q0v = 0 (i-o > 0, qo > 0 constant) (13)

has the solutions v = a sinw0 (x + 6), w0 = The distance d0 between
consecutive zeros is constant, d0 =

For c> 0 we define

pc(X) minp(t), = maxp(t), where x � t � x + c,

and qc(x) and are defined similarly. As before, Lu = (pu')' + qu.

Theorem. (a) Assume that q is positive in J and

hmmf = A < oo for c = iWA + E, (14)
qc(x)

where e > 0. Then equation Lu = 0 is oscillatory in [a, oo).
(b) Moreover, if

= lim pc(X) =A<oo for c=ir./A+e, (15)
'—.00 x—'oo

then lim(xk+1 — xk) = for every solution of Lu = 0.

Proof. (a) There is a sequence (ak) tending to oo such that P0(ak)/q0(ak) <
A + e for all k. Let v be a solution of (13) with coefficients Po = P0(ak),
qo = qc(ak) and initial value v(ak) = 0. Then v(ak + dk) = 0, where =

<c. Since p(x) � and q(x) � qo in = [ak,ak + dk], a solution u
has a zero in Jk by the Sturm—Picone theorem (k = 1,2,..

(b) It follows from (15) that P0(xk)/q0(xk) <A + e (k large), when (xk) is
the sequence of zeros of a solution u. Now the proof of (a) (with ak = xk) shows
that xk÷1 E Jk and hence Xk+a —xk <c. If A = 0, then lim(xk+l —xk) = 0
follows.

Now let 0 < B < A. It follows from (15) that > B. We
shall prove that xk+1 — xk > (k � k0). Assume to the contrary that

— Zr � < c (r � k0). Let P0 Pc(Xr), qo = Then the
difference d0 of consecutive zeros of a solution v of (13) equals
But this is a contradiction to the Sturm—Picone theorem, because P0 � p(x) and



§27. The Sturm-Liouville Eigenvalue Problem 279

qo � q(x) in Jr. It shows that Xk+1 — xk > as asserted. Since we can
assume that B is arbitrarily close to A and E> 0 in (15) can be chosen arbitrarily
small, part (b) is proved. I

The class S. The function q belongs to the class S if it is continuous and
positive in an interval [a, oo) and

lim = 1 for every c> 0.
qc(x)

Corollary. lip and q belong to the class S and

Urn = A, (15')
q(x)

then (15) holds. It follows that the equation Lu = 0 is oscillatory and that for
every solution, Xk+1 — xk —p as k —p

(c) Properties of the class S. (i) If f and g belong to 5, then af (a > 0)
and fg also belong to S. (ii) If f is continuous and f(x) —p a > 0 as x oo,

then f belongs to S. (iii) If f belongs to S and h = o(f), i.e., h(x)/f(x) 0

as x —+ oo, then f + h belongs to S.
(d) All functions Xa (a E R) and all polynomials that are positive for large

x belong to 5, but does not (a 0).
(e) If for some c> 0, Qc(x)/qc(x) —' 1 as x —+ oo, then q belongs to S.

Exercise. Prove the corollary and (c)—(e).

(f) Consider the equation

in [1,00),

where a is any real number and g(x) —p f3> 0 as x —+ 00. Then p and q belong
to S. Since limp/q = 1//3, the equation is oscillatory and Xk+1 — xk
as k oo.

(g) The Bessel equation

x2u" + xu' + (x2 — a2)u = 0

is oscillatory in [1, oo). Every solution u satisfies an inequality u(x) I
its amplitudes are strictly decreasing, and Urn (xk+1 — xk) = ir. These properties
hold for all real a.

Exercise. Give a proof of (g). Hints: Write the equation in self-adjoint
form and apply (f) and the amplitude theorem. Show that the function z(x) =

satisfies a differential equation z" + qz = 0 and use Theorem IX.(b) to
prove that z is bounded.

In order to apply the oscillation theorem to general second order equations,
the following transformations are helpful.
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XIV. Transformation Formulas. (a) The differential equation

u" + d1(x)u' + ao(x)u = h(x)

is transformed by

v(x) :__u(x)eA(z), A(x) = dx

into the following differential equation for v,

VI' + (ao(x) — — v = h(x)eA(x).

(b) The differential equation

(p(x)u')' + q(x)u = h(x)

transforms, after a new independent variable

[dxt=t(x):= —j p(x)

with the inverse function x(t) is introduced, into a differential equation for
v(t) := u(x(t)),

with x=x(t).

The inverse of t(x) exists because p> 0. Proof as an exercise.
(c) Use (a) to transform the differential equation

xu" — u' + x3u = 0

and then write the equation in seif-adjoint form (see 26.11) and transform it
using (b).

XV. Exercise. For which values of a, E R is the differential equa-
tion

+ = 0

oscillatory in [0, oo)? Incidentally, the answer shows that Theorem XIII.(b)
does not hold with the weaker assumption (15'). Hint: In the case a = /3 the
solutions can be given explicitly.
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XVI. Exercises. (a) Consider the eigenvalue problem

u"+Au=O for u(O)=u'(O), u(1)=O.

Determine the eigenvalues and eigenfunctions and show that

(n=O,1,2,...), where (n—*oo).

Draw a sketch of and u1.
(b) Determine the eigenvalues and eigenfunctions if the boundary conditions

in (a) are changed to

u(O) = u'(O), u(1) = u'(l).

(c) Solve the eigenvalue problem

(xu'y+?'.u=O in [1,7r], u'(l)=O,

Is A = 0 an eigenvalue?

(d) Show that assertion (b) of Lemma V is true if q and p <P0 unless
V = const.

XVII. Exercise. Determine all solutions of the differential equation

u"+-u=O
a for which the differential equation is oscillatory (substitute

x = et). Using the Sturm—Picone theorem, prove the following

Oscillation Theorem. The differential equation

u"+q(x)u=0

(q(x) continuous for x � a) has the following properties in [a, oo):
(a) It is oscillatory if lirninf x2q(x)>

(b) It is rzonoscillatory if urn sup x2q(x) <

Supplement: Rotation-Symmetric Elliptic Problems
We first investigate radial solutions of

in B, u=0 on ÔB, (16)

where B is the unit ball in and then turn to the nonlinear boundary value
problem u = in the supplement of §6, we use
the operator La of 6.XII for real a � 0 (a = n — 1 gives the radial
Observe that

Lay = f(x,y) (xayl)l = xaf(x,y).
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XVIII. The Eigenvalue Problem. Let y be the solution of the initial
value problem

(xayl)F + = 0, y(0) = 1, y'(O) = 0 (a � 0). (17)

It exists in [0, oo), is uniquely determined, and oscifiates; cf. Theorem 6.XIII
and Example XIII. (f). The zeros of y are denoted by 0 < <
According to XIII.(f), ek+1 — ir, which implies ek/(klr) 1 (k —, oo).

The eigenvalue problem

(xaul)F + = 0, u'(O) = 0, u(1) = 0 (18)

is easily solved, since u(x) = y(/3x) satisfies + = 0, u'(O) = 0 and
tL(1) = y(f3). One obtains the

(a) eigenvalues = with eigenfunctions =

(b) asymptotic behavior of eigenvalues, 1 as n oo, and

(c) distribution of zeros of the eigenfunctions as described in Theorem II.

Exercise. Show that there are no other eigenvalues. Hint. Assume that A
and u $ 0 satisfy (18) and show: (i) u(0) 0, hence one may assume that
u(0) = 1; (ii) if A � 0, then u> 0 implies u' > 0; if A = > 0, then u = y(f3x).

XIX. The Boundary Value Problem. For the linear equation =
f(x) the solution of the boundary value problem

= xaf(x) in [0, 1], u'(O) = 0, u(1) = 0 (19)

is given by (6.10—12):

p1
y(x) = (Icxf)(X) — (Iaf)(1)

= J0

Since

= f[h(x) — where h(x) f ds,

Green's function is given by r(x, = h(x) for < x and for e >
The function is continuous in the square [0, 1]2. The three existence
theorems in 26.IX, XX, and XXI now carry over to the present case:

Existence Theorem. (a) If the function f(x, z) is continuous in the strip
S = [0, 1] x IR. and satisfies a Lipschitz condition in z with a Lipschitz constant
L < A0 = then the boundary value problem

= xaf(x,u) in [0,1], u'(0) = 0, u(1) = (20)

has exactly one solution.
(b) If f is continuous and bounded in S, then (20) has a solution.
(c) Let v be a subfunction and w a unction and v w in [0, 1]. If

f(x,z) is continuous in K {(x,z) : 0 � x � 1, v(x) � z w(x)}, then
problem (20) has a solution between v and w.
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Sub- and superfunctions are defined as in 26.XXI,

f(x,w), w'(O) = 0, w(1) >77,

(xav1)I � f(x,v), v'(O) = 0, v(1) � 77.

Proof. (a) As before, we may assume that ij = 0. In this case, (20) is
equivalent to the fixed point equation

11
u = Tu, where (Tu)(x) / (21)

Jo

We consider the operator T in the space X consisting of all functions in C° ([0, 1])
with a finite norm

Iv =sup :0<x<1l;
j

recall that the eigenfunction u0 is positive in [0, 1). For v, w E X the Lipschitz
condition on f implies

ITv-Twl(x)

The eigenfunction uo is the solution of (20) with 7) = 0 and f = —Aouo; hence

p1

uo(x) = —Ao J T(x,
0

Since I' � 0, it follows that

ITw — TvI(x) qII'w — vIIuo(x), q = L/A0 < 1.

Hence IITv — TwII qIIv — wil, and the contraction principle applies. I

Remarks and Exercises. 1. Prove (b) and (c); the proofs from § 26 carry
over.

Replace the second boundary condition in (19) by R2u = 131u(1) +
/32u'(l) 0 and in (20) by R2u = rj and treat the linear and the nonlinear
boundary value problems in a similar way.

3. It may seem surprising that the eigenvalues in (18) have the same asymp-
totic behavior for all a � 0. But one should be aware that for large values
of x the term au'/x becomes small and the differential equation is essentially
u" + Au = 0, which corresponds to the case a = 0.

4. The book Comparison and Oscillation Theory of Linear Differential
Equations by C.A. Swanson (Acad. Press 1968) contains many results on os-
cillation of solutions and asymptotic distribution of eigenvalues, together with
historical remarks, mostly for the case p(x) 1.
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XX. Exercise. The results of XVIII und XIX extend to more general
equations of the form (1), where p(O) = 0 and r(0) = 0 are permitted. Assume
that p(x) and r(x) are continuous in J = [0, b] and positive in Jo = (0, b]. Let
R(x) = f r(t) dt and assume that f[R(t)/p(t)] dt < oo. We consider the
operator Lu = (pu')'. Prove the following:

(a) The initial value problem Ly = r(x)f(x), y(O) = (py')(O) = 0 has for
f E C°(J) the unique solution

y = + Kf, where (Kf)(x)
= f J r(t)f(t) dt ds.

p(s)

(b) The corresponding nonlinear initial value problem, where f(x) is replaced
by f(x, y), has one and only one solution whenever f(x, y) is continuous in
S = J x R and satisfies a Lipschitz condition with respect to y.

(c) The existence theorem II remains true for the eigenvalue problem

Lu+Ar(x)u=0 in Jo, (pu')(O)=O, u(b)=0; (22)

furthermore, the estimation (12) holds and A0 > 0.

(d) The semihomogeneous boundary value problem

Lu = r(x)f(x), (pu')'(O) = 0, u(b) = 0 with f C(J)

has the solution 'a(x) = (Kf)(x) — (Kf)(b) = f r(x, and no other
solution. Green's function is defined as in XIX, but with h(x) — (t) dt.

(e) For the corresponding nonlinear boundary value problem with f(x, u) in
place of 1(x), the three propositions of the existence theorem XIX remain true.

Hints. Reduce (b) to a fixed point equation y Ty, using (a). In the space
C°(J) with the maximum norm, T is a contraction if the interval J is small.
The solution can be extended to a larger interval by solving a "normal" initial
value problem.

(c) Consider as in VII the corresponding initial value problem with u(0) = 1,

(pu') (0) = 0. The argument function w(x, A) of the solution u(x, A) satisfies
A) = ir/2. The propositions VII.(a)—(d) follow as before, since p(x) � P0>

0 and r(x) � r0 >0 in [e,b].
(e) The problem with = 0 is reduced to a fixed point equation that is

similar to (21). It can be treated as before.

XXI. Eigenvaiue Problems in the Sense of Carathéodory. The
eigenvalue problem (2), (3) for C-solutions can be studied under the assumption

(SLc) j
1/p,q,rEL(J),p>0,r>Oa.e. inJ,

which is significantly weaker than (SL); cf. 26.XXIV for the boundary value
problem. If u(x, A) is a solution of (9), then we have u,pu' E AC(J), which
implies that the argument function ço(x, A) belongs also to AC(J), since the
arctan function satisfies a Lipschitz condition.
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The argument function satisfies (10) and has the properties of VII. For the
proof, Theorem 10.XXI is again crucial. Lemma V and the separation theorems
VI and VII.(a) follow as before, but also V1I.(d), because the function = kir
is a subfunction for x > x0 and a superfunction for x < x0, which means that

Ao) is <kir to the left and > kir to the right of x0. In VII.(b) and (c) the
proofs require some modification. We sketch a proof of a weaker form of VII. (c),
namely A) —+00 as A —i 00.

Let I = [a, j3] c J be an (arbitrarily small) interval and let çio(x, A) be the
solution of (10) with = 0 and the solution with = ir.
We show that A) � ir for large values of A. Let a <y < S < /3. According
to VII.(d), there exists e > 0 such that

Øo(x,0) �e in ['y,øI and in [a,5],

and these inequalities hold also for and A > 0. As long as

r � q5o ir— e, we have � (q+Ar)sin2r. Since the integral of r in the
interval 5] is positive, there is A0 > 0 such that A0) assumes the value
ir — & in fry, 6]. When x moves further to the right, A0) remains above

and follows.
The rest is simple. We take a partition x0 a < x1 < ... b

of J with subintervals 'k = xk] and in each Ik a solution Ak) of
(10) that vanishes at xk_1 and is ir at Xk. Then Lemma V shows that the
argument function A5) with A5 = maxAk satisfies AS) � A1) �
ir and, since + ir is also a solution of (10), � ir + �

Now all prerequisites required for the proof of the existence theorem II in
VIII have been assembled.

XXII. Exercise. Riccati Equations. (a) If u is a nonvanishing solu-
tion of equation (5) (p(x)u')' + q(x)u = 0, then the function r(x) = p(x)u'/u
satisfies the equation

=0; (23)

it is called the Riccati equation of (5). Conversely, if r(x) is a solution of (23),

then u(x) = exp (f(r/p) dx) is a nonvanishing solution of (5).
(b) The same connection exists between the linear equation (5') u"+g(x)u'+

q(x)u = 0 and its Riccati equation

r'+r2+g(x)r+q(x)=0, (23')

where r(x) = u'/u and u(x) = exp (Jr dx).
These relations can be used to derive properties of solutions of equation (5)

from those of equation (23) and vice versa. An example is given in
(c) A blow-up problem. Letbe the solution of the problem

= x2 + y2, y(O) = a. (24)
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It exists to the right in a maximal interval [0, be!,) and blows up at ba, i.e.,
= oo, and be,, is continuous and strictly decreasing in a E R with ba 0

as a —+ oo. The case a = 1 has been studied in 9.V.
Hints for (c). We have p(x) 1 and q(x) = x2 in (5). Let v or w be the

solution of (5) with (u(0), u'(O)) = (1,0) or (0, 1), resp. Then = v — aw is
the solution of (5) with initial values u(0) = 1, u'(0) = —a, and ra =
satisfies (23), and ra(0) = —a. Hence Ya = is the solution of (24). The
first positive zero of Ua has the above properties, and furthermore, b(. tends
to the first positive zero c of w as a —oo. Note that ua(c) = v(c) < 0 by
27.VI and hence ba <C.

Remark. Strict monotonicity of be,, implies that there is exactly one blow-up
solution in [0, b) for 0 < b < c and no such solution for b � c.

28. Compact Seif-Adjoint Operators in Hubert
Space

In this section, we first develop an eigenvalue theory for compact self-adjoint
operators in a Hilbert space. The results are then applied to the Sturm—Liouville
eigenvalue problem.

I. Inner Product. An inner product (scalar product) in a real or com-
plex linear space H is a mapping (.,.) of H x H to R or C, respectively, with
the following properties (f, g, h E H; A, p E IR or C)

(Af + pg,h) = A(f, h) + p(g, h) linearity,

(f, g) = (g, f) symmetry,

(f, f) > 0 for f 0 definiteness.

In the complex case it follows from the second property, which is called
the Herrnite property, that (f, f) is always teal and that the inner product is
"antilinear" in the second argument:

(f, Ag + ph) = g) +. h).

In the real case, the bars are all superfluous, and the inner product is bilinear.
The following statements hold, unless otherwise noted, in both the real and

the complex case. The proofs will be given for the complex case; the arguments
are also valid in the real case.

In the linear space H with inner product, the relation

11111 :=

defines a norm. The norm properties follow from 5.11. The definiteness is im-
mediately obvious, and the homogeneity follows from (Al, Af) = AA(f, f) =
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lA2lllf112. To prove the triangle inequality, consider, for arbitrary f, g E H, the
expression -

0 � (1 + Ag, f + Ag) = f) + A(g, 1) +

(f, g)/ 19112, one obtains, after a simple intermediate calculation,

i(f,g)l � hf II Schwarz inequality

(it follows from (g, 0) = 0 that the inequality is valid for g 0). Therefore,

(f+g,f+g)= (f,f)+(f,g)+(g,f)+(g,g)
1) + . + (g, g) = (11111 + ugh)2,

and the triangle inequality

+ � +

follows. We note two additional simple propositions that can be immediately
verified by a calculation:

If + gil2 + hf — = 211f 112 + 2119112 parallelogram identity,

111+9112 = 111112 + 19112, if (f,g) = 0 Pythagorean theorem.

II. Inner Product Space and Hubert Space. A linear space with
an inner product is called an inner product space or a pre-Hilbert space. It is a
normed space in which the norm is induced by the inner product; cf. I. If an
inner product space is complete as a normed space, i.e., a Banach space, then
it is called a Hilbert space. These definitions hold in both the real and complex
cases. Some examples:

(a) The space 1R72 with the inner product

(a,b) = a1b1 + . . . +

is a real Hilbert space. The space C'2 with

is a complex Hilbert space. In each case, the norm is the Eudidean norm.
(b) Let H be the set C(J) of the continuous real-valued functions 1(x) on

J: a � x � b with the inner product
b

(f,g)=f f(x)g(x)dx. (1)

In this space, the "distance" between two functions f, g is

b

(f-g)2dx. (2)
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It is easy to see that the above inner product has the required properties. This
space is not complete and hence is not a Hilbert space. This is because there
exist sequences of functions C(J) that are Cauchy sequences in the sense of
the norm (2) but do not have a continuous function as a limit, e.g., the sequence

= {max (x, 1/n)}'/3

on the interval 0 � x � 1. The limit in the sense of the norm is the function
x113, which, however, does not belong to H.

In order to extend this space to make it complete, one must include functions
that are not continuous. This leads to

(c) the real Hilbert space L2 (J) of measurable functions on J that are square—
integrable, which means that the integral

b

j f2(x)dx<cx.

It follows that the integral of f also exists (as long as the interval J is bounded).
The inner product is defined as in (1). We note that measurability and integral
are understood in the sense of Lebesgue.

(d) Correspondingly, the complex-valued continuous or square-integrable
functions in J form a complex inner product space or Hubert space, respec-
tively, if one defines as inner product

b

(1,9) = f f(x)g(x) dx.

We note that our development of the Sturm—Liouville eigenvalue problem is
largely carried out without the notion of the Lebesgue integral, that is, in the
inner product space (b) of continuous functions.

(e) Exercise. Show that the inner product is a continuous function on H x H,
i.e., that —* 1, —*g implies —-* (f,g).

III. Orthonormal Systems and Fourier Series. Let H be a real or
complex inner product space. A sequence of elements of H is called a
(countable) orthonormal system or an orthonormal sequence if

1 1 for m=n,
(Urn, = 6mn =

0 for

If f is an element of H, then

with ; (3)

is called the Fourier series generated by f, and the are called the Fourier
coefficients of f. The following results deal with questions of the convergence
of this series and its sum.
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If >2 denotes a finite sum and are arbitrary constants, then

=

+

or

If —
= 111112 + — —

Thus >2 is a best approximation to f if and only if d2 Cj. In particular,
the nth partial sum of the Fourier series (3) satisfies

Ill — = 111112

—

(4)

(a) Bessel's inequality holds,

= EI(f u.)12 11f112 for f e H. (5)

(b) The partial sums of the Fourier series (3) form a Cauchy sequence. Thus
if H is a Hilbert space, then the Fourier series (3) converges, i.e, its partial sums
converge in the sense of the norm to an element of H.

(c) Equality (in the sense of norm convergence)

I
=

holds if and only if equality holds in Bessel's inequality (5). If this is true
for every f E H, then (un) is called a complete orthonormal system or an
orthonormal basis.

