CFIb



f87040™129410

E 30.00 7T



BF 5 th IR 1H X
(T ##)

BB EEX i
ZiEM BRED

EF A E R

HIGHER EDUCATION PRESS




A A A

AHENAR EXAMENURERRRRE"NNARR  LANENEE T
HRyFRE-EAFUFHANEM 0S54,

FHRLREZNT 0 FREREFAHFERLBARFENHRFLE N EM BRTEHK
HEREHARRELREPHRRAR FHEELRAEAFTINRE FEAELHH
AMER EPERHEATRAGRANBLERA EIBERRPENFHEEAFTNE
O AESBRERL.

EHEoL FREEHE. EHARMERBLEN -TRES  TRAFENXIZFRERE
.

ARAENHEFEEETN BTN EEEREMN IBRFTEHHMA RS HH Dyl
EAMREAFFRIELBARHBESHESH.

A FHENS B (CIP) #18

BESWHERSL. THARBRSSR. —Jtx,
HEHH B, 2004.1
ISBN 7-04 - 012941 - 8

1.8 0.8 0.%8#E06 - S5
7t N.017

A A 1 CIP 8B (2003)55 113175 &

HRET BMEHF HRRE MR 010 - 64054588

o it R ERXESKE4S RW|EFW 8008100598
ERECRER 100011 | HE  bttp: #www. hep. e en
R L 010 - 82028899 http: #www. hep. com. oo
g f FEAREEERTH

B B LR ATERI

F & 787x960 1416 B & 2000 1B8E1kK

Bl % 26.25 BB ¥ 2004 4E 7 A5 2 Y EIKI
P ¥ 490 000 £t 30.007%

FHRMAFRA BARASRENGE, FRFWE B ETIR R AR,
IRRFTH  WBLSLET



KRR
RERE
HHEISE T
FTAEDHI

R A

e S oS B



A} E = B

BEHFUBHEKESEAREATE RN, EHAREFTNEN . HE
IrAHER PR ARLEMESELE), KT A A RAEE W REFRLNT
HHEE RERN  BERKEBRAEHRE. A TEPTHEF, RIPEEX
GERE BREZERAGRBERIRE R, BG5S TR R E
NEXMBHELRENRYANASABR TG, &8 R AT HER LARRST
B AREEN R, AR ERENAR

SRR EIE.: (010) 58581897/58581896/585381879

f& K. (010) 82086060

E - mail: dd@hep. com.cn

EEM: AR HEBEE @I REI S

HEHFHEENTERDLE

BB 4R 100011

0 BiF R ITHRIE . (010064014089 64054601 64054588



B TR EE ST

THGTEEALFTAEK ETFASAHMS. TORNMBEEGHSN
B THERBRGHNSRI ATTERAB KT HREGF 44T

P h8mas AR¥YE LG40 RATER ARV T
AT R R AR EFRFAGWST 049 Sapagof #15k. AR T R K
E R4 (2) BRI E ARLFRARH T ERIHAGLTRAEFA, 711
I B g k5 RAME X

Frofh iR A fistRaln 0% ETdmpdr. g TA-HIK
S i fe Arzela J 4L S X 24T Lewin iz 9. 2 T HEANMFEK -5 & Taylor &£
B EMBTEZRRRELARZTGELZ FREGFRHBAF L

¥ £ ¥4 Fourier 8 % §15.1 ¥4 2 K9 . §15.2 ¥ 4 Fouricr &1 % 65
EAi s, P aisiig. & Cesiro X TEKE, FHPR85-%
gk, Wit 7 Gibbs SLE, VAR £ B R 1E G E IR N Fourier #2049 1, & & 44

FHAEMBALTEEGUANEA. AHFR ARG HESLH L P8
ER, £+ £ ((2n) 4448, 3# % ¥ Bernoulli &5/ MM K. §163 &£+ T
Welerstrass i@ if X RAE W F AR LB A, 8 T4 745 5k, Bernstein it
9 e Cohen i, §16.4 ¥ A MAFREMZL A X RN F G HEK.

FHEEAR FUHLELEREXAREGE ML TLBEPERE
@A, W TRl R BB AT2 RN LR Pk iEE LY
AFREEL R AR T EGHAES L ROGH A

FHAEHSABBGMIRE RS HEF T EMNRD R B RE—0d
WA T SALREENETALISM VESETHSEgMGSE B4
LTHESHRERARLER, ARG ARH ) R R T AR
A AT Peano 8 fv Tietze ¥k 5 .

FAAEABEHELAHS U3 PR ASAHLEBEAGE RN, £
§194 H M EaFHAKSHIREE A Xl s-FIHER

o+ 3ABARALREEREKKS. 4 5202 9 A REak 4t Ragis 9
TAMEs A AR 55203 H T FREPMMAT 24651 4 §204
FABREBH () SEEELN, LERRREN -2 10 &EEEY

Fot—-Ehgef iAo . A3 HAmEHESETEN
k] Taylor 2K, A TR THRAATHEINAKGRBRELTHFRA (F
XM L) ER214 WHAYRESGEMFT AL 5T, ARET FF
5 E 5215 HAE T BB Rolle X3, ix 443 g EEHFE T L&



2 F AR S A

W, TR 5 L85 F B R G- 861

FFFAELRS. AERSFIAT PO LEOMRETHE LY
W, & 7 Riemann TRG XL EAS ATMSUERTFEENIRZTRAKL,
TEMRSMNTF A EFAFALFA LW PR

Fo4z¥EHEERTERS. M TiTmRE4L2T 7 MG —BOREH
T—Bdseds T~ A3 FTHETERNSAREK B RHEMFT
F ¥ M T @y &R % 7 Bohr-Mollernp & 32 fo e LA 20X,

FotmEha kg (& Green AR) A §242 FEABHE ALY
e, VAT T~ £ B X F Putnam R MR, AV agdiiEm &
§24.3 B ¥ A{A Green 2 Xz T F LU FRATFX ASULFPHRTES
) ¥ 694 5% B A B 24 B Brouwer b6 K 5 A E K 2.

F -+ a2¥Hddfg (4 Gauwss 2 X5 Stokes A X)), & §254 F 448
T8R4 4in, 8265 F A -NTEGIHREE, AT W T E—4dh
MRS AEEXERTHLEMN A TALKFEGELE D DRy Ry
SAER FARREN 2V T A D L EMFHL L X (25.28),

Fodndhmibm. IIAHA ., A M Laplace £F, 547 7 & 41352
)% 4. HiBfRHET S MFUNIRE. AFRSARPNBEHERA, F—
FTHLAR-FFIRFHRTEFREE - LEY SNy Qe & E

i BREAICE

REFTERNL, W TR RCSFIENT (20 B §1.2 )
Ny REFF BTN E .

R BRFrH T RA RS, RSt RFRIKE (—oo, +00).

= BEM X RAHDE.

[z) BEE = G EEES IAEE « MBER

O &R — kB SRR %K.

ny _ ax_ ®n—=1)---(n-k+1)
k)_cf*_ k! ‘

105 s FoRITE, P r = 3.141 592,

Hem¥ f(glx)) MB (fo9)x).

HAMBAFANEG WHES A-B A\BERASBWES W
#£45 {x|zcAH ¢ B}

10. [ Os(a) 3% Us(a) Barlld a Hpls, 26> 0 LR, fr—HEnE
ARTFEIE (a~d,a+6). MABHEHERE, WAREICH O) B Ula).

oo e =

e -



B b R R R R REREEE 1

A B BT RE oot 1

§13.1 FEBTGRRIGELAHED: <+ v oo v emneemnne i 1
13.1.1 THFREHBFHIA (1) 13.1.2 BHE (5)

B13.2 FIMEREL o ovreromr e e 6

13.2.1 PRI BB — BB (6) 13.2.2 HBHIAEA BB (7)
13.2.3 Kb ¥ B3 (9) 13.2.4 5 (13) 13.2.5 &35 (17)

§13.3 —MEITZREL - v 19
13.3.1 — MM F0y v 2 A (20)
13.3.2 — IR EARYER (21) 13.3.3 IR (23)
13.3.4 85 (26)

§13.4 FTEEFTERR +vvv v verrmmm e e 98
13.4.1 A2 (28} 13.4.2 PIER (29) 13.4.3 4: 378 (34)
B13.5 AT FEUERATERIL v - e 35
13.5.1 =3 E & (35) 13.5.2 &% (36)
MO KYETIBYEESIMBB - 40
§14.1 —BRUCPE R E BB - 40
14.1.1 HAPIZ (40) 14.1.2 B (43) 14.1.3 315 (48)
§14.2 ﬁ@ﬁﬁﬁ[ﬁ@ﬁﬁﬁﬁﬁ ........................................ 49

14.2.1 Z45 S5 R ETHREE (49) 14.2.2 (WER (51)
14.2.3 Bk M 5w R SUER (63) 14.24 45748 (58)
§14.3 %ﬁﬁﬁ@l{kﬂiﬁ—'ﬁ‘fﬂﬁﬁ ........................................ 5
14.3.1 FER YA EAE S (58) 14.3.2 BEHE (59)
14.3.3 4055 (60) 14.3.4 #5358 (63)
§14'4 @ﬁﬂ{]%ﬁﬁﬁﬁ ............................................... 65
14.4.1 Taylor S5 EFMREREIBIF (65)
14.4.2 ¥ BB BRI HRER B AT ik (68)
14.4.3 @ (70) 14.4.4 G55 (73)

514.5 TFFBEFERERI v . 74
14.5.1 22 B & (T4) 15.5.2 S (75)
MRS Fourter SR8 - - - o T4

§15]_ Fourier %ﬁ ..................................................... T4



ii H X

15.1.1 Fourier £ KB A= (79

15.1.2 Fourier Z2ERHERT (81

15.1.8 Fourier Z&H JL{I& 3 (82

15.1.4 #5 (84) 15.1.5 #&JEH (85)
§15.2 Fourier ZUBATHEATHE v v oo emmmvnm e 87

15.2.1 Dirichlet 31 &Yk (87) 15.2.2 Gibbs W4 (89)

15.2.3 Fourier ZR {5 Cesaro HF (91)

15.2.4 Fourier RE 8= Tk 8 (94)

15.2.5 Fourier 2% %A —3d 844k (95)

15.2.6 P (98) 15.2.7 #3188 (101)

[l 1

§15.3 }jﬂ:ﬂ:‘a’é%gﬂ ................................................ 102
15.3.1 = E & (102) 15.3.2 2% (103)

B AE BB 106

B16.1 FUAFHFEL v e e 106

16.1.1 X FERMBT A4 T L (106)
16.1.2 f48 (107) 16.1.3 .98 (111)

§16.2 MERANITE - 111
16.2.1 KECRAS: (111) 16.2.2 MEN (112) 16.2.3 38 (118)
816.3 EAEBEHIETER - v 119

16.3.1 ¥ FREFE: (120) 16.3.2 Bernstein jIF A AL A7 2E (123)
16.3.3 JEIT E A — A PISFIEH (125)
16.3.4 BT E A FARIE T (127)
16.3.5 (BT SEFRRG Y I 36 (128) 16.3.6 SR 1 (130)

§16.4 mﬁﬁ#ﬁﬁﬁﬁ ................................................ 131
16.4.1 &b drh 3% 4 b b AN Y 0 e 3 (131)
16.4.2 B IE R A ES M 28 (133)

§16.5 DFFREHIERIV - v v ev e 134
16.5.1 £ EsT (134) 16.5.2 &% (134)

B+ SR ENARESEEREE 137

S171 S AR E LR EREEFLER - 137

1711 SRsr R BAERR (137) 17.0.2 e a2 RHER (138)
17.1.3 B (140) 17.1.4 55581 (141)

BIT2 R™ I JL R ERR v 141
17.2.1 Gk (141) 17.2.2 450 (142) 17.2.3 B3 8E (144)

§17.3 qu:ﬂ#ﬁg&ﬂ ................................................ 145



B i iii

17.3.1 5 ¥ & (145) 17.3.2 ZFE (145)
SN BTRYPBRETELE - 147
§18.1 BICHRBIUIAEIE - vorrre e e 147
18.1. T/ (147) 18.1.2 BHEE (150)
18.1.3 IE R WA R AFEN ¥ BTk (150)
18.1.4 B (151) 18.1.5 XF EIEBHIF (151)
18.1.6 4 >]5F (152)
§18.2 ﬂﬁﬁﬁﬂﬂﬁﬁﬁ .............................................. 153
18.2.1 & G RAHER (153)
18.2.2 E& L& TS s LR (158)
18.2.3 £ TSR YN MEEH (160)
18.2.4 M E{HEE (160) 18.2.5 4> (161)

518.3 gﬂ-:f-ﬁf%gqgﬁf_ ................................................ 162
18.3.1 23 F & (162) 18.3.2 BEHE (163)
B+HIE REHSERD 167
BLOL JRSEL -+ oo 167
19.1.1 RS HATE X (167) 19.1.2 {RFHEHELE (168)
19.1.3 B 'S4 (168)
§19.2 A’j‘_:ﬁ:;} ......................................................... 171

19.2.1 25408 L GHAMER (171)
19.2.2 ZUABESE, MSYFEHRTREZ BN R (172)
19.2.3 B2 (174) 1924 S8 (174)

§10.3 WAHEEORT BERIEN) v 175
19.3.1 B & REMFHAMERER (175) 19.3.2 HIEE (176)
19.3.3 Frec R $L (180} 19.3.4 R3J 8 (181)

8104 R EEAREHRDFEI - o 182
194.1 HRMY ELX GBI TrI(EE # (182)
19.4.2 %38 (184)

819.5 TFFH2EBTERIN < vv e i e 184
19.5.1 S 3B 5 (184) 19.5.2 & (186)

B REMRYEETESRRYERE e 188

§20*1 _./i\jj‘ﬁﬁ{]ﬁj{g ................................................ 188

20.1.1 BEMTFIEETE (188) 20.1.2 BAYCKS (190)
20.1.3 BUER (191) 20.1.4 43I (191)
§20.2 Fﬁ@ﬁﬁﬁ ....................................................... 192



v 3 ¥

20.2.1 FIEEH (192) 20.2.2 BEE (193)
20.2.3 3K O 8 e B BT 8 1Y B e S L0 S 30 (194)
20.2.4 FEAEEMIEN (196) 20.2.5 43 B (197)
§20.3 D ELARIRIAIM - o o 108
20.3.1 {7 BB ERINEE (198)
20.3.2 E AR Y KEE R RAEE (199) 20.3.3 426 (201)

§20.4 BB BB R MR HATAENE 202

£20.5 REFHEE BRI oo 23
20.5.1 3B H (203) 205.2 HHE (205)

B —RRESMAIRR - 200

8211 fREEAE TL{al BRI - oo 209

111 sy bi R . ViS5 Fm (209)
2012 lRERER ., BREMYFE (210)
21.1.3 fherpode i, MiE e MA (211) 2114 8538 (212)

§21.2 HRISEGHHE - e 212
21.2.1 FHSH (212) 21.2.2 BEEF (213) 21.2.3 48 (214)
§213 Taylgr »ﬂ-ﬁ_ﬁﬁﬁfﬁ‘lﬁ ......................................... 215

21.3.1 Taylor 2+3 (215) 21.3.2 & {Ha] & (218)
21.3.3 R/ MER B (219) 21.3.4 ;38 (223)
§21.4 FEABMEBEGRERE - - 094
21.4.1 FHHE (224) 21.4.2 FHRHE (227)
21.4.3 B BpUtR{E (231) 21.4.4 831K (232)

§21.5 a8t Rolle EHE - vveer i 233
8216 XF T BUAEAURRIN - occ v 235
21.6.1 3B & (235) 21.6.2 B (235)
ﬁ:+:i !m.ﬁ. ..................................................... 239
§22.1 ZHRRAPBIHE s e 239

22.1.1 EASHEN (239) 22.1.2 AR HEE (240)
22.1.3 HAEM (242) 22.1.4 5 (242)

§22.2 “HRAPMIHE - 243
22.2.1 KB LA —ERS (243)
22.2.2 — X 18 i B4 (245)
22.2.3 “EHESNAE R (247) 22.24 4558 (250)

£22.3 E-‘Eﬁl\ﬁ, n Efﬂﬁ' ............................................. 251
22.3.1 ZEMAFEABIRRHOHHE (251)



3! b3 v

22.3.2 ZEAVMIAS RS (253) 22.3.3 ) (254)
22.3.4 n TERUF (256) 22.3.5 45378 (256)

£22.4 r‘xﬁfﬂﬁ» ..................................................... 258
22.4.1 [ EBSHE X (258) 22.4.2 Wt XA (259)
22.4.3 {8 (260) 22.4.4 %5 (261)

£§22.5 BARBIREHEA - - 262
22.5.1 JL{ATR A (262) 22.5.2 Y505 B (266)
22.5.3 BAM SRR (268) 22.5.4 % JH (272)

§22.6 THFHZERIRRIL - 274
22.6.1 %3] E & (273) 22.6.2 £ (275) )
g:_-i—Eﬁ ﬁﬁﬁlm‘ﬁ' ............... e T4
§23.1 ArEAREEE ALY - D70
23.1.1 EX 545/ (279
23.1.2 JLAVE BETRSERFMITEE (281) 23.1.3 454 (285)
§23.2 gﬁ;@%r‘j&ﬁﬁ .............................................. 285

23.2.1 —F U4tk (285) 23.2.2 A (287) 23.2.3 838 (290)
23.2.4 FEHER (200) 23.2.5 FEH (291) 23.2.6 ST (295)
233 BB S DL 206
23.3.1 B iG¥ (296) 23.32 T % (207) 23.3.3 {8 (298)
23.34 T BERFFERE ML EELAMRER (301)
23.3.5 451/ (304)

§23.4 MEFHIEEBE TN - vvvrrrrrr e 305
23.4.1 FIESE (305) 23.4.2 ZET (306)

S DIEE BRI e 300

§24.1 E—RUEEHIAN o 300

24.1.1 BB MEFIA0E XSHHE (309)
24.1.2 H—-RIM LRSI A (311) 24.1.3 538 (312)
§24.2 %:ﬂ ﬁgﬁfﬂﬁ ................................................ 213
24.2.1 PRI KB @ SCRT R (313)
24.2.2 BRI HIC R (315)

24.2.3 E R gh 2R F R (316) 24.2.4 3 (317)
§24.3 Green AT e 318

24.3.1 Green 242, (318)

24.3.2 F-H MRS 5B EI LM FE (322)
24.3.3 S 3E (324) 24.3.4 % FEHE (325)



v B x

824.4 B BIHAIEFEE 327

§24.5 T EEREIRRI - 331
2451 23 (331) 2452 BEE (333)

M= R BEIRRAY e 336

§25.1 ME—RUB RS - oo 336

2511 B—BME R H E TR (336)
25.1.2 -7 i B AU R (338) 25.1.3 453048 (339)
§25.2 %:ﬂmﬁﬁﬁ} ................................................ 340
25.2.1 BT RMTER 00 B XRITHR (340)
25.2.2 A TR Z RIpY R R (344) 25.2.3 5o fH (346)
§25.3 Gauss A4 Stokes 2438 - vo e 347
25.3.1 Gauss 2> 2, (347) 25.3.2 4531781 (351)
25.3.3 Stokes /23X (352) 25.3.4 2 (354)
25.3.5 R® PR SRR IO KR & AT (355) 25.3.6 RJRE (357)
§25.4 W RLA IR, R TE A SR 5 — Ay Stokes 203 -oveee 357
95.4.1 FHREFMER (357) 25.4.2 BB (358)
25.4.3 By B SR (359)  26.4.4 RSB A RISHBOT (361)
25.4.5 B L5 Jacobi £75; {362)
25.4.6 BT PO BV (363) 25.4.7 —fiipYy Stokes L7 (363)
§25.5 g.j—-}:ﬂ%ﬂ{]@& ................................................ 364
25.5.1 M BiiR 2 E—H) (364)
25.5.2 Y HE & (368) 25.5.3 BEE (369)

%—_-"'ﬁi WMEEE - kyal
§26.1 BIHEFIREIE oo v oo 371
26.1.1 W& (371) 26.1.2 jg/§ (372) 26.1.3 Hamilton HF V (374)

26.1.4 JL#% BT AY3% (376) 26.1.5 &5 (377)

§26.2 Laplace ﬁ%—‘?iﬁiﬁlﬁﬁ ........................................ 377
26.2.1 Laplace HF (377) 26.2.2 I HH (379
26.2.3 Poisson fR4r405K (381) 26.2.4 I (382)

§26.3 gf:j:ﬁ%ﬁ{}w ................................................ 383
26.3.1 £ B\ & (383) 26.3.2 BET (383)
FEBIRT: - o 386
I - s 400
BN EIEEET ] - 402

PP BHEBG] - 407



FT=F HMEH

AHERLFREERPE—F. 7 §13.1 T ATCRIRA . F4- ¥
F7SORSr =4 BN T R UM E RS RLE. 78 §13.2 T §13.3 b
IETFER A B R M FRE SR, §134 TRAITHRLFRE. Ria—T
REESHNEED. (FRBFCRABEEHTE §16.2 FEPITR)

§13.1 ITHRBHELHD

13.1.1 EHEHUISHIRAH

A7 LA B TUA A M R R A L T R
— B, DHEFREEEWACRAMN TR TERRE AR LRI
HEA T, HPEEEEFRYEE (&1 [30).

B 13.1.1 WEREEEE (ET) 927 300 F) —H9H “—R

2 BRE, FHRE. AEE LFE, XS TATFHRTGE TR E:

S S S IR POTI ST

iR 13.1.2 HHFEFREEIRK Zeno B 4 HEFAMEL, HPH
Achilles ® i . Achilles A i3 A _b7E s iy — R3¢, & Achilles 47
HARP SRR RS, MEXEEP RN E2maresd —REH, Bk
$R7E Archilles FYHITHE, BT A LAk E T 2.

4 E R BI RLE Y ¢, AR T E, AERTR TS tt+t+
. X R—A T RECRAAE. B Achilles —F & LB, T
AR R BT Ay I, (B0 T B8 Zeno MUY, MEEH LT
SFRBAES LR, B 7 Lot Bk T (T —A 1580 B#5E 1).

G 13.1.3 & B MR Archimedes SRABIHIE = T 8 BRI RIS
MEABERRUET 5 WE 131 R RPEHTSEE A B, C fiitsy
BSBAUENZ AT, bTFAMmR LA A WIRTETERR BC, BT
IVRFATANG (BC) FIF (AD) foki. BT LU MEI 4 S R 3 L
SRBZELBRHAR AT, FRITER SN RER

@ Achilles (B BH DL (FHTSFHEIESE DERRER E30PEEFY
The great runner. F I3 R E T HRME Zeno i B KB H Gregory (1647}




2 BHEI¥F KR4

BEE A=A, Archimedes JEAR EIMERZ MR E—4 - ﬁiﬂ‘:ﬁ*ﬂﬁ’j
T B Xt R AT L o ks PRk s B 7 70 55 By sR f ml e
l+‘=]i“+’115'+"'+'?11_“”+"':"g" (13.1)
1 T 2% 1S 6 75 35 R MG R 4 AR R 584, Archimedes TEi0IF T 2 &E4H B

Eudexus (%] 2535, & M3EBA 7] L) & 5.18 4&.

GBI 13.1.4 RERTRMCRIE AR
B R CFIRA RTHRAR. e rER il
BEENREABEAERE R, REHNELE
B M AR A, B ERE ey h=A
HITE R R B, LU RS iy R ALUE. B
MRS E AR o §n . BERNH: B2
0, R, B2 XRIUETATE, MSEE -
BMEAFRE" XRREETHE - THFR B
WA (B ETEARMTRETZR).

# 13.1

= HIK HESIHTT RS SRR MRS £H Bl
BT #E 223 fl\%ﬂiﬂﬁiﬂﬁ* b 24~25 TT) 3IA T EFEEK

Zan—a1+a2—|— @y - (13.2)

WA, Fof IR o, OB 5o = 0x 4 a2+ 4 ann= 1,2,
SRR (50) WBat, FETSIRNC (13.2) M, TR (132) G, 55697
S (13.2) 4L, WERIR S = lim S, HTAFEREK (13.2) HF0, 3y

0o
Zan=a1+ag+-+-+an+“-=5-

n=1

BINHEF S HRITKE BRA R (5.0 47 VRO, BT 5 an =
5. SRR, BT NER, HEDH 5 o0 WH T
SRR, BREAAREL. & 5 o0 il MO S 0, W5

k=n+1

- n B B ERH Ry FRSEREL ‘E an B n DRI FHRY Z @n

HEBAREINEN (5.}, BB N S URE Ru = 5 5, EH AR
AT (Ra} ~ZREFME: lim By =0,
MSE XTI, WA RO on} BT — MK

a1+ ) (an+1 — Gn), ' (13.3)



§13.1 AF#HHSEREE 3

[ H RIS R BB, R (18.3) IR S ST RFIGH
B lim a, = 5. SELET, MTRERRAMERE (133) RFREL
B bt B BR A — R 7o

T RSB LA, S TRE T AR D TIR IR e
B H R DB 1

Zaﬂ s — lm a, =0, (13.4)

TL— 2

HAEH AR 2.2.9. FEM R E2E L, XA EREW S 70 R4

R Cauchy HCEHEN (L §3.4) HIFIRMY Cauchy BRUER: %
B 3o WHN R DERGEINGD ¢ > 0, FHEEBY N, #EEEAG
n > N BRSO G NERY p, AL RER

|ﬂ'ﬂ+l + A2 + o0+ ﬂ'ﬂ.+p‘ < E. (135)

EE AT (185) B4 p = 1, MBEIWSEBM L ERF (13.4). i FE
3.4.1 1 3.4.2 B MCSHERITE T 5 AL AR AT

EHRE Y on BIE—TR S, WFRRYAE SRS S8 DARE R g
HIEMBH. DAXMFESHYATRAT TR T. M F LW, Ky
WRF AR %, H A ER M T S DB A B AR
BrlHEER

£ LR W%*E%ﬁfﬁTm’f‘EEﬂﬁiﬁﬁﬁ flim, B4 ML
HT 0% % E: L kb (LI 2.2, 34.2), 3+ p KEREMSE (HHH

pB#) E 1 PMEESIE: % p <1BTERL % p> 1 HPESE (W 2.2.4 /T
B 10 ﬁ p 3 2 /NEHIER 6). FEM 2.5.2 PIBIIT BRI e LR
¥Ry (B 2.5.2), I EHET e M8 B4 4E g .

=, xﬁﬁ%ﬂiﬁﬁ%_wm%%t SE 8N RSB B,
5% S o, axaﬁwmﬂ £(z) dr WIEEANES 2 M, FEremg o

2

. A
WHEBRR: 7 o0 000 [(0), 5= 320, | f@d MR, = 5 a0

tac k=n+1
A

T SR HA T R e A SRR T TR A TR

+ o0
S8 13,11 1% [ + [a,+00) P HATAL, U~ XA j F) der g
T DB AR T EETEXRSF RN S (A C [0 +oo), B2



4 £F4+28F HASK

i: riﬂ 1 flz)dz

L—

qﬂﬁ? ﬁqj AU = 4.

+00

ﬁﬁuuzﬁj?wwmﬂiwmmmﬂmﬁamq'fﬁﬂmw@m

T LE MR AT E A PR R ) (A,) C o, +00), f#
A SRR

8¢ nAnL

|7 sw

n=1"An-1

WS, B Ag = a.
£ EHIE 1225 PEREEEEH TEAHE XEE 1241 I,
T RHEET (13.4) £ ARG P RA MR TSR

BL7E R R B 0 e 1 R X (R A (g S04
IR 13.1.4 (B8) HIEX| BT A2

& 1HEERE. AWEIE 6 JEHF

iR, RIS, & v KB EZHE

mEE 6277, HEH R

Sy =3-2"1lgin 3_27':11—1 .

M sine ~z (z — 0) I] I,
im S, =

n—o0

L‘l {S-} ﬁ%ﬁﬂﬁﬂﬁﬁi%’?ﬁﬁ%
Zﬂn,ﬁiﬂP&n—S ~1 (B S =
) MR RN an ﬁtuw%@u
MEA & ANERUE. 182 TR EAUEATRE 51 = a1, MEESXNE
i 6 A= HIEERZ IR ax = 52 - 51
MR ECEF IS AFTEERLS z. =320, UF
On =8, — Spe1 =TI, (5111-—75— — LSm—Z-T-t-)

Tn 2 Tn

& 13.2

—-:cnsin-g# (l—cos—ﬂ;w)

Ti Iﬂ

o

o1 _ 2nd .(i)“
2 12 9 4/
[X] % R O & Zan ERLES B LY TA bl:jb iy JL{TER 3.

%"éfuﬂﬂ_fuﬂﬂ?ﬁf’*ﬁﬁliﬁﬁt%ﬁé ﬁ%ﬁ%ﬁﬁﬁ’]#’fﬁf

sin ::; ]'[3 1
En:S—Sn:TI: 1- Rn "-‘T 7. (137)

&
n
Ty,

(13.6)




5131 A FHKHEERL 5

X T E ATEEIH AL, H5E M (137) B8 enit & en, 05 A
265266 TORISMF AT R I T 30K, W4 (13.6) A1 (18.7) LL5I3E

En ~ 50n. (13.8)
MR W] A BRI SMEA

n~S,1,+3( 3(

FIHARIR S0k (4] TPay %S 48 T, SrRRNIMG R 96 A 192 T phia A
Ss =2 3.130 35( 203, Sﬁ #= 3.141 031 951,
MIEH (13.9) ¥ Tu@@jmgmm
ne S+ = (s*ﬁ 55) = 3.141 502 534.
M [4] B ENE, NIREX— AT W ERERN AT BT E
Serd Ei— 1820 CETMEETUSE 13). O

Sn - Sﬂ.—I] - S'n—l + Sﬂ. - Sn—l)v (139)

13.1.2 B%H\

= BEEEER THRECE T E S, T EPNREE, &6
&R MIEEWIER, 375 EE SRR, MIZ4H K.

1. (I 13.1.2 Z45) S LAY, B 7E Archilles 22§ 1000 m, Archilles
RYEREy 10 m/s, BEARTER Y 0.1 m/s. 5 Zeno tRPAYID K5
16 I RECKMEIRE, IR Archilles #F I S Fr R AedE. (48
W, AT EFREM LRZG, Zeno X MERHAFRIAZLT )

2. WRHE D e 5 30 MRS (BRI, THERL T REUY Stk

Z{an + b)), Z nby, j;f(bn # 0},
NTF 3 an F 3 by ¥R IEFEEF R TS B R0 R

3. ¥ S max{an, b}, Y min{a,, b, } 8k%E F EHTE

4 WRPE > (an + an1) WAL, BEWATHER a, WH? NE Ya, ZE
TRR, HR R AT

5.0 8 =1-1+1-1+---, FEUTHE

S=1-(1-141-1+)=1-§==5=1,
F]: Foeh A (TRT SUBFESE A% 18 5 M.
6. TR a1 —ar +ay—az+-- ton —an+ - (S

@ RIE [4 W 48 5T, NBGHANE 1000 MIEGIHE HAHE S = 31322, sﬁ =
B4

314, So— S5 = o0, EMAEM (13.8) Ml Ebby 20, MAMERAANRERY 25

25 625
M FBE 1005 2 314é—gg— = 314.16.




6 F+=¥% HAuk

T MER A B p, AL

nli_{f;o(anﬂ +niz+ o+ i) =0,
A} RTFEE IR R 3 0, — W7
8 Wan<ec,$by,n=12,- %lﬂ%ﬂﬂﬁi}anﬁl Eb [vi] B offe 8 (5K %

=1

O, Ml gE e R Z en HSY (BOREDT ROV ESIE SEFIM K
J'E.Eﬂ()h_tﬂﬁ' 20 1) ?Fb‘z&

9. % E a, W S, EXFEA n % apn— §) a0, WI{EHE, JEAERT

n=1

BB RE L, %ﬁﬁﬁl
10. 134 W 8L IE T 4R Z an, B TEHMEEY n BT an € 0y Ry, HF R,

=]

W AT, T S a R ERATRLA

§13.2 THgH

MAETHGERITH EBRESBRSEHERAE. MRS HE — PRI
e, DR b 2 AT L RSB R R BRI . BT RECR i P
FNIAE §16.2 79132,

IETRR SR — I R R RN IR & R T LU, fEX
HCLBH T FSERARR. UFABIF -T2 51085 e Brh A — AR
BAMBRILR, KI5 1323 A4 Cauchy BirH R, Cauchy FRH
A Sapagof FIHIEA Kummer HFH:.

13.2.1 HEHSTEN—RES

B B AR LA E AR, E000ERE RERS.
EERABERIEATR: ETRE 3 0n M 30 b, BIEITZ BRI R K0
in S bn-r n=12---, mﬂﬁtﬁU‘F%iﬁ
1} an qﬂﬂ = Z fin qﬁﬁ: (13-10}

(@) Y e KM= b KW (13.11)
EERFRTR T REETZ BN AFRRE ATEN T XM » Bz
1188 (13.10) T 2 be 5 (13.11) P Fa. HERBH. —R¥EHANK
B

g

(= o) o)
Z“’qn* Z yip * ln”

n=1 n—l n=2




§13.2 EAisgk 7

FEF EFEHEEHERNSYFENEDT B3 X& FR 271 /W)

hn€n*€a”<nl<«n® {a>1, >0).

tER AR ER BRI 2T ERE 30 an 71 2o ba 177E (730 BB
: b
c= lim —=, (13.12}

n—o0 Ay

M0 < c<+oo BIEFHRI Y an 5 3. bn RIHEL 2 c=0RATLIA 3 an W
SO 370y, BB, SN b REHES 3 an KHL M o= oo BfHMKAYEE

HEHFNERNRBEREN, HREY D . RETHTFEAEI {0} X
n — oo BRI YA T REB M 2 L6, HPREET (.} RERLF
AROFERE, MESR, NESW UK EZFRE RS W FEE 0 <c< oo
AEE, AT S BHEHE.

EESHIBIEME B AT LB 3 ar, 2. by BETY n TIMKES
BALRFR

4n = by

(13.13)

&g (13.10) & (13.11) AL

ET—/DHEER, A dAlembert FIBIEFFAHIFEHHEREERER
A2 20a ZJE I (13.18) § ) BB ZER SRR,

13.2.2  HBHIENRHRER

N R R — AR A A, R EE S IR T
BB E IR EN LRGN TR~ E .

— PR BT R SPHART BT B S R 5 R K 5
Y 4, —AERS Y Cauchy H{EMBIEA d'Alembert HSBIER R
ftk. S TR R LRV Y Y. K BIZET, Cauchy R{EHIBI R
P (13.10) F1 (13.11) M EFRRIT n KRBT, T d’Alembert H{EH BB R M 1
R (13.13) HE. b FHEE FRA T OB A G B, sAL .

FHE Y, XEBFNE-FAINEAE D LEER, LTEREE IR
B BRSO . B, p BEA AR R AL A Couchy HEHRIEE
d’Alember H:{H¥IHIB:FeHEAT 1. FHHH MARL B RIS BEES
AXHAS. (21 271 METRIFARY R B, 544 PLETFRSF
IMERME SR HE, W R 8.7.1 Ayt st B avidit.)

O ZEMNSE-MEEET, b TEETNE - MR SRR R E, FIC T THIE
RN (13.10) R (13.11) ZFRILEEH. X ERN_- HEEEE =il AMRE R




8 FHz¥ KA

00

SRR, KA p REAEN LR HBE] Raabe FF3E, R 3

= nln’n

RN LB REREIB R Bertrand FFIEEA Gauss HBI2E. ETHAERIER AT LA [19]
FHH®D), WIMNTEIFZE VBT ER B US% [52] #H i ik
PRI LR IUR R RER B A SR TT . X EEE R, SHHAI%
BHERAREX, EEER, SERFABESHFEHMAER. UTH e H

n=1

IEIRE. TR TG HBEER, BFORHHE =570 H

Cauchy H{EHIH)E: HE:E[O Yay, = c < 1 BF SRR &,
¢ > 1 R ¥AHE
d’Alembert $gi%:  lim —“—;#u =d, d < 1 BHREN Y,
d > 1 BB
Raabe ¥[5l3%: lim n( o _ 1) =r, r > 1 FHRE L,
n—o0 Grt1
r <1 BHERBURHL
Bertrand #3l3%: lim lnn{n( o —1) —l]zb, b > 1 FRE Y,
R—00 Gn-t1
b <1 BB
Gauss #|Fl%: az; =1+£ 4 o(—gi—;) >0, p> 1 BB
6 <1 RREURHL

FE 1 R Cauchy HUEFIBIRA, BT3 i 2RI 2B TF X AR 6y 1 /00
(T an/ans1) B15HHT, EHERRT LI BR S HE (B0, 7F Gauss HiRrhgy o =1
BHRE R BT T N Bertrand HISIEER]. M4 BEHEESR

1 1
Z nlnn(lnlan)? ’ Z nlnninlnn{lninlnn)? ' (13.14)

r=3 Tl

EHBRE, BATLABBIT WA 6 BBk, 4% Bertrand K308 (I [62)).