Propositions (a) and (c) follow immediately from (4), since the left side of
the inequality is � 0. To prove (b), let be the nth partial sum of the Fourier
series (3). If m < n, we have

118n — 5m112 = =
i,j=in+1 iTTi+1

Thus, because of the convergence of the series (5), (sn) is a Cauchy sequence.
(d) Example. The functions

U0 = U2m_1
=

srn mx, tL2n = cosnx (n E N)

form an orthonormal system in the space of Example II. (b) or II. (c) with J =
[0, 2ir].
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The functions ri E Z, form an orthonormal system in the space
from example II.(d) with J = [0, 2ir].

The proof of the following facts is recommended as an exercise.
(e) The partial sums of a series form a Cauchy sequence if and

only if 1a42 converges. Thus, in a Hilbert space, this condition is necessary
arid sufficient for the convergence of the series.

(f) If the series converges, say to f H, then a

convergent series is the Fourier series of the function represented by the series.
In particular,

forall i.

W. Bounded, Seif-Adjoint, and Compact Operators. Let H be a
(real or complex) pre-Hilbert space and T H —i H a linear operator. T is
called bounded if the norm of T, -

11Th := sup{hITfII : f E H, IIfII =

is finite. In this case,

IITfII � ITO . hIfhI for all f E H. (6)

If T is linear and bounded and

(Tf,g) = (f,Tg) for f,y H,

then T is called seif-adjoint or Hermitian.
A linear operator T is called compact if for every bounded sequence

from H, the sequence has a convergent subsequence (with limit in H). It
is easy to see that a compact linear operator is bounded.

(a) If T is a self-adjoint operator T, then (Tf, f) is real for every f H,
and

11Th = sup{I(Tf, 1)1 f E H, Ilfhl 1}.

Proof. Denote the right side of this equation by fi. Then clearly,

I(Tf,f)I�/3hIfII2 for f€H. (7)

By (6) and the Schwarz inequality we have

l(Tf,f)I � hITf II � IITD for If II = 1, whence < 11Th.

The proof of the reverse inequality follows from the identity

(Tf + Tg,f +g) — (Tf — Tg,f — g) = 2(Tf,g) + 2(Tg,f).
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The left side is

� /311f + gil2 + flhlf - gil2 = 112 + ugh2)

by (7) and the parallelogram identity. Using the particular choice f =
g = Th with A = hlThll, jihhl = 1, one then obtains

2(Tf, g) + 2(Tg, 1) = 2A(Th, Th) + 2A (T2 h, h) 4A3,

and hence

4A3 <8.

Since h with hIhil = 1 is arbitrary, it follows that 11Th 5 and therefore,
HITII =13.

V. Eigenvalues of Compact Seif-Adjoint Operators. If the equa-
tion

with (8)

holds, then /.L is called an eigenvalue of T and u a corresponding eigenelement.
Let T be a compact seif-adjoint operator. To determine an eigenvalue, we

consider, if T 0, a sequence from H such that

= 1, hlTll as n 00,

cf. IV. (a). By passing to a subsequence if necessary, we assume further that the
sequence of real numbers and the sequence both converge (T
is compact!),

—i —4

Here /1 is real and = 11Th > 0. Now we have

Os — = 112 —
+

0;

that is,

= + en with E H, IIEnhI —4 0.

Since —4 we have —f thus u, and therefore Tu.
It follows that equation (8) holds and lull = 1.
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VI. Theorem. If T is a compact seif-adjoint operator in the inner prod-
uct space H, then T has an eigenvalue /2o e JR with = 11TH. The corre-
sponding eigenelement H with

Tu0 /1oUrj, Hu0H = 1

has the property that the ex-pression I (Tu, u) I assumes its maximum on the unit
ball at the point Since (8) implies that (Tu, u) = /illuIJ2, every eigenvalue
of T is real, and it satisfies � 11Th.

Proof. This theorem was proved for T 0 in V; for T = 0 it is trivial. I
Consider now the subspace H1 of all elements f H that are orthogonal to

U0:

H1 :={fEH:(f,uo)=0}.

It is easily seen that H1 is a closed subspace of H. Furthermore, T maps H1
into itself because

(Tf, uo) = (f, Tuo) = uo) = 0 for f E H1,

and T is self-adjoint and compact in H1.
Now Theorem VI can be applied to H1. Thus there is an eigenvalue and

an eigenelement ui with

Iitol � l/2il, (uo,ul) = 0, hluilI = 1.

Now let H2 be the subspace of all elements f e H that are orthogonal to UO
and u1, etc. This procedure terminates only if the subspace of elements f
with

for i=0,1,...,n—1

is {0}. That is impossible in an infinite-dimensional space.

VII. Theorem. Let H be an infinite-dimensional inner product space
and T : H —p H be linear, seif-adjoint, and compact. Then the eigenvalue
problem (8) has countably many real eigenvalues /21,... with

and as n—#oo. (9)

The corresponding eigenelements

=

form (with a suitable normalization) an orthonormal system,

1 1 for n=m,
=

0 for



§28. Compact Self.Adjoint Operators in Hubert Space 293

If is the space of all f H such that

for i=0,...,n—1,

then

= sup liTfil = sup l(Tf, f)j (f Itfil = 1) (10)

and = i.e., the supremum is assumed for f =
Each element in the image space of T is represented by its Fourier series,

i.e., if f H, then

Tf = with = (h,u2) = f,uj). (11)

The proof of this theorem, up to (11) and the limit relation in (9), is
contained in the previous remarks. The sequence converges to 0 because
otherwise the sequence = would be bounded, and then the sequence

= (un) would possess a convergent subsequence, which is impossible,
since — Urn11 = 2 for m n.

Finally, in order to prove (11), we consider the function

gn = Cj = (f,uj).

Clearly, E holds; therefore, by (10), (4), and (9),

� IIflI 0.

The conclusion now follows from the equation

Addendum. Every eigenvalue 0 is equal to some and the cor-
responding eigenspace (that is the set of all u E H that satisfy (8)) has finite
dimension and is spanned by the eigenelements Uk corresponding to =

Proof. If u is a solution of (8) with 0, then u lies in the image ofT, i.e.,
we have

with Cj=(U,U2),

Because of (8) and III.(f), the relation 4u; = holds for all i. If for
afli,thencj=0,andhenceu=0.
and u = ckuk, where the sum extends over all k with Pk = I

For T = 0, the theorem is true, but not interesting.
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VIII. Theorem. If H is a Hubert space and = 0 is not an eigenvalue
of T, then (un) is an orthonormal basis; i.e., a representation

f=>cjuj with

holds for all I E H.
The equation f = also holds in a pre-Hilbert space if p = 0 is not an

eigenvalue and the series belongs to H.

Proof. By III.(b), the Fourier series of f is convergent, say to g. Thus, by
III.(f), cj = (g, ui). It follows that Tf and Tg have the same Fourier coefficients

and hence are equal by the conclusion (11) of the theorem. From T(f—g) =
o it follows that I = g, since 0 is not an eigenvalue of T.

We apply these results now to

IX. The Sturm—Liouville Eigenvalue Problem. We consider the
problem

Lu+Aru=O in J=[a,b],Riu=R2u=0, (12)

where Lu = (pu')' + qu and

R1u = aiu(a) + a2p(a)u'(a),

R2u = 131u(b) + 132p(b)u'(b)

under assumption (SL) of 27.1. Suppose is not an eigenvalue and q(x) is re-
placed by q*(x) = q(x) + A*r(x). If are the eigenvalues and eigenfunc-
tions for the original problem, then those for the new problem are (A,.. —A*, un).
In particular, 0 is not an eigenvalue for the new problem. Therefore, we will
assume, without loss of generality, that A = 0 is not an eigenvalue.

A solution u of (12) can be interpreted as a solution of the semihomogeneous
Sturmian boundary value problem

Lu = g(x) with g(x) = —Ar(x)u(x),

R1u = R2u = 0. Thus, by (26.12), u satisfies the integral equation

b

u(x) = _Af (13)

Here r(x, is Green's function for the Sturrnian boundary value problem (26.4),
whose existence is guaranteed by Theorem 26.VII, since A = 0 is not an eigen-
value (Lu = 0, = 0 has only the trivial solution).

The relationship between the original problem and the integral equation is
clarified in the following
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X. Theorem. Let assumption (SL) from 27.1 hold, and suppose that 0
is not an eigenvalue of (12). Then A is an eigenvalue and-the function u(x) is
a corresponding eigenfunction if and only if u is continuous in J and 0 and
satisfies the integral equation (13).

The proof of Theorem X is contained, for the most part, in the above
discussion. Just one small hole needs to be closed. If one wants to show that a
solution u of (13) also represents a solution of (12), then one must first check that
u e C2 (J), since u is only assumed to be continuous. However, this follows from
Theorem 26.Vi[, since the integral on the right-hand side has the form (26.12)
with g = —Aru, and as it was proved there, this integral is twice continuously
differentiable for continuous g.

We have thus transformed the original eigenvalue problem into an analogous
problem for (13). Equation (13) is called a Fredholm integral equation. (Fred-
hoim integral equations are those with fixed limits of integration; those with
variable limits, such as arise with initial value problems, are called Volterra
integral equations.)

Let the operator T be defined by the relation

b

(Tf)(x)=_f (14)

Then from Theorem 26.VII we get the equivalence

v = Tf Lv + rf = 0, R1u = R2u = 0. (15)

If both sides of (13) are multiplied by 1/A, then

Tu=jiu with - (16)

We now consider this equation in the real inner product space H = C(J) of
Example II.(b) and apply the earlier results. The operator T maps C(J) to
itself. From Tf = 0 we conclude, using (15), that f = 0; i.e., = 0 is not
an eigenvalue of T. Since A = 0 is not an eigenvalue of (12), there is a one-to-
one correspondence between the eigenvalues A of (12) and of (16) given by

The discussion can be simplified if one uses a weighted inner product

b

r(x)f(x)g(x)dx (17)

in the space C(J) instead of the inner product (f, g) of Example II. (b) (for a
first reading, the reader can take r = 1 without missing any essentials). First of
all, it follows from our general assumptions (SL) in 27.1 that there exist positive
constants a, [3 with

in J.



296 VI. Boundary Value and Eigenvalue Problems

Thus the weighted norm

b
1/2

If hr = (f,
= (f r(x)f2(x) dx) (18)

and the usual one generated by the inner product (f, g) satisfy the relation

aIIfII � IIfhI,- �
i.e., the two norms are equivalent; cf. 5.V or 10.111. We denote the space C(J),
equipped with the inner product (f, g)r, by Hr.

The operator T is linear, self-adjoint, and compact. The self-adjointness
follOws from the symmetry of r,

b b

(Tf, g),. =
— f r(x)g(x) f I'(x, dedx = (f, Tg)r.

The compactness of T is contained in the following lemma.

XI. Lemma. If (fTh) is a sequence in C(J) with Ill � C, then the
sequence

b

gn(X)
= _f

satisfies the hypotheses of the Ascoli—Arzela theorem 7.1V; i.e., it is equicontin-
uous and uniformly bounded,

Igm(x)I � C1 for all X E J, fl E N.

Hence the sequence (gn) has a subsequence that converges uniformly in J and
therefore also in Hr to a function g E C(J).

Proof. Because of the continuity of r(x, for e > 0 there exists a S > 0

such that

Ir(x,e)—r(x',e)I<e for Ix—x'I<5.

Therefore, if g = Tf and If II,- C, then by the Schwarz inequality,
b

g(x) — <f r(x, — r(x',

b�ef nfl = e(l, If I)r � EhhlhIrhlf fir � C-ye

with = r This proves equicontinuity. The proof of bounded-
ness is even simpler. The kernel r is continuous, hence bounded, lr(x, � A.
Thus it follows from the Schwarz inequality that

ign(x)I = I(r(x,.),fn)rl � hIAhIrIIfnIIr � 'YAC.
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The equation = 0) can be written using as =
By (15), the last equation is equivalent to

(i=0,1,2,...).

This is a new proof for part of the existence theorem 27.11.
If we set aside for the moment the question of convergence, then an expansion

of a given function 4)(x) in terms of the eigenfunctions is given by

4)(x) = with =
=

dx. (19)

This matches the expansion given in Theorem 27.111.
Now let 4) E C2(J), R1çb = R24) = 0. By (26.12),

b

4)(x)
= j Tf with f = —Lcb/r.

Therefore, Theorem VII applies, and (11) holds for 4) = Tf, which is (19). This
equation is to be understood in the sense of convergence in the norm (18). We
will now show that in fact, the convergence is uniform in J.

By (11), = with c2 = (f,uj). Further, for fixed x0, the number
(xo) can be interpreted as the Fourier coefficient of the function —r(xo,

that is,

= —(r(xo,.),uj)r.

Consider now a partial sum from i = rn to i = n of (19) and apply the Schwarz
inequality:

2

�
If the second sum on the right-hand side is extended to 0 and to oo, then by
Bessel's inequality it is � llr(xo, The first sum on the right-hand side is
likewise the partial sum of a convergent series. Thus for any e> 0, there exists
an flo such that

2

� for n > m � no, so E J.

This establishes the uniform convergence of (19). Since convergence holds in
Hr, Theorem 27.111 follows for the case where 4) C2(J). We note that the
theorem is also true for 4) e C' (J). However, the proof is more difficult; cf., for
instance, Kamke (1945) or Titcbmarsh (1962). I

Our final result is a general theorem about the Fourier expansion of functions
from L2 (J). The proof requires results from the theory of the Lebesgue integral.
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XII. Expansion Theorem. Every function q5 E L2(J) can be expanded
in a series of eigenfunctions of the Sturm—Liouville problem (12). Equation (19)
holds in the L2-norrn of Example II.(b),

bf
f as

I

The proof will be briefly indicated. One considers T as an operator in
the real Hilbert space L2(J) with the inner product given by (17). It is easy
to show that T is seif-adjoint and compact in L2(J). Consequently, Theorem
VU holds in L2(J). Now let f L2(J) and suppose Tf = 0. If g E C2(J)
and satisfies R1g = R2g = 0, then there is an h E C(J) such that g = Th,
hence (f, g),. = (f, Th),. = (Tf, h)r = 0. It follows that f = 0, i.e., 0 is not
an eigenvalue of T. Then by Theorem VII, (ui) is an orthonormal basis and
the proposed relationship holds, first for the norm . and then also for the
L2-norm, because of the equivalence of the two norms. I

Our last theorem deals with the Fourier expansion under conditions that are
weaker than (SL) and apply to the radial operator, among others.

XIII. Coefficients with a Zero on the Boundary. We consider the
eigenvalue problem (27.22) for the operator Lu = (pu')' using the assumptions
and the notation given in 27.XX. The radial elliptic eigenvalue problem for

+ is covered as a special case.
In what follows, Hr is the Hilbert space of measurable functions in J = [0, b]

with a finite norm (18); the inner product is given in (17). Since r(0) = 0 is
permitted, we have only Hr D L2(J).

Theorem. The sequence (un) of eigenfunctions of the eigenvalue problem
(27.22) is an orthonorrnal basis in Hr; that is, each element Of Hr is represented
by its Fourier series in the sense of convergence in Hr.

In the following sketch of the proof, T is the operator defined in (14) (a = 0),

where Green's function is taken from 27.XX.(d) and B = fp'(x)R(x) dx <

Let f E H,. and v = Tf; that is, (pv')' + rf = 0, (pv')(O) = v(b) = 0. Using
the Cauchy—Schwarz inequality, it follows that

=
rf

= f rf2 dt)

and therefore

Iv'(x)I � Jf Dr (*)
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Writing in the form one obtains from (*) -

IIflIrj thur
(fbRdtfbldt)h/2

which implies

1b
1

hv(x)I � where h(x) =
— J

— dt,'p
and

rb

If j rIhI dx
0

(reverse the order of integration in the last integral).
Now all necessary estimates are assembled. Let be a bounded sequence

in Hr, C = if lIr, and = The bounds on v(x) and v'(x) show
that the Ascoli—Arzelà theorem can be applied in intervals [e, bJ with e > 0. It
follows in a familiar way that a subsequence of (va) converges hi J0 = [(0, b]

to a function v E C° (Jo) (one chooses a subsequence converging in b],

from that subseqence chooses a subsequence converging in ,b] ,..., and
considers the sequence Since g(x) = BC2 Ih(x)hr(x) E L(J),
the limit v satisfies the same inequality. Hence v H,. and IVn — VII,. —+ 0 as
n —+ due to the theorem on majorized convergence. This shows that the
operator T is compact; it is also self-adjoint, and 0 is not an eigenvalue of T
because of 27.XX. (c). Now the theorem follows from Theorem VIII. I

Exercise. Replace the boundary condition u(b) = 0 in (27.22) by R2u
/31u(b) + f32p(b)u'(b) = 0 and prove the corresponding theorem on the complete-
ness of (un).

The eigenvalue problem takes on particular significance in connection with
certain partial differential equations that play an important role in physics.

XIV. Partial Differential Equations. (a) We begin with the parabolic
differential equation for the function = x),

cbt = + q(x)çb] for a < x < b, t > 0, (20)

with the boundary conditions

:= a) + a2p(a) cb,(t, a) = 0,
21

0
(

and the initial condition

= f(x) for a � x b. (22)
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If p = const, r = const, q = 0, and = 132 = 0, these equations describe the
temperature distribution in a homogeneous rod of length b — a whose initial
temperature is equal to f(x) and whose ends are held at temperature zero.

A product ansatz (or, as it is also sometimes called, a separation of variables
ansatz) qb(t, x) = h(t)u(x) for a solution of (20) leads to

h'u=

if one divides here by the product hu, then the functions to the left of the equal
sign depend only on t and those on the right only on x. This equation can be
valid (after dividing by hu) only if the left- and right-hand sides are constant.
We call this constant —A and obtain the equations

h'+Ah=O for h=h(t),
(pu')'+qu+Aru=O for u=u(x).

in addition, we require that x) = h(t)u(x) satisfy the boundary conditions
(21), then we must have R1u = R2u = 0. Thus we obtain the eigenvalue problem
(12) for u. If is an eigenvalue and the corresponding eigenfunction, then
the product

=

is a solution of (20) that satisfies the boundary conditions (21). The same also
holds for a linear combination of the and—assuming appropriate convergence
behavior—for the infinite series

= = (23)

The initial condition (22) then leads to the equation

q5(0,x) = f(x) =

which is just the Fourier series for f with respect to the orthogonal system (un).
We summarize:

The solution to the initial—boundary value problem (20)—(22) is obtained
(at first formally) as an infinite series of the form (23), where the coefficients

are the Fourier coefficients of the function f with respect to the orthonormal
system of eigenfunctions (un) to the eigenvalue problem (12).

(b) An Example. In the case of the heat equation

for 0<x<ir, t>0
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with the boundary conditions 0) = 7r) = 0 and the initial condition (22),
the procedure described above leads to = ri2, = (n E N) and
hence to the solution

= with = af f(x)sinnsdx,

where a =
A number of conclusions about the behavior of the solution can be obtained

from this representation, for example, the estimate

Here we have made use of Cauchy's inequality and Bessel's inequality. Thus

� Ce_t. However, if f f(x)sinxdx = 0, thenitfollowsthat �
C (Proof?).

This is not the place to deal with the questions of the convergence of the series
(23) and the existence of Instead, we will consider another example,

(c) The hyperbolic differential equation

for a<x<zb,t>0

with the boundary condition (21) and initial condition

and Øt(0,x)=g(x) for (24)

The product ansatz x) = h(t)u(x) now leads to the equation

h"+Ah=O for h=h(t)

and the eigenvalue problem (12) for u(x). Corresponding to each eigenvalue
there are two solutions

= cos = sin provided that

A corresponding series ansatz has the form

x)
=

+

which, together with the initial conditions (24), leads to the relations

f(x) = g(x) =
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Exercise. Determine the formulas for and for the equation of the
vibrating string

for 0<x<ir,t>0
with boundary conditions of the first kind: q5(t, 0) = q5(t, ir) = 0.

(d) As an example of a partial differential equation in several "space vari-
ables," we consider the heat equation

cbt = for

with + + + Suppose that rotationally symmetric
initial values are prescribed in the unit ball,

for

and that the boundary values are given by

for t>0.
According to 6.XIV,

n—i 1 1''u'=x u),
The ansatz = h(t)u(x) leads to the equation h' + .Ah = 0 for h(t) and the
equation

+ = 0 for u(x).

As boundary conditions one has u'(O) = 0 and u(1) = 0; cf. Lemma 6.XIV.
Thus we are led to the eigenvalue problem (27.18) with a = n — 1, for which
the existence of eigenvalues was treated in 27.XVIII and the expansion theorem
was proved in XIII. One obtains the solution in the form

= with f(x) = >CnUn(X) and x

In the case n = 2, which corresponds to a = 1, the differential equation in
(27.17) is Bessel's equation of order 0. The solution y is the Bessel Function
Jo (x). Its zeros 0 < <••• lead to the positive eigenvalues = and
the corresponding eigenfunctions

= n = 0,1,2

The normalization factor is obtained from the relation

f dx = =

given without proof. From the expansion

f(x)
=

with en = an f dx,
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one obtains the solution of the boundary value problem

= with X =

(e)Exercise. In example (b) the boundary conditions are changed to

= 0.