&2 BHERIANTRENEEHFBA, BT Cauchy sRIEHF) 52 b,
HRBHT {a.} HREHHES, B4 % n 4RSI, 75 s8R
. AR X BT, B RN R AR Y EREHHEEE. FHE Ym
t, BAR Cauchy BB HIHI: REUUUTRECY MRS BIR HME, s hE
f, @EEH@@%?&@K&E%ﬁ*@fﬁfﬁf&%ﬂﬁﬂ%@fﬁéﬁ% —PHARRFR
L an = 27700 SHEAARE S a,, B

n=1



§13.2 EHHK 9

@ni1 {é? n HEE
o |2, B
i Jim /@, = 4 SATH Ceuchy REDHTIE, EHEHDEE T
3 AEROVEEAT MR A R U RIBISE, X B R
BIBMRRER GUNEHFRBER N L, FREER):

L FXIETRE > an FFEEHRR
lim In(l/an) =1

i—00 Inn (1315}
M2 ' > 1 BPRBE, Y ' < 1 BRPRHED
2. HWIEMRY Y an FERM
i 2/(aa)) (13.16)

oo Ininn

M o > 1 REREOREL, T & < 1 BPREATL

X A3 5 Raabe H|F1%M Bertrand #i5|2:f5X 640 Cauchy RIEF5
15 d’Alembert FFBAREE, B 25 FRNHE —E AR (AAT ST 12),
BRZFMIL (&R [52]). SREHFEAE R, MPHIEF KRBT RICT
AT EUAE ant1/an, BIRRS FRESUAR SEE R IE RN R TSR

13.2.3 HfbI30E

M IERRYORIR, B T LE A8 L HFIE 2 b RS G RE. R
AT AR E R LFH R, NSRS FHNRE i BERihe T b
BER PR — TR E

HEM 2N, BT XAt bay Cauchy FRAMIAEERIERH M.
T LLBR YL BMTE (13.14) o i A0 SR YEHR AT LA B 3 fg k.
{ELRE 6 P oI I AR 28 1 SR e

_ #H13.21 (Cauchy BpHSIR) # /1 [L-+oo) ERIBRD, MG
> fln) SRS XBG | ) ds S

=l

F BAaHMNERRERFEN—TMAE (R B 3TL ), i . FE
VI & B ) X AR BT B, B LU RA R

%1 13.2.2 (Cauchy RRMBIE) % (o) RMIMD 0 ELHEF, W
TR 3. on IR TES AR SRR



10 Fr=% HHiad

o
) aze = a1 + 209 +4ag + o+ 2agn +
n=l|

HEEK-
iE BT REEE I R R, HEASES

2k_102k 5; (ge—141 4 ok—140 + .- 4 ilak £ Qk_lﬂ.gkul
k21 B EEDERPFEBOEA 2 B RE 1R n IR0, BT
8%
_;12_22%2* Te1tazt--+tarsart zzkﬂzh
k=1

] LB A R4 TR 5 %fﬁ%mﬁﬁﬁﬂ%ﬁﬁﬂﬁﬁﬁﬁﬂﬁﬂ 0

A XRARHELBER BEEN 5 b 5 o (1314)
4% A Canchy BF5E ¥ 5k —i.

VHE— M {0} REUHT 0 REESH HHEARE S — AGEH
W TA RIS NI T — RO, SREFREN 5 an BEUK

. B, WD Jim o, = 0. FHBBEATRRLRAL, BRI
KGR E R, R BB, WA R ERSHHE BRA
B % ¥ F ¥ 95 3 (1988) 942 ).

# 13.2.3 (Sapagof ¥BIi%) BELHI (o) BIEEA, W lim a, =0
RS LBRRETRH X (1- 2 ) g

n?

ik B FRERIGE N E B, Ho By = 1 — “:H n=19,---.
B TIEHES {an} ﬁﬁﬁﬂ? B A 1R B hm an = a. £ a > 0, W

by < 22 a““ BT E(Qn_an—fnl)"‘ Jim (g —a,) = a1 —a, AR Eb I

n=1
ﬁ-%a—ﬂ NiH
n+p ntp “ a i+ a
- ay — @
Zbk: Z L 3 N Z B Skb) g Omiptl
iy Gyl ntl

k=n-1 k=n+1 k=n+}

XHERSTERY n, FIF an — 0 B0, MTTLIORBIRS KM p, HLRAT -
THEH 3 b K. O

1 AR SLRSBR (L 119] % 2 135 365 N2 5)):

(1) 8 {ou) 3008 D0 EROHT, M1 588 5 (1~
O GEFTERIE S SBR B R LR,

an)rﬁj

In-t1,



§132 EMMK 11

(2) HFIEERHE Z 0o BB FIRIY (S}, T Y an 55 Z LS

n=1

E2 kg, ET A S G P 1 B EE%EﬁEHﬂ%’P
BEIEEFE ST 0. XA &S 13.2.3 RE-TH AN LR XHERTRERESHR
S S 3450 90 R U9 5 2 S TE TR YA SR B B R, TaSC TR E e
BREERBE. W ETLEH, M BRER eI 2.3.3 (B 28 5)
XL AL RER T LUB A i RE 13.2.3 H9%es.

&8 13.2.4 (Kummer ¥I535) (1) T8 i:: G WA FEA DT 2
RAGTEE SO (b, A 6, 8% n 75 KB

a
bﬂ ’ B — n+1 2 4> 0;
A1

(13.17
@) BRI 5 o0 RUHITA LB KT ER R ETHY # 3
BB n KK

7)

b,, - aiﬂ — by < 0. (13.18)

(1) EIEFEE A& H (1317) BXF r 2 1 AL WERER
} < dans € bnan - n+1ﬂn+1 Tkﬁﬁﬁgﬂj {bnan} ﬁfﬁﬁﬂ?‘ lﬁlﬁ.’uﬁ‘ﬁﬂ—

Zak @) + ri Z(bkak - bk+1ﬂk+1) Ta+ 5 -ba,
k=1

AT R 3 ,-;1 G W

FAELBHL. 76 3 an RSOHEHATON Fuyn > 1. 4 b = o, AU
p . _On By = R, _Rn+1=Rn“Rn+1

Gn+1 On+1 Gn+1 Gnt1

PR H R & == 1 BT

(2) ﬁﬁ%ﬁ%ﬁzﬁ%%ﬁ#ﬂ%ﬂ%ﬂ*} EER (K (13.13). FELE%E. i
Elan AL, B by = —, Hf S HREEIE n AEH. XE (13.18) FE:
; a R Sn=Sepr
Qn+1 Qntl

Bop = MAE 123 (E 12 @) TR X - B O

E 1 EBER: Kemmer 5|54y (1) %Eﬁ&%&ﬁtl&ﬁtﬁ@?ﬁé}ﬂ%
FHREMNENE LR SRR EHERR SLLEKFEA
#) 102 # (1995) 817~818 T PRy FH £ W 4.

2 RECREIR {b.}, BTN Kummer BRG] E—/M &k
EHBE (L D9] % 2 89 362 /hYH]). KT Kummer HZIHEAT 0 EHEFNE
£ B %4 A F 101 % (1994) 450~452 T,

=L

by, -

-1 <



12 Frz¥ BA8H

T LM ELRH, hTHFENRS (RE0 AR IETRE BICH
172 9 AR BB B B BB Al i 88 h SR R maY. BUERITER, XM F i
BHARETE, MeRN T HERB, SRR, BATEFESG LT8R
FE T

&8 13.2.5 (1) (du Bois Reymond = H) XTT“’T‘%E%QE@IEW&&
E Oy —RE L — IR B Z by, {15 Jim e =0

n=1 n

(2) (Abel T£H) M+ — % E N KEIER R '2;1 an, —EFE—PEE
IETH 2R & Z br, 13 lim —&“— = (.

aw=l "

(1) i i::lan HOHAT, SF Ry SERAMNT 0. 4 by = /Foss ~
VE®, i By = 3 an B

n=1

LA \/Eu:r = VR + v/ 0
A é:l by = vFo - ﬂ <V TR E& b W R EREHRY.
(2) 4 bo = %— RESIHME 1323 (E 12 (2) BF. D
ORI 524 80 Stols R, ATLU FREAMBER. MF (1), HHLE
2 an A3 b ORI Ro B RGy 0= 1,20, MEEATRR SR 0T3S

NE KA b > 0 R (RL) PRI RUBAE 242 (- B Stolz
EH), 7T

hy Ry —Bpp1 . Gn
oo By o By~ Ry e by

MT Rn = o Ry,). SXBRYCRRE n‘é} an HWTRE R B El b BRI SSGH BB 1)
iR
M (2), HHBHE 3 an B3 bn WIAHIN S A Shn = 1,2,
TR S ER KR, TH (5.} TR PH S, A 243
(L Ry Stols 5 58) $78H)
Sn = 0(S,), AR S, < S
KRR IENETT KR S, REEERT S, AR

© & {R.} MIEWEY 0, WENEH i::lan AR, T E TR T
5" by, HEEEA bn > .

=1



§13.2 EHMK 13

13.2.4 BiE

SR p FBATHRHAEN, 115 LM EFAERARRE. KMk
e e LRAME

Gl 13.2.1 12 p FEAISLEE.

L T p<l HER p =1 BIEAMGE MM P EEE, §

1Y _ R T | L
ln(1+?)-in{n+1) lhn=—1o <X,

Heb 0 <6 <1, AN BT MEMET (&L 4 ")

N
Y L >m2+(n3-h+- +n(N+1)—InN)=In(N +1),
n=1

A RFERE. T p> 1 FRER
1 1 __p—-1 5 _P= 1
nP-1 (n+1)r? (n+0) (n+1)2°

Redi0<0 <1, FaAta
2o v gtr[(-at) o (G -9

_1+%(1— N3_1)¢1+ pil = p’il’
LB O
it 2 3Fp <1 REESH p = 1 HEMERRE ARIEE HFHMEH
sy, HFk S, W

S=(1+g++grg+ )t (grT+ta )
=1ttt gttt (g )
=(l+%+”'+2n1—1+”)+“g"
[ 18 3
R T e R R AR
BW1> 2,4 > 40 5o > 5 TRRRHBER T

FTE p > 1, IXATREAER D EP) (Sn) HRFME Son < Savy U R

_ 1 1 1 1
32N+1——1—i—(2,,+ +{2N))+(3p+ +7(2N+1)P)

{1+2(21P +...+_1_,) 14 2% p(l-l—i—{— 4 1 )

(2N)P 2F NP
<142 PSonyi,



14 F+zi ¥ HAEH

R FAAES] {Sa} BL 1/(1 - 2'77) B ER, (T LgEulks. O
¥ iF 2 W Math, Magazine, 52 % (1979) 178 Tf.

TERAA p RECN RGN LA
GIER 13.2.2 1HE T IR SEv:

fa.v] oo

WY g @ Zﬁ: 3) Z_,:W

n=1 n=2 ln n)

R HEMEN TEMBAER o b >0 BT

a]nb (elna)lnb —_ elnalnb (elnb)lna _ blna

AAER AT 12 (1) o, FA 30" =2 f1 I3 > 1, W XA REA
BEE > 11 p RE zlaed Xﬁ“@ (2), FA (nn)"™ = oo H14 5

FEAREE a0 > 0 A E 7 A AR ST SRR e{pi T LAFE

) EF%‘ (11171 lﬂlﬂﬂ. — e(lnlnn) < elnn =n, EJHS_IH\ El n Wﬁﬁﬁﬂ]ﬁ
z‘fiﬁk- O

ETERATPRSMEAHEE (R0 H Rt g i)
il 13.2.3 He T IR SR

fa o]

0 5 (St) s @ En(8) @0 0 -0+ 4]

n=1 n=1 n=1

B () FHXFHTRE Walis "*i‘t‘ﬁliﬁﬁ ol VAR (AR

(11.29)), HMRRE N EH an FHY Z i )m W R ER T
TAERE k< 2 BRE, 2 k> 2 Hﬂﬂtf&

(2) A48 Stirling 3% (11.32), 7 LAY
ay = 7! (%)ﬂ o (-g—)nm =b,.
£ o> e WAAHYI (b} FREF DR, FREH Yoo R Dan SRR
S, MR r € (1), R i

[tk Ak JL AT R 3 Z r {0 <r < 1) KA E an Y.

n=1

(3) F B Taylor 25X Bpo] 83

- (1+5) =3 +o(5k)



§13.2 Sk 15

(R0 230 TIHIER 8.1.4 2 8% 2), AL RMREEE. O
THERMN A Sapagof ¥| B0 —1 HLEY 5 .

GiER 13.2.4 7] £ AFF TS {0} ALFEDE, B
o, = (a) _ afae—1) - (e —n+1) n=1,2.

T 7l

i BN, HEE o AEERBY WA EL HFMHRAAFT 0,
FHMRLT DR FN, AFTe {eal} A

|an+1| N —-a a-+1

la]  n+1 n+1
[RY a < -1 0K lant1] 2 [an|, BREFIFATESET 0.
o> -1 {laalt 5 o TOKEEEEDS. FHIAS 1323, )

1 — |@ny1l - 2t i a+1
|G| n+1 n+1

n=1

ﬁﬁﬂ%ﬂ r}LrED an = 0. 4

FERENIE 1321 3 AT AR L — .

BUE 13.2.5 1 3 an HIETRH, (5o} HHBAAESY, > 1, 5EW:
3 o WS, B i S R

i XEARRERE B = R 0 <o < b M P R

[ [a,b] LA Lagrange ﬁﬁi‘ﬂl’fﬁ‘%ﬁ AR o < £ < b, HHT
1 _ 1 — (P ) (b CL ~ (p _ 1) b 4 ]

ﬂ,p_l bp—-l gp bp
B a= 8,1, b=8 RN BEFER
dn Sn"“'Sn-l < 1 1 . 1
s 5 p—1 | g7t gt
B A R ) g BRI R bR
= r 1 i ar _
k-—-lsp p1+k2’5’£{a¥_L p= IZ( "} Spl)
1 1 1 _ p 1
< p1+P—1-a’1’_1 _P*l.a’f"‘“

B LR Z Bk O

3o EERAT z: an WA EROHAIRL, EFTLE . & O 0.
B SEHN S, W - ~ -, Bl AL R T LA
T— AR AR R X



16 FHz¥ KHiaK

OURE 13.2:6 FEMAH > - W8, E B Y LT
B

W AR L ERES {an} HIETIHKE. LT 2P M
(1) EHF) {an} BP0, WIH

@) +---+Ggn-1 2 an T -+ aon_1 = Ny,

R A e
In—1 2 2n—1 n 4
a1+ -+ Gen—1 +CI-1+"?:L—I-II2H S ?mﬂ +nan < p
WRE S n A IR L, TS iR EE

n=1 @1 t+az-+-+an

o

oa
n i
< 4 —_ .
Zlﬂ-l+ﬂz+“‘+an = ?; [ 1 (1319)

=

(2) 34 F— RO, HO {on} ERAADBIREH S, IR HHRIRID
3 (B} MBS EORAMER RS ey, BRY O - sk HA (1)

n=l ~7
AR S gt O IR A B A 0 LA
bh+b+ r+by€ar+az-+- - +ang, (1320)

FILREE

1 < n
@mtagt o ta, b +bptetby

F R H B BRI A 3 n g O

nop @1 taz+--+a,
A BROTAFEAEN (13.19) A8 £ 4 RERUED, HTLIME, &
BLEXRED (BR T ).
ATLUE AR MR SR o RS — R RT » SR I T
BRAFFATIE-JLEPPR A% (L BB 8 W 1.3.2 /MW 3), A WARER
AT EA/IER— MR

BIRE 18.2.7 (Carleman R43) # 3 an HUCEHETHEL WAL

i ya1a2 -, € Eiﬂm
P B3 o REEFRGE. "

D AT EARHNENRERENA -850 FEIAETFAR RIS UER
A AR 2.2.4 SIS I8 6. IR ATLLS S M 18 TR 2.2.1.

@ HF b be BEP {on]} PEEMEKBNTFEFHRRIET » 5, R EITMR
SRTEMEM n B, KPEF o+ +an.




813.2 EMi 17

T HEAREHIT G HRRA (241) <nt WA 46 TO):
)2 n) al -+ na,
ZW_ z\/al(f;—— na gza1+2aih+a

=1

N )
ay+200+ -+ N8y _ 1
< —
ez n{n + 1) ezl n{n+1) ;kak
n=1 - =
al u 1 a 1 1
=e ko ) n(n+ 1) =eY kot (- N-H)
k=1 n=k k=1
N
‘-{:ceza'k:
k=1

RIS N — oo HIT[{45] Carleman A%, 85, MFE4 N H#E—45:
tn=1/mn=12 N, @ =0Vn >N, RIFG{EHH {a.} BRFPFHREL
fiZ b, 4 N — oo, BF Stolz EE (B}l 2.4.3), iiH

N
5 yaaz - an

. n=1 ' N
=1
ngl—rgo Z . N YN
i1

EREAAEAAAR R e Z‘ﬁﬁﬁ?ﬁﬁ O

A1 KB Carleman AFRAEBFRE 27 MSMETTLIZ N [23, 39].
Etﬂﬁﬁﬁﬂqjﬂﬁ#ﬁ?ﬁﬁﬁﬂ[ﬁl?ﬁﬁﬂj'u%ﬂ% ROENE N

n-+1

n+1 Zkak——Zkak— +12kak+an+1,
¥WHFn=12.-,N *HJFJH, EEII%J@JI:‘I#E‘L #
N R
1
; i+ 1) ;kak L a1+ +ay.

&2 HHHRMEH Hardy 7%, HPHp> 18N
no n P P oo

1 1/p b o

S(rg#) <) g

A p— +oo B Carleman RER,

= a.

13.2.5 #3I8
L 5 E R f an FI S b BB RSB an ~ b, IEF MM

n=1

(1) Eﬁ’i‘%ﬁﬁﬂslﬂlﬁ, W Rn~ Ry;



18

Et+z=¥ HHssk

(2) HFTREIEEL A Sn ~ 5,

2. 1% X on HEMRL, BN EENREEPENRIRFRNESEBEN

GRS RN AFME RSB, BRSO REHTAAE. (XFRH,
IR TR IR B9 A A EL RAERRE A R NHRICKMN
I RS A A SRR TE RROSCR AER MR ALAL)

VT PR SO
o 1 . o~ 1
mnzilsﬁ, {Q]EHH%’
® Y [ -m(+ )] W Y "
n=1 n=l 2 4 n+1) 2
oG nn o0 . (1-{-%-1— 4 )
(5) Z"‘(;—RF; (6) Z P ;
n—=2 n=1
] 1 % '-?1;' o0
mz(a"— e ) (abe>0); (8) Y {1-22)
n=1 n=1

. VB 13.2.6 1 13.2.7 &I, 2 I OE TR nij:l an B {n}, o un

W 1,2, n ST IEBULATTHIE, T 3 v B8 B w W
ST, RRSAR—Ee B FETER S oo U, WO T —F
SRR Gty 3 Bt gy

. A Sapagof H|FIE (R K 13.2.3) WEAH ELF BT O:

(1){ 45"2(?!;2 }; 2){ e"n! }; (3){ (:c-{-l)-??% (z +n) } (z>1).