Physically, this means that the ends of the rod are thermally insulated; i.e.,
there is no heat flux from the ends. Solve the boundary value problem.





Chapter VII
Stability and Asymptotic
Behavior

§ 29. Stability
I. Stability Theory. We resume the problems treated in §12. In con-

trast to the case investigated there, we now consider solutions defined on infinite
intervals. In this setting, continuous dependence on initial conditions and on the
right side of the differential equation is a significantly more complicated matter
than in §12, where general results were obtained under restricted assumptions.
Even in the simplest examples, new phenomena emerge when the interval is
infinite.

Two Examples. Let y(t) be the solution of

y'=y, y(O)=q -

and z(t) be a solution with the initial value z(O) = + E. Then

z(t) — y(t) = Eet,

i.e., the difference between two solutions to the same differential equation with
different initial conditions tends to co like et.

On the other hand, if y and z are two solutions of the differential equation

YF = —y

with initial values r, and + E, then the difference is given by

z(t) — y(t) = Eet,

and hence converges to 0 as t oo.

Our goal in the present section is to give criteria that guarantee that solutions
depend continuously on initial conditions in the sense that if the difference
z(0) — y(O) is small, then the function z(t) — y(t) also remains small in the
whole interval t � 0. Statements of this kind fall under the heading of "stability
theory" for ordinary differential equations.

305
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II. Stability, Asymptotic Stability. In the following, t is a real vari-
able; the functions f, x, y can have values in either or

Let x(t) be a solution of the system

y' =f(t,y) (1)

for 0 t < cc. We assume that f(t, y) is defined and continuous at least in
Scx : 0 � t < cc, y — x(t)I > 0). The solution x(t) is said to be stable
(in the sense of Lyapunov) if the following statement is true:

For every E > 0, there exists 6> 0 such that every solution y(t) with

Iy(0) — <6

exists for all t � 0 and satisfies the inequality

Iy(t)—x(t)I<E for 0�t<oc.
A solution x(t) is called asymptotically stable if it is stable and if there exists

j3 > 0 such that every solution y(t) with Iy(0) — x(0)I <f9 satisfies

Em Iy(t)—x(t)I=0.
j-.oo

A solution x(t) is called unstable if it is not stable.
More generally, one can consider a fundamental interval [a, cc) and replace

y(0) — x(0) by y(a) — x(a) and 0 � t < cc by a t < cc. This raises now
a question: Are the stability definitions for the interval [0, cc) equivalent to
the corresponding definitions for [a, cc)? If one assumes additionally that f is
locally Lipschitz continuous in y, then the answer to this question is positive.
The proof will be given in the next section; it can be omitted in a first reading.

Remarks. The norm in these definitions is an arbitrary norm in or
Using Theorem 10.111, it is easy to show that the definitions are independent of
the choice of norm.

It is customary in stability theory to formulate the theorems for the case
t +oc; results for t —' —cc can be reduced to this case.

III. The Poincaré Map. The solution to equation (1) with the initial
value y(t) = wifi be denoted by y(t; r, (uniqueness of solutions to initial
value problems is assumed). Let t a and t = b be two fixed points. The
Poincaré map P associates an initial value at the point a with the value of the
corresponding solution at the point in terms of formulas,

= y(b; a, Poincaré map. (2)

From the uniqueness assumption, it follows that P is injective. We will
assume in the following that 1' has values in R'2; the extension to is straight-
forward. Let f be defined on a set D that is open in the strip S = [a, b] x
i.e., is the intersection of an open set with S.
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Theorem. Let 1: D be continuous and locally Lipschitz continuous
with respect to y. Let the set )t'I of all solutions of (1) that exist in all of
the interval [a, b] be rionempty. Then the sets Ma {y(a) y E M} and
Mb = {y(b) y M} are open, and the Poincaré map P Ma —p is a
homeomorphism (i.e., P is bijective, P and are continuous).

Proof. Let J = [a, b] and z(t) E M. As in 13.X, we first determine an a > 0
with Sa = {(t,y) : t J, — a} CD and extend f to the set J x IRTh
while preserving the values in Ba, say, by setting

f*(ty) =f(t,z(t) +(y—z(t))h(Iy—z(t)I))

withh(s)=lfor0<s<aandh(s)=a/sfors>a.
F appearing in the above formula belongs to Ba, i.e., f* is

defined in all of J x Further, f = in and f* is Lipschitz continuous
with respect to y in J x

Applying Theorem 13.11 with k = f*, A = 11, g(x, A) a(A) = a leads
to the conclusion that the solution (t; a, of (1) depends continuously on

In particular, there exists S > 0 such that if — z(a)I < 5, then
y*(t;a.q)

— z(t)I < a in J. Therefore, if is in this range, then y*(t;a,.q)
y(t; a, E M and = y(b; a, is continuous. Since z(t) E M is arbitrary,
it follows that Ma is open and P is continuous in Ma. The continuity of P'
and the openness of Mb follow in a corresponding manner. I

The question raised in II is now easily answered

Corollary. Let the function F satisfy the assumptions for (1) and be locally
Lipschitz continuous with respect to y. A solution x(t) defined in [0, oo) is stable
relative to t = 0 if and only if it is stable relative to an arbitrary point t b,

b>0.
Corresponding statements hold with respect to asymptotic stability and in-

stability.

Proof. Suppose x(t) is stable relative to t = b. Then for any 6 > 0, there
exists a neighborhood U of x(b) such that if y(b) U, then Iy(t) — x(t)I <6
for t � b. We apply the theorem with a = 0. Since the set M is not empty
(x(t) belongs to M), it follows that V = U fl is a neighborhood of x(b)
and W := P'(V) is a neighborhood of x(0). Making W smaller as needed,
one obtains that the inequality Iy(t) — x(t)I <e holds in [0, b] (Theorem 13.11).
However, because P(W) C U, the inequality holds in the whole interval [0, oo);
i.e., x(t) is stable relative to t = 0. The proof of the converse is simpler and wiil
be left to the reader.

IV. Linear Systems. In the (real or complex) linear system

y' = A(t)y + b(t) (3)
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let A(t) and b(t) be continuous in the interval J = [0, oo). Then every solution
exists in J (Theorem 14.VI). Let X(t) be the fundamental system for the ho-
mogeneous equation with the initial value X(0) = I. We begin by clarifying the
relation between the current definition of stability and the one given earlier.

(a) The definition of stability for the zero solution of the homogeneous equa-
tion given in 17.XI agrees with the definition given in II.

Proof. If the zero solution is stable in the sence of 17.XI, then there exists
a K > 0 with IX(t)I � K in J. If y is an arbitrary solution, then the estimate
Iy(t)l � KIy(0)I follows from the representation y(t) = X(t)y(0); hence Iy(t)I �
e in J if y(O) � 8 := e/K. Therefore, the zero solution is stable according to
Definition II. The converse is proved in a similar manner. The proofs for the
two remaining cases are left to the reader. I

Theorem. If the zero solution of the homogeneous equation y' = A(t)y is
stable, then every solution of the nonhomogeneous equation (3) is also stable. A
corresponding theorem holds for asymptotic stability and instability.

Since the definition of stabffity deals with the difference z(t) = y(t) — x(t)
of two solutions to (3) and since this difference is a solution to the corresponding
homogeneous equation, the conclusion follows at once. I

Thus when dealing with stability questions for linear systems, it is sufficient
to study the stability of the zero solution of the homogeneous equation.

Because of its importance, we reformulate the result obtained in 17.XI for
the equation with constant coefficients:

y' = Ày (A a real or complex n x n matrix). (4)

Stability Theorem. Let = max{Re A: A e o(A)}. The stability of the
trivial solution x(t) 0 of (4) is determined as follows:

'y < 0 x(t) is asymptotically stable;

y> 0 x(t) is unstable; and
= 0 x(t) is not asymptotically stable, and is stable if and only

if m'(A) = m(A) for all eigenvalues A with ReA = 0 (see
17.1/Ill).

This determines the stability behavior for linear systems with constant co-
efficients completely. The following result gives a bound on X(t) = eAt.

V. Theorem. If the eigenvalues A2 of the constant (real or complex)
matrix A satisfy the inequality

ReA2<a, (5)
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then

<ceat for t 2 0 (6)

for some positive constant c.

The proof follows from the fact that by 17.Vlfl, the differential equation
(4) has n linearly independent solutions of the form

y(t) = eitp(t) (7)

where A is an eigenvalue of A and p(t) = (p1(t), . . . ,pn(t))T is a polynomial of
degree n.

If a — ReA = 0 here, then certainly holds, and hence

I

e(e+R )tc = cjeat.

If Y(t) denotes the fundamental system consisting of n solutions of the form
(7), then each of the n2 components of Y can be estimated by an expression of
the form const . The same estimate also holds then for Y(t), and since eAt
is likewise a principal system and can be represented in the form eAt = Y(t)C,
it holds for as well. U

A norm generated by a scalar product (cf. 28.1) will be called a Hubert norm.
In the following we show that there exists a Hubert norm in Ctm such that (6)
holds with c 1 and, in addition, that a corresponding lower estimate holds;
such a result has useful applications. The expression (.,.) denotes the classical
scalar product, . denotes the Eudidean norm; cf. 28.11(a). The conclusions
hold for real A in IRTh.

Corollary. Let the eigenval'ues of the matrix A satisfy -

/3<ReA2<a. (5')

Then there exists a Hubert norm in such that the estimates

< IIeAtcII for t 2 0, c CTh (6')

hold. From here one obtains that

� � eat for t 2 0,

where heAt is the operator norm of corresponding to

Proof. We assume first that Re A2 <5 and consider the scalar product

(c,d) := (c,d E

Let e > 0 be chosen such that IRe A21 < S — e. Then it follows from (6) that
l(eAtc,eAtd)l � � const for t 2 0; therefore, the integral
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over [0, oo) is convergent. The integral over (—oo, 0] can be transformed into an
integral over [0, oo) using the change of variables t' = —t, where A is replaced by
—A. This integral is likewise convergent, since the eigenvalues of —A satisfy the
same estimates. Therefore, the scalar product is well-defined, and the properties
28.1 are satisfied. Let Ilcil := If one chooses c = d = eA8a, then

iieA8all2
=

e_261tI leA (s+t)al2dt
=

Fors �0, wehave ti—s � It—si � itl+s, andhence

< < e253e_261t1.

It follows, taking into account the definition of II all, that

� � e2&s11aI12 for s 0. (*)

We now consider the general case and set 'y = (a + /3)/2, 6 = a — =
— /3. The eigenvaiues of the matrix A' = A — 'yl can be obtained from

the eigenvalues A, of the matrix A by setting jij = A, — 'y; in particular, they
are < 6 in magnitude. We define the above scalar product with A' in place of
A. Taking square roots and using the relation eA'8 = we obtain an
estimate corresponding to (*):

� iieA'saii = � for s 0.

Since 'y— S = /3 and 'y +6 = a, the inequalities (6') are proved.

We now turn to nonlinear problems. An important tool for this study is

VI. Gronwall's Lemma (1918). Let the real function be contin-

a + f çb(r) dr in J with /3> 0.

Then

çb(t) � in J.

Proof. Denote the right side of the inequality in the assumption by
Then = /3q5, and since � we have

'il)' � or equivalently, � 0.

Hence is decreasing, which implies

� i/'(O) = a,

and we obtain � ae$t, as was claimed. I
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The following two theorems constitute classical results of stability theory.
They have to do with a differential equation with "linear principal part,"

y'=Ay+g(t,y), (8)

which means that g(t, y) is small relative to y for small y. Under this assump-
tion, which will be made precise in (9), stability properties of the linear equation
(4) carry over to the nonlinear equation (8).

VII. Stability Theorem. Let the function g(t, z) be defined and con-
tinuous fort � 0, IzI a (a> 0), and let

lim
g(t, z)l

= 0 uniformly for 0 t < 00; (9)
IzI—.o Izl

thus, in particular, g(t, 0) 0. Let A be a constant matrix, and suppose

ReA' <0

for all eigenvalues of A.
Then the zero solution x(t) 0 of the nonlinear equation (8) is asymptoti-

cally stable.

Proof. The assumptions together with Theorem III imply that there exist
two constants c> 0 and f3> 0 such that Re < and

for t�0.
Moreover, by (9), there exists a 6, 0 <6 < a, such that

Ig(t,z)I � for lzI � 6, t � 0. (10)

The theorem is proved if we can show that

Iy(O)I � e < implies y(t)l < for t � 0. (*)

We know from 18.VI that every solution of the nonhomogeneous equation

y' =Ay+b(t)

can be represented in the form

y(t) = eAtyo + f ds, where Yo y(0).

Now, if y(t) is a solution of (8), then accordingly, it satisfies the integrai equation

y(t) = eAtyo + f eA(t3)g(s,y(s)) ds.
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Using (10), the inequality

Iy(t)I � IyoIce_Pt + (11)

follows, at least as long as (10) can be applied, i.e., as long as � c5. Now let
y(t) be a solution of (8) with lyol <e and = From (11) it follows
(as long as � 8) that

� ce + f ds,

and therefore by Gronwall's lemma,

� ceeI3t/2, or � < 5. (12)

This inequality implies that Iy(t) I cannot take on the value 6 for any positive
t and hence that the inequality (12), and consequently (*) holds for all t � 0.
Note that y(t) can be extended to the boundary of the domain of g, hence
because of (12) to the whole interval 0 � t < 00. U

VIII. Iiistability Theorem. Assume that g(t, z) satisfies the assump-
tions of Theorem VII. Further, let A be a constant matrix and suppose

Re A> 0

for at least one eigenvalue A of A. Then the solution x(t) 0 of the nonlinear
differential equation (8) is unstable.

Proof. We first transform the differential equation (8), using a linear trans-
formation, into a form that is better suited for our purposes. Let A,, ..., be
the zeros of the characteristic polynomial of A (counting multiplicities). Let A
be transformed into the Jordan normal form B by the matrix C:

B = C'AC = (b23)

with

= A1, = 0 or 1, b22 = 0 otherwise.

Further, let H be the diagonal matrix

It is easy to check that H—' = diag . , and that

D = H'BH =

i.e.,

d22 = A2, = 0 or 'i', = 0 otherwise. (13)
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If we now set y(t) CHz (t), then the differential equation transforms into

H'C'y' = H'C' {ACHz + g(t, CHz)},

or

z'=Dz+f(t,z) (14)

with

f(t,z) = H'C'g(t,CHz) and D = H'C1ACH.
If g satisfies assumption (9), then so does f, since from � EIzl for Izi < 6 it
follows that

. for Izi SIICHI.

Instead of (14) one can also write

(i=1,...,n). (14')

The term in braces appears only if the index i corresponds to a Jordan block
with more than one row and does not correspond to the last row in this Jordan
block.

We denote by j or k those indices for which

Re > 0 or Re Ak 0, respectively,

and by q5, the real-valued functions

= Izk(t)12,
j k

where z(t) is a solution of (14'). Now let 77> 0 be chosen so small that

0<677 <ReA3 for allj,

and choose 6 > 0 so small that

If z(t) is a solution of (14') with

IZ(OIe <6, 7/)(0) (15)

then as long as z(t) I e and (t) � cb(t), we have

16(

and further, by the Schwarz inequality (j + 1 is an index of type j),

=
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and

� �
as well as Re > and

� ?lIZIe = �
Hence

> — — =

An equation analogous to (16) holds for (one simply replaces j by k). Thus,
because Re Ak � 0, it follows, using the same estimates, that

+

Therefore, as long as � we have

- sb') > — (im& + = — � 0,

i.e., the difference — is increasing as long as it is positive. This shows that
as long as Iz(t)I 6, the inequalities <qS(t) and qY > are satisfied, and
hence � (Lemma 9.1); i.e., for every solution z(t) satisfying (15)
there exists at0 with z(to)I 6. But this signifies that the solution x(t) 0 is
not stable.

IX. Autonomous Systems. Linearization. Autonomous systems are
systems of the form

y'=f(y). (17)

The right-hand side of such equations does not depend explicitly on t; conse-
quently, if y(t) is a solution, then so is y(t+to). Other properties of autonomous
systems were already discussed in 10.XI.

Let us assume that f E C1 (D), where D C is neighborhood of 0, and
that 0 is a critical point of f, i.e., f(0) = 0. The equation y' = Ay, where A is
now the Jacobian f'(O), is called the linearized equation at the point 0, and the
transition from the nonlinear equation (17) to the linear equation y' = f'(O)y
is denoted as linearization. If equation (17) is written in the form

y'=Ay+g(y), (18)

then

g(y) = f(y) — f'(O)y,

and hence

y—o
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by the definition of differentiability. This shows that the function g(y) satisfies
the main assumption (9) of the two preceding theorems.

By the stability theorem VII, the "equilibrium state" x 0 of the nonlinear
equation (17) is asymptotically stable if the same is true of the linearized equation
(4). By Theorem VIII, it is certainly unstable if ReA > 0 holds for some
eigenvalue of A.

We have already seen several types of unstable linear systems in the case
n = 2 with completely different phase portraits, for instance, the saddle point
and unstable nodes and vortex points. This raises the question whether the
structural similarity between the linear system (4) and the "perturbed" equa-
tion (18) (with g(y) = o(IyI)) reaches still deeper and also includes the phase
portraits. The answer is sometimes, but not always, positive; it requires a new
notion.

The origin is called a hyperbolic critical point of I if f(O) = 0 and the
Jacobian matrix A = f' (0) has only eigenvalues with Re A 0. For such points
D. Grobman (1959) and Ph. Hartman (1963) proved the following

Linearization Theorem. (Grobman—Hartman). Let D be a neighbor-
hood of the origin and I E C1(D). If the point 0 is a hyperbolic critical' point
of f, then there exist neighborhoods U, V of the origin and a homeomorphism
h : U —+ V (a bijection that is continuous in both directions) that transforms
the trajectories of the linear equation (4) (as long as they belong to U) into
trajectories of the nonlinear equation (17), preserving the sense of direction.

(a) The above conclusions carry immediately over to the case where another
point a, instead of 0, is a critical point of f. This is because the difference
z(t) = y(t) — a, which is the concern of stability questions, satisfies the equation

= h(z) with h(z) = f(a + z) whenever y is a solution of (17). Here we have
h(0) = 1(a) = 0 and A = h'(O) 1(a). The critical point a is called hyperbolic
whenever Re A 0 for A E a(A). In the linearization theorem, which remains
valid, V is now a neighborhood of a.

Examples. 1. The real linear systems for n = 2 with det A 0 discussed
in 17.X have the origin the only critical point. It is hyperbolic in all cases
with one exception, the center (in 17.X.(d), it is denoted by K(O,w)).

2. The equation of the mathematical pendulum

'U" +sinu = 0

has critical points (0,0) and (ir, 0). Corresponding linearizations are

(0 i\ (01
A=f'(O,O)= I I and A=f'(ir,O)= I

0) 0

For the first of these, the linear part is the equation for the harmonic oscillator
u" + u = 0. The trajectories are circles around the origin, and the phase
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portrait of the mathematical pendulum shows closed, approximately circular
Jordan curves near (0,0). The linearization theorem, however, does not lead to
any conclusion in this case (Re A = 0), and for good reason. The differential
equation

u" + u2u' + sinu = 0

has the same linearization at the origin. Nevertheless, this equation is asymp-
totically stable at the origin (this follows from 30.X.(e)), while the harmonic
oscillator has a center there.

By contrast, in the second case det(A — Al) = A2 — 1, whence A = ±1, and
one has a saddle point. By the linearization theorem the phase portrait of the
mathematical pendulum likewise has a saddle point structure in a neighborhood
of the point (ir, 0). Compare the corresponding pictures in 11.X.(d) and 17.X.(c).

3. Let n = 1 and consider the equation

y'=ay+/3y3

The linearized equation is y' = ay. The following table describes the stability
behavior of the solution y 0:

linearized equation nonlinear equation

a <0 asymptotically stable

a > 0 unstable

a = 0 stable

asymptotically stable
unstable

asymptotically stable if /3 < 0

stable if /3 = 0

(S
unstable if /3>0

The conclusions for a 0 follow from VII and VIII; the proof for the case
a 0 is suggested as an exercise. The point y = ü is hyperbolic for a 0 only;
for a = 0 the nonlinear equation changes its behavior with /3.

Linearization is an excellent tool for the study of nonlinear autonomous
systems in a neighborhood of its critical points. This viewpoint gives the classi-
fication of plane linear systems a deeper significance. However, the connection
disappears if the linear system has eigenvalues with vanishing real part.

Proofs of the linearization theorem are found in the books by Amann (1983)
and Hartman (1964); they are not simple. The books by Jordan and Smith
(1988) and Drazin (1992) are well suited for obtaining a deeper understanding

.of the global behavior of nonlinear systems. More advanced are the treatises of
Haie—Kocak (1991) and Wiggins (1988).



§29. Stability 317

X. The Generalized Lemma of Gronwall. Let the real-valued func-
tion be continuous in J = [0, a], and let

� a
+

f h(s)çb(s) ds in J,

where a E R and h(t) is nonnegative and continuous (sufficient: Lebesgue inte-
grable) in J. Then

with H(t)
= f h(s) ds.