B — M ETRY Ton BITF, EEREAH T naw =1
EMIETRE Tan B8 p > 1 EW R Tob —sElil UEEE

> an HIEHRBZFE R, Bt EEMREL?

- ﬁﬁ;"u {a'ﬂ-} $iﬁﬁﬂ'\l‘lﬁﬂ:}: U} H. bn = ﬂ-n_2an+l+an+2 ; 01 n= 1‘! 2) Tty

VER: 30 - nb, HCdY

n=1

BT BANEBH 4P 0< 0n <20+ dangr, B B 3 an K



§13.3 —MASK 19

10.

11

12,

13.

14.

15.

. . X ™
Iﬁ I > 0} 1-IEE!H?&& TE] (] + ﬁ:)(l + 1.'2) o (1 + mﬂ) I’HI&
EERGURLE ¢ 1 1

F 3

Z(?—w)Z i) 2-z%) 2-2™)

E’Jﬁiﬁ:‘f’i
% E an R IETREREL, -

() Bt Rasbe SSIEA RO S n (G2 1) Fo4E, AR
% (13.15) FRRR lim 1“(” cs) 77 2E, AR AN

(2) #42 Bertrand BB lim lnn[ n( g - 1) - 1} tE,

gl

FERHECHIZI (13.16) g tim 2000 e b o

Ininn
W 3 an WIS, £ H—ERY MR i S = G < L,
5 an W8 1> 1B, 3 o0 REK
(AHIAIR & = 1, B & Alembert H30k. H¥, REAF{FY d'Alembert
B — )
(Dini) Lﬁxﬁmsw 5 o B RATH o= & mn=01 i

k=n+1

o b

& 0<ar < 4o, RIFABERAR an = sinany ERPF] {an}, HREHK
i of, FSREYE (2% B 233 WA 8.1.10).

§13.3 —BIEN

AT —IOTREL, B7E S an PEEAEREANEF, XHRREN 1R

IR, ﬁﬁﬁ%ﬁﬁﬁﬁ%ﬁﬁlﬂ FHABREOL R AT LA 2 T E TR R i R
Fy s

X B ERIEE A SRS R PR R 5. ISR, #

F RIS T LA A IE SRR & P AR R A . TS U7 R A
MR — R FIERTRE, & RAR AR, Hi R 57ESARMAM,
i &5 2 M ST 2 A



20 Frz¥ HAas

13.3.1 —BIMER MR HRERE %

PRl SR AL 3 an 0 EINBRB A, 7 2 |an| RS F IR A RIS
B Al Cauchy W SKAEMIRETT LB 21X B A FeA e

S 1330 B D lonl IR T 3 e 265K

B RTHL, TERF R SR D an WISUEHER, 1T LA S84 B0t B Y 1E R 4R 4
> laa| BOSUENHE. MR ERILA U HIEMREL SMAZIR & D |aa] WL,
MIFERATRE 3 an WS ESRH 2 3 lon| BB U X e, AISIMHER
PERP T A AR G KRS b3 L) e B ek AT O 5 R B Bk
HAEEY HP R EA SR Canchy BEHAIBH d'Alembert
PR KRR EHTF Tlea ARBWHHGEN, £F In Vel > 15

im At S R R R S op B HEEET PR

n—on l nl n=1

B HRRER (B9 TS, BEAKAT 1 WaRSET T
0,7 tim lan] =055 lim o, =0 Bfitr, BT 169 R E S
TSGR RE R P F IR LI 54 TR 2.7.3 e R RE

& [_1}1;—1 1 1 (_1)n—1 B
Y ——=l-5+5 —t———+-=In2

HRAHEIL LA 45 FEAYBIE 2.5.4 71 361 FAOBIEE 1140,

fE— R TR e X e T Cauchy W SURRIHRAERLZ 5, % Fi
b o H A }

L Leiboie #9034 50 {an) ST O, 1 5 (-1"an ek

R Leibniz ¥H|3: PR HEAHR LR A Leibniz BBY, THETRS
RERIESH RS RITHIHEGREAAEHRY. Leibnie B HH EH
BT O (RN MEE TR EE SRR RN LRE, |
TARR B REIE S BN 1R 1 R R Bl &, SR I AR 3K
B E CER Canchy WCSERYRE T LUR B T #9553 :

M8 13.3.2 FXHRH 3 an WIESSHBEMREUS, BEGMEGHE
Wy A, MR 3. o HLHER.

W T, % F L4 28 S BOHR T LUK A A48 S 0 m s B A — PB4
e A BT ER A QU

{2 Leibniz #|53k RUERIE SR — P05 0, T T8 75 1 5 B3k 40
REFUAE T BERS. LEZHIE Leibniz HEJE&H% Dirichlet 3525
H— A




§13.3 —# sk 21

2. Dirichlet #S% # 3. o SHATHAAR, H5 (.) BREAT
0.5 3 anbn 08K

5. Abol HSIE % 3 o B BB (0o} AR W T aub 8k

& | Dirichlet $[5I3:M Abel ¥F|H:A0EE R Abel 34 (B0 [55] 4
B£—8). IMFRE-FRETEE, CREHELF P EEE (HE 102.2)
AL HEAEAMWER BEWNERER {ahicven B higign, &
Ap=ay+ - +ag, k=1,--+,n, Wi

albl + szz +--+ ﬂnbn
= Aby + (Az — Ay)ba + -+ {An ~ Ap—1)bn
= Al(bl - b?) + Aﬁ(bz - b3) R o An-—l(bn—l - bn) + Anbﬂ,- (13.21)

B R A ME RMETTR & (Al <M (k=12 ,n), WY {b}icen
AR R, BT

l'ﬁlbl + ﬂ:zbz e ﬂ-nbni < Mbl, (1322)
XA RER (b} B8, NF
ialbl + by + -+ + ﬂ.ﬂbnl < M(ibl‘ -+ 2|b.ni) (1323)

F2 5 XBadeE 12.21 M 12.2.2 (B4 380~381 L) 2840 b T
HiESH, Dirichlet J[§i:Fn Abel #I7] B 59 R 4 th R KL Z anbn WHHHE &
. XA TP R 735 (1983) 20~32 Fif1 9 f& (1984) 2223 T.

13.3.2 —RIEREIEFHER

R 2 28 XU SR BT S AP SR B SO LR E TR A AR, B
BEHRENME—RIMER LR —H

T TR AR K, B3 WNRIS ERU SR RERA TR R
2, MAEEMAAE (BN 1324 /DT EHTE 2).

TH3 % PSRRI, TR AT %T%&ﬁﬁ%%ﬂ%ﬁﬁ%ﬁﬁ%
Fe7E, B B |2k i B Z a, SFHE P IERRE Z ai f1Y a;

n=1

|law| + an __{ ny A o > 0, o — an| ~ @n _{ﬂm = an <0,
0

at =

a0, 2



22 =¥ BHgE

%mlmw<1fim%ﬁﬁﬁ%ﬁﬁ@ﬁ%ﬁ%@ﬁ%&%ﬁ&ﬁﬁﬁ

4 Z a; E oy RIS, (2) % E an WS, MR BORAFI SO T2
E%%Eﬁﬁi’f‘mméﬁﬁﬁﬁﬂiﬁi

& XERR, FMRSRRETPRHIESZAE +oo, MHRIAZFH —co, B
M n — oo BRI {Sn} 45K 00 — oo B RER (LW 102 TRy
). B AT T AR SR ORI T IE TR FURAE R R R (B AR R
n — oo R RR) choAH ELAE T T A Sy

B &, AL TR ELEE MEERESRUFRIEA, BHF
TR A 3 FE .

4 13.3.4 (Riemann WHEHE) REY > an A WHTHE

n=1

~00 < A< B < +oo BER—H 4, B, TLIBERY 3 an FETHIGE, b

BEHZ SRS BT {S,) REER:
lim &, =4, Tm S, =BY.

n—0o — o0

B¥ARY A= B, EHEIEHTTUREMHRBEHREF ST

X RO R AR B — A ER R ER LN R AED.
R Z o E by BYRREFRAM S HRARRRAHET. mBEH LAk

Wi’i‘iﬁ%’%ﬁﬁﬁﬁﬂﬁﬁﬁﬂ RETRMRRRS THEERN aib; IRZH. MF
TR, XBIH IR E A FE e SR 20, HRIESR
0 PR TR A 5 AR A ORI (e
ARBEEL 7 HLERILFTREE Cauchy R, LM RLGFR X
708 R E an 1 E by HIRH A LITRY
ch Heen= 3 aibj=a1bn +agbpy + - +agby.

t+j=n<+1
REHEARRT
0 13.3.5 12 3 0 11 3 b ATHIEK, BRI 4 71 B, T
1185 Couchy R 3 cn WAL, HHEFDY A- B,

LB SRR BT LA B Ay

@  #HTFHS an — 0, K EAF 96 FIRG—FR, F A # B, WS (5} EHER
AERER [4, B]. BTERYNT A, B HdH RSN IR BT




§13.3 —AL M &K 23

w8 13.3.6 (Mertens EIB) % Z an = A F Z b, = B, HE$E

=1

—ABHBIY R, WBE 5. co=A-B.

n=1

B BT SA S RATER L (19] S8ES. AN TH — TR, T
VERE RS IER AiL B) 185
$M 1337 % 3 a, z: ba FEN1BG Cauchy Fe8L 3 ¢, Hlcdl, B4

n=l n=1

LA, B,CARLNC=A. B

13.3.3 B\

R E-BRR R ST IR T, SRR, WA BT T R
R BUE R RS

THE R A BRI T2 SR, SBTi b % T
NEREFTERREAREN. XRH EETEECPEE RN SNBAEE
ESRBPARRRIL (R HEHARORBIBR (13.12) AHE 13.2.2).

OURE 15.5.1 1 48 55 (r s \ﬁ() 5 REFH

B ST RERMEAN Leibniz RUZE, BHWY HE -/ RME L
K. BRARERZSEHY, FHEENS S — M REEmRE SN o5/ M, B
F A Fe T X (R A, I ARRER Leibniz $i5%:.

EM S RBREWITRRE. MR BRI R B RS
=4 n%cm Hp
G G Y 1
Vn VvVR+ (=)t Ve (-7
TRETRYRE RO ERRE ALSE M —gRE O

L R EAM AR A S A SRR B B S — IR RS X AR
WNHE S, IR B REE 8 W FERN AR TR H.

&2 BRSSPI EAT RSN TS/ A RESHRRAEE
R ROFSTE R, MEEBETX EREME 1333 RHEE WAKL
i, XEWEES 4.4.3 M hS TS0 R~ PSR R —RNY.

&3 XHERE NTESRR MrENHEHhETRESE TR B8
Bt s, YAMTUURSNEHIE T RAERMER, e 5E my
WS RTRER AT AN TERE—FF.

— 1
cﬂ_ NT’,.I_!‘



24 =¥ HAHEK

v 12.3.2 et { ()} womerss, s (%) oo
Bt b o g, (1) - 2= HetE ) g

7l

8 (MRS 13.24 4% o > -1 MZBEFIALS MR M TFEEN o,
m > la+ 1|, WHTF n>m M0 T, HPEHN ¢ FEPFR

(z) _gdmoler ) n - (ot ) :Cl,f[ (1- 21

me--n

—oxp[Crt 30 In(1- L))

k=

— exp [(::2 ~fa+ )Y 4+ ;LO(_;T)] @

k=m
= exp[C5 — (@ + 1) Inn + o(1}]

Steb A 7 S BRI  TEOREHES (L 43 0 Mg 3 o e

BEIR. RS I AR C B EE AR AR (L (13.41)).

MR R A TR, A o > 0 BEBAT UK T BE A, T
o € 1 MENCETARAT 0, HHEMEH. % -1 <o < 0 M 13.24
B ISR Leibniz RUFSCESRE, BIL R MR, O

OB (13.24) W [36] 35, X B AIERRKGE RIRAR. PR
&4y B R Al Raabe $|5#:, Leibniz #IR] A0 HIE 13.2.4 ByE5iL.

I8 13.3.3 239 {an) BEHIBTE, HEY ijl an B8 EHESRK
§ ansinne Yz #kn, k=0,%1,£2, - B&ERFEEL
n=1

i Pt 0 < x <& By Dirichles $(B)2 IS TER A M i siune
WARIBFIER. Wk b, XHERERE o, F A= folE s )

2
2sin %—(sinm+sin2m+~-+sinm:) = C0S = — CO8 @n+ 1)

2 2
T RAGT

|sing +sin2z + -+ +sinney| € —=-.
sin -

© sezmuy, 2L R g e < £ @ o), MR
O( o5 ) HF 5 THR—15 & RXNFRE



§13.3 —H WA 25

R T 2‘1 sinnz QYA RO, BTG nijl an sinnz 4.
F—J7, M lonsinnz] > ansin®nz = (an - aycos2nz), 45 LALL
MG 3 o, costne 08N, I MERHY 3 o RHCHAH 3 5 (
an cos 2nz) KR, TR o HESCHAIM A 3 |an sinme] 224, SRUERA T B
WA 3 ansinme KUK O
E AR SRS 12,23 B p =t (W LA 384 7 49

oo (_1)lv™
oV 13.3.4 EMAR 5 U gk

B RS R S A 3, AT sl i::l(—l)ﬂam Ho

1 1 1

R S R T ¥
Z 15 [1_i+0(k_2ﬂ
2 2 2 4
— 1+k,’n n® L= n 7

g%[(znﬂ)— 2nt 1 +O(i)] =%—%+O(%).

Ti It

B AT A {an} RILE /D, BEDY n FTEO KRS BT

2 1
ﬂn"—an+1:;§'+0($)-

XRIFEREINFES FRBIRBORE. B TS A5, Al e
HERERE S (&g 13.32). O

D ERRR R SR — BB R R 0 ORI
2+ LAY n TRVE n+ L ERISY, SRR 4 B IR 2 (A
RI8] (1/(n +1), 1/n) 24, B an > ann

TR T s g 5 S
mann 5278 (I A8 13.3.4) *Hﬁﬁiﬁa‘?*iﬁ

fe—1

= In2 JERIE Rie-

OUBE 1335 8 5 0 z U™ R, P (an) HETZ
NP LA SUSE2 BONPT S T2 L e 55 an i m 00 o 1
1ET, Hﬁ&%ﬁﬁﬁnﬁm -—‘——p LB Zan—ln2+ 1 ln( p) (g p=20,1

n=1

B#%Eiﬂﬂﬁﬁﬂﬁﬂﬁ% B (0,1) PRy XE’CFE ~00 Fll +oo).



26 #+2¥ K4k

T EEHE ) o MEAREAMT

- ESRTIUURTRI SN B e SIS SR 1

SRIGH A AT 43 TR TSR
1

1-|-—2r-|----+? =Inn+ v+ ofl},
K v g Buler K, 3155

S = [I0(20) + 7+ o(L)] — - g+ +0(1)] ~ Llin(n - p) + 5+ (1)

1 Pn 1 Pn/n
=In2+ 5 ln(—r——m-n_pu ) +o(l)=1In2+ 5 ln(l—pn{'n)+o(1)’

n—oo TRERFE. O

13.3.4 #2328
LA TR E G S T e R 5 e b e Sl
. sin 2E _:1"
1) Y — (2) Z
n=2
@) Y(-uey @ ;———S‘“J‘” (1+L)%
(5) S (1+—%—+---+~%—) sinnm; (6) isiu(n\/n2+a2);
n=1 n=1
= nt [ Cn—-DNNT o (~1)"sinn
UDICH () CP IR
I o S . GLERY
(9) 2 [ +( 1)n. 1] ! (10) ;]ﬂ (1+ T)}
) = 1
(11) Zsm[mt+ W}? (12) Zl[_1)ﬂ(n .

2. F B Z =~ MBS, RANES p PEFE R ¢ 505,

?ﬁﬁ“ﬁﬁmﬂiﬁﬁ {HTEJIE%W?%'E@MF? W AP HNY p=q
AW K.



§13.3 —& Falk 27

3. W 0<a <1, HRHY E %“ﬁ@ pMIETUE R ¢ A SR

T EHE, fﬁ{%ﬁilﬁzrﬁﬂ ﬁlﬁzlﬁl BRF I, (ERE: EHEG R RE %
AL p = ¢ BRIRL.
4. 3% p g > 0, W T PR B 4 3T At 5 4 (e ot

_ 1 1 1 . 1 _
Wl-gr+tg g+t G~ oy

(2) § (— 1}n(1+p)$7:;p) n+p)

5. AR > i (A REIEMON f55 R B
Yot
6. WHA {an) 48 2 UMRA HASTE, 0 FFIRE0KS

a0
Z(_l)n a1 +ag 4+ +a, .
ne=]1 n

7. I T AR ol sy
) () (e d) e
8. (du Bois Reymond JBli) BRI 3 (on — an-1) #IULH, FH 2 b
IR, TEH: 2;1 anb, HEHL.
9. (Dedekind HFE) RAH 2. (G = an-1) BIYL, lim an = 0, RH
Z b WM FIYFIH R, IEH: 2. @nbn BT
10. ESRH 3 o RIS A S (14 1) oo

TL

11. {ERE: %Itﬂlﬁllﬁﬁii( )( ) >
. oz & U ks Gty RS

n= U
( 1)71 2n+1 (“_]_Jn. 2n

N i
28(2)C(x) = S(2z).
14 GRS, 5 (42 ) BB, XA 1 bolan + br) # 0, W
B Y -
15, BRI Conchy TR, MIELL T AR

33 () (k)

) Cauchy %’Eﬂjﬁ‘ﬁﬁl&ﬁtéﬁﬁ

+oe,




28 F+=% Hak

16. (1) ZHEIRRIS K eUR AR BEE AT RENOR, ATRER . (2) Ik
R 3T IR0 SR A IE SR B B e, o — R Rl (RE HP
F IE T SR BRI AT 0).

§13.4 FEayER

IEEMBFRBGIR T2 ZF B TR TR, REGISEEZ R
S TSR FWHAERFRETENCH LR, W EFRENELTA
EMPLEE— R4

13.4.1 E¥R%E
LHFERAILT N H Pn = P1D2- o B EEESE pn £ 0, n =

O g = [ HERE n ABHRR n = 120 WRTS
BRG] P} HEFRR lim P = P # 0, WL RFREURY, Hic

H o= Py RGP (P} ZEEE lm P =0, MFHFXTTFRERE R

=1

HRHERHICE T]on.

XEESLH, W lim P = 0 AHREFRARM (F 0) RERHTE
FH T ST B A BT, T AR ML A B AT . REGX
B N TR LB R B B -

SRITRIEGTTAT 0 RUCHABERIF—HE, M TR []p. I,
EERwIR s 1 9: .

1 — = b =1].
Jm py = lim 5" = e =1
h—

B, STLREAFED n il pa > 0. ArERR, 7 FERH p. 2K 1+ ax,
ﬁi%%ﬂ Hpn Eiia% H(l +aﬂ]: #ﬁ& iaf‘n| < 1& = 112:" ' oo

5 EWE R TEM AT 58K, TR R T FRR [[lpn R
Qu=T1 », FHEW—2H lm Q=1

k=n+1

T I SO A A TR IR, B ST T4 B
I 5 fR fjlu + o) BT BRI REN S In( + on) IKEL

n=1

© ZROFASRBUEANR, FNE R
@ EEWTESFHAT (P) BRRIEEN RS XERE T SRTREELT o, WEE
WA AT 1 PHET P = 4 Yn HEFRERRML,



813.4 AFH R 29

2 ERE 8 o > 0, MESTRB [] (1 +00) BN TADTR IR E
TR 3 o B, (BB, MFEFTRBUY +oc)
3 EREA 7 an < 0, WFRITAR T] (1 + 0n) BB FA L ER R

n=1

TAY 3 on WH HBRMAH WRFRELMT 0)

48 {ou) 4, EBRRN 3 o0 WHL T () HAH 3 af WIS
R, (2) 540 3 o} AR RITRBEMT 0 (LEBAMSH R
£l +o)-—z~—L (z-0))

5. HILFHRM H (1 +|an]) 4, MFRICH TR H (14 an) XTHH. i

e %RT%@%?E%?@F —FE YLK, JiZikz J&EJ, i I U] B To A A
A FF S LS RIS

13.4.2 @I

T3 E B — 1 BB RIE AR TR R Viete TE 1593 F AR X T H
Y Viete A

=\/§.\/%+%\/;J \/ T e

Ffr b X

= H T (13.26)

Viete AR REMAMHAZ BRI T AN EELR, CEALHTRARY
IR B EE BEREENGRE L (&R LW 114 TF 5).

FE LA 362~-363 BT P EILEY Wallis AFEH# ERR AN H—TEE
I RE, W HEAX TRAZENGR. BT ESEN RN R LA AR
m (12.27), (11.29), (11.30)) Sk A EHLU FRR:
1 (1 B (Qnim ) =5 1 (1 B ﬁ) = 13.27

n=1 n=1
AHERIELL LA TEF B R S R (TR Y& ).
fE B 25 TURY 2.2.4 /NE5H0 30 BTy 232 MR EHSRDILFRANEG T
B, YA ER A B GRH LR C4 369 TR 10).



30 F+=% HMaRk

THEAZFRPARFRIGIN —SHE FAHERIART (13.29)
B A — Ik

BIEE 13.4.1 3 o AREREY, WHFEETHH C, 5
(a) _ ala—1)---{o—n+1) !N ¢
n

nl nlte
L FIAEE
()l -
W REGEW {on} HIEFWM. FEET o AGHEB 0. #0,n=1,2,- ..

WEAHIN S RH R A—H, T EES BN — M ETY {o.), Tl
Bl REHERR, @RENHI RPN R {an}, ATRE

1+

iy = ¥

int1
lim g, = a H 2* : (13.28)

TR AE A T A FRBULS (HEFHHHEME). FEOLT
Mo DB HEE #FgE O

TERMT®E 1323 WHIEH, ERg L8 K% H 1) 95 % (1988) 942 71
HEAFERN, BixhENEEHREHIT.
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ALEIBIRE 14.1.1 Z (3) f0 (14.7) HEBELTRERL FRE
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IERR. XAEERR BRIE A 10 . XX EERE A S AT EE. — 115
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56 Ftu¥ HEFnEHEa N

Arzela FIEMIERE T FHEMIER > 0, EXERFF
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b b b
L fa- j fl< j Fa = 1, TR BB B
lim r fo(z) dz = r fz)dz. O
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RERITPRHFIEH EH C2BRM 518 INMEEGRIEFENL, H
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#W 14.2.5 (Lewin 5|3) # {4} ARBETRHOFARETY, RETH
=8 (N (14.11)), 3 XEA
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M lim o ==0.

W AR WA, BB IERYA {o. ) BB T 0, &
W 6 > 0, FRAMTEFD » ML an > 4.
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BHBANEAARFEN (B} RLBE TR, HHHES
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k=1
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s WARAFE g € Rla,b], ##
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EHEFRE AR £ 7E [0,b) FRHRERE
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e, #ERhi SO — B T AT R M, XU TR E Abel
IR EA.
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FHEMFEEIFRERLES
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(Bl 14.3.2)7
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5 RFERE 3. ane” HMHCER R > 0, R
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(1) %ﬁ'ﬁi Jﬂ (ngﬁ Anl )dE = Eg WR ?
2) MR LA RENR, LR B
6. B51 3 auo” WUSCERN B, 1 57 0™ SOMAERRED?
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% NERIGIT
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SIA (13.24) 5X (13.41), FIEHE C # 0, HRENH SN EFIHTAR:



§14.3 oK sBHhF K 61
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F% 5'(0) =0, ik §'(z) = L S"(t) dt = L ld—jt =n{l+ ),z € (~1,1).

i 5(0) =0, B S(z) = E In(1 4+ t)dt = (z+ 1) In(l + 2} — 2,3 € (~1,1).

BI5, B Abel F_FEMHIE S(z) 78 |-1,1] kg, HH FEEMEER
or=1HEy HRHF z=-1 MFREH

S(-1) = _1}1111+[($+ n{(l+z)—2zl=1. O

oug 14.3.5 %1+ 52 Lo i

WA Wallis 203 (11.29) 5 ¥y -1, 1),
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BHEE). THRBENEREHN—TER
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W RA=a (BN 1421 /M), 5
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upl(z) +ur(z) + - +unlz) +--- =Ulx). (14.20)
A B AR L ROURE (14.20) B ERFARE E—Poks, MEELE
RAEGR SRR RS, il Ul) BEFREH, HESE0T %%

HIETR FRBE. XHREH U™(0) =ui”(0) = nla,. O

E R ARG, REN (o), BHBHH T oo WUECERY 0, X
PEREBRIK B 0 f Taylor 48

BRI 2 36K, LA 160 TS 6.2.4 BIRMt T XM AT 2R

1

f{m)z{e =, z#0,

,_____..__

0, x=0.

EAL TR K AT, 7E = = 0 AEEEH S RES 0, B A IZ S/ Taylor H23
FIEE—TF % O, WAk B YUMRE R = +oo. HREXAMREAE 40 08— S T8
B HESAFT f(z) 0E B, X EEE z =0 (i AR AERE
(& #F 169 T 6.4) @,

WRRYEGERT A REBA TR RSB LEfY Taylor 243 | F EH
0 BYHAIEL U (n0) TR, WM F G n -

® HXARBEREFYIBEHELR -~ Maclaurin R %, KoL OEH LR E T ENESE
HFE Maclaurin ¥, HEPEL HE MR BRECHEFRYEEFL.
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n (*}
=3 20 (4 ) 4 o),
KB U EMER (R 7.2.3, 7.2.4 sl 12.4.3). BB N
> f (kig(f") (x — z0)F, (14.21)
k=0

H5 (14.17) fE e, FTuiE S, LR ra(z) 37 flz) 5E Taylor ¥
n+1 PERSIMER £ HWRT LR FREERGD:
S8 14.4.3 f1ES xo P Ulzo) BEREF ARRE > anlz —zo)" R

BB [ ) Taglor ARMAT (14.21) FE40EL Uleo) R IR 0.

W SRR B S S zo BIRTAME Ulze) LRREREL E an (T —x0)"

FREE. RIEMHE 1441 7T H, XFRE R AER Taylor ¥ (14 7). HFZ
FE A, AR SRR R AT R R Taylor AR (14.21). F
REZEHE T rolz) TR ALLMRT O

HERME & {rale)} EFDESE Ulze) WALET 0, MM (14.21) 511
Taylor ¥ (14.17) LM KN4, HEDE Ulzo) LU fl2) AEMEY. O

F 1 R WR, #IH Taylor AWM ERE W LUEER R Taylor
¥ (1417) BRERERAERURENSEREET f(o) #RA.

E 2 WEEEEEERBELER Teylo AR SV Taylor REGRE,
X R E MR — FH N E R 55-LEN Taylor AR HA B B FPRIRK #15
B, Bh REARA. Fi, B f HEREATEFETRIHE X
TS ATH Taylor HYCAF. 7 LA 204 HHESI AW Taylor A3 4TS
S5XRFEFTHATRESZENE. AHE 1443 MIERTRXBZLRET
33X AT FE Ay AR O AR (T T DA S RIS

14.4.2 HEHRFHBRUOHEE T

5 7.2.2 /MR Taylor 22X, BE RN — 1 RYIERE SB
LR ARZPA EEESMEERTE A TPERSHABEER X
BERRARETBERY. IMAEEE SERRFE HEAARGE 41 BH
RAC (14.17), R BRGE 1443 ERATET 0. ALAEEEEARENR
RFERTF S BT R R S8 U0 T B ERETH f NIRRT SE
¥, MR ETREEEN T ERRETUHRN F LU PSR EORR B
BERBIE NN RFREURI R, H RIS E L A R,

TEAAEAN Taylor FHCHFER R W A &R, FBWMEFLEIUE
HREGTHBREENLRFFETHE
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Lot =lda+a®+- 42"+, we(-11);

2
2.6 =1+a+ T+ +Er+.- 2 e (00, +00);
:’.'33 IE n :ri!n-i-l

K For B gy £ @& oebed):
4 n
f— — o w ﬂ x LR ] —_ M
4. cosz=1— 2, + 4, + (1) Ton)l -, 2 € (—00, +00);

5. ln(H-:}:):x—ﬂ:T2 %
6. (1+z) —-1+a:c+%lm b2 "1} foen,
B o ATREFEABRAEM LR, ﬁﬁ%ﬂ‘ﬁﬁiiﬂ‘]ﬁ@% a < -1 B8R

(-1,1), % 1 <a< 0% (-1,1, 4 o> 08H [-1,1].

& LW/ Teylor 3 6, BIZIRABH, B— T2 HNFRERITA.
i EE RS RITR 1 TR LR SRR, NEERTE « By -2
HHH o = -1 BV HRHFZRARNEEE BNEREEE—TRIF
AP FPEFFRX 5 WAL AKX In(1+2) RF, BX o = -1 B ZHAR
PEREABE. ETEHFED, BIEESFH AR EEY — 2% LKA
FRUMFRPRIF.

X ERE G, BRI R e EE, T L REAR B
R EEENERERRR AP R e Bl 14.4.1). 4R
#XAER, MgA 4o RERFBARNARERIE ERSCERIA L Brp
LRI M H AR 2R X FREER, b TR REEER U
AR RIS, TR R EE B RIOL AT e SRR Cauchy FER, H
f 13.3.2 DT FRIMEE 13.34 E2RR T BRBAAIRME. (B2 THE, I
FERHNERRE. THEXFEN— &8 BE [57).

SH 1444 FEE f £ 2 = 0 SLEMUBF AERE 1 + a1z +ae® +
ot o™ 4, TR B R ~}— HWATLITE = = 0 SLEBF L ER S

W AES R Cauchy-Hadamard 222U H EARNE, F74E v > 0, {45
lan} < r" XS n=1,2,- BRI (WEBEERFTELA (14.14) FEHIER.)
BAERAEAR, BIRFBENE {b.}, FH ML

3 sinz=1x—

4+, z € (~1,1];
(a n+1) -

(Y +are+agaz®+ - Y1+ bz +boz® 420 ) = 1, (14.22)
BAnaRR R I, HEERBERREATES, URRIHHE {6 mBEAR:
by = —ay, by = —aiby —ag, -
bn = —@1by_1 —agbp_2— - —ay, -

ARG AGEER, X F {b.} FTFIGIHHR:
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oy < 274" n=1,2,.-- . (14.23)

HFn =1 F bl = o] < r, BHES (14.23). @itz (1423) 3F

n=12- k-1 i, W TFrn=k @R
B! < arbr_y| + lagbe—2| + -+ + |ap—181| + |ak]
< {2k—2 L S 1)rk = gk=1pk

E AR (14.23) BAL

MR XA, A Cauchy-Hadamard 243 (14.14) SEHIE, FHYE

1+ bx 4 bpz? 4o 4 bpa™ + - -

EDE o] < o BHCSL TS Jo] < min{r, 5=}, H2 (14.22) FRRMEH
2R (e RY0E) WAL, T HAMPBRE. BRI ENSESE: B

£z =0 BT RENFRRERIT

1 = 2 -- h -
TTamr o Fa o = Lrhetbr b b2 ke O

H1 AR LA R, T LSRR R
ik % f = o/h, BHEY 0 B b A 20 MMEMTLRENFRY, H
hzo) # 0, 1 [ ST LAE 20 SHERTFRAFLRY, FIBHE R R YTLUA 2
T L R PR 2 A RO

B2 2 [19] 0% 2 8 419 AERT T B AR, XE AR
it AN BT 6] MB .

BE WEERETR Y= 1) = 3 0" B2 = 0 SRERT, LHFAR
RIFS 2 = () = 3 bug” B (=pop) IR, MRHR AL laol = 70 <p,
WA B 2 = o(f(z) 1 2 = 0 BT LURTE HAGE, W AT LU
BY RN BYRIRE R BHOE B

14.4.3 &8

E-WHHNES 722 M 723 ATHRHIANEFFENRR TEMTS
Taylor 222803 R AT RMES AT BFFEIRE], To B 3 08 B E AR REUT
ANRY 2 B0 07 8, AR T LA B IR LS B R 07

LA 88— SRR o P 1-404% B ARG Maclaurin RFFOT LA B IRR8),
AL RZ R A AEERE. BRLTEE TR M2E 0 L B
£, [R] B A7 MR AR 24 /Y Tayior RBRFFR.

FIEE 14.4.1 FE3EEsR arctanz 5 arcsinz i Maclaurin 2R ¥UB A
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i (1) BT (arctanz)’ = (“_:2) :20(-1)*-'@2“,%(_1,1), F T
s
a.rcta.nx—:r:—wms—g—l—----i—i_—ézl%-k“)' ) SBE( 111)-
e w1 & (=1
mfni?;';fmm = UL T T eI AR
I\} ‘1

3 In — 131
2 A S
&t T F s 2 E =L D),

R H Abel FEHMEN RS ERS o= 21 dbaisr. O

U 14.4.2 AR IEZF A 5% 2 S = f B 309 Maclaurin B
(Het cotz fil cscx BRIEFLAEF z 2 5HY Maclaurin JEFF). {5I8 M 216 7
PR, I A 14.4.4, BEBF] Maclaurin FEEFR

———-—---—B:ci:_l =B(}+ ?;I+%E+ "‘I’“%}'—mn_""'*a {1424)

Hrp A R = = 0 A EARRE 1 kA% 5 7.2.3 /NPt 54
[E, {Bn} } Bernoulli ¥, H B) = -1/2, & n A KT 1 pyA %S B, = 0. L)
TEHLE B, = {(-1)"1B,,.

Iﬂﬁtﬂjﬁiﬁ-ﬁfu S9N 7.28 f17.2.9 %flﬂﬁ@ﬁ] Maclaurin 4RI
B2 2 B2t ,

arcsiny = +

zeots =1~ —p—a - B A S (14.25)
tang = E‘@z!— D2’ z+ By T D2 e
+ féﬂ(zi(f;n-)'mﬂn iy (14.26)
A AZRESR sor = 5 (ot £ + tan £ ), BITBR)
TescT = 1+Z 2%—2 22", (14.27)
Bo, BB 7.2.7 # N el 1444 T LBH
secx=Eo_%x2+m+L{l—2)n-)~%12”+---, (14.28)

Hoept {E2a} % Euler 8 (W 1 215 31) ©.
O AREE FARPS 1623 SHE, FRHESE (16.13), 1 B, ~ G0 ﬂﬁﬁﬁm

o )29-1

5 (14.24), (14.25), (14.26) # (14.27) @A Maclaurin S ¥4 EERH 8% 2n, &, 1/2 il 7.
Mosecs = (222} (zosca) MABRBTE, ALY (14.28) BBRREN n/2. BA, %E
f Abel 85 52 B T 52 BT E X AR B A T
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BUE 14.4.3 3K f{e) = T % (1) 20 = 04 (2) 0 = — ADMORE
RYRIF

W () XTI

flz) = 1+$1+$2 — 1_53 =(1-2z) th ngﬂ Zm.’iﬂ-i-l

r=(} n={

=(1+z2° +2%+ k2?2t 2 +$3"’+1+---)
=l-ztzd -t + 2 -2 Lz e(-1,1)

AR BRERTFR,
{ﬂﬁ?ﬁ@ﬁfﬁﬁﬁ%%x+Lmﬁﬁwﬁ%&mﬁﬁmﬁ
fe) = Ty =3 L) e R WY

= T ( 2 HT}"(”?)
4 - 4 1
=4 0 |5 (=4 )
n=0
45 d)”
R T E

utﬁﬁﬁ@?ﬁﬁ&&ﬁ&ﬂﬁm%ﬁﬁ@w’7§m+%JW<LWE
red VB 1,95 g

A L)
F mEEEF
—‘-25- n = 3k,
sin 2('”;1}“ =4 -12_3-, n=38k+1, k=012,
0, n=3k+2,
TRl (1) WRRUBETFALE X
flz) = fnz_{, “H 2™, 1 & (-1,1).

B8 14.4.4 KEH flz) = n*(1 + ) ) Maclaurin 5B =,

W ﬁﬁﬁﬁ%ﬂﬂ_‘[@ﬂ&( 1,1) ARl S R SR A
102(1 + ) 22 RSl il (1+ St =Ig ) (1429)

He=104 iﬁ%ﬁ%‘tl&f& bk Abel ﬁmﬁiﬁﬁﬂﬁﬁﬂi‘ﬁ z=18{pMy O
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B 14.4.5 % o TR x HPRIEE Ref 7200 . # Maclaurin
BURFA.

W RSERYETEWDT. #
rsina - Zﬂ“"
1 — 2z cosa + &2 |

Ll 1 - 2z cosa + o? %%Eﬁl_ﬁbxﬁ Ei—I‘RtH

=), a; -—sma az =sin2g, - 2, =sinng,-

B Ik ssin zx sin na. %Eﬁ‘tﬂﬁﬂlﬂ*}ﬁﬁﬁmﬂ 1) b

1 —2rcosa+ x°

W MM e A2 n E‘JE%#{H 3| {sinna} FHF 0, FH LA AR
B{-1,1). O

L E TR BUER A W B R R, (EIX RS T, Mk SR AR,
FHEXEWNE, AEEEERHRERE LK.