The proof from VI carries over (Exercise!).

XI. Exercise. (a) In the (real or complex) system of differential equa-
tions

y'=Ay+g(t,y)

let A be a constant matrix and Re A <a for every eigenvalue A of A. Further,
let g(t,y) be continuous for t � 0, y or and

� h(t)lyI,

where h(t) is a continuous (sufficient: locally integrable) function for t � 0.
Show that every solution y(t) satisfies an estimate

ly(t)l je 1<H(t) with H(t)
=

h(s) ds

for some constant K > 0 that is independent of y.
Hint. Derive an integral equation for cb(t) = y(t) I and use the general-

ized lemma of Grohwall.
From (a) conclude the following:
(b) If h(t) is integrable over 0 � t < oo and if all eigenvalues of A have

negative real part, then the solution y 0 is asymptotically stable and all
solutions tend to zero as t oo.

(c) In the linear system

y' = (A + B(t))y,

let B(t) be a continuous matrix for t � 0, and let

j IB(t)I dt <

If all eigenvalues of A have negative real part, then the solution y 0 is
asymptotically stable.
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XII. Exercise. Let n = 3, y = (x,y,z), and

x'= —x—y+z+ri(x,y,z)x,
y' =x— 2y+2z+r2(x,y,z)y,

z' =x + 2y + z + r3(x,y, z)z,

where r1(x, y, z) is continuous and r2(0, 0,0) = 0 (i = 1,2,3). Show that the
zero solution is unstable.

§ 30. The Method of Lyapunov
The Russian mathematician and engineer A.M. Lyapunov (1857—1918) in-

troduced in his dissertation of 1892 two methods for dealing with stability ques-
tions. While the first method is of a special nature, his second, or direct, method
has developed into an extraordinarily useful tool. The method is based on a
real-valued Lyapunov function V, which can be viewed as a generalized distance
from the origin.

We consider real autonomous systems

y'=f(y), (1)

where f is continuous in the open set D C F, 0 e D, and f(0) = 0. The zero
solution x(t) 0 of (1) is also called the rest state or equilibrium state. Our
theorems deal with this case. The extension to an equilibrium state x(t) a in
the case where f(a) = 0 is elementary; cf. 29.IX.(a).

Notation. The functions, vectors, and matrices that appear have (unless
otherwise noted) real-valued components. The expressions (x, y), xi, and Br
denote respectively the scalar product, the Eudidean norm and the open ball
lxi < r in F. In many results in this section it is assumed that f is locally
Lipschitz continuous in D. When this is the case, the solution y(t) of (1) with
initial condition y(0) = is uniquely determined and will be denoted by y(t; ti).

Expositions of the Lyapunov method are found in the books cited at the end
of 29.IX and in the monographs by Cesàri (1971) and Hahn (1967).

I. Lyapunov Functions. We first introduce an additional concept of
stability. The equilibrium state is said to be stable if there exist
positive constants 'y, c such that for every solution y(t) of (1)

iy(O)i <j3 implies iy(t)I for t> 0;

in particular, it is required that these solutions exist in [0, oo).

(a) If f is locally Lipschitz continuous, then exponential stability implies
asymptotic stability.
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Proof. For every 6 > 0 there exists an a 0 such that Thus if
< /3, then y(t; < in [a, oo). By Theorem 13.11, there exists a

positive 6 < /3 such that < 6 implies that y(t;ii)I < e in [0,a]. Therefore,
the last inequality holds in [0, oo) if <6, i.e., the equilibrium state is stable
and, in fact, is asymptotically stable.

Given a real-valued function V e C1 (D), we define

(grad V(x),f(x)) fi(x) (2)

It is easy to recognize that V is the directional derivative of V in the (not
normalized) direction of f:

= Urn [V(x + tf(x)) — V(x)I. (2')

Because of the following property, V is also called the derivative of V along
trajectories.

(b) If y(t) is a solution to (1), then, by the chain rule and (1),

This formula can be used to obtain information about the behavior of V
along a trajectory without prior knowledge of the solution. In the "direct
method", this idea is exploited. A Lyapunov function for (1) is a function
V E C' (D) that satisfies the relations

V(O)=0, V(x)>0 for and x)�0 in D.

II. Stability Theorem (Lyapunov). Let f E C(D) with 1(0) 0 and
let there exist a Lyapunov function V for f. Then

(a) V 0 in D the zero solution of (1) is stable.
(b) V < 0 in D \ {0} the zero solution of (1) is asymptotically stable.
(c) V < —aV and V(x) � b > 0) the zero solution is

exponentially stable. I

Proof. (a) Let 6 > 0 be chosen so small that the closed ball lies in D.
We choose a positive 'y such that V(x) > 'y holds for xl = e, and then choose
a 6 with 0 < 6 < e such that V(x) <y for lxi <6. If y is a solution of (1) with
y(0) I <6, then by I. (b), the derivative of the function = V(y(t)) satisfies

� 0, and hence we have � q5(0) <y. Since V(x) only takes on values
'y on the sphere lxi = 6, it follows that iy(t)i remains < e for t> 0. Both

the existence of the solution in the whole interval J = [0, oo) and the estimate
ly(t)I <6 in J follow from here.

(b) If y(t) is a solution as defined in (a) and q5(t) V(y(t)), then =
<'y. We first show that /3 = 0. Let us assume that this is not the case. Then

the set lvi = {x E Be /3 � V(x) 'y} is a compact subset of \ {0} and
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: x E M} = —a < 0. Since the solution y stays in M, we would have
4/(t) � —a, which leads to a contradiction. Thus lirnq5(t) = 0.

The limit relation y(t) —i 0 (t —p oo) follows from here. For a positive e' <e,
the function V has a positive minimum 5 on the set e' � lx! � e. Therefore,

<e' as soon as <6, i.e., for all large t.
(c) The hypotheses imply that bly(t)i'3 � V(y(t)) = and 4/ � —aq5, and

hence � 4(0)e_at. It follows that y(t)j with = a/fl> 0. I

III. Instability Theorem (Lyapunov). Suppose that V E C'(D),
V(O) = 0, and V(Xk) > for some sequence (xk) in D \ {O} with xk —4 0.
If V > 0 for x 0 or V � AV in D with A > 0, then the zero solution is
unstable. In particular, it is unstable if V(x) > 0 and V(x) > 0 for x 0.

Proof. Let y be a solution of (1) with y(0) = 0; it follows that 4(0) =
a > 0, where once again 0(t) = V(y(t)). We consider the first case and choose
e > 0 such that V <a in Since 0' � 0, and hence a = 0(0) � 0(t),we have
ly(t)i > e. Now let Br be a closed ball contained in D (r > e). if e � lxi � r,
then V(x) � 0, and hence 4/ � $ and 4(t) � a + fit, as long as y(t) E Br.
Since V is bounded in Br, the solution y(t) must leave the ball Br in finite time.

In the second case we have 4/(t) � A0(t), whence it follows that 0(t) � aeAt.
Here, too, y(t) > r for large t. Therefore, because xk —+ 0, there exist solutions
with arbitrarily small initial values that leave the ball Br. I

1V. Examples. There is no general recipe for constructing Lyapunov
functions. In specific cases one may rely on experience and examples; some
imagination is also helpful. For many problems, the scalar product V(x) =
(x, x) = 1x12 works. More generally, we consider an arbitrary scalar product
(x, y) in and compute the derivative V associated with the function V(x) =
(x, x) using (2'):

V(x+tf(x)) — V(x) 2t(x,f(x)) +t2(f(x),f(x)).

After dividing by t, one obtains, as t —p 0,
(a) V(x) = (x, x) satisfies 1'(x) = 2(x, f(x)) and V(x) > 0 for x 0.
(b) In the differential equation

y' =

assume that D —+ IR and g: D —p with g(0) = 0 are continuous and
B = _BT is a skew-symmetric matrix. Then it follows from the result in (a)
that the derivative of V(x) = (x, x) = lxI2 is given by

11(x) = 2(x, Ax) + 2(x, g(x)).

By the skew-symmetry of B, we have (x, Bx) = 0; therefore, the term
in the differential equation has absolutely no effect on V. We consider three
cases.

(i) if (x, Ax) � 0 and (x, g(x)) � 0 in D, then the rest state is stable.
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Now suppose g(x) = o(Ixi) as x 0. Then the rest state is
(ii) exponentially stable if (x, Ax) —aix!2 with a> 0,
(iii) unstable if (x, Ax) � alxi2 with a> 0 holds.

Proposition (i) follows from Theorem II. (a). To prove (ii) and (iii), let i'> 0
be determined such that Br C D and g(x)j < in Br. It follows that
(x,g(x))l < and hence V � —a or V 2 aV in Br. Then (ii) follows

from Theorem II.(c) and (iii) from Theorem III, applied on Br. I
(c) Linear Systems. Consider the linear system y' = Ay and suppose Re A <

0 for all A e o(A). We use the scalar product

(x, y)
= f (eAtx, eAty) dt

(the convergence of the integral is proved as in 29.V). If V(x) = (x, x) and
y(t) = eMx, y'(t) = AeAtx, then

= 2(x,Ax)
= f 2(y(t),y'(dt)) dt = = —Ixl2.

By Theorem II. (b), the zero solutioxi is asymptotically stable, something we
have known all along (17.XI). However, the approach used here gives additional
information.

(d) "Lightning proof" of the Stability Theorem 29.VII in the Autonomous
Case. If Re A < 0 holds for A o(A) and if g(x) o(ixl) as x 0, then the
zero solution of the equation

y' =Ay+g(y)

is exponentially stable.

Proof. The function V introduced in (c) satisfies (with lxii =

There exists c > 0 such that lix!! < clxi; cf. Lemma 10.111. Let r > 0 be such
that Br C D and lg(x)I � (1/(4c2))ixl in Br. Then

� _ixi2 + 2c2ixlig(x)l � � in Br.

The conclusion now follows from Theorem II.(c). I
(e) Nonlinear Oscillations without Friction. For the equation

it" + h(u) = 0 x' = y, y' = —h(x)

with xh(x) > 0 for x 0, studied in 11.X, an obvious choice for a Lyapunov
function is the energy function

E(x, i,,) = + H(x) with H(x) = h(s) ds.
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Here E(z, y) > 0 for (x, y) (0,0) and E(x, y) 0. Therefore, the zero solution
is stable.

(f) Nonlinear Oscillations with Friction. We consider an equation with a
linear friction term eu' (e> 0)

y'=—h(x)—ey.

As a Lyapunov function we take again the energy function E(x, y) from (e); it
has now the derivative

E = -Ey2.

Thus the energy decreases, as might be expected. By Theorem II.(a), the rest
state is stable. On physical grounds, one would guess that it is, in fact, asymp-
totically stable. This, however, does not follow from Theorem II. (b), since the
inequality V < 0 is violated when y = 0. In the next section we will derive a
more general stability theorem that implies, among other things, the asymptotic
stability in this example.

V. Limit Points and Limit Sets. Invariant Sets. In the autonomous
differential equation

y' f(y) (1)

let f be locally Lipschitz continuous on the open set D C R71. The solution
y(t) with y(0) = E D will be denoted by y(t; This solution exists in a
maximal interval J = (t, with —00 � t <0 <00 and generates an
orbit = y(J). The sets 'y = y((r, 0]) are called the
positive semiorbit and negative semiorbit, respectively. A point a E F is called
a positive limit point or w-limit point if = oo and if there exists a sequence
(tk) tending to oo such that limy(tk) = a. The set of all w-limit points
is called the w-limit set. Correspondingly, an a-limit point a is defined by the
conditions t = —oo, hmtk = —oo, and Iimy(tk) = a, and the a-limit set L
as the set of all a-limit points. In order to emphasize the dependence on the
initial value y(0) = one writes For a set A C D,

denotes the union of the sets for a E A. Since z(t) = y(t + to) is a
solution whenever y(t) is, and since both solutions clearly have the same limit
sets, it follows that L+(77) = and L(77) =

A set M C D is called positively invariant or negatively invariant or invariant
with respect to the differential equation (1) if77 E M implies that c M
or (ti) C M or 7(77) C M, respectively. The following simple propositions
will be stated for positive invariance; corresponding statements also hold for
negative invariance and invariance.

(a) If y(t) is a periodic solution, then = = = = L(7).
(b) Any union of positively invariant sets is positively invariant. Thus every

subset of D contains a largest positively invariant subset (it could be empty).
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(c) If y(t) is a solution with maximal interval of existence J and if 0, s, s+t E
J, then

y(s + t) = y(t; y(s)).

(d) Every positive semiorbit is positively invariant, every orbit is invariant.
(e) Let y be a solution in (t, oo) with t <0. Then fl 0 implies
c Lt
(f) If M c D is positively invariant, then so is : E M}.

The reader is invited to provide the details of the proofs as initiation into
the new concepts. The statement (c) says simply that z(t) := y(t + s) is the
unique solution with z(0) = y(s). In (e), let a be a point in the intersection; then
on the one hand, a y(T) with r � 0; on the other hand, a = limy(tk), where
limtk = cc. Thus for arbitrary s � —-r, the limit y(s + tk) = y(s;y(tk)) —p

y(s; a) = y(s + r) holds because of the continuous dependence of the solution
on initial values. U

In the following, dist (x, A) = — al : a A} is the distance between
a point and a set, and dlist (A, B) inf{Ia — bi : a E A, b E B} is the distance
between two sets. The next theorem is crucial for later considerations.

Theorem. Let y(t) be a solution of (1) in a maximal interval J with 0 E J.
If C K, where K is a compact subset of D, then cc and the limit set
L+ C K is nonempty, compact, connected, and (two-sided) invariant, and

lim dist (y(t), 0.

In particular, all solutions y(t; with exist in IR.

Proof. Since y(t) lies in K on its maximal interval of existence to the right,
it follows that the solution exists for all t > 0. Therefore, by the Boizano—
Weierstrass theorem, every sequence of the form (y(tk)) has a convergent sub-
sequence, so L+ is a nonempty subset of K.

is closed. To show: If b is an accumulation point of then for arbitrary
6 > 0 and T> 0 there exists a t > T such that ISr(t) — bI <6. To prove this,
one takes a point a E L+ with a — bi < 6/2 and a t = tk > T such that
y(t) — al <6/2; then it follows that y(t) — bI <6.

L+ is connected. Suppose that L+ is not connected, i.e., that there ex-
ist nonempty, disjoint, compact sets K1 and K2 with L+ = K1 U K2 and
dist(Ki,K2) = 2p > 0. Let := dist(y(t),K2), i = 1,2. For each k
(= 1,2,...) there exist points > k such that

and

d2 (t) � 2p and since these two functions are continuous, there is a
point tk, lying between t'k and such that

dj(tk) = p and d2(tk) > p.
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The sequence (y(tk)) lies in the compact set K, and it has an accumulation point
a in K. On the other hand, dist (a, � p, i = 1,2, which is a contradiction.

Invariance. Let a E L+ and lilny(tk) = a, where tk —p The solution
y(t; a) exists in a maximal interval We fix t E J1 and choose a compact
interval I c J1 containing 0 and t. According to Theorem 13.X, the solution
with initial value y(tk) exists at least in I for k large. Now (c) implies

y(t+tk)=y(t;y(tk)) as 00.

Therefore, since t E .11 is arbitrary, 'y(a) C L+ C K, and consequently,
is invariant. Furthermore, since K is a cdmpact subset of D, it follows that
J1 =R.

The limit relation. Let e > 0 be chosen so small that the c-neighborhood
of L+ is contained in D. If a sequence (tk) exists such that —+ 00 and

y(tk) then the sequence (y(tk)) has an accumulation point outside of L+.
With this contradiction, the final assertion dist (y(t); —' o is also proved. I

VI. Attractor and Domain of Attraction. Again is assumed to be
locally Lipschitz continuous in D. If f(O) = 0 and if the equilibrium solution
x(t) o is asymptotically stable, then the set of all E D with the property
that y(t; 77) 0 as t —' 00 is a neighborhood of the origin. This set is called the
domain of attraction of 0 and is denoted by ..4(0). More generally, if M C D is
a positively invariant set, we define the domnin of attraction A(M) of M to be
the set of all points ED such that dist(y(t;77),M) —'0 as t—' 00. If A(M)
is a neighborhood of M (superset of an c-neighborhood), then M is called an
attractor. If D = IR'2 and .4(M) = then M is called a global attractor. In
particular, a singleton M = {a} with f(a) = 0 is an attractor if the solution
x(t) a is asymptotically stable.

Lemma. Let C C D be open, V e C1(C), and � 0 in C. Suppose that
the set Ga = {x E C: V(x) � a} is compact for some a E V(C). Then the
following hold:

(a) Every solution y(t; q) w4h 77 E exists for all t> 0.
(b) Ca is positively invariant.
(c) E Ca, then C is nonempty and V = 0 on

Proof. We write y(t) for y(t;77) and = V(y(t)). If 77 E Ca, then
� a. As long as y(t) remains in C, the inequality � 0 holds; hence
� a, or, what amounts to the same thing, y(t) E Ga. Since the distance

from Ga to the boundary of C is positive, one arrives at a familiar conclusion,
namely, that the solution exists for all t > 0 and remains in Ga. This proves
(a) and (b).

By Theorem V, =: is nonempty and contained in Ca. Assume that
V(a) <0 for some a E Then V(x) � <0 holds in a ball B: x—aI � 2c.
There exists a sequence (tk) tending to oo such that fy(tk)—aj <c and a number
c> 0, independent of k, such that Iy(t) — al <2c for t E Jk = (tk — c, tk + c)
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and k = 1,2,3,... (this follows from the boundedness of in [0, oo)). Thus
in every interval Jk, cb' —'y, and therefore —co as t —p co. This
contradiction shows that V(a) = 0. I

Determining, or at least estimating, the domain of attraction is a problem
of great practical importance. The following theorem shows how Lyapunov
functions can be used in this context.

V11. Theorem. Let C C D be open. Let the function V E C1 (C) satisfy
V 0 in C and have the property that for every a E V(G), the set Ga = {x E

C : V(x) a} is compact. Let lvi be the largest invariant subset of the set
N := {x E G V(x) = 0}. Then G is contained in the domain of attraction of
lvi; i.e., for E G, dist (y(t; ii), lvi) tends to 0 as t 00.

The essential steps in the proof have already been dealt with in the lemma.
A point E G belongs to Ga for a = By Vi(c), = C N,
and by Theorem V, is invariant. Hence C lvi and, again by Theorem V,
o dist (y(t; ii), lvi) � dist (y(t; re), —p 0 as t oo. I

With this we have tools needed to derive sharper theorems on asymptotic
stability and instability. The main idea of the stability theorem goes back to
LaSalle (1968). The instability theorem was proved by Cetaev with the stronger
assumption V > 0 in (b) as early as 1934 and later generalized by Krasovsky.

V111. Stability Theorem (LaSalle). Let the function f with f(O) = 0

be locally Lipschitz continuous in D, and let V C' (D) be a Lyapunov function
for f. if lvi = {O} is the largest invariant subset of N = {x E D : V(x) =
then the rest state is asymptotically stable.

Proof. Let Br C D and V(x) > 'y > 0 for xl = r (r> 0). Then the set
C = {x E Br V(x) <-y} satisfies the hypotheses of the previous theorem, and
this theorem gives the conclusion. I

IX. Instability Theorem (Oetaev—Krasovsky). Let f satisfy the hy-
potheses of Theorem VIII and let C be an open subset of D with 0 E 0G. Let
the function V E C'(C) fl C(G) satisfy the conditions

(a) V>0 in V=0 onOGflD;
(b) V � 0 in G.

If the empty set is the only invariant subset of the set N = {x E G: V(x) = 0},
then the equilibrium state is unstable.

Proof. We choose r > 0 such that lies in D. Let be an arbitrary
point from C fl B,. and y(t) y(t; ri). We will derive a contradiction from the
assumption that y(t) remains in Br for all t> 0. To do this, let q5(t) = V(y(t)),

= a > 0, and Ga = {x GflBr V(x) � a}. Since V vanishes on
OGflBr, Ga is a compact subset of G. As long as y(t) remains in C, qY(t) � 0,
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which implies that q5(t) � and hence y(t) E From here it follows in the
usual way that y(t) E Ga for all t> 0. Thus the trajectory is contained
in the compact set and = L+(ii) is nonempty and invariant by Theorem
V. It follows that is also bounded. One shows exactly as in Lemma VI that
the assumptions e > 0 imply the relation = 00. Thus
we have = 0 and hence L+ C N. Since L+ is invariant, this gives a
contradiction. It shows that each solution that begins in G leaves the ball Br;
since 0 E OG, the conclusion follows. I

We now apply these two theorems to a class of second order equations, which
describe nonlinear oscillations with friction. The case of frictionless oscillations
was discussed in detail in ll.X.