G 14.4.6 R f(z) = e®sinx {) Maclaurin Z¥BHE.

B mRAEHERFE WBEE ¢ 5 sinz ) Maclaurin HHRIT A
R, ERERCAE R ARRITEAEZRTE B4 TR AR AKX
FM (2) = (v2)e® sin(z + —‘) B BT
F(0) = (V2)"sin 7:":: , =123,
IXFEREAE 2 PRIy Maclaurin S5 304

o (\/i) Slnﬂlt._
4 a™.

— (14.30)
n=0 '

RRBEEEN PR B BN ETERMERY (14.30) REHH T *sinz,
Bk THEN A ol 14.4.3 2K Taylor 28R, HEX B RHERIX—H.
M e I sinz fy Maclaurin ¥ BH XIGTE (—oo, +oo) ML, HhAbab4E 5T
W W HRYBAEREE (M 13.34), BALAHIE e sine HERIERIT AR
¥, HRM¥EREER voo. BHAREERBRANEEEE (BIGA 144.1), 7]
W (14.30) HETE (—o0,+00) M T *sinx. [

14.4.4 g:ﬁm

1L Y () = (a #0) PR 2, 2~ H‘J?ﬁﬁ%ﬂ‘

2. Y4 f(z) = lnzﬁﬁk I RS

3. I f ERM (~g,0) (a > 0) ALK T HSRYUFEH {F/™) &
(~a,a) E—BHR, {EM: f 7 (—a,0) LATLLEFF A Maclsurin 255




fro¥ HHEALKSEEL

A R [ TE (~o0, +oo) LT F, HHEFHEIE (—o0, +00) £—
AR, REEELHO (o), 8 i 50 =0 1L flo) = 0,0 =1,2,.--,
wl: fiz) =0.

. KTkt Maclaurin R, 8@ HR B

(1) vV —=; (2) 0%, a > 0;
(3) In (1 + 3z + 25°); (4) arctan 1_2_93 =
() 1+:1:-E-3321+:£r3+m4; (®) 1e~iz;
ML (€22, ® [ Lot
6. ¥ TP REHESR & s BT AR
(1) 3;&3::2; (2) 1nm,m:—l;
3) lnz, z = 3; () Lt 2 =1,

(D) sinz, = %—

§14.5 MTHFHEIY
14.5.1 SsEx

L~ B SR REOTARS RS REEURERENES ¥ TRt
| EANERTEERIONS PEA T RERERE R KRR
#, CE— L EEA R, WEEF (=} 7 [0,1) Ley—BolaET i
DR R Bk DR B S HK, Bk S BT
OB R SHTHE IR “(508” FIa R R e B o

- AT R SR RIOTARY S SEF S, B AT B LR
ERIEE o SEETR o EABRY. —BORSTELIRRE S
AR ERA SRR, FEEERE BT R R E R
HR TAR R TR, T R RN BCRREY, S — MR
AR, REHE A — A RE R B AL XA lim sup{|Sa(s) - $(z)) |
z € B}, 3R sup{|Sa(z) ~ S(z)| | » € B} 8, B n BAFHEL Bob, fE0
W SO B AR, = FTLUB R TR 5 — BB % MRl
o, Wx —MAREREL

- RE—FR A RS HB, B8 — BRI A M 5]

e BASHTERRHRRIR B MBI T A B R R TR,
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. BEOTRSO RIS BRR S BRRS AR LRERKF
RS e, X LR TR A e 2 A SR M LR A — M3, R FUN B
i SR .

MES BRER) KA LRI, S, TS
BT LB RS S A L BT, B0t TR A P — SOl R
R—BOle s, BPRERARALSY, LTS P K B E A MBS, i
Riemann [ zeta-B8 §(z) = 3 — 7E (1,+00) ERIEFRH, KE4

n=1

1 o u]
j (Z z" ln m) dx
0 n=1

FHE AR — R R T

- —RORM REUT R AT T - BB AT, [ Z SILLE. SR,
MEHS, K=

. FERYERST PIBEBR T LA Abel B3 o DR R AL #b, MR A
FIRIESE, WEER, SRR . REEFIHNEF.

. FERBOR— FRRRRR R R BT R AL B, AR AR R T RO A —
g, M TRRAYEHREAN. EEET, BAAFTEAXEERM, a2
H—TF—REIOTFHRI M LR, LURARBEAFHIER.

14.5.2 H¥HE
H—HETE

WA 7 0, 1] E-B T EEREETE TS {Sa(z)}, BEA Salz)
TE (0,1] bAbabARESE.

 RETRFIEBUENR ) = 3 # (1 +00) EHERHFREE
3, FHEWEE &

. WE# Dirichlet 3 Z - R RE U T BFE o,0,,

z = 1; RREUEE, Tﬁf% z = zg BRHEREE, NW—EFAE r € (o0, +00),
< WRBEE, T x> r R

i f e C0,1), B XEBEHF Sulz) = 2" f(z), ¢ € [0,1], n = 1,2,---, JEF:
{8} 7 [0,1] £ BB RS U ERMER F(1) =

- WREF {ra} 2 [0, 1] Eljﬁﬁﬂﬁﬁﬁﬂﬁﬁﬁ—‘”l\ﬂtﬂl TE A R 3K

Z |:1: rn\ < [0.1]
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10,
11.

12.

13,

14.

15.

16.

RAMR: (1) hAbZeE (2) % 01) e REALWHY TESME
AL AT

REE f ERE [0,1) EEFHRIHEAELEF 0, F0)=0,n=0,1,--.
MERLF {anfM} FERE [0,1] F—FEMTF 0, Kb {an} H—HER
%7, iEEA ﬂli_{lgo nla, = 0.

FI FER BT AT R MR — AR R (M 1337): 0 2

3. be MUEIE Cauchy FBL 3. co 290080 BAHIL 4, B, C A, W)
C = AB. "

KT AEHH Machuurin BT
o Hahe, g REIEE) (g (o)

(BR¥FE = = 0 AL FIRFREE %)

BT {on} HRR L, R flo) = Elanz“ £ (-L1) FEEY B
Jim (1 - 2)f(z) =

REWMAFF) {F} # (—o0,+o0) E—FUWHT P, iEH: P LREHR.
I {Pe} BB D WETRFD), i B2 FRE [0,1) bk
%, Mt —5 Bl

# 3 0™ 3 £ 12 (~o0,+o0) L) Maclaurin SEHURHAR, Y “ﬁnanmn
1E (—Dﬁa +oo) L —BHURM RS LERGR fF HEHR.

1w Cla) % (1 +2)* B Maclaurin REBAHRF 22998 HROES, iTEBS

1
—r 1 1 1 I S
LC( ¥ 1)(y+1 v T yEs ot s )dy'

2'?1
‘kﬂ&ﬁ/ﬁ] mzl ngl 3m(.n3m + maﬂ)

AT AR RN i R —k, B — s A
AR R £ 7

AFERTSEERTRERES. ZESEANGT, TETLIBE o%
FE REEHRNTHRERN: XETEAETLYREN—TF5% -/ —
REM T, UESFER—H AN RREFHi—FL2—R1 BEX
ERZFHRBAKEHBHBENT & EHFEELNERETT

B_AEHE
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[a—

10.

. B fn} BFE la,0] ERIHTBERS, BT (o)) J:—*?iﬁfi‘n HER {f}

o,8] g8, S BAHESREBI AR T [ o

- BT (o] RATTHEEG (L.} — BT RIRER £, iE: [ € Rla, b,

B

9 ELATHIIR S RIBE B (o} R 0,8 EARSLT [ € Clab],
M {7} % la,] E—BoOHL
@ (/o) B lo,b] ERTEGEA, HEANFEA o € o8], 51 (/@)
ST (o). EER: 1 B [a,b] EAHRME S FARME R
WKL, S0 [o.6] B (0.b), IR I{T?
2 {fa} W [o.b] EEOBSETREHE], BIFE (0} C [0, B falzn) = 2o
=12, MBSESF] (1} lo,] LR, W

(1) EHF) U} H T (o o8 £l

(2) 8 (fo} SOBRESECH £, MUFFEE 20 € [a,8], 8 fzo) = 70

3) J 2 o, LEGTH, HE [o05] | (o) = Im f()
REEF [o.)] LHESTEAEH 3 un(o), 3 vnlo) (EAZ KR

=1

Febf un (@)} < al2), = 1,2+, X 3 vn(e) BIAERACEE [0,b] i,
EH: 2 unle) HOR BB b G

lim f fulz) dz = r f(z)da.

< IR
FIRFERERITIEH (L8 374 ﬁl&{]} 7I<%:T£
U{T]ll iim —.’E{m 0<z <l

F R BB R A —b] n € Ny RIS ¢ Ror R
e* — (1 + %)n} g el — (1+|in|) < i’;r.'ai'
BB ijaﬂ BB FIRFI N S = ag + a1+ + any 0 = (S0 + 1 +

ok 8n 1) /myn=0,1,---, HEBRE Jim o =5, HIE g E a, [ Cesaro
=0
A s {ﬁﬁ%ﬂ"fﬁﬂfﬁ‘lﬁ’f‘ﬁ%ﬁ) IEHH

(1) £ ana™ 8 (-1,1) bigsh
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FrwE IZEvNiak5Fas

11.

12.

13.

14.

15.

(2) & (~1.1) bmar ‘E: 0™ = (1= 2)? 3 (n+ o™

=0} =0

(3) 12 S(=) Zaﬁ, (-1,1), W% lim S(z) =

% (on} 5 () HERHOL FEH S an” MUECERN 1, B2 = 1
ShAHL M lim o = A, S
§ bpx™

lim 232 —— = 4.

E—1-
2, anz"
n=0

TER: TR z:cﬂ AT lim (imn) _A

T—1"

(A4 LRz e, (HrT e R Ay B 6)
W fERN [0, EXREKAR B f REEE SRR e A, e
f B4 Maclaurin & ¥ B AL [0 r) EREAr:
{n) 0)
E o) (
(BB W {0} H Flbonaf:cl ﬁi&"ﬁ- ap = a1 =1, 8y = @1 +
an-2Yn 22, X
fl@) =ap+ a1z +asz® + - +anz™ 4+

S {en} BERER AR [, HHHERE {on} HRFTIER, FRY
BRI MRS tim 2 (B0 48 ).

P L RARG S R R B B BB 52 Y Vandermonde fH%:

> (2=



£+ HE Fourier H I

Fourier S BRAEZ 5 B —REEN BERHRE, EHHAXNTIAN
¥ W & BRI TR AR B CE L. B HiTie Fourier REERiRR—L&
B, §15.1 3 5 3 Fourier ZEH A FHER. §15.2 ¥Fidi: Fourier RYIE
KRB T RWSHERED. BE - P2 EANEEE

§15.1 Fourier ¥

Fourier 4§ ¥R — 2B — A5, CRRHFEETRARRNESTTR
H % % %5 Euler-Fourier A7 HE /.

15.1.1 Fourier Z¥&&itHAR

# f B 2n B R AL [-n,n) EARMe R Heve fOovE
XA, MR & X, & f b SO, WM " fRE & m#
#HE f 6 Fourier £¥(f) Euler-Fourier 237

aﬂ,:%I f(z)cosnrdz, n=0,1,2,---; (15.1)
—TR

i
b = %J flz)sinnzdz, n=1,2,--., (15.2)
.

MR HEH %+ (ancosns + by sinna) PEYRHHRAR (151
10 (15.2), RUFHE AUHCE 1 By Fourier B, i
flz) ~ ‘;"2—” + Z(an co$ ¥ + by sinnz). {15.3)

n=i

R BRARRRBL B R an, b FEALMEY S ZEHELK (15.1)
fil (15.2). B85 “~ BHEHEME X, 2 05.3) AR TREL BLAER
B HMBEREEET [, HEREAMTRNEZ.

g B 34 Euler-Fourier XM, iR FRTE (—oo, +o0) |
—BOKe (R BTE— R B A P X H]_E—8 ) f— T = AR e
B EFRESH EAAR. Bitk8F Fourier RECE T PHE M AL EH
(B — Sl SR T B 4 -

&H 15.1.1 —FWARN=HRE BER EHH Fourier 3.
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B R Euler-Fourier 220/ 2 ) Fourier S —BOBEL, EX A ME{S
RERE AN~ EEER.

F1 BERHERPKEATEE Fourier Y, (B f o9 ORRHEAK
B2 2n RYIRIRII, P AN R RS LA SRR B, BRI & R A R 0 Fourier
R [ EZKIE L) Fourfer & 3T RN 2n ¢ M RPERER
BAR: 2n gy X 18 b X e g, 1 A] 2R i SLET1#) Fourier AL

F2 8 f AEBEEA AT, £ §Y Fourier REEE IR BHIEA: 4 f
A BERET, TR b 254 0, FH (15.1) B&A

ay, = —i—-[ f{zyeosnzdz, n=10,1,2,- -, (15.4)
a
L f REEREES, THW e, 3% 0. FH (16.2) BN
bﬂ=72t-j flz)sinnzds, n=1,2, . (15.5)

S £ ) Fourier ZBceh KB I& 1 A7k 8 B T 5 R BT R MBS E
B BT, 2SI  RIE B R E

F3 AR (154) REEH, % 7 7 0] ERHEREEE flm
Fo (5, 0) HEBEH @ ER), MATLEREAR (15.4) 724 n H%H5 (RED)
RS 0. FAR (16.5) FRMA L (BA 1043 15 T B HE).

T8 f A Fourier RIS H S HH /' B Fourier ¥ [RATEE
#. Xt Fourier ZRE W AR Z —.

S8 15.1.2 R 2r HAYMNEERR f 7 w0 ERTHERN SRS
w&, i (’E{fﬁﬁﬁﬁﬁjf*,ﬁtﬂﬁﬁ.«tﬁ) ' 7 =) BRI AR,
MM f(z) ~ % + El(an cosng + by sinnz) JWH

fiz) ~ (E;—)! + E(an cosnx + by, sinnx)
n=1

= Z(nbn COS T — Ny, S NT),
£5 o), b, iT ' # Fourier 28, ZRSNTF
ag =0, a;, = nbp, b, = ~nap, n=1,2,.-+ . (15.6)
W B2 f BV 2z gRMMESERE, A f{-=x) = f(n), g B ATHES
g = 0. i A FRS AR Owig

a, = | f(z)cosnrdz = f(z)cosnz
—~x

4

. r f(z)dcosnz

T
= nJ flz)sinnz dz = nb,,.
et 14

O JIEJBERESERT LA (10.11) BERT, 2008 315 Wik 2.
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BRLSR by = o HBMTTRER 0, =~ O

T

E HFHEREY £, 23 (15.6) ALUHFM F &) Fourier ZEBR ' 1Y
Fourier %1 XH REJERA LY “FHRT" BT

RZ. g &M ' i Fourier £¥0735] f 87 Fourier Z¥7 M ik A T4,
WFE f € Cl-nal EARR f(®) = f(-n), WERAT. HEE— R LR
B KRR £ B S

f(z) = [flz) - o]+ s, (15.7)

XA NI E PR, HIRPCE f(2) —ap/2, BHFA (15.6).
ETHAME I, W HETHEH) Fourier £ BEWPINTMEREH 4
% f & Fourier ¥ oo WEHBEHHBE RawaplE 15.1.2 Z# 2).

15.1.2 Fourier ¥t
M Riemann 5[38 (#f8 10.2.6) RLRBX F H 09 & —MEMR:

B 15.1.8 3 [ HARA 2n (YTTRLAIAR TTARA, NI Fourier £ {an}
A (ba} B HTEFT /B lim on = lim b, =0

FIH il 15.1.2 AfRIEE f 89945 Fourler ZEMIEIILIETZ HATB &

M 15.1.4 U 2n OB R f £ [ R T HRA RS E
k+ 1 SH WEE kSR Y E (-un) Libabiksgl F5Y 5 [-n, 0]
TrrRA s TR,

1 )|
=0 —_——— ’ bn = .
Un ( ) ) "( ] )

Wl 15.1.5 ¥ f RL In AR AFE € (0,1), ff f HE o Bt
Lipschitz &{F:

1f{x) = fp)l € Lz — y|*,
Hop Lo ©, migLr:

=0(). =0 ().

W AR R, f A [-na] LES BERE Fourer R¥FE 7

Fourier ¥ AR

y = % .[: f{x)eosnzdz {15.8)

t4 r=t+ I W/
O a>1REHFEXLH, LM 153 R,
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=L cos(ntJrTl:)clt L ' f(t-l-ww—)cosntdt
L f )

ERS (159 BOFHB3 oo = [ 1)1 (e &) cosnaas
RETURHT:

lan] < X Ji f(:r)—f(:c-i—%)’*lcosnﬂdm
‘é’-..flEL (%)atﬂicosnﬂdxglz(—g-)a.

AHERT @ =0 (). KMATER b, =0 (55 ). O

15.1.3 Fourier L)LY

WM FH— 2L BPIFE, Fourier REEHTEAR (15.1), {15.2) ELREH 4
ER, BoeBHHAILEMEY?

FLRR X B U B LR AN — R R & —Fi s, B R — e & ik
A R BRSOV W, LA RIER (AIER) MR DEH 2. 2
BT B R R X Mo ik B ERRAT 4 1. 3T Fourier 2 ¥3%
W, X SR RBIE R AT AN R R E A LTI SR 88 Fourier ¥
Fourier ¥ 6% X.