X. Nonlinear Oscillations with Friction. We consider a differential
equation

x"+r(x,x')=O (3)

for x = x(t). The corresponding autonomous system for (x, x') = (x, y) is given
by

= y, y' = —r(x, y). (3')

We assume that r E C'(D), where D is open and (0,0) E D, r(O,0) = 0, and
r(x, 0) 0 for x 0. This condition means that f(x, y) = (y, —r(x, y)) has no
critical points besides the origin. As a Lyapunov function we choose

V(x, y) = + R(x) with R(x)
= j r(s, 0) ds. (4)

In the frictionless case, where r = r(x), this is precisely the energy function
from ll.X. One obtains, using the mean value theorem,

12(x, y) = —y[r(x, y) — r(x, 0)] = —y2ry(x, Gy) with 0 < 0 < 1. (5)

The following propositions deal with the stability of the equilibrium state

x 0 the equilibrium state is stable.
(b) xr(x, 0) > 0 for x 0, y) > 0 for zy 0 the equilibrium state

is asymptotically stable.
(c) y) <0 for zy 0 the equilibrium state is unstable.

Proof. If xr(x,0) > 0, then it follows that R(x) >0 (x 0); hence 0 =
V(0, 0) <V(x, y) for (x, y) 0. Therefore, in case (a), V � 0, and the stability
theorem IL(a) applies.

and 0. The solution with initial value (e,0) satisfies y'(O) = 0,
and the solution with initial value (0,17) satisfies x'(O) 0. Therefore, these
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solutions do not remain in the set N; i.e., IVI {O} is the largest invariant
subset of N. Case (b) now follows from Theorem VIII.

In case (c), there are four cases to be distinguished depending on whether
r(x, 0) is positive or negative for x > 0 or x < 0. Suppose, for instance, that
r(x,0) <0 for x > 0 and x < 0, which implies that R(x) <0 for x > 0 and
R(x) > 0 for x < 0. In this case, the set C consists of all points (x,y) E D
with x < 0 and those points with x � 0 for On the set
G we have V> 0; on the two curves y = x � 0, which belong to
the boundary, V = 0; finally, V > 0 in C, except for the set N = {(x,y) E C:

= 0), where V vanishes. Every solution that starts on N leaves N, as we
have seen in case (b) above, i.e., N does not contain an invariant subset. The
conclusion now follows from Theorem IX.

In the case where xr(x, 0) > 0 for x 0, one can choose C = C \ {(O, 0)}.
The two remaining cases are left to the reader as an exercise. I

(d) Propositions (a) through (c) remain valid if the continuous differentia-
bility condition for r is replaced with local Lipschitz continuity. The hypotheses
on must then be replaced by corresponding rnonotonicity conditions, for in-
stance, <0 by "r is strongly monotone decreasing in y." It is easy to see that
even less is sufficient, namely a corresponding sign condition for the difference
r(x, y) — r(x, 0). Incidentally, in the rubber-band example 11.X.(c) the force
term r does not belong to C'.

(e) The Liérjard Equation

x"+g(x)x'+h(x)= 0

describes an oscillation, where g(x)x' represents a friction term that is linear in
the velocity and h(x) describes a restoring force. We will assume that g and h
are locally Lipschitz continuous. In addition, it will be assumed that g(x) > 0

(the friction force acts opposite to the velocity vector).
Here r(x,y) g(x)y+h(x), and since r(x,0) = h(x), R(x) in (4) is the

function H(s)
= j h(s) ds introduced in 11.X and V is the corresponding

energy function E. The derivative of this function along trajectories given by
V(s, y) = —g(x)y2. Since = g(x), (a), (b), (c) lead to the following

Theorem. Suppose xh(s) > 0 for x 0. Then the equilibrium state of
the Liénard equation is stable if g(x) � 0, asymptotically stable if g(x) > 0 for
x 0, and unstable <0 for x 0.

To study the behavior of solutions as t —oo, one introduces the function
z(t) = x(—t). It satisfies the differential equation z" — g(z)z' + h(z) = 0, that
is, the original differential equation with —g(x) in place of g(x). The stability
properties can then be read off from the theorem.

(f) The

Van der P.ol Equation x" = 6(1 — — x
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is a special case of the Liénard equation. If e > 0, the zero solution is un-
stable, for e < 0 (this corresponds to > 0 in the direction t —oo), it is
asymptotically stable.

Exercises. (g) Global Attractor. In the Liénard equation, let g and h be
locally Lipschitz continuous. Let xh(x) > 0 and g(x) > 0 for x 0 and suppose

H(x)
= j h(s) ds tends to 00 as x —i ±00. Show: The zero solution is a global

attractor.
(h) Nonlinear Friction Force. Extend the theorem in (e) and the conclusion

(g) concerning the Liénard equation to the case of the differential equation

x" + + h(x) = 0,

where with = 0 is locally Lipschitz continuous and strongly monotone
increasing. An important example is the quadratic resistance law = y2sgn y
that is used to describe air resistance in high-velocity motion.

(i) Domain of Attraction. Let g and h be locally Lipschitz continuous in
J = (a,b) with a <0< b, and let xh(x) >0 and g(x) >0 in J\{0}. Denote

the limiting values of H(x)
= j h(s) ds as x —p a and x b by H(a) and

H(b), respectively. Show that in the case of the Liénard equation and, more
generally, the equation considered in (h), the set

G= {(x,y) E J x +H(x) <min(H(a),H(b))}

is contained in the domain of attraction of the attractor M = {(0, 0)}.

3) Sharpen the result of the Theorem in (e) by showing: If xh(x) > 0 for x
0 and g(x) � 0, then the zero solution of the Liénard equation is asymptotically
stable if and only if there exists a null sequence (xk) with g(xk) > 0.

Remarks. The Dutch physicist and radio engineer Baithasar van der Pol
(1889—1959) came upon equation (f) in 1926 in describing an electrical circuit
with a triode valve. Soon thereafter, A. Liénard investigated the general equa-
tion of type (e). The results about the more general equation (3) go back to W.
Leighton. Numerous additional results about individual differential equations
of second order, in particular, results dealing with the occurrence of periodic
solutions, are described in the book by Reissig-Sansone-Conti (1963).

XI. Additional Examples and Remarks. (a) Gradient Systems. This
is the name given to systems in which f has a potential function g e C1 (D) such
that f(y) = —gradg(y) (the minus sign is used in physics). For the equation

y' = —grad g(y) (6)

a natural choice of a Lyapunov function is the function V(x) = g(x). We have
then

V = —Igradg(x)12.
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Thus, if g has a local minimum at the point a E D and if there exists a neigh-
borhood N of a such that g(x) > g(a) and gradg(x) 0 in N \ {a}, then the
equilibrium state x(t) a is asymptotically stable. This follows from Theorem
II.(b).

The following example is important from both a theoretical and a historical
standpoint.

(b) Motion in a Conservative Force Field. Let a conservative force field k
be defined on an open set D1 C i.e., let there exist a potential U C C'(D1)
with k(x) = —grad U(x). The equation of motion x" = k(x) then reads

—gradU(x) x' = y, y' = —gradU(x). (7)

Thus we are dealing with a system of 2n equations in the set D = D1 x C
As a Lyapunov function, we take the energy function

V(x,y) = U(x) +

(the sum of the potential and kinetic energy). A simple calculation shows that
V(x, y) 0. Therefore, V is constant along trajectories of solutions; this is the
theorem of conservation of energy.

The equation grad V(x, y) = (grad U(x), y) = (0,0) is satisfied if and only
if grad U(x) = 0 and y 0. From this observation we obtain the following:

(b1) Let gradU(a) 0, where a E D1. If the potential U has a strong
minimum at a, then the constant solution x(t) a, that is, the solution
(x(t), y(t)) (a, 0), is stable. This follows again from Theorem II. Inciden-
tally, the scalar equation x" + h(x) = 0 with U(x) = H(x) is a special case.

(c) Motion in a Force Field with Priction. As a rule, the frictional force has
the direction of —x'. We allow a general term of the form x')Ax' with
(Ay, y) � alyI2 (a > 0) and nonnegative this implies that the angle between
—x' and the frictional force is smaller that ir/2. The resulting equation has the
form

x" + çl'(x, x')Ax' + grad U(x) =0.

We use the energy function V from (b) and obtain

= (

(Ay,y) and a strong
minimum at 0. Then the equilibrium state x(t) 0 is asymptotically stable.

This result follows from Theorem VIII using a setup that is similar to the
one-dimensional case in X.(b).

(d) Hamiltonian Systems. Let the real-valued function H(x, y), x, y E IRTh,
belong to C2 (D), where D C is open. An autonomous system of 2n differ-
ential equations of the form

x' = y' = (8)

is called a Hamiltor&ian system, and the function H is called a Hamiltonian
function. The Hamiltonian function can be used as a Lyapunov function; indeed,
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V = H satisfies 12- 0 in D, as one easily sees. It follows then from Theorem
II that

(d1) A strong of the Hamiltonian function is a stable equilibrium
state for equation (8).

A Hamiltonian system for n = 1 was already treated in 3.V. The potential
function F is a Harniltonian function for the differential equation (3.13). Also,
the equation of motion treated in (b) is of type (8), where the total energy
function is the Hamiltonian function.

As an outlook on more recent developments, we consider a three-dimensional
autonomous system that despite its simplicity, exhibits exceptionally rich and
complicated dynamics. The equations were proposed by the meteorologist and
mathematician E. N. Lorenz as a very crude model of a convective (predomi-
nantly vertical) flow realized by a fluid that is warmed from below and cooled
from above. The example has attracted great attention, and its stimulating
effect persists in the recent research on chaotic motion.

XII. The Lorenz Equations. These equations read

= —

y'=rx—y—xz, (9)

z' =xy — bz,

where o, r, and b are positive constants.
We formulate some properties of the solutions to this system as exercises,

with hints for the proof.
(a) Symmetry. if (x(t), y(t), z(t)) is a solution, then so is (—x(t), —y(t), z(t)).
(b) The positive and negative z-axes are invariant sets.
(c) The origin is a critical point for all parameter values, if 0 < r < 1, the

origin is a global attractor and the zero solution is asymptotically stable.
(d) if r> 1, then the zero solution is unstable.
(e) Every solution has a maximal interval of existence of the form J =

(t, oo). There exists a compact, positively invariant set E c R3 (depending
on a, r, b) that every solution enters at some time and thereafter never again
leaves.

Hints for the proofs. (c) Use the Lyapunov function V(x, y, z) = x2 + ay2 +
az2 and show that the hypotheses of Theorem II.(b) and Theorem VII with
C = R3 are satisfied.

(d) Calculate the matrix A of the linearized system and show that A has
three real eigenvalues, two negative and one positive.

(e) Consider the Lyapunov function V = rx2 + ay2 + a(z — 2r)2, calculate
the derivative V, and show that the set A — {(x, y, z) E : V(z, y, z) � —6}
is compact (6> 0). Let M be the maximum of V on A and let E be the set
of all points with V(x,y,z) � K (E is an ellipsoid with center (0,O,2r)). if
v(t) = (x(t), y(t), z(t)) is a solution and = V(v(t)), then show that (*)

� K implies çb'(t) —6, and derive the conclusion from (*).
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These properties lie on the surface. Anyone interested in digging deeper
can consult the book The Lorenz Equations: Bifurcations, Chaos, and Strange
Attractors by C. Sparrow (Springer Verlag 1982).





Appendix

In this appendix, concepts and theorems from topology, real, and complex
analysis and functional analysis that are used in the text are formulated. In
most cases the theorems are given with proofs or at least with sketches of the
proofs. At some points the theory is deepened.

A. Topology

In this section we present some basic facts about paths and curves for use
in the investigation of differential equations. We begin with some definitions
and elementary results, followed by a discussion of the polar-coordinate repre-
sentation of curves that is needed for the Priifer transformation in § 27.W. We
then introduce the winding number and give a statement of the Jordan curve
theorem without proof. Next, theorems on level curves that are used to check
for the existence of periodic solutions are presented. The section concludes with
some theorems on autonomous systems of differential equations for n = 2 that
in essence spell out that a solution that starts on a level curve traces it out
entirely. The proofs for these theorems are independent of the previous results.

There is no consensus in the textbook literature about the concept of a curve.
In some branches of mathematics the emphasis is on the curve as a set—a one-
dimensional manifold; in others (particularly in mechanics) it is important to
know how the curve is traced out, which is accomplished by introducing a time
dependent path function. Both aspects come forward here.

I. Paths and Curves. A continuous function : I = [a, bJ —p is
called a path in and the image set C = cb(I) is called a curve with the
parametric representation we will also use the notation when we wish to
call attention to the interval I. The point is called the initial point of the
path, the point the terminal point. The path q5 is called a Jordan path if
the mapping is injective, and a closed Jordan path if = and is
injective on [a, b). If C'(I) and 0, then is called a smooth path.

The same terminology is used for the curve generated by q5. Thus, for in-
stance, the set C C is called a closed Jordan curve if there exists a closed
Jordan path with cb(I) = C.

333
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(a) Smooth Closed Paths and Curves. Of a smooth closed path we demand
that besides being smooth and closed, it satisfy (1) = Acb'(b) with A > 0.

The relation (i) is equivalent to the condition that the curve q5(I) have a tangent
at the point = (there is a peak at çb(a) if (i) holds with A < 0). If
(i) holds, then there is a change of parameter of the form (t) = cb(h(t)) with
h(I) = I such that satisfies (i) with A = 1 and generates the same curve C
(for example, one can take h(t) = a + a(t — a) + 13(t — a)2 with a = 2/(1 + A),

= (1 — a)/(b — a)). This can be extended as a periodic C'-function of
period p = b — a to all of R, and each of the closed paths [c,c+p] (c arbitrary)
generate the same curve C. In particular, any point of C can be taken as the
initial point.

(b) Splicing Paths. Paths can be joined together: If and are paths
with I = [a, b] and J = [b, c] and if = then we denote by w =
the path in the interval I U J defined by = = This construction
can also be carried out when J does not connect to I. For example, if J = [a, 131

and, of course, the relation cb(b) = holds, then one introduces a change of
parameter in (t' = t + b — a) and then proceeds as above.

(c) Reversing Orientation. From the path one obtains, by reversing the
orientation, the path defined by = çb(a + b — t). The path is traced
out in the reverse direction with initial and terminal points exchanged. However,

and generate the same curve.
More results concerning paths and curves, including the definition of the

path length L, the formula

b

L f dt for E C'(I),

and the corresponding formula for the arclength, can be found in standard
analysis textbooks.

II. Connectedness. An open set C C is called connected (or, more
exactly, path-connected) if every pair of points from G can be connected by a
path in G, that is, given x, y E C, there exists with cb(a) = x, = y, and
cb(I) C C. A nonempty open connected set will be called a domain. We note
that in topological spaces a different definition of connectedness is used; the two
notions are equivalent for open sets in

Now let G be an arbitrary nonempty open set and x, y C. If x and y can
be connected in C, then we write x y. This relation is an equivalence relation,
and the corresponding equivalence classes are pairwise disjoint open connected
subsets of C whose union is C. These subsets are called components of C. The
set C is a domain if it has only one component, namely C. It is easy to prove

(a) If G, H are domains with C fl H 0, then C U H is also a domain.

III. Plane Curves. Polar Coordinate Representation. A point
(x, y) in the plane can be represented as a complex number z = (x, y), also
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written as z = x+iy. In the second notation, x stands for (x,0) and i for (0,1),
and the definition of multiplication in C leads to iy = (0, y). The function

elt = (cost, sint) = cost+isint

is 2ir-periodlic, and lelti = 1.

Every point z 0 has a polar coordinate representation

z =

here r = Izi = is the modulus of z. The argument q5 = arg z is
uniquely determined up to a multiple of 2ir. For z, z' 0, we have the relations

= —argz, argzz' = argz+argz' (mod 2ir). (1)

Using the principal value of the arc functions, the relations

I arctan(y/x) for x> 0 [+ir for x < 01,
argz=< (2)

arccot (x/y) for y> 0 [+ir for y < 01

determine one value of the argument. All other values are obtained from here
adding 2kir (k an integer). The principal value of the argument is denoted by
Argz; it is defined by the inequalities —ir <Argz ir.

The following results apply to paths in the plane = i1(t)) : I —+ R2.
We first show that such a path has a poiar coordinate representation

= (with continuous argument function (3)

This result requires a simple fact that follows from the intermediate value the-
orem.

(a) Suppose that for a function f C(I) there exists a 5> 0 such that at
each point t E I, either f(t) = 0 or If(t)I � 5. Then if f vanishes at a point of
I, f(t) 0 in I.

Theorem. A path (I' with ((t) 0 has a representation (3) with an argu-
ment function that is continuous in I. This representation is unique modulo
2ir; i.e., every other continuous argument function is of the form + 2kir,
where k is an integer.

If ( E then the functions r(t) = K(t)l and are also in Ck(i).

Proof. Let C(t) E (k � 0). Suppose, to consider a
specific case, that at t = 'r, e(r) > 0. Then in a neighborhood J,. of i- one
obtains an argument function in CIc(J7) by setting :=

a similar manner at each point t E I and using the appropriate
choice of the two possibffities given in (2), one obtains a corresponding interval
neighborhood and a function çb = E Ck(Jt). By the Bore! covering
theorem, finitely many of these interval neighborhoods, say J1, ..., Jr,, are
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a cover for I. Let these neighborhoods be numbered such that J1 = [a, t1),

t1 E J2 = (s2,t2), t2 e = (ss,ts), ..., .1,, = and let çbj be

the argument function that corresponds to J3. We begin the construction of an
argument function q5 E Ck(I) by setting := in J1. Then a point tin
Ji fl J2 is chosen, and one determines an m such that cbi(t) = 42(t) + 2mir. By
(a), qf'2+2mir holds in J1flJ2, and hence the definition q5(t) := q!'2(t)+2mir
in J2 gives a function in U J2). Proceeding in this manner one eventually
obtains = arg (

The uniqueness of modulo 2ir follows immediately from (a). I

Corollary. Let (J, and (*1, be two paths that do not contain the origin
and suppose Re (C*(t)/C(t)) > 0. If the argument function = arg is
continuous, then

defines a continuous argument function (t) = arg (t). -

By (1) = argC*, and since Re(C*/C) > 0, the arctan formula applies in
all of I. Hence q5* is continuous. I

IV. The Winding Number. Let I = [a, b] and Cl' be a closed path
that does not pass through the origin. Making use of the (continuous) polar
coordinate representation C(t) = we define the winding number of ç
(with respect to 0) by

U(z) — winding number.

Since C(a) = C(b), the winding number U is an integer, and by Theorem III,
it is independent of the choice of the argument function q5. The name winding

number points to the fact that U(C) is the number of times the path C winds
around the origin in the positive (counterclockwise) sense. The winding number
is also called index of C.

Example. For C(t) = e' (k 0 an integer) on I = [0, 2ir] we have =
k.

The winding number U(z; C) of a closed path Cli about a point z 0 C(I)
is defined in an entirely analogous manner. First a representation C(t) = z +

i.e., a representation (3) of C(t) — z, is constructed, and then one sets

U(z; C) = —

The earlier statements about U also hold in this case.
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Theorem. Let C = c(I). The winding number U(z; is constant on each
component of the open set G = 1R2 \ C.

Proof. It is sufficient to show that the function U(z) U(z; () is continuous
in C. To see that this is the case, let z1, z2 E C and be a path connecting
z1 and z2 in C. If U is continuous, then so is the function h(t)
Since h(t) is integer-valued, it follows from 111(a) that h is constant on [0, 1] and
hence that U(zi) = U(z2).

To prove the continuity of U at a point z E C, we consider points z" such
that Iz — z*I <p dist(z, C). Then Iz — z*I < K(t) — and hence

Re = Re (1+ >

By Corollary III the function

= + Arg

where = arg(((t) — z), is a continuous argument function. Clearly, (t) —p

and with it U(z*) —' U(z) as —p z. I
We come now to the Jordan curve theorem. This is one of those theorems

that appear obvious on the surface but are difficult to prove. A proof can be
found in textbooks on topology or complex analysis, e.g., R.B. Burckel (1979).

V. Jordan Curve Theorem. A closed Jordan curve C separates the
plane into two connected parts. More precisely: The open set R2 \ C consists
of two components, a bounded component Int(C), the inside, and an unbounded
component Ext(C), the outside of C, and C is the boundary of each component.

If C is generated by the closed Jordan path (, then the winding number
U(z; () is +1 or —1 in Int(C) and zero in Ext(C).

Positive and Negative Orientation. One says that the path is positively
oriented if the winding number is +1 in Int(C) and is negatively oriented if it is
—1 there. Intuitively, positive orientation means that the interior lies to the left
if one proceeds on C in the direction of the path. The unit circle is positively
oriented in the conventional representation z = elt, 0 � t <2ir.

VI. Simply Connected Domains. A domain C C is called simply
connected if the inside of every closed Jordan curve lying in C also belongs
to C. This property means that G does not have any holes. The notion of
a simply connected domain arises in 3.111 and in the existence theorem 21.11,
among others.

Exercise. A plane domain G said to be convex if the line segment con-
necting two arbitrary points z1, z2 from C also lies in C; it is called starlike



338 Appendix

with respect to a point a E G if for every z C, C G. Prove: Every con-
vex domain is starlike, and every starlike domain is simply connected. Give an
example of a nonconvex starlike domain.