X A SRR A 2 A RTRUR A TR B A Kb R (AR
bl B RS Rk, R AR R MR R A R 5

REEXPTZRPEFETME. FREEPHAFHEY F 5 9, NEH

[ faia ez =0
H £ A g B A EXT, SARMA

i, cosx, sing, cos2z, sinlz, ---, cosnz, sinna, - - -
H LA F A REOE R, BHHCYIEZREER.
AEEEA *%ﬁmﬁf

To(z) = 20 4 Z Ay cos kz + By sin k) (15.9)

FEERY S, E*E‘Jﬁﬁﬁ% '@.ﬁ%T 5 f ZARER, REBRY A THE
Sk 52 S

FT) = [ U@ - T de (15.10)

A BERE AT LUIEM RIS
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#8 15.1.6 (Fourier BMIIBHM) % f BEE (=] LW RAFEN
ARERY, Tu(z) B (15.9) FER n K=HEMRE, Sa(2) & f # Fourier
P (15.3) RUREAH IR

Sn(z) = _%0_ + g:l(aﬂ cos nx + by, sinnz),
%
&(f,8) < E(f,Ty),

Hgﬂ{ig AU = Gp, Ap = ., By =b, k= 11 2,00 XL HEI‘)EE—TL%%
W BHEEEE R (15.10) T RHER BRI

T i A2 2
&(f,Tn) = I f? —magAdo — 2 Z(ﬂ»kAk + b:By) + 12—'?— + TEZ{A% + B2)
—t k=1 k=1

n M2
:J f-=t ~n> (o} +5})
bt 14

k=1

+r li_(ALz._Eg_)i + ;{(Ak — ak)z +(Bx — bk}a)]

n

> - TS =08, 0
—x k=

1

AN E R T LT /
UHREE. WMRBFEEIE T, HARNE

&, ERBEATRAS BRI — /_,J/ /
B £ F, Buler-Fourier A7£ /LT L3502 f 3|

AR A ERIY, T S, R S BHTE A 151

T BE EHEXHRE, AL 5. B f MR
B

MR 15.1.6 3 A IR E]

&M 15.1.7 (Bessel R¥X) % [ FKME (2,0 LTRMFITH 8
flz} ~ %ﬁ— + % (an cosnz + by sinnz), WHE

n=1

ﬂi o2 n
- + Z_:l{aﬁ +82) < —}? Lf?(m) de. (15.11)

® XT J WRNRIELME. & 1 1 (x5 LW XTH, WESH TEAEITR. 0,
B2 2 (-] B SCTR, RS ()| < —EE T g mara
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iF M&E 15.1.6 B3
&1, 8 )=j - ““O-nZ(aﬁbk >0,

BT A n BaL, Bt (15.11) Eﬂﬂﬁﬁlﬁ%ﬁﬁﬁﬁ’l‘%‘ﬁﬁ PLE R
kLR, WTlsr, BFE RSN O

1 RXTERE Fourier FEMWNMAEREXR, dHATUBN o, =
o(1), bn = o(1), XE M AFEHR Riemann 5[5,

2 HTE, B0 <p < B, SARK L SREL, 3 O L
B T AR S R AR R 0 Fonrer sm@

15.1.4 i

P 15.1.1 iFHR: = ALWL Pux) = Eﬂ: { A;. cos kz+ By sinkz) ] Fourier
k=0
REAEEAS.

i =ZAZFMLTHENRASER M EFTH =R, BHAE (—oo, +00)
L—Bolsk, SIHME 15.1.1 NG (R A - MRS RRERITH). O

TR ARIH Fourier REE}, BIERTTHI LB RA f, WATRBEEHES KT
B2, THEHLR B, B TEMRCRRLORTHE 20 e (%
RO) — B RIERT R A R A T E M LSRR RS, AN
EFTERRSEREISHERNITE FE

I 15.1.2 KA ¥ f #Y Fourier /¥, H z € (-r,7) B, flz) = 23.

&1 FlH Euler A3 e = cosf + isin§ EERHHITHRBERBHY
BT MR TR ]
—?1? J_n z?(cosnx + isinnz)dzr = —i* J_u r2ei™ dg

3 . 2 . ;
- _;J,:_ (%elm _ (?:)2 el?® | (3:;3 aln® _ (-1?61}4 em.r)
=i 2{":)” (— ’:13 + 5 ) =i(—1)"! (%’:i - i‘g'_) .
FRFRE Fourier HE
Z( " (27': +-i2~—) sinnz, O
n=1

® EREFRAZARMNMRIMEY Fourier 3, ENHHRRRFH TR, AR
fodE XSRS ETAOBHEE 15.2.3 $0 15.2.4,
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W2 XHMNTREME 1512 £RAR (15.2) EEHRYE (-nn) k
B = 1Y Fourier ¥

T~ i 2(’13”_1 sinnz, (15.12)
RIEM (22) = 20 AR (15 ﬁfiévfu
2% ~ —»+Z 4( )n cos nz, (15.13)
LhRNRREE ATy

WFERR (-n,n) B#Y 2° TR REESRER SR 2n HEEHLE B R
R ECH R aEE 15.1.2, HIT LR HTT (15.7) 45 «° S
2® = (2° — nlz) + i (15.14)
H ] LLREH G R ApEE 15.1.2 (B 2n B SE B H 3 EOY 322,
E A LA AR (15.6) F (15.12) 183 «° MIEZRBCP sinnz B RECH
3. 4(—-1)" 2 (-1 (-1)™M2 N (1)~ 12x2 9

_n3 T ns T

B8 15.1.3 & f % (0, 5) BRI BAN AT ) afTHy S &R
FIR A (—m,7) b, $3L Pourier HHAF I T H5TE -
Z Qon—1 c08(2n — 1)z.
n=]

I

B HERER o = 0 AAR 0 = 2 | S@)eostnode TR, 0 F
cos2nz 7 [0,1] EXFHATNMEL, g LA 320 A 1045, RER
Flo) = —flm— =) MARTLUE FRBUDR 0. RFET [ (L, n) LAVIER.
EXFO) = F(E) =0, RERBEE f(-2) = £(z) 4§ f EH) (x,0) ERITT.

IE A5 § TR

f@, ze(d),
_fim— L
R
Q, 33:0,“&_1
kJr(_:]:): IE(“K,G). 4
15.1.5 #3E

1. RT3 ¥y Fourier %
(1) sin®z + cos® x;
(2) ax® + bz’ + cx +d, x € (-, m).
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£+2¥ Fourier 418

2. ¥ (0,5) bFIBRAR WRE S S BIREIRI (-nm) L, B

Fourier ¥ B MTRERL: § boy-1 8in(2n — 1)z,

=]

. JEEA: EH

¢, O<zgm,
flxy=40, =z=0,
-¢, ML < "
#] Fourier ¥ ET 2n 4+ L HHF Sn(2) = _‘3‘2& +k§1(ak cos kx + b, sin kz)
BEHEX

e
_ 2 sin 2nt
S.n{:r)‘ :rt L e dt.

. & f e Cl-=,n), iERH

an = o{ L), b = O(-L)

WRXA f(7) = F(-m), W by = o).

B REL 2n Sy AR RER AR (—x, ) LEEHE, i

an = O(L), by = 0(=-).

(ST RERA LRSS HEEE (Fdmid 10.2.2))

i f R 2n BRI G HETE [-n, n] LIRS TR, GERT: A sing

3k f 69 Fourier BB A6 = AR E f(z)sinz §7 Fourier
2%/

b
W (o b LHEEERE (e} BEAE j ec(w)e; (v} dz = 8y, Bt 85 =

0Vi#], 8 = L, NEARMAL o)) EXMBERR %/ b |
AR AR, EX e = J f(x)en(z)dz 2 f T e, B Fourier &%,

1,2, JEB: ¥ f:lcﬁ WAt X 2 n BB, a1, a0, L an B
LAERT, FHTHRE

b n
[1@) - Y oer(o e
AL

g REEE 1 %ﬁ%ﬁaj olz)dz = 0, ¥ f € CA0, 1], &

1
1 a
S j f{x)g(nz)dz,n =1,2,--,
0

S 3 ) o et
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§15.2  Fourier i skt

A4k Fourier RFAERHE XL L stmE, EhEESIRS #
Cesaro B 3CT IS, T FEIUCSUR — 30l st.

AFEERN, £ T80 R R AR on A5, (B R B30 S ak ol
AR S0 HE T3] — R ) R R E L.

15.2.1 Dirichlet #5008

Fourier 8% ¥H7 A ST F X BRI T Dirichlet #% (5 7L 322 1) A
Al Euler-Fourier 22:(H1= A28 8, ¥ f B9 Fourler 2% #7885 o 35

S.(x) = %?— + Z{ak coskx + bpsinkz), n=1,2,---,
M Dirichle YRR EE:
5.0 =L | slo+oDa0de=

He D, & Dirichiet §%

J: [f@+t) + flz — 1) Dalt)dt, (15.15)

2 [

] n stn(n + %)x
Do(z) = 5 + ) coske = S (15.16)
k=1

2s8in 5

Da(z) R 2n 8RR H— BB LR BEAMEN 1 OLEM (10.12))
%J Dn(z)dz = 1. (15.17)
0

Wi LR, R L B e IS8 4 7 LB 74 Dirichlet £
BFRTAE. 8 152 FEHT Dule) £RE (-7 EHREE, Hoi
n=9. z=02% Dule) MFTEMNE, FRBEH n+ =, Riln Lk

Do) WS RHER MR £/ (n + ) ZIEERETHERY n — 0o B
BT n, TR ARSI Z AT AL FILESHEHET 0. EAR (15.17)
P BUAHE LB R X R0 EAE R .
Di(z) R EARREIE B LI o(=) 4 © = 0 LR—E &M BIMTF) B,
Ry i
lim % J D, (z)g(z)dx = g{0).
R Dirichlet #AI AR, BB BUHEHABIRER Y20 HEH o & « = 0
HE. HRE g i A RIET- B A LUBEI R A A A1
BB — A R BEBL TR, 4 Fourier SUAT— MK i
FHH S ¥ Fourier ZYUHE Euler-Fourier ARETRA BRI, HIL £ 1y
Fourier SHI#E S o R SURIEAL R MMM L f 4 RAKE] [~m,7) Fg



B8 %+ £ ¥ Fourier £ %

HEFX BRI EN WA T R FEAE. &R &8 A
AR XA E_E BRI

Y
10}
Dirichlet # {ﬂqﬂmé’éé’q‘ﬁﬁ%:
N 5t D¢ﬂ=§§%%%
AN /\ l /\ ANV ANYAY:
VAR VAL VALY %) J V VYV N @
E 15.2

a4k, < 2 B R N B T AE A ¢ A
&

5u(0) = & | e+ 1)+ flz = 0Dt} et+ol)) (n— o)

FA (15.17), M FER s HE

Splz) — 85 = % r[f(a: +1t) + flz —t) — 28] D, (¢} di. (15.18)

XREB LIRS 2% FETF / (8 Fourier 80T & = L8 5. T (15.18)
PEBER, 24 s = () + 1@ ), HE— KRR TER / 4 Fourier
BB TR XRERN BTN —RIIRBE, MR (THRTSAHT
. AHEX B REEL.

EE I, Fourier SR S SR —A-+4 ENERY M, B FoE4E0R
BRI X BN Y —FESRE M ERREEN.

Fourier GMMAMKNTRHAR FMEBEEN A HOMNT. B3 —
MESRY, BEERY Fourier B~ 4 ERE, RELFE - ATEAME
. § M du Bois-Reymond (1873) 34 T RAEMIHI T2 /5, HEAOMHENE
SR AP FH EBRF]. EAE Lebesgue THIHIFE R 94E, N Kolmogorov %
WT £ & Fourier RHULTAMbR S (1923) F1AMAL %3 (1926) AU T (SLT&b
SR RGeS, B 304 TEEERE)

55— 7718, Lusin MFHMEGE RS Fourier ZMULTAMbHSL BT LI E Y
Vi BB, TR KA R E RS G A SR A ERRERY. X RRRE
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1966 &y Carleson 1E &R, Ml fE 7 REEEEPAERN L 775 FRRE B
Fourier Z0%(— & & JL bWy X — 53 RRIBMERBR. (Carleson
R 1992 G Wolf S2p7k8+)

15.2.2 Gibbs W&

T Fourier SR8 & —MURESE R E, (HLAE 5 50, MR Fourier 40
FMRMERARAES, MRAREZ SRR T AT RE—ZRws. HAXT
Fourier FERIRX BEH —TEHFIFHN AR, FIFTE Gibbs HR. XBHE
RR & xo RFEBH —A (F—2) RS, W% o, BT zo a5 LMA N,
o AEHE Salzn) A2WETF S(zo). FEMIK, THERETHRK, LERRE
A n f3E IR

HERER, ﬁ?ﬂ’]ﬁ’ﬁﬁi‘kﬂﬁﬁﬂff&ﬁ‘] —E5H:

S(zy=y S0NZ (15.19)
=1

3o S(a) R 2m B S(x) = T35 Yo e (0,20), 5(0) =0,

FEE 15.3 FES TR (15.19) AYAT 10 T8 ME K RER.

e +
Fourier Zi3 5 2DDRL
n=1 n

BT 10 MR RS Sa(2),

A 15.3

FIHFFEE 15.3 chif I BUHLIB AR ORI (15.19) AR S(e) = B35,
z € [~-n0)U(0.x]. NEFELLUEH, BARME a7 10 MM ER, H
e o = 0 BEEHEH |54(0) - S(z)| EXET 0 %, EXHRIESRE T

UEGMT. (RPFASE 0 <o <1 @i, X —n <z <0 MEHIRRAEMM.)




o0 ¥+ 2% Fourier I

FiE 15.2.1 (Gibbs I§$) 10 {S9.} & Fourier & (15.19) g9 2-F B ¥
B, 8(z) = T HBHAER I (0,2n) EAFIRYL NF

K
_ sint _E .1
nllt:f;c []Iﬁl}af {Se(z) - 8{(x)} = J —dt 5 R X 0.178 98.

W HFRIRZE enlz) = So(z) - S{=) Eﬂr =0 A0S EETHE88
d:—:n{z =1 + Zcos kx,

2
AR F (& W B 322 5)

sin(n + l}:1:
dagim) = Dolz) = 12

2 gin «2-m

AILUE HRE ea(e) WRELEY o0V =mm/(n+ 5), m =12, ,2n. Frhi
m NEHI R KA D, % m G EYEHRRMEE (B WA 15.3).

HEITHER R SRR EE: . "
En(ﬁ?sam)) = Sn(mg-;m)) - S(Eq(im)) = ; Sll’l(k;:n ) _ - é-cnm

($ ) )\ (_n \_x, o
L gm T n+1/2 )72 T I+l

2, sin(kzi™) 1

() Fol)

i T —I T e Riemann UM, FIY n — oo WRES)
nle en(zim™) = J Si];t dt — %

BHAEYS m =1 RRREEL 2, H83

TL
J 31;113 __%:__xo_ITSQS. O
0

E1 EWaa=c/nn=12 -, WKGSHE ln 5, (—J—r sind gy

BURTIHY o 5, SPe BRI AT — MR (CS(07), CS(0)], Rt € =
2[0Sl g~ 117896, 2 153 BR v WM — MR EREHREL
K.

Z2 BRUERE—ADEH), HaTLLHE TR T8 3R i — iy I
HheI BT A A B BB, B 18% LR 1 PN ERASE
TR X

@  ALAEMA (2% {Sn(z) - S(2)} = en(z?), MIETE% [19] 93k 3 8 674675 N,
® FREND LB |/ SBL at kR - = n isE)
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I EFIRECE TR A, WA A RBIREE Fourier S EA9H o MR L Snix)
B n WAIEHGHIT AT S M S HEE. X 2TE Fourter 80T A A BE B AT
BIEE (LA &% [42) KRG —& ‘AR ).

3 L FERR B E LB HF A T 87 % (1980) 210~212 T,

15.2.3 Fourier $## Cesaro k0

FAEAE, LRRBITTRY Z an WOBL BERHE TR AT R R
Xk Cauchy %E%ﬁ%ﬁﬁﬁﬁ%ﬁﬁﬁx {HZE M Euler iz, iE &K
T35 FEAFAME X Cestro SRAFLRH A #)—F, E7E Fourier REHI
TRETERMEA GRFT= EREWILNE%H0).

B BB Y, an SRARBFR (5.}, 20

n=1
On — Sl-l_ +S n:]_’?,...

MRAFERR Im 0, =0, Hlﬂﬁf?}.ﬁ Z an £ Cesaro FITFARM HEXL 0

VIEL L1 Z an fj Cesaro $. g Cauchy #:f (WA 31 37) 4138, ZEF {5}

VT HL S, RUEHT n THTHHE o RABIBASLF 5, BRZIFR.

HERH S 0n EBHR TS, WEHE Cestro 8 X AL, EAAFIAY

1. RN A X F UL S, Cesiro AR HFOL R
TR X T B0 TR B TR Cesioo B TR BHRSNE

1-141—14--=Y (<)

n=]
ﬂ‘{]%ﬁ*ﬁﬁﬂﬁ Sok—1=1,84 =0,k=12,---, lﬂl&ﬁﬁﬁﬁ{} Cesaro 1 %
XL Buler 2582 R W SR 43808 (B 1 {26, 49)).
WMEREXLFE SRE W L2EXR (EEEEXT) REHHOM? X
A 4B X TRRAICME Cesiro sRATE Fourier FEFR P HRATEH
¥t A5 R
&HE 15.2.1 (Fejér FEFE) MPL 2n NI RY f & [-n n EFA#

WA, TS vo BB A BRI f(z0) 5 f(zg), W f &Y Fourier HE#EH
o A 7E Cesdro B X FHHTF

S + fwg)l
KR f T & oo #5EM, W Fourier LRETTERS ©o BT Cestro MIELFTF f{z0).

i IR RS Sa(z) B9 Dirichlet F4) (15.17) HEHE aa(z), B=#
A f5 A LB Fejér R4




92 £-+5¥ Fourier #8&

T 1 sin%t 2
J_nf(:r—f-t).zn -.Lt)dt

sin
2

=L f(z+t);f($_t} . Fo(t) dt,

al—

onlz) =

b3k f s

in Tr \?
Fu(t) = Tf,t (Sn z ) (15.20)

sin i-t
2
b Fejér #%. B f(z) =1 RARBRESN (R 10.4.6 /5E 10):

r Fotdt=1, (15.21)
H

BB AT LRI Fejer MRS (15.21) MR B hit
a0}~ [F(ad) + £

0
BEMERREN e >0 >0, HREOCECIBN F |flmot+)—flag)l <
i [ f{zo = 1) — fz0)) < € BOL, FREMA

r ( zo ) I 4 Ftro = 1) = f(25) ) Fa()dt < EL Fa)dt <e,

XEFMT Fejér BAEREMESRX 1521). BHAY <<

&

0 F.(5) < 1 1 ,
S Bl < T (sin —%—5)2
R EAR TS F
" flmo + 1) = f@D)] + [ flzo — t) — flag)] Al
L ( o 0 )Fn(t)dt-()(?).

HULIETE N, 782 n > N Bt
anlae) — 5 UF(@f) + flag)]| < 2,

BB
lim an(z0) = 3 [fad) + f=5)l. O

n—oo

£ ¥ Fejér B3R A0 Dirichlet FUAFEE 4 B, W X BBy H18
%, % Riemann 3[EWMATER. FHETEF Fejér 2RI AY, I Dirichlet 0|
RESH (ME 15.2). WaFFRE Gibbs AKBIEHRETH. ZETLSE
15.4 Y Fejér ZRRBESE 15.2 FHLEE ghoh, SRATRl S8 [19] 3 3 55 723
INIRTFEHBRLIRR. FET—BERT Welerstrass BT ERAHERHRITH
BB R XM RO E LR RS TR
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Y

Fejér ¥
AR RS

P o 1 2R 0 7 R A

! sin{5z} \?
Fio(z) = 1071 ( sin(0.5z) )

o

& 154
B Fejér 238 A LS BRI F Fourier PN — T HBLER.