VII. Level Curves. For a continuously differentiable function F: C C
R (C open), we consider the level sets

Ma = {z E C: F(z) = a} = F'(a).
A point z where grad F(z) = 0 is called a critical (or stationary) point of F.
The following theorem gives a criterion for level sets to be closed Jordan curves.
It plays an important role in the investigation of periodic solutions to differential
equations.

Theorem. Let C C 1R2 be open and F E C'(G,R). JIMa = F'(a) is a
nonempty compact subset of C that does not contain any critical points, then
Ma consists of finitely many smooth closed Jordan curves.

Proof. The implicit function theorem implies that in a neighborhood of a
point z0 E Ma the equation F(x, y) = a can be resolved either in the form (i)
y = f(x) or (ii) x = g(y). More specifically, there exists an open neighborhood
R Ix J of zo with I = (a,b), J = (c,d) and the case (i) a function
f E C'(I) such that F(x,f(x)) = a in land F(x,y) a for all (x,y) from R
with y f(x). This means that

Here C is a Jordan curve with the parametric representation z = ((t) = (t, f(t)),
t I, and C = C°U{z',z"}, z' = ((a),z" = ((b). In the case (ii) the statement
is similar with ((t) = (g(t),t), C = ((J), z' = ((c)

Every point of Ma is associated with such a rectangular neighborhood. By
the Borel covering theorem, a finite number of these neighborhoods, say R1,

that aiready cover Ma can be chosen from this collection. We modify
the above notation,

Zk E Rk 'k X Jk, Ik = (ak,bk), Jk = (ck,dk),

RkflMa,

and associate the corresponding parametric representation (k ILk with Lk =
[ak, bk], where L°k = Ik in case (i) and L°k = in case (ii).

We assume further that no unnecessary rectangles appear, i.e., that from
Ck C C1 it follows that k = 1. We start with R1 and assume that case (i) is
present. We have R1 fl Ma = = (1(L1). The path (ilL1 has an orientation
(from left to right), the endpoint z'1' = (1(bç) does not lie in R1. Thus there
exists a rectangle, say R2, with z'1' E R2. An end piece = C1 fl R2 of C1 is
simultaneously a starting piece of C2. We carry the orientation of C1 over to C2
in that we reorient (2 if necessary (however, we retain the notation (2 as well
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as 4 for the initial and terminal points); cf I.(c). Again 4 = (2(14) 0
There exists a rectangle R3 that contains 4 and in which C3 = U 4 }
lies. By assumption C2 is not a subset of C3; hence E C20. We proceed in this
manner. Since Ma is covered by a finite number of rectangles Rk, the following
case arises at, say, the mth step: We have := Rm, but Zm E Rk
for some k < m, and hence E Since R := R1 U ... U is open and
all points of C, U U Cm with the exception of are interior points of R, the
path Cm can enter R only at the point With this we have essentiaily shown,
that C C1 U . .. U Cm is a closed Jordan curve.

In order to obtain a unified representation (IL for C from the separate para-
metric representations (kILk of the individual curve segments Ck, one must first
decrease the size of the Lk such that the curve segments no longer overlap
but rather connect to one another. On the new intervals Lk = [ak, 13k] that
arise in this process we have (,(f3i) = (2(a2). However, only =
with > 0. In order to get = 1, one replaces the parameter t in by 7t
and L2 by using a suitable 'y > 0. Proceeding in this way successively
with (s,... , Cm—i, Cm, one obtains new representations of the Ck, for which
Ck(13k) = (k+1(ak+,) and = (with the understanding that
(n+, = Ci). By coupling the representations (cf., I. (b)) one eventu-
ally obtains a smooth closed Jordan path for C satisfying the conditions I.(a).

I
As a simple consequence, one obtains the following useful theorem.

Theorem. Let G be a simply connected domain and suppose F E C' (G)
has a global maximum at the point z0 and no other critical points in G. Let
F(zo) =: B and let there exist an A < B (A = is allowed) such that
for every sequence (zn) in C with E or Em IznI = oo the relation

( A holds.
Then for every a E (A, B), the level set Cc. = F'(a) is a closed smooth

Jordan curve and F(z) > a in Int(Cc.) and F(z) <a in Ex±(Cc.).

It follows immediately that z0 E and C Int(Cp) for A < f3 <

Prvof:Let A < a < B. Since C is connected, (A,B) C F(G), and hence
= F1 (a) is not empty. Assume that is not a compact subset of C.

Then there exists a sequence (zn) in with E c9G or 00,
which leads to a contradiction to the assumptions because = a > A.
Hence is compact, and by the previous theorem there exists a closed Jordan
curve C We write for Int(Cc.) and for Since z0 is the
only critical point, F has no local minimum in I,. and we have F(z) > a in

LetA</3<aandM={zEG:/3�F(z)}. Usingasimilarargument,
one sees that M is a compact subset of C. The set N = IVI \ I,. is likewise
compact. Let -y = maxF(N) = F(zj) with z1 e N. From y> a it follows that
Z1 E but since does not contain any critical points, this case is ruled
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out. Therefore, we have = a. A point z1 E Ea with F(zi) = a would also be
critical, and therefore F(z) <a in I

VIII. Autonomous Differential Equations in the Plane. We now
give some important results on autonomous differential equations in the plane.
The results in this subsection do not make use of the previous theorems.

First some preliminary results. Here I = [a, i3] and J = [a, b] are compact
intervals.

(a) Let the function Ii: J —, IR be continuous and locally injective (i.e., for
every t J there exists a neighborhood U such that the restriction hlunj is
injective). Then h is injective in J and hence strongly monotone increasing or
decreasing.

(b) Let (I' be a Jordan path, C = ((I), and a smooth path with z(J) C
C. Then z is a Jordan path, and there exists a uniquely determined continuous
and strongly monotone function h: J —+ I with z(t) = ((h(t)) for t e J.

Proof. The proof of (a) is elementary. First, h is injective in an interval
[a, a + e] and hence, for example, strongly increasing. If c = sup{t E J -
Ii is strongly increasing in [a, t]}, then the assumption c < b leads to a contra-
diction.

(b) Because of the compactness of I and the bijectivity of ( : I —' C, the
inverse function is continuous and injective, and hence ii = a z: J —' I
is continuous. From z'(t) = (x'(t), y'(t)) 0 it follows, to take a specific case,
that x'(t) 0. Therefore, x is strongly monotone in a neighborhood U of t,
and therefore z and also h are injective in U. By part (a), h is injective in J.
Clearly, h is uniquely determined by z = (o h h = o z. I

In the example of the mathematical pendulum (11.X. (d)), three kinds of
level curves arise: closed Jordan curves, separatices, and infinite curves. We
can now give an answer in general to the question whether a solution of an
autonomous system

±=f(x,y), (4)

that begins on such a curve traces out the entire curve. We assume that f and
g are locally Lipschitz continuous in a plane domain G and refer to the results
from l0.XI.

Theorem on Periodic Solutions. Let C c C be a closed Jordan curve
and (f,g) 0 on C. Let the solution z(t) = (x(t), y(t)) of (4) with the maximal
interval of existence J° (a, b) (oo < a < b � oo) run along C; i.e., let
z(J°) C C hold. Then z(J°) = C, J° = IR, and the solution z(t) is periodic.

Remark. The significance of this theorem comes from the fact that in impor-
tant cases the trajectories are determined as level curves of a potential function
F(x, y) as described in 3.V. Examples of this type were presented in 3.VI—VII,
1l.XI and elsewhere.
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Proof. By 1O.XL(a) J° = IR. We may assume that C = ((I) with I = [a,B],
((a) = = z(O); cf. I.(a). Let c sup{t J° z([O,t}) 5/: C}. Clearly,
0 <c � oo. For arbitrary c' <c, z([0,c'}) is contained in a (not closed!) Jordan
curve C' 5/ C, C' C C. By (b) we have (i) z(t) = ((h(t)) for 0 t c',
where h is injective. We assume that h is strongly monotone increasing (if not,
the path (is reoriented). Thus since c' is arbitrary, equation (1) holds in the
half-open interval [0, c). Here h(0) = a, and we set = h(t). By (i),
z(t) (('y) E C as t c. If c = then by 10.XI.(h), ((-y) would be a critical
point of the system (4), in contradiction to the assumptions. Therefore, c < co.
We set h(c) = Then h is continuous in [0, c], strongly monotone increasing,
and (i) holds in [0, ci.

The assumption -y <8 contradicts the maximality of c, since then the curve
z([0, c}) is disjoint from the curve segment (((-y, /3)) and thus z([0, c+eJ) 5/ C for
small positive E. Therefore, we have = /3, i.e., z(c) = z(0), and it follows from
10.XI.(b) that z(t) = z(t + c) in IR. Finally, from (i) we have that z([0, C]) = C
and c is the smallest positive period of z(t).

(c) Open Curves. Let the function ( : 10 = (a, /3) C (—oo � a <13 oo)
be continuous and injective, let C° = ((10), and assume that the inverse function

C° is continuous. Then we say that (is an open Jordan path and
C° is an open Jordan curve.

Remark. If the domain of is not compact, then the inverse function is not
continuous in general. However, (_1 is continuous if one requires, in addition,
that there not exist a sequence (tk) in 10 with the properties thu tk = a or (3
and Em ((tk) E C°. This assumption is, by the way, necessary and suiflcient for
the continuity of (

Corollary. be an open Jordan curve, C° = ((10) C C, and (f, g)
0 in C°. Let the solution z(t) = (x(t),y(t)) of system (4), with the maximal
interval of existence J° = (a, b), satisfy z(J°) C C°. Then z(J°) = C°. Further,
z = (o h, where h: J° —÷ J0 is continuous and bijective.

Proof. If J' C J° is a compact interval, then C' = z(J') is compact; it
follows that (' (C') is compact and hence is contained in a compact interval
I' c 1°. Because (f,g) 0, is a smooth path. Applying (b) to I' and J',
we have z(t) = ((h(t)) J', where h: J' I'is continuous and (say) strongly
monotone increasing. Since h is uniquely determined and j' is arbitrary, one
obtains z(t) = ((h(t)) in J° with h: J° continuous, strongly increasing.

It remains to show that h(J°) = 10 = (a, /3); the remaining statements of
the corollary follow then without difficulty. We confine ourselves to the proof
of lime..,, h(t) = /3. Suppose h(t) = </3. From this it follows first that
limt.b z(t) = (("i') E C°. The assumption b < oo contradicts the maximality
of b. From b = 00 it follows as above that (('y) is a critical point of (4). This
contradiction shows that 'y = b. One shows correspondingly that h(t) —+ a as

I
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Remarks. 1. This result can be applied to the case where is a
path connecting two stationary points of (f,g) that does not contain any other
stationary points. As t a or /3, the solution tends toward the corresponding
stationary endpoint. The behavior is similar if IC(t)I tends to oo as t —÷ a or
j3. In this case the solution z(t) also traces out the whole curve C°. Both cases
occur in connection with the mathematical pendulum in 11.X.(d).

The above theorem and its corollary answer the question raised in 3.V.(d),
while the question 3.V. (c) about the nature of level curves has aheady been
answered by Theorems VII and VIII.

3. The theorem and corollary remain true for autonomous systems in
the proofs carry over as well.

B. Real Analysis
We first prove some theorems on Dini derivatives and convex functions as

they relate to differential inequalities and as a particular example obtain some
important norm estimates. Then we give a proof of the Brouwer fixed point
theorem. This fundamental theorem is used in D.XII to derive the Schauder
fixed point theorem.

In this section, I denotes the Eudidean norm in and points in wifi
not be represented in boldface type.

I. Dm1 Derivatives. For a function u: J —' IR (J an interval) the upper
and lower right-sided Dini derivatives are defined by

= limsupQ(s,t), D+(t) = liminfQ(s,t),
s—t+

where Q(s,t) [u(s) — u(t)]/(s — t) = Q(t,s) is the difference quotient of u.
For the corresponding left-sided Dm1 derivatives D, D_, the limit s t+ is
replaced with s t—. These definitions also appear in the text in 9.1.

In the following,D E {D+,D+,D,D_} represents an arbitrarily chosen
Dini derivative. However, within a single theorem or formula, D is fixed.

(a) A right-sided Dini derivative satisfies D(u + v)(t) = Du(t) +
v exists (with finite value). A corre-

sponding statement holds for the left-sided derivatives.

The proof of this result follows immediately from the formula

lim inf, where (ba) is a convergent sequence.

A differentiable function with a nonnegative derivative is increasing; this is
an immediate consequence of the mean value theorem. The following important
theorem gives a far-reaching generalization of this statment.
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Theorem. If u E C(J) and Du � 0 in J\N, where N is at most countable,
then u is monotone increasing in J. -

The proof prodeeds in two steps. In the first step we assume strict inequal-
ities, Du> 0 in J \ N, and show that u is increasing. If not, then there are
points a < b in J with u(a) > u(b). We choose a number a with the proper-
ties u(a) > a > u(b) and a u(N) (this is possible because the set u(N) is
countable). Let c E (a,b) be the largest point with u(t) = a, i.e., u(c) = a and
u(t) < a in (c, b]. Since the difference quotients Q(c, t) are negative for t > c,
we obtain 0. On the other hand, c 0 N, and therefore Du(c) > 0.
This is a contradiction if D is D+ or D+. If D is a left-sided derivative, one
takes c as the smallest point with u(t) = a and considers quotients Q(c, t) with
t < c. Hence u is increasing in all cases.

In the second step, we have the assumption of the theorem Du > 0 in J \ N
and consider the functions u, (t) = u(t) + Et (E > 0). It follows from (a) that
Du6 � 0 in J \ N and hence from the first part that is increasing. The
theorem is now obtained by taking the limit as E —p 0. I

As a simple consequence, one obtains the following•

Generalized Mean Value Theorem. Let I, J be intervals, N C J count-
able, and u E C(J). Then

Du(t) E I for t J \ N Q(s, t) E I for s,t E J, S t.

Hint for the proof: Apply the theorem to ±u(t) +
We draw another consequence, which allows a surprising application.

II. Theorem. Let the functions u, Ii E C(J) satisfy D*u(t) > h(t) in
J \ N, where D* denotes a Difli derivative and N an at most countable set.
Then Du(t) � h(t) for every t E J and every Dini derivative.

Proof. Let H be an antiderivative of h, that is, H' = h in J. The function
v(t) = u(t) — H(t) satisfies D*v(t) = D*u(t) — h(t) � 0 in J \ N by I.(a). By
Theorem I, v is monotone increasing; hence Dv(t) � 0 for all t E J and every
D. This inequality is, again by I.(a), equivalent to the conclusion. I

Application. If u has one-sided derivatives and if f(t, u) in J, where
is continuous, then by Theorem II, � f(t, u) in J. The formulation of

many theorems found in the literature indicates that this result is not generally
known.

III. Convex Functions. The function u: J is called convex if

u(Aa+(1—A)b)�Au(a)+(1—A)u(b) for 0<A<1 (1)

and a, b e J. Elementary properties of convex functions, in particular, the
existence of the one-sided derivatives and the inequalities u' (s) < t4 (s) <
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u'. (t) < (t) for s < t, from which the differentiability of u in J \ N (N
countable) follows, can be found in standard reference works in analysis.

Lemma. Let X be a Banach space with the norm and x,y E X. Then
the function p(t) = lix + tyII is convex and

for tElL

To prove the convexity, we apply the triangle inequality and obtain, with
the notation = 1 — A,

p(Aa + 1th) = lix + (Aa +

=iiA(x+ay)+IL(x+by)lI � Ap(a)+,ip(b),

hence (1). In a similar manner the triangle inequality yields the estimate

ip(t + h) — p(t)I � Ilhyii,

from which the second assertion follows after dividing by h and passing to the
limit (the existence of one-sided derivatives is guaranteed by convexity). N

In going from a smooth vector function u(t) to its norm u(t) I, one generally
loses differentiability. However the following theorem shows that one-sided dif-
ferentiability is retained and that this is true even in the general case of functions
with values in a Banach space. Here the derivative of a function U: J X (X a
Banach space) is defined as in the classical case: u'(t) = lirn[u(t+h) —u(t)]/h E

X (the limit is taken with respect to the norm of X).

IV. Theorem. Let X be a Banach space with the norm 1.11. Ifu: J —i X
is a continuous function, then the function qS(t) := liu(t)ii is also continuous.
Moreover, if u has a right-sided derivative at the point t, then the same holds
for q5, and the inequality

�
holds; a corresponding result is true for left-sided derivatives. In particular, if
u is differentiable at the point t, then

—Iiu'(t)II ç � � IIu'(t)II.

Proof. From the triangle inequality we get — � itt(s) — u(t)II and
from here the continuity of q5. Now let u be differentiable to the right at t, that
is,

u(t + h) = u(t) + ht4(t) + he(h) with iie(h)II = 0.

It follows from the triangle inequality in the form (5.2) that -

h) — IIu(t) + ht4(t)iii <hIIe(h)ii
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and hence

+ h) = IIu(t) + h'i4(t)ii + hS(h) with
h—.O+

8(h) = 0.

Using the notation x = u(t), y = 4(t), p(h) = lix + hyil, we have

+ h) — = p(h) — p(O) + hö(h).

The conclusion now follows from Lemma III after dividing by h. I

We come now to the fixed point theorem discovered in 1912 by the Dutch
mathematician Luitzen Egbertus Jan Brouwer (1881—1966).

V. Brouwer's Fixed Point Theorem. Let B be the closed unit ball in
and f : B B continuous. Then f has at least one fixed point.

Note that since is norm-isomorphic to the theorem also holds for
the closed unit ball in

Proof. First a preliminary remark. By applying the Weierstrass approxima-
tion theorem to each of the n components of f, one can show that for every
e > 0 there exists a (vector) polynomial P with If — P11

Here and in the results that follow the maximum norm in B, hf II = max{If(x)
x E B} is used. Then IIPhi < 1 + e; hence Q(x) P(x)/(1 + e) is a smooth
mapping of B into B. It is easy to show that if — Qil <2e. Now assume that
x is a fixed point of Q. Then it follows that it is an "approximate fixed point"
of f satisfying Jx — f(x)I = IQ(x) — f(x)I <2E. Thus by Theorem 7.X, f has a
fixed point if every smooth mapping of B into B has a fixed point.

We now prove the thedrem in a sequence of steps under the assumption that
feC'(B).

(a) Let

P(A)=aA2+2bA+c with a>0

be a real quadratic polynomial with the property P(O) <1, P(1) 1. Since P
is convex, there are exactly two values )q and A2 such that P(A1) P(A2) = 1;

moreover,

and P(A)<1 for A1<A<A2.

Thus A1,2 = A ± with A = —b/a, C = (b/a)2 + (1 — c)/a � 1/4, the latter
because A2 — A1 � 1.

(b) Suppose f does not have a fixed point. Then the continuous function
hf(x)—xh ispositive. SinceBiscompact, Owithlf(x)—xh � 'y
in B. For every x E B, the quadratic polynomial -

P(A)=hx+A(f(x)-x)12
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satisfies the properties from (a): P(O) = c = 1x12 � 1, P(1) = f(x)12 < 1,

a = If(x)—x12 � and b = (x,f(x)—x). The function = is 0 and

belongs to C1(B), as one can read from the representation = A — in (a).

(c) We define C1-functions g(x) := — x) and

h(t,x)=x+tg(x) for

and consider the integral

V(t)
= L det dx

= L det dx.

Here oh/Ox and Og/Ox are the n x n Jacobian matrices of h and g.
The proof of the theorem by contradiction proceeds as follows. We show, in

order, that (i) V(0) = IBI = (volume of the unit ball), (11) V(1) = 0, and
(lii) V(t) = const.

Assertion (i) follows immediately from the definition of V. To prove (ii) one
first notes that Ih(1,x)12 = Ix + Ai(x)(f(x) — x)12 = P(A1) = 1. Therefore
h(1,.) maps B onto OB. Hence for x E B° the matrix Oh(1, x)/Ox is singular,
since otherwise a neighborhood of x would be mapped bijectively by h(1,.) onto
a neighborhood of h(1, x) by the Inverse function theorem. Thus for x E B°,
det Oh(1, x)/Ox = 0, from which (ii) follows.

The proof of (iii) begins with the observation that the C'-function g satisfies
a Lipschitz condition

Ig(x) — g(x')I — in B.

Further, g(x) = 0 for x E OB, since in this case P(0) = 1x12 = 1 and hence
A1 (x) = 0. Let Q denote the projection onto the unit ball

Qx=x for xI<1 and for IxI>1.
xI

it is easy to show IQx — Qx'I � x — x'j. Therefore, the function := g(Qx)
satisfies a Lipschitz condition in with the same constant L is simpiy the
extension of g to R'2 by 0 outside B). We show:

(d) For 0 � t < 1/L, the mapping h(t,.) is a bijection of B onto B.
To prove this, let h(t, x) = x + and let a E r be arbitrary. The

equation h(t, x) = a is equivalent to

x = a —

Since the right side of this equation is a contraction with Lipschitz constant
tL < 1, there exists exactly one x = Xa with h(t,Xa) = a. Thus the function
h(t,.) maps IRTh bijectively onto itself. Now, however,- h(t,.) is the identity
mapping on \ B and equal to h(t,.) on B. Therefore, h(t,.) is a bijection of
B onto B.

(e) From the substitution rule for n-dimensional integrals it follows that
V(t) = const = at least as long as h(t,.) is a bijection B —, B and
det Oh(t, x)/Ox > 0. Hence there is an interval 0 � t � e < 1/L where V(t)
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is constant. However, since V(t) is a polynomial in t of degree n, it follows
that V(t) for 0 � t 1. This completes the proof by contradiction of the
Brouwer fixed point theorem. I

In the following corollaries we make use of some abbreviated terminology.
We say that a subset A of a Banach space has the fixed point property if every
continuous mapping of A into A has a fixed point. The Brouwer fixed point
theorem can then be rephrased: The closed unit ball in has the fixed point
property.

Let X, Y be Banach spaces or more general topological spaces. Two sets
A C X and B C Y are said to be homeomorphic if there exists a homeomorphism
h : A B (a bijective mapping that, along with its inverse, is continuous).

Corollary 1. If the sets A and B are horneomorphic and if A has the fixed
point property, then B also has the frred point property.

The proof is very simple. Let h : A B be a homeomorphism and f
B B a continuous mapping. Then F = h' o f o h is a continuous mapping
of A to itself. If x is a fixed point of F, then the image point = h(s) is a fixed
point of f, as one easily verifies. U

Corollary 2. Let the set A C be compact, and let there exist a contin-
uous mapping P : A with PIA = idA, i.e., F(s) = x for x A. Then A
has the fixed point property.

For the proof let B 3 A be a closed ball and f : A A continuous. Then
F = f o P is a continuous mapping of B into itself. By the Brouwer fixed point
theorem, F has a fixed point and because F(B) C A, this fixed point belongs
to A, whence e = i.e., is a fixed point off. I

Corollary 3. A nonempty, convex, and compact set A C has the fixed
point property.

Proof. For every x E there exists, since A is convex and compact, exactly
one "closest point" y = Ps E A with dist(x,A) = — vI. The mapping F,
also called the (metric) projection on A, is continuous, and the assertion follows
from Corollary 2. I

Remark. A property of sets that is carried over to the image set by a home-
omorphism is also called a topological property. For example, openness and
compactness are topological properties. Corollary 1 shows that the fixed point
property is also a topological property.
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C. Complex Analysis
Here we give some tools from complex analysis that are used when working

with ordinary differential equations in the complex domain. We are dealing pri-
marily with the Banach space of holomorphic functions introduced in Example
5.III.(d) and with the properties of holomorphic functions described in 8.1. In
the following, G is a region in the complex plane.

I. Holomorphic Functions. A function f: G C is called holomor-
phic in G, written f e H(G) (21.1), if f is continuously differentiable (in the
complex sense) in G. In most textbooks on complex analysis, only differentia-
bility is required; the continuity of the derivative then follows as a theorem.
The next two theorems form the foundation of the Cauchy function theory. We
formulate them only in the generality that is necessary for our purposes.

II. Cauchy's Integral Theorem. If G is simply connected, f e
and is a piecewise continuously differentiable closed path in C with I = [a, b},

then

pb

J
f(z)dz=J f(((t))('(t)dt=O.

C a

The integral (zo E C is fixed)

F(z)
= L f(z') dz'

is independent of path (i.e., for each path (I' in C with ((a) = zo, ((b) = z, the
integral has the same value), and F is an antiderivative off. The latter means
thatFEff(G) and F'=f mG.

III. Cauchy's Integral Formula for the Disk. If the disk B: Iz —

zol <r, together with its boundary ÔB, lies in C, then for f E H(G),

.t_(c)_d( for zEB. (1)2iri ÔB(Z
Here the boundary of the disk ÔB is oriented in the positive direction.

Proofs for these two theorems can be found in any textbook on complex
analysis.

IV. Applications of the Cauchy Integral Formula. We begin by
expanding the factor 1/(( — z) that appears in (1) in a geometric series,

1
°°

for Iz—zol<K-—zol=r.
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This series is uniformly convergent in every concentric disk z — zO � p � r.
Therefore, (1) can be integrated termwise and one obtains in this manner the
following propositions.

(a) Under the assumptions from III, f has a power series expansion

f(z)_—>cn(z_zo)72 for Iz—zol<r. (2)

(b) Let be a sequence from H(G) that converges locally uniformly in G.

Then the limit function 1(z) = belongs to H(G).

The hypothesis means that the sequence is uniformly convergent in every
closed disk B C G. Thus the limit function is continuous in C?. If fT. is written
in the form (1), then the limit as n —p oo can be taken under the integral sign,
i.e., the limit function f also satisfies equation (1). By (a), f can be expanded
in a power series of the form (2). Therefore, f is holomorphic in B. Since B is
arbitrary, f is holomorphic in all of C.

The next theorem is a simple consequence of (a).

V. Theorem. 1ff E H(G) and if the disk B: Iz—zol <r lies in C, then
f has a expansion (2) that is valid at least in B, which implies that the radius
of convergence of this power series is r0 = dist (zo, ÔG) (ro = 00 if G = C).

VI. Theorem. Let the function p: C R be continuous and positive.
Then the set of all functions f H(C) such that supp(z)lf(z)I < 00
with the norm defined by

11111 : z E G}

is a Banach space.

Proof. We refer to 5.111 for the proof that H(G) is a normed space. To

prove completeness of this space, we note first that for each disk B with B C C?
there exist positive constants a, /3 such that 0 < a � p(z) ( /3 in B. Thus
the inequalities If(z)l � If 11111/a hold in B. From this it follows
that a Cauchy sequence (fTh) with respect to the norm converges uniformly
in B, hence converges locally uniformly in C. The limit function f is then
holomorphic in G by W.(b). A Cauchy sequence is bounded, say, � C for
all n. Since � C in C, the limit is also bounded by C,
which implies that f E From the inequality Ifm — fm+kII <E for ii � n0,
k � 1 we obtain

II
� by letting k —i cc. Thus lim Ifm — Ill 0. I

One sees from the proof that the continuity of p is not important. What is
needed is an estimate of the form 0 < a p(z) � /3 in each closed disk B C C
(a, depend on B).

Theorem V is used, in particular, in the proof of Theorem DYI. Banach
spaces of holomorphic functions of the kind described in Theorem VI arise in
the existence theorems in 8.11, 10.X, and 21.11.
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D. Functional Analysis
We bring together here some ideas and theorems from functional analysis

that play a role in the subject matter of this text. The topics in this section
are selected to convey a deeper insight into functional-analytic methods of proof
related to the contraction principle. The section concludes with a proof of the
Schauder fixed point theorem.

In the following, X generally stands for a real or complex Banach space with
the norm 11 II.

I. Convergence of Series. The convergence of a series > with E

X is defined in 5.IV. Such a series is said to be absolutely convergent if
00. As in the real case, the following hold:

(a) If is absolutely convergent, then is convergent and

The comparison criterion remains valid. It states that II � where
<00 implies that the series is absolutely convergent. The classical

proof for E IR carries over. Comparison with the geometric series leads to
the

(b) Root Criterion. The series is absolutely convergent if 111In � q < 1

for n sufficiently large and divergent if II
1/Ti � 1 for infinitely many n.

II. Equivalent and Monotone Norms. Two norms jJ . J' in a
vector space X are called equivalent if there exist positive constants /3 such
that

for (1)

Tn this case we write . This relation is an equivalence relation in
the set of all norms defined in X; i.e., it is reflexive (II symmetric

(II II fi' implies II II' II j) and transitive (II II J' and II II' "' II

implies jJ .

Let X be a normed space of functions f: D Y, where D is a nonempty
set and Y is the space or (or some other Banach space) with the norm

The norm in X is called monotone if for f, g E X

If(x)I for x E D implies that If II � ugh.

All of the norms that appear in the examples from 5.111 are monotone.

III. Bounded Linear Operators. The set £(X) of all linear mappings
A:X -+ X with finite,

operator norm hAil : lxii = 1} sup { : x o}

is itself a Banach space. The mapping A is Lipschitz continuous, IIAx — AyJj

Lily — xli, and hAil is the smallest Lipschitz constant for A.
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(a) For A,B E £(X) we have IIABII � IIAIIIIBII, in particular IIAThII �
(b) If two norms in X are equivalent, then the corresponding

operator norms are equivalent in £(X). It follows from (1) that

for A5LO. (2)

IV. The Spectral Radius. The spectral radius r(A) of A E £(X) is
defined by

r(A) := lim = inf
n>O

The existence of the limit and the equality of the two expressions are proved
by first using III.(a) to establish the inequality am+n � aman for =
from which if = lxi the inequality (*) [3m+n � [3m + [in follows. Then
one applies the following theorem from real analysis: From (*) it follows that
Urn = inf A proof for this can be found in Pólya—Szegô (1970, Chap.
I. Problem 98).

The operator A is called nilpotent if = 0 for some power p and quasinilpo-
tent if r(A)=0.

From II.(b), we obtain in a simple manner the following:
(a) For two equivalent norms, the spectral radius has the same value. In

other words, the spectral radius does not change when the norm is changed to
an equivalent norm.

V. Power Series. Let f(s) = be a real or complex power series

with positive radius of convergence r. For A E £(X), f(A) is defined to be the

series Here A° I, the identity mapping.

Theorem. If the series for f has the radius of convergence r > 0, then the
series

f(a)__>cflAn with

is absolutely convergent if r(A) <r and divergent if r(A) > r.

The proof follows immediately from the root criterion I.(b). Let r(A) < s <
r. For large n we have � s; hence llcnAThII � and <00.

On the other hand, it follows from r < s < r(A) that > s and
� 1 for infinitely many n (Cauchy—Hadarnard formula for the radlius of

convergence of a power series); hence II � 1 for these n. I
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(a) The series obtained, when this process is applied to the geometric series
(1 — s)' = with A E £(X), is called the Neumann series. If r(A) <1,
then

(3)

The theorem guarantees the absolute convergence of the series, and we have
(I — A) = > — = I, which shows that Atm is indeed the
inverse of I — A (the index n runs from 0 to oo).

As a first application of the Neumann series we show that the spectral radius
is the radius of the smallest circle about the origin that contains the spectrum
(this is the property that gives it its name). We confine ourselves here to the
case X =

VI. Spectrum and Spectral Radius in the Finite Dimensional
Case. Let A be a complex n x n matrix, which we identify with the linear
mapping in generated by A. The spectrum a(A) of A is the set of eigenvalues
of A, that is, the set of all A C with the property that det(A — )J) = 0.

Theorem. For A r(A) = max{IAI A cr(A)}.

Proof Let p = ma.x{IAI A o(A)}, let A be an eigenvalue with JAI = p, and
let x be a corresponding eigenvector. From Ax = Ax it follows that =
and hence � =

ptm. This proves the inequality p r(A).
The matrix A — Al is invertible for > p. Thus the matrix R(z) =

(zA—I)' exists for Izi <i/p (if p = 0, this is true for all z e C). By Cramer's
rule R(z) is a rational function of the form (Pa, Q polynomials),
where = det(zA — I), which has no zeros in the disk Iz! < i/p. By
Theorem V, the Neumann series

R(z) = (zA—I)' =

diverges for r(zA) = IzIr(A) > 1, and thus its radius of convergence is � l/r(A).
On the other hand, R(z) is a holomorphic function for zi < l/p, and from
Theorem C.V it follows that the radius of convergence of the series (we are
dealing here with n2 scalar series) is � i/p. Thus the reverse inequality p � r(A)
holds. I

The next theorem is of fundamental importance for the application of the
contraction principle.

WI. Theorem. Let A £(X) and r(A) < a. Then there exists an
equivalent norm fi' (in a Hubert space, an equivalent Hilbert norm II II') with
the following properties:

(a) All' a.
(b) If B commutes with A (AB = BA), then B' S IIBII.
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Proof. We choose an n such that 1h/n <a and define

liAxii ilA2xlI
lxii =iixii+ + +".+ . (4)

a a2

Clearly, is a norm and lxii iixii' � Kilxii for a suitable K. Moreover we
have

IIAxil' = +...+ +
a a

Under our assumptions, � and therefore iiAxii' alixil', which
implies (a).

In the case of a Hilbert space with inner product •), one uses the inner
product

(Ax A ) )(x, y)' = (x, y) +
a2

+ + (5)

The proof of (a) then runs along similar lines. Part (b) follows from the estimate
llAkBxii � liBli ilAkxii without difficulty. I

We draw some additional conclusions.

(c) The spectral radius r(A) is the infimum of hAil', where all norms .

on X that are equivalent to are admitted.
(d) If A and B commute and if r(A) <a, r(B) </3, then there exists an

equivalent norm
.

with hAil' � a and hlBhi' � /3.

To prove this result one applies (4) twice obtaining first hAil' � a and then,
beginning again with a norm such that IIB1I" � /3. Now (b) shows
that hAil" � DAli' � a. I

(e) If A and B commute, then r(A + B) < r(A) + r(B) and r(AB) <
r(A)r(B).

(f) The spectral radius is an upper semicontinuous function; i.e., for A
£(X) and e > 0, there exists a 6 > 0 such that r(A + B) r(A) + e for all
B E £(X) with I1B1I

Both theorems follow immediately from (c) and (d). Thus, for example,
r(A + B) � hA + Bil' hAil' + hiBhl'from which one obtains the first inequality
in(e)aswellas(f). I

In conclusion, let it be noted that in place of (4) and (5) one could also use
a change of norm of the form

iIxll' = or (x, y)' = A12y)a_2n1, (4')

respectively. The series are convergent because r(A/a) <1. Again (a) and (b)
hold (Exercise!). Part (a) of the theorem was proved in a similar form for a
Banach space by R.B. Holmes (1968).
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VIII. A Fixed Point Theorem. Let A E £(X) with r(A) < 1 and
b E X. Then the fixed point equation

x—Ax+b (6)

has exactly one solution x = (I — A)'b. The fixed point depends continuously
on A and b, i.e., for every e > 0 there exists a 8> 0 such that for the solution
of a nearby equation y = By + c with IA — BII < 8, lb — cO < S the estimate
Ix — yfl <E holds.

Proof. Clearly, it is sufficient to prove the continuous dependence with re-
spect to an equivalent norm. We choose positive numbers p, o, 8 and a norm

such that lAD' � p—S < p < land llbll' � ci—8. Then for B, c
with IA — Bil' < 6, lb — < 6 we have IIBIV < p, Dcli' < o, and from
Ilyll' � IBylI' + licil' � + o it follows that � — p) /3. From
the identity

x—y=A(x—y)+(A—B)y+b--c,
one obtains the following estimate for the difference z = x —

llzll' � pIizll' +6/3 + 8 IzIl'
< 6(1+/3)

One can now make 8 smaller in order to get the inequality lIzIl' <E. U

IX. The Integration Operator. Let X be the space of continuous
functions U: j Y, where J = [a, b], V = R'1 or C, and let K : X —' X be the
integration operator

(Ku)(x)
= f u(s) ds.

It has the operator norm IlK Ii = b — a with respect to the maximum norm in X
(exercise!). However, if one uses the equivalent norm

:= : x E J} with a > 0,

then iKlIa < 1/a. Both statements are contained implicitly in the proof of the
existence theorem 6.1. For the record:

Theorem. The integration operator is quasinilpotent in the space C(J); that
is, r(K) = 0.

Incidentally, this theorem also follows from the well-known representation of

= (n 1)!

JX(
— ds,

that appears in the remainder term of Taylor's theorem.

Exercise. Calculate the norm of K in the space L1 (a, b). Estimate the norm
of K relative to the weighted L1-norm hulk := dt and show that
K is quasinilpotent in L1(a,b).
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X. The Initial Value Problem. We consider the initial value problem
(6.1) (or (10.1—2))

= f(x,y), = y(x) = + f f(t,y(t))dt (7)

in the interval J + a]. Here we take X C(J).
Using the Nemytskii operator F : X X, defined by

(Fu)(x) f(x,u(x)), (8)

we can write the initial value problem in the abbreviated form

y=r1+KFy=:Ty. (7')

Now, if f satisfies a Lipschitz condition If(x, y) — f(x, z)I S LIy — zi, then
I(Fu)(x)—(Fv)(x)I clearly holds. Because of the monotonicity
of the norm it follows that IFu — FVIIa < Lu — Via. After these
preliminary observations, the proof of the existence—uniqueness theorem 10.VI
takes only one line

IITUTVIIa = W FV)Ila � KIIaIIFUFVIIa � Via, (9)

in particular, � ifcr=2L.

Remark. An estimation theorem similar to that in 12.V can be obtained
from this result together with Theorem VIII.

Our next topic is the fixed point theorem discovered in 1930 by the Polish
mathematician Juliusz Pavel Schauder (1899—1943). We derive it using the
Brouwer fixed point theorem; cf. B.V. First some preliminaries.

XL Convex and Compact Sets. Let X be a Banach space with the
norm . .

A set A C X is called convex if for arbitrary a, b E A, the connecting
segment = {Aa + (1 — A)b: 0 � A � 1} belongs to A. The convex hull cony A
of A is the intersection of all convex supersets of A, hence the smallest convex
superset of A. -

(a) For a finite set F= {x1,... , x9} C

: � 0, A1 = 1}.

Compactness and relative compactness of sets were defined in 7.X. For com-

pact sets the following result is true.
(b) Borel Covering Theorem. From a covering of a compact set A by open

sets, it is possible to choose finitely many sets that cover A.
Let U C X be a finite dimensional subspace of X of dimension p and

{ e1,. . . , a basis for U. The elements of U have a unique representation
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as linear combinations of the basis elements, which defines a bijective linear
mapping L from U onto The image of x U with the representation

If = L(x), then el' := lix Ii defines a norm on Ri', and L is a norm isomorphism
of U to (Rn, I I'). Since L is linear and all norms in 1R2' are equivalent, a set
A C U is closed, compact, or convex if and only if the image L(A) has these
properties.

(c) A closed, bounded subset of a subspace U C X with dim U < 00 is
compact. In particular, the convex hull of a finite set F C X is compact.

These statements also hold for complex Banach spaces (where then C Cr).
Finally,we recall a definition from 7.X: A mapping T: D C X —' X is called
compact if the image T(D) is relatively compact.

XII. The Schauder Fixed Point Theorem. A continuous, compact
mapping T of a convex, closed set D C X into D has at least one fixed point
(X is a Banach space).

Proof. By the fixed point theorem 7.X, it is to find, for every e> 0,
a point x ED with ilx—Txii <e. Thus let e >0 be given. The set B = T(D) is
compact by hypothesis. From the set of all balls B we can select,
by the Borel covering theorem XJ.(b), a finite number (i = la... ,p) that
cover B. Let F = {b1,. C B and C = convF. By XL(c) and the
convexity of D, the set C is a compact, convex subset of D. Now we define a
continuous mapping B —' C by setting (all sums run from i = 1 to i = p)

with

Here = (e — lix — bjil)+; that is,

pj(X) = 0 if lix — � e, = E — lix — bii <

and = Since for every x B there exists a bk with iix—bkii
we have > 0 for x E B, and therefore is continuous. Clearly, A, (x) � 0
and = 1; hence q5(B) C C by XL(a). Further, because x =

11c5(x) — xii = — < — xii < e (*)

for x E B, since here only summands with — xii <e appear (if — xii � e,
then = 0). The mapping S = o T maps D into C; its restriction to C is
thus a continuous mapping of C into itself. Since C is convex and compact,
there exists, by Corollary 1 and Corollary 3 to the Brouwer fixed point theorem
in B.V., a fixed point xo = S(xo) = q5(Txo) E C. From (*) one now obtains

lixo — Tx0 = — Tx0

i.e., x0 is the desired point of T. I



Solutions and Hints for
Selected Exercises

Exercises in § 1

XII. (a) y = (x—c)3 forx � c, =Oforc< x < d, =(x—d)3 forx � d,
assuming c d. The cases c = —00, d = oo are also allowed.

(b)y=Oforx<c,=(x—c)3or—(x—c)3forx�c(—oo<c<oo).
(c) y = — cosh(x — c)) for x c, = 0 for c < x < d, = — cos(x — d))

ford x d+ir, = 1 for x > ir+d (—oo <c< d< oo).
(d) For z = one obtains z' = 2è_z/(2x + x2), z(2) = 0 and hence z(x) =

ln(1+ln(2x/(x+2))), y = for x >2 (since z 0). Here (and occasionally
elsewhere) it turns out that f is not defined at the point

(e) y = exp(e sinx/(1 + cosx)), 0 < x <ir.
(f) y = for ir—a < x < 2ir+a, where a =

arctan 0.1432 and is the function inverse to = s+sin s. Note
that is strictly increasing in R, but = 0, i.e., =
cc for k N. The function y is continuous in IR, and the solution exists in IR, if
we agree to allow the value y' = oo at the points where y =

(g)y=x+2,y=x+4,y=x+3—tanh(x—c),y=x+3—coth(x—c)

(h) fdy(2 — y)/(y(y — 1)) = 2f dxix implies log Cx2.
direct calculation one sees that for any solution y(x) the functions y(—x)

and y(ax) (a > 0) are also solutions. We choose, e.g., C = 1/2 and get
— = x2/2. These are two quadratic equations for y, and each has two

solutions. Obviously, y 0, y = 1, and y = 2 are critical values. One obtains
with a =

(1 + for 0 <x < a (Yl > 2),

y2=(1—Vf—2x2)/x2 for 0<x<a (l<y2<2),
for x>0 (O<y3<1),

= —(1 + for x > 0 <0).

For x> 0 small, y1(x) 2/x2, Y2 1 + y3(x) 1— y4(x) —2/x2.

357
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In addition, there are solutions y 0 and y 1. By Theorems VII and
VIII, exactly one solution goes through each point with e 0, 2. On
the other hand, from the solutions given above (with x replaced by ±ax) we
can find a solution through the point which shows that all solutions are
found.

(i) y = xsinh(lnCIxI) (x 0) with C> 0.

(j) y' = 2y/x.
(k) y' = 2sy/(x2 + 1).

(1) y' = — 1).

Exercises in § 2

V. (a) The solution y = x exists in IR. All other solutions

fet2 dt), CE IR,

exist in intervals that are bounded on one side.
(b) y = + 2(cosx+ 1) andy =(c+sins — (c ER).
(c) y= for 0, Heres=r"3

is defined as the inverse function oft = s3, i.e., t1/3

VI. Let F(s) = f(t) dt. A necessary and sufficient condition for (a) is
F(s) cc as x 0+ and for (b) is F(s) + logs —' oo as s 0+.

The general (positive) solution for the second equation is y =
since y(l) � lie, only c < —l is permitted. Part (a) holds for F(s) oo, while

+ logs —i oo as x 0+ is sufficient for (b).

VII. The equation u" — 2u' + 5'u = 0 has u = aex cos 2(x — c) as its general
solution, and from

u' = exyu = aex(cos2(x — c) — 2sin2(x — c))

it follows that y = —2 tan 2(x — c)). The initial value y(0) = ij is obtained
when c = — 1)/2.

Exercises in § 3

VIII. (a) F(x,y) = sin(x+y2)+3xy = C. Since = land =
0, for C = 0 there exists a solution of the forms = in U(0,0), and = 0

as well as = —2. (Differentiate 0 twice.) Since F(0,y) > 0
for 0 < the solution remains in the half-plane x <0 for these values
of y.

Incidentally, the inequality —y2 <q5(y) <0 (y> 0 small) is obtained merely
by noting that sgn sin(x + = 1, since sgn xy = —1 in the second quadrant.
Moreover, from sin(x + y2) + 3xy x + y2 + 3sy = 0 the approximation
—y2/(1 + 3y) follows for y close to 0.
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Let Sk denote the set kir < x + y2 < (k + 1)ir (k E N). Then the points
(x, y) E Sk with xy > 0 (k even) and the points (x, y) E Sk with xy < 0 (k odd)
are forbidden as well as all points with Ixyl > 1/3 (sketch!). The solution curve
for y> 0 can be represented graphically in the form x = with = 0,

0 for y —' oo, and it oscillates around the positive y-axis. Similarly, it
oscillates around the negative x-axis for x —p —oo.

(b) F(x,y) — zy — C. In the form (2c) one gets y' = y2(y —

— xy2) with the additional solution y 0.

(c) y = 2x/(C — x2) and y 0.

Exercises in 4

VIII. (d)x(p)=
(i—p)2

(c_i (p > 0) as

well as y = x.

Exercises in 5

XII. (a) 11Th0 = 11Th1 = 1 — (1 — ITO2 = c_aZ).

(c) One must find a sequence (fTh) of functions fTh C'(J), uniformly con-
vergent in J, but with = f(x) 0 C'(J); for instance =
ifO e J°.

Exercises in § 6

IX. If the assertion is false, then there exist two points E A

for each n with

— > — (*)

A subsequence of ((xc, ym)), denoted again by ((xc, yn)), converges; thus

= (x,y) E A. If Ill � K in A, it follows from (*) that 2K >

— and thus = (x,y). The function f(x,y) satisfies a Lips-
chitz condition with respect to y in a neighborhood U of (x, y). On the other

hand, (xc, and are in U for n large, which contradicts inequality (*).

Exercises in § 7

IX. (a) q5(a) = 1 — = — = 0.382.

(b) = 1 + $ = + = 2.618. Since z' � 2x, one has

z � x2; hence z' � 2x + = 4z, i.e., z � 2x2. Similarly, one obtains

z2 (x) � 2x2 independent of z0. In the differential equation, can therefore
be replaced by max {z, 2x2}, and thus one obtains the condition of Rosenblatt

with k =

XV. ak = i/k!. For a = 0, the series reduces to > = ex, and this is
also the solution to the initial value problem. In a bounded interval 0 � x � a

the limit as a 0 is uniform for each sunnnand (why?), hence also for each finite
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partial sum. Because of {(x — ka)+}" � ak, the remainders become uniformly
small in a.

Exercises in 8

IV. (a) Forx,y E C, onehas exI � eIzI and

I
cos � cosh lyl, as seen from the power series. For the cylinder Z: IxI � a,

<bit follows that If I � e°+acoshb =: M. For example, the choice a = 1/2,
b = 2 yields b/M = 0.57 and a = min(a, b/M) = 1/2. Setting a = 0.53 and
b = 2, one gets a = 0.53; therefore, the convergence radius of the series is> 1/2.

Remark. A better result is obtained with the aid of Theorem 8.V. In the
present case, it leads to the estimation Iy(x)I � (x E C), where q5 is the
solution of = et + t cosh q5, = 0. Using the Lohner algorithm, which
gives exact bounds for the solution of an initial value problem, one obtains

<28.06. Hence the power series converges at least for Izi � 0.8228.
Details on the Lohner algorithm are described in 9.XVI.

(b) y = 1 + x + + + The formulae for_calculating the
coefficients immediately give 0 bk � ak. From u(x) = 1/V1 — 2x it follows
that a � 1/2.

Exercises in § 9

XI. y = + x2 for 0, y = — x2 for < 0 (both unique), y = with

XII. (a) In Exercise 8.IV.(b) it was shown that u = 1/V1 — 2x is a lower
solution, and since u' u3 <x3 + u3, this also follows from Theorem VIII. The
ansatz w = — bx (with b > 2) for an upper solution gives the following
condition:

b 1 b 3 13>X + 3
(0<x<-).

2 b

The maximum of x2(1—bx) is attained for bx = and equals 4/(27b2). Therefore
the condition is equivalent to

>1.

It is satisfied for b = 2.015. Hence

2x
<

'Jl — bx
with b = 2.015,

and 1/b = 0.4963 a < 0.5.
These surprisingly good bounds were easily obtained. One gets a much more

precise estimation by the algorithm by Lobner, mentioned in Exercise XV, which
gives exact bounds for the initial value problem. One calculates the solution at
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some point c where the value of the function is already large, say, y(c) E
One then determines for x > c a lower solution v and an upper solution w, and
their asymptotes a1 and a0. The latter yield a0 a a1. In the present case
we use the ansatz

v(c) = y, v' = a1 — c = 1/2y2,

w'=aw3 a0—c=

Here a = 1 + and thus aw3 + w3 � x3 + w3. Information
concerning the accuracy of the estimation is given by

1 1 1 / 1\
2y 2y 2y \ aj y(c)

All calculations have to be done by interval arithmetic and intermediate results
rounded on the safe side.

One gets, e.g., for c = 0.49829 04344 79713 the following reliable bounds:

y(c) E hence a E 0.49829 04349

(Here c = 0.49829 04344 79713 is the decimal representation of a binary number;
the program uses the binary system.)

(b) Obviouly, y> 1 for x > 0. By use of the estimate

y < <y + a for y > ii with a = iJl + — i' <

1 a lower solution v and an upper solution w from the linear
problems

v'—x+v, v(0)= 1 and w(0)=1.

The linear differential equation u' = x + a + u has the solutions u = Aex — x —

(1 + a); hence

for x>0.

For a better estimation of the order of magnitude of y one calculates the solution
y at some c, as in (a). For c = 10 one gets

y(lO) E =

The equations v' = x + v, v(10) = y give a lower solution v = — x —1, where

satisfies — 11 = y. Analogously with w' = x + a + w, a = 1/20, one gets
the lower solution w = .Xex — x — 21/20; again A is obtained by using the initial
condition w(10) = Therefore,

A = Em G
x—,00



362 Solutions and Hints

Exercises in 11

IX. (b) D = 58.469. (c) L = 205.237. (d) L = 2.371 m.

XI. (b) (i) periodic; (II) x(t) —cc for t —' ±oo; (iii) x(t) ±oo for
t ±oo if j> 0 and z(t) —' for t —÷ ±oo if < 0.

(c) For A = B.

(h) For h(x) = Xa one has V(r) = with f3 = 1 — + 1).
1 _9a1 — a2 —

Exercise in § 15

VI. Y' = AY implies (Y*)F = (yI)* = Y*A* = _y*A, since (AB)* = B*A*.
Hence for Z(t) = Y(t)Y* (t) one gets

Z' = + Y(Y*)l = AZ - ZA, Z(r) = I.

This is a homogeneous linear system of n2 differential equations for n2 functions
Since Z(t) = I is a solution and the solution is unique, Z(t) I in J.

Exercises in § 16

IV. One has c(t) = a(t) + ib(t); for v = z2 it follows that v' = 2at. In the
example we have c = elt, therefore z' = eltz with the solutions z = c. exp ( _ielt).
In the solution with Z(0) = 1 is

z(t) = exp(i — ie") = — cost) + isin(1 — cost)).

For this solution v(t) = hence e2 � v(t) e2. If z is written as a column

vector
(x), then X(t) = (z, iz) is a fundamental system with X(0) = I and

detX(t) = e2smt.

VI. Since A is periodic, Y(t + p) is also a solution, in fact, a fundamental
system (Corollary 15.111). By 15.II.(h) one has Y(t + p) = Y(t)C, and t = 0

yields C = Hence Y(t+2p) = Y(t+p)C = Y(t)C2, Y(t+3p) =
(c) follows from a simple calculation. For the proof of (d), let c 0 be an

eigenvector of C for the eigenvalue A, thus Cc = Ac. Then it is easily seen that
the solution y(t) = Y(t)c satisfies y(t + p) =Ay(t).

Exercises in § 20

VII. The ansatz x = y = (the pendulums swing in phase) and the ansatz
x = —y = (the pendulums swing 180° in opposite phase) lead to

mçb = und = —

from which we get four linearly independent solutions,

(x'\ — (cosfit, sin/3t, cosyt, sin-yt
1. y) — fit, sin fit, — cos -yt, — sin 'yt



Solutions and Hints 363

with /3 = = + 2k)/m. The solution for the pushed pendulum
reads

(;) with = 1/2/3, = 1/27.

Exercises in § 22

VIII. For w = w1 one gets w" = aw/z2. It follows from the ansatz w =
and an additional consideration of the case a = —1/4 that

w = and w ZC2 with Cl,2 = ± for a

and w=z"2logz for

For a = n(n — 1) (n = 1,2,3,...) all solutions are rational functions.

Exercises in § 25

XII. z2u"+(3z+1)u'+u = (z2u'+(z+l)u)' = 0. The point z = 0 is strongly
singular; the point z = oo weakly singular. The equation z2u' + (z + = c =
const is to be solved. A solution of the homogeneous equation with c = 0 is

(t) = (1/z)eh/z, and a solution of an inhomogeneous equation with c = 1 is

f 1
u2(z) ui(z) I 2

dz.j z ui(z)

Term-by-term integration of the integrand (1/z)e_h/z = Zm+l)

gives

= u1(z)(logz + h(z)) with h(z)

The functions u1, u2 are a fundamental system of solutions of the original equa-
tion.

The = l/z, w(() = u(1/() leads to

— + 1)w' + w = 0, index equation P(A) = — = 0.

For indices = A2 = 1, A1 — A2 is an integer; hence a log term may occur

(24.XIII). The power-series ansatz w = > leads to k2wk — kwk_1 = 0

(k > 0) with w_1 = 0. The choice w0 = 1 yields wk = 1/k!. The result is the
above solution w = =

The second solution is obtained by the transformation v(s) = (24.VII),
by which the differential equation becomes v" — (2+ + v = 0. The ansatz

v(s)
=

ak

k!6 (compare (24.19))
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leads to the recursion formulae

k2bk — k2bk_l = 0 and k2ak — k2ak...1 + 2kbk — = 0

w(() = ak 1+

We chose b0, a0 such that w(l/z) = u2(z); the log-free term in starts with
l/z2. An independent proof that u1 . h equals the above sum leads to the
following interesting relation, which can be proved by induction:

(k)

Exercises in 26

XVII. (ai) From the general solution u acosx + bsinx + one easily
obtains

1 cosl—e 1
u=——cosx+ . smx+_ez.

2 2sinl 2

(a2) Using Green's function from Exercise XVI one gets

z
(sin l)u(x) = sm(x — sine + e sm(C — 1) dC.

With 2feesin(C — a) = — a) — cos(C — a)) it follows that

2(sinl)u(x) = sin(x — l)[ex(sinx — cosx) + 1]
_sinx[ex(sin(x — 1) — cos(x — 1)) — e].

Since sinx cos(x — 1) — cosx . sin(x — 1) = sin 1, we get

1 sin(x—l) esinxu(x)=—e + . —
2 2sml 2srnl

The addition theorem for the sine gives the solution in the form (aj).
(b) For v(t) = u(et) one gets 4'i) — 41 = 0, whence v = eu/2 and v = tet/2,

i.e., u = and u = logx. In the construction given in V, we can choose
logx, u2 = log(x/2) to get c = log2,

for

(log 2)r(x, C) =
for 1�x�C�2.
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(c)ui =1, u2 = 1—x, c=—1.
(d) Use Theorem IX.

XXIV. (b) Formula (10) with u1 = U2 = 1, c = a — 1 or Ui 1,

= 1 — c = a — 1.

Exercises in 27

XV.For'y>a2/4inthecasea=/3andfory>Ointhecasea<13.
XVI. (a) u(1) = 0 yieldsu = 1), and u(0) = u'(O) yields

— sin = or — tan V'X. For the equation —s = tans, the
set of positive solutions 5o, si,... with (n + < < (n + 1)ir and —

(n + \ 0 is countable, as seen from a sketch of the tangent function. From
the equivalent fixed-point equation s = — arctan s + (n + 1)ir the number 5n is
obtained by iteration [contraction principle 5.IX; note that the map s —p arctan s
is contracting in the interval oo)]. Therefore, the nth eigenvalue and the nth
eigenfunction are given by

(n=0,1,2,...).
You should convince yourself that there are no eigenvalues for A � 0.

(b) u(0) = u'(O) is satisfied by u = + a) with a = and
the corresponding condition at x = 1 leads to the equation tana = tan(v"X+a).
Hence = nir, and accordingly

= n2ir2 and = sin(nirx + with = arctannir (n = 1,2,...).

The function u1 = sin(irx + arctanir) has a zero at (0, 1); thus the numbering
of the matches that in Theorem II. However, A0 and u0 are still missing. As
is easily seen, u0 = satisfies the boundary conditions and yields = —1.

Additional eigenvalues A 0 do not occur.
(c) For v(t) = u(et) the eigenvalue problem is i + Ày = 0, i(0) = '1(2ir) = 0

with the solution Vn(t) = cos n = 0, 1,2 Hence

(n0,1,2,...).
In particular, A0 = 0 and uo(x) 1.

Exercise in § 28

XIV. (c) The problem of the vibrating string is

cbtt = for 0 <x <ir, t> 0,

q(t, 0) = Ø(t, ir) = 0, x) = f(x), x) = g(x).

It has the solution

=

with

cm f 1(x) sin nx dx, f g(x)sinnx dx.
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radial p-Laplacian 141

exponential function for matrices
191—193, 218—220

extension of solutions 67
up to the boundary 68, 73

family of curves 10, 35
first integral 41
FitzHugh—Nagumo equations 115
fixed point 59
fixed point theorem

for approximately solvable
operators 80

of Banach 59
of Brouwer 345
of Schauder 81, 356
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forced oscillation 208
Fourier coefficient 270, 288
Fourier series 270, 288, 293, 294, 298
Fredholm integral equation 295
free fall 2, 137
Fuchsian type

linear second order equations 241
linear systems 224

functional 57
fundamental matrix

See fundamental system
fundamental system 165

constant coefficients
176, 177, 182

holomorphic 215
isolated singularity 219
nth order equations 199, 204
wealdy singular point 222, 233

forn=2 235
fundamental sequence 56
fundamental solution 249

Galileo 131, 132, 135
general solution 2

gradient system 328
Grauert vii
Green's function 251, 256, 259
Green's matrix 256
Green's operator 256
Grobman 315

Gronwall, lemma of 310, 317

Hadamard 142
Hahn 318
Hale 316
Hamiltonian function 329
Hamiltonian system 329
harmonic oscifiator 133
Harris vii
Hartman 119, 315, 316
Herzog 103
heat equation 300
Hilbert norm 309, 352
Hubert space 287
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Hirsch, theorem of viii, 112
Holmes vii
holomorphic 55, 84, 348
horneomorphic 347
Hopf 262
Huygens 131
hypergeometric equation 242

confluent 243
hypergeometric function 243

identity matrix 160
increasing function in 112
indicial equation 237
initial condition 3, 10, 106
initial value problem

complex equations 85, 213
first order equations 10, 355
nth order equations 125
of Carathéodory type 121
singular second order equations

70, 73, 79
systems 105, 153

initial values
continuous dependence on

143, 148
differentiability 154, 157

inner product 286
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instability theorem 312

Cetaev—Krasovski 325
Lyapunov 320

integral curve 2

integrating factor 39



integration by differentiation 51
integration operator 345
invariant interval 115
invariant set 117, 118, 322
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iteration 59

approximate 150

Jacobi matrix 151
Jordan 316
Jordan block 180
Jordan curve theorem 337
Jordan normal form 180

Kamke 49, 113, 276, 297
Koçak 316
Krasovsky 325
Kummer's function 243
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Lagrange method of variation of
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LaSalle 325
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Legendre equation 243
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Legendre polynomials 243, 244
Leighton 328
Lemmert 103
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Liénard equation 328
limit point 322
limit set 322
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initial value problem 28
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boundary value problems 245
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Notation

Sets. We denote by N = {1, 2, 3, . . .} the set of positive integers, by 7L the
set of all integers, by R the set of real numbers, and by C the set of complex
numbers. The symbol stands for the set of all n-tuples of real numbers
(n-dimensional Euclidean space) and for the set of all n-tuples of complex
numbers (n-dimensional complex or unitary space); cf. 5.III.(a), (b).

The boundary of a set A is denoted by the interior by A°, and the
closure by A = U A°.

Intervals. As usual, intervals of real numbers are denoted by [a, b], (a, b),

[a, b), (a, b]. An interval without further specification can be open, closed, half-
open, bounded, or unbounded. Thus R and [a, oo) = {x e x � a} are also
intervals.

Functions. The graph of a function f D E is denoted by graph f.
Thus graphf is the set of all pairs (x, f(x)) E D x E with x E D. If A C D,
then g = f IA is the restriction of f to A. Thus Domg = A and g(x) = f(x) for

x E A. Any function h : B —b E with B i D and hID = f is called an extension
of f. The image of A under f is

f(A):={yeE: thereisanxEAwith y=f(x)}.

Classes of Functions. For M C the class of continuous functions on
lvi is denoted by C(M). Depending on context, the functions in C(M) are
real-valued, complex-valued, or vector-vaLued. The symbol (J) represents
the class of functions that are k-times differentiable on the interval J with the
convention that C°(J) = C(J). If G is an open set in IRTh, then is the
class of functions that together with all partial derivatives of order < k are
continuous in G. We set C°(G) = C(G). Further classes are listed under the
abbreviations below; they are explained in the text.

Trajectories. Some trajectories are marked with dots that correspond to
equidistant t-values; cf. 3.V, VI.

Abbreviations

AC(J) (absolutely continuous on J) 121

Br - (ball in JRTh or in a Banach space)
C" (continuously differentiable in 153

D_, D (Dini derivative) 89, 342

379



380 Notation

(Laplace operator) 71

(p-Laplacian) 141
dist (x, A) (distance from the point x to the set A) 117, 323
dist (A, B) (distance between the sets A and B) 323

(unit vector) 160
Ext(C) (exterior of the closed curve C) 337
(H) 16
H(G) (holomorphic in G) 84, 213, 348
H0(G) (holomorphic and bounded in C) 55
H5 225

230
Hr (Hilbert space with weighted norm) 296
I (identity matrix) 160
Ia 70
Int(C) (interior of the closed curve C) 337
Kr (disk Izi <r) 222
Kr° (punctured disk 0 < Izi <r) 217

(disk minus a radius) 221

La 70
L(J) (integrable over J) 121
L2 (J) (quadratically integrable over J)

(J) (locally integrable in J)
Pq 229
Ra (half-plane Re z < a) 217
S (class of functions) 279
(S) (assumption for Sturmian theory) 246
(SL) (assumption for Sturm—Liouville theory) 269
c7(A) (spectrum of the matrix A) 176
tr A (trace of the matrix A) 166
(U) (uniqueness condition) 67, 146
IXIe (Euclidean norm) 55, 106

II hr (weighted norm) 296
(X)m 239

(.,.) (inner product) 286

(., .)r (inner product) 295
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