@ 15.2.2 WUl 20 NEMOEL £ 7 [-n, 0] EATBRRMARTR, & o
5 f LR R EE— KN, 115 £y Fourier EITEA a0 AbELRL, ME—
ZUHTF f(w0) B - [F(]) + F(@3)).

i B S ) Fourier SYTEA oo AMMCELTF o, MIE Cesiro FIHLE 5. A
Fejér 7278 (Ml 15.2.1) 51 Cesiro KU f(z0) B 5 [F(zd) + Fleq )], o AV
Wir. O

ALY Carleson 4 TAE, 77 AN %5 A RAKAY Fourier
BRI A — LT b R

M TRENRARE, M Fejér @A LSRR BELER.

WM 15.2.3 (Fourier ZHM—HEETE) & f HEH o ddsimsy, A
ﬁ Fourier ﬁﬁﬁ%? D:ag=0,0n=bp=0,n=1,2,---, M| f ‘ﬁ‘%TE%:P 0
A H R XL

i IXB f 09 Fourier StAE ~MAMEL T 0, FHERS HIEEF {Suiz))
M E—THHEST 0. HEBRME oale) =0, n=1,2,. M Fejér £ (¢
W52 MR =0 O

# MRS A LR YA A Fourier 54, WX P& S R ECL

AR ER: X5 Taylor REPEA—H (SR 14.4.2, 68 TR LA 169
TR 6.2.4).

M 15.2.4 (X Ty Fejér B1B) IR F B 20 S AHIESER
¥, M1=6Y Fourier RYHLE Cesaro B X T —ZFWAT 7.
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£l KAFEAMD 15.2.1 FHER AP F) A SR B Cantor £H ()L §5.4

) BRHT.

F2 BT {onle)} REAZMARES, R EEBT 7T RZEEES
A=A SO —EEILE Welerstrass 58 "B BB JXRAE T~ EEHR
—H A (XA 15.2.8 WIEMSEH 19.)

15.2.4  Fourier REKFEHEHKE
EX FREEF {f.} ?IZIEJ a,b] EEFHEHWEK T f, FHE

nl.‘.{ﬂo an( ) — flz)fdz = 0.
M Bessel TR&A (AN&EH 15.1. 7) [ RA E%ﬂ
d(f, Sp) = fz—m0 —“Zﬂk+52)

(R, 2 JLHSQ (£, 50} =0, DlJ Bessel ?F%EEEPENH?%%EE‘T%&%%% XS
Parseval %20, B XK AFEMFHHE, & Pourier FHHBEEN AR 22—

%m 15.2.5 (Parseval FR) # [ & [-n.n] EAARMFERAR, f(z) ~
=0 4 Z @, COS RT + by, sin nﬂi} WFH T Parseval FFx{ AT
n=1 &.] 4 Z a2 +2) _%_J F2{z) dx (15.22)

WX HFHEELR, T

(1) e A EE R T E X BEE f (&L 333 TWEE 5). R f
AT G RIR, MR ELR & REEAET A8 iR f, Roi
AESRBCRIE.

(2) RHF R SEREL, AR TR Fejér R (B4 15.2.4), TRE—A=
HETR T, —SOBIEX MESEL.

(3) ISR S ZEHFAT T FORIYE (BNAVER 15.1.6), LT &(F, S,)
b TR IR, AT Tim @(f,S.) = 0, HEFRERHE O

BT WA Parsoval 000 LT X, KA TN AR M TE S0 8
B AT e T . %j Foo N F 5 g AR, RN (o) W
RILNE VT B3 1 (N R BREE (AR, X0 = R R
o EEE L BN VIR, AN R VI FRE £ ) Fourier HAH
FIA R L, i B Ve, 1= 1,2, WIEFEME Porseval %
% (15.22), R T8 2 A R R L5 3 LTl e B A
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IS FILEN A AR i R A (R TORR4E =2 ], T IX R RZ 0 A2
FHE TR TR U

FERATEAE Parseval S5 — 225 .

RIS R AL X BRI TS SR
S TR TR o, 1 ¢ 5= AR AP B MENES, B j o #
07 MR R o, A= A RHATE (-1 n] FRASEE

H 15.2.6 =AEBE 1, cosz, sinz, -, cosnz, sinnz,- - ¥F [-%,0] b
BEHm&E

W ARIEE BEFEES=AEEE P BT REOEE R A 33
PEEL o, M= 8 &1 Fourier #ﬁ%ﬁ%ﬂ‘ 0. EH Parseval 43X, (15.22) BiF

%In d:s—T” Zz:a+b2 —D

ﬁ%ﬁﬁj Clxydr #0FF. O

1 BANEALRETREN ETEASESNE. i, £
A E R R M B RS A0, =R A8y B L £ T
ANRZEH.

2 m TR R (A 15.2.3) 89— MBTEN. H A
(7] _FREGERE o i, r o = 0 BTN o FAF O,

Parseval &40 TFIE WARH 0.

&8 15.2.7 (Parseval 8= 00r) Bt f.0 B [-=,n) EAEMFE A

*R: {a'"-}‘l {bﬂ} % f E{] Fourier ;%ﬁn {aﬂ-}v {.Bn}m% g Eg Fourier gﬁa [IIUEEELL

% J_n flaz)g(z)dz = —@-':'220— + Z(anan + b ) (15.23)

n=1

W Hih f+g M f—g B9 Parseval 4, AIREr 4 HIF. O

15.2.5 Fourier & 1—3ik 4

FEH AT Parseval SIS Fourier ZH— TRk, HLBH R
A (15.22) e ganiseTeiesa 5 12U Pl g e smme
Fourier £ % % 371 8 i 15.1.2.

M 15.2.8 & [ R0 on RE BRI HEAE v, n) ERARAS

LASMAT R, X (EEEHRAERAN A LNEZE) % [-na] B RAEr
B, W f #y Fourier RILAEX —FUHT f-
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1)~ G+ 3 (o cosna + by sinne), M KAHERBABAIL
WWCF f. i MHSPET R, REEHEHR Y i"f an 5 § b, HRTICEL
W~ a,:, + 2 (af, cosnx + b, sin n;i::) Ml af = 0, fy Parseval &= H

-71£—J‘ (F'{z)) d::c—- —I—b:f).
LEET SR DIEAL 1T 00 1512 5
anz—-%—, b :—%—, n=1,2,
e o
0] = | 2 é—%(b;%?}) n=12

AL Z an HITWCEL FIRERNIE, ¥ E bo AWK O

iF E?EIZIEJ [~=,m] J:E‘Jﬁ?i)ﬁ%ﬁﬁﬁ‘iﬁluﬁ'ﬁ}ﬂ’}ﬁfﬁﬁﬁ%@ﬁﬂﬁ
B, RIAR T B S R T LU A A, FLBRET Weierstrass 55—
W FE R A — R (B R al 15.2.4 493 2).

AN LIRETHE Fourter B AB WA 4 SR WK 4 0. ERX EHS
BT 5 M RCRRRARSER. L hZEERSHA T S NBRE B I

FR: P f H Fourier SR¥rhy W SURAL N, Fourier SR M4 LR BEIRY
FEL IS T HER —B 8L

## 15.2.9 (Fourier GMMERRSEH) 18 7 HAW 2 MY, EK
1§ [~m,m} LABUHARTTR, B f(2) ~ <3~ + 3 (an cosnz +basinna), MK

n=1

T S i SHEXE ol BER o, ) M FABIRG AR
J flt)dt = J %- dt + Z J {a, cosnt + by, sinnt) dt, (15.24)
WF a =0, b=z WLAEE "

j [ t)——] —i o +Z(——~—cosn:;:+—31nn:r) (15.25)

n=1

HE A8 0545 A2k Fourier fﬁﬁ[

WE LR RO 7 A ATBUREr AT 4R IR — RS oL AT L (19, 36] %
XE ] I )Y Parseval %3 (15.23). SEWERE X

J:E flz)g(z)dz = - [n *a'zig(m) dr + ; T J_x g{z){an cos nz + b, sinnz) dr.



§15.2 Fourier & $ &l td 97

I, z€la,b,
9(z) = {

0, z¢&l[-=®a)U(bmn|,

RAVBARNG (15.20). B To% S Lon Elonl oy, mststmatic B AR
. T ELRIEHY Fourior SUGER—Rolk oty O

Z& i Fourier BHAETR @RI — = AR a0+ § (@, cosnz +

b, sinnzx) BEMEREREANR] RN E] AR R BAY Fourier BB F 1R gl n
sk, BRI, @

o
sin ne sinnx

Inn °’ ]nlnn

ZRI AR, Dirichlet ﬁJﬂU%iﬁﬂaﬁb fi17E (~00, +oo) EAbLEMCEL, HEN
#B AN H] BER A o] ] AR A4 0 ] AR R Fourier 2R3

{8 Fourier {YZ TR G WA HHNERE L. ME 2n AN H
¥ (~n,n) ESESETIRE (X UE TR £ A Fourier /EHE (—n,n) I
R T F), THRABEPRIE f B Fourier BB K G LUE BRI =HKK
# [ B Fourier R ¥ (£ REEH 15).

W8 15.2.10 (Fourier RPHETRGERE) & f %u 2 75 AR L
R FE [-nw] ERT AR SRR, iR f(z) ~ 2 + Z (an cos nz +
bosinnz), [ 7 [-r, 0} LaBERE, MR —WIEH « &i?ﬁ]ﬁ@ﬁ%’ Y

fz") ; ") :i(ﬂﬂ CO8 T + by, sinnz)’ :i(nbn COBTLE — TGy, SINRNL).

n=1 n=1

& FEfpE 1512 PESIEN, RE f AR o R WE S 5 1
iP5 Fourler A FIMEA ZIMR B XA, WAL B S, LA BARMG
B, {H FJfff%El@ff*ﬁ'?JFﬁEﬁ‘ﬁﬁﬁfﬂﬁﬁﬂ AEH T F rBRIEBRGFZ)E, B
ER IS H Fourier JMUHT [f'(=*) + f(e7)]/2. IR 7 &L, WGP
ST R . EX [ INE BR &M, U 5 ) Fourier SATLL —Blia.
R AR LS — R ) eR BOM R T 53 1 PR AR T AR Y.

INE AT LUANGE, 7E— Bl St . BORERZE IR S5, Fourier
RYUETHRYEAFE. L\ Fourier TEM=AREZ ML ERXE, B5 Tay-
lor FRMBFBREZ WA RRTLEAE (B0 HE 14.4.2).
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15.2.6 Gigk
Fourier %37/ )T I Parseval %Eﬁﬁﬂi?ﬁﬁﬁ THERH. THERLTT
BIRE 15.2.2 SRR Z 5 E

Bl 15,12 Rl st R A, RATE
z? = E;- +4Z (- )n cosnz, T € |—=,u,
n=1

Tt,

00 )
fo=nRARBE L o7 = L BRI
o2 4. (1)
aﬂ:_%'_}aﬂ: ('."12) y bp =0, n=1,2,-..,

Ht Parseval %X, B33 .
FLeed(F) X

[REE, X flz) = «°, mE( nn)&gFourlerﬁfFFﬁ
x _22(1 "(6 — n°n?) SIANT ,:I:E(—mn:)

n=1

I F Parseval %=, A[LLBH

el

-Tlt— I:: z8ds = Z (2 =1 (6 - ﬂzﬂz)zlf)i

M e A

],.a
b= |

n=1
EHE B -
2
%TttiIZ(tf —~ 42? + ];f‘él),
n=1
ml__'.l'l’.d 001_n2 0‘3‘1_“6
ﬁiﬁﬂﬁn;—ﬂT——m-—’ﬁn;?—mﬁ—,ﬁﬁﬁmﬁ%n;—nﬁ—nm. O

BURE 15.12 20K 3 203 T Fourier SBMETBLA AR LA T Rty e
B (—m,m) L =° ) Pourier B3, FRIMH E RUCRLAE
i AE R, R (1512). WREFEL B$R
T —Z( 1" 1?;1 (1— cosnz),
HoPR % HON B R TR, ETLRLEEE, RREEERAL (15.1)
(n = 0) AU BEFEA NI & | oo = 5, HERHE Fourier &
LHBBIA -

‘."1

COEnX.

2 o
:T g
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FRETR kBRI %R N
3 = nlr +12 Z {—nlg)“ sinn.
EFE—IE z f'E M Fourier éﬁﬁ[ﬁ% REF SR 1 EARNER O

TR T R YRR Pourier HREEHTE, HFHNEMERBBEE L
RS EZNIFZTHEBARE. XERPOR R (19] f95% 3 5 666 /N7,

GBI 15.2.3 &8 {bn) BIHWHT 0, HEAERK Z bn o O, TR
= 2 by sinng F XA [—x, 7] Lg% AR,

W M EREURR ) Dirichlet —BW BT HNE f 7E = # 0 BhELE H
BAH « =0 T ERER. UTHRHRIEH o =0 NRSH |f| £ [0,7] £
SCRIRL. AN T IR 15 i

T nooenfk
dr = .
L,(nm 7(2)] da ;LMH) @) dz
MNFr/k+1) <z <nfk H’Iﬂﬁﬁﬁ f f’F—ﬁS;ﬂmT
Zb sin tx Z b; siniz|,

i=k41

HAh s —HA#T 5 = b1 + -+ b, TR IR {0} RS
E‘J%fﬁﬂﬂbel ¥ (13.20) fh THRTF (B RO 14.1.7):

Z b,sinix‘«: et < Det1 < (k+ Db < (k+ 1)by,

fla)l <

Mol {sinz/2] ~ |z/n|
Ejﬂﬁﬁﬂc
R _ N} b
J:”M)f (o )dec:[sk+(k+1)bk}---——k(k+1) "‘[k(kin + H,

k=1 ,n {LAFMEM HEF
b
LI’(M—I) e idx\.nz k +EZ
MENE—FAHAE 13.2.7 *Eﬂé@ﬁl:&%‘luﬁ@]
~ b S
Zk(k+1 Zk(k+1 Zb“‘zbzkkH =ZT" :

i=1]
Mb, -0 TLE:&%QW% L — 00 B‘.Hﬂi%:j‘() i3) )
by,
Z nn+1 g?’

n=l1 n=1

FR ISt HaE)
b
d -~z ""lj
J:/(nm Falldegomy L
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R4 J S@)lde il O
P 15.2.4 G805 {b,} BIEST 0, BHER flx Z b, sinnz F

[-m,n) Al ) E b, sinnz B £ % Fourier 4.

T OWT S T o £ ORfE, SR e — O BRI, HAr B
mbemﬁ%*;—‘mm%j_ (%) cos nar ds Fi J F(z) sinna de Biggt BT § %

ﬁ@ﬁa @lﬂ;ﬁ’fﬁ@] Uy = Da "= [}s 1! T u‘FH%ﬁEHﬂ bn = Qr f(m) sinnr dﬂ:,
]
n=1,2-.

5 N
2J f(:z:)sinn:cda:*-?] Zbksinkmsinnﬁ: dz,
0 0\ 11
M (be) ST 0, = AR Jordan FHRTMAEE m > 1
gsin krsinnz| < ;;?;}g) < n;;t
(LA Dirichlet —ZO SUHIRIEL RHEB5-5 T RIREHE (0, 7] E—80I8L, AR
FRMTRRTUBIHRPZER. O

3k Fourier é&&ﬂ?}:—:ﬁﬂ% SHUERAERMTLUARE Y (b} BiEE
+ O I, AhAh W SLRY = SR 21 b sinnx REFMEH f iy Fourier B 743

uz»ﬁmﬁw% § Bo e ®. HttE Bessel FHA (A 15.17) 5

i 2 HEHEIE Y SINBZ (D <pg ——) TR RFLHIRSL f Yy Fourier 3,

AR fOREHAEL mﬁwwrﬁﬁq%—wq%mﬂm@)
{BEEAE 15.2.9 SR+, Z SINNT & migszARE Fowrier Y,

= %,

“Inz

T B2 9 A B 30— R AR TR A R ﬂﬁ@ﬁ
KT = MBIy Fourier RECH TRIFASR, LEAHE 1524 B
REH .

@M 15.2.11 (du Bois Reymond E#) U FHHEL TR AR
R HA B REY Fourier 230 (1) TERE] [—m,n] LAb4bUCSIH = R HRR B4
[~ n] W SCAIAR: (2) R (- ) RERFRRA A AN = SR 4, HoA
PRICTE [, ) RABRH R,

© ERTLTHE 14174 1418 MEREETIE, TRERE 5 bosinns 4 (o0, +os)

b -l B EEEE
Q@ ERENWTHE=AREESEE 15.2.3 #1 15.2.4 K0HEE, A WK DAY,
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E-ARERATENEESREARITOHE e (5 5Hi8 15.23 &
FAFEIE AT D o
&8 15.2.12 (Cantor FH) MEFH T =AKY % + ¥ {a,cosnz +
n=]
b sinnz) F % + i (o cosna + G, sinnz) 7 |—x,«) _EY S FIE—4R%, m
TN BB an = n (R =0,1,--),ba =B (n=1,2,-++).

g BRENAEREXEIFHXEEH, B YBREINEEE Y
(IEBA DL [19] F938 3 &8 733~T34 /hy): X EBEEIE HIEH T, E=AKEREH
A ER AT AT AT A 4k B S BT Fourier B EFF R,

15.2.7 %38
z, z € (0, %),
HEM f=) =S4 =5 RIPRAREN FFREOMARN

z— L ze(Ln)

[y

2?
o0 —1yn—1
£ e

z, zeld5),

a4, EE(%,Q],

2. WMF o> 0 HEH flz) = { ¥ fOBEFOE (L) £

Y, (2) EHERE
3. ¥ o HAEEH, FIH f(z) = cosaz,z € (—n, ) {Y Fourier JEFF3K, IEFHT
FIET A SIEA A BT BT AR

oG
_ 1 ( 1 1 )=_1__ 2z
cotr = +Z :sﬂnn+a:+n'n: $+Z PR

= &
e 1 _L _1ym 258
csCT = +z:1 (:z: mr,+1:+n‘.'l:)_ $+Z1( =5
n—

AR § - i
4 ST IN A [, x] ERTFY Fourier 08

ax, % € [-=x,0),

(1) f(z) = |sinzi; (2) flz) = {
5. ¥ T FIek BT 4 R R%L

bz, x € [0,n).

Rx
(1) fley =e" 22z e [0,n); (2) f(z)= {CDE 5 TE [0,1},
0: I e {1,2].
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6. B TR YURIT IR LRI

(1) flz) =z(m—z),zcl0,n}; (2) flz) =

7. %
L8 D<azgmn
f(z}) =10, z =0,
-z, -w<z<i
(1} 3R f ¥ Fourier BIFH;

(2) ii¢ f By Pourier R/FTE (—n, 7] FRTZWESET f, BB

8. f 2 (%1 EATRAMAMTR, EW Ve > 0, FAZHFWR Pule) =
3" (Ag coskx + By sinkz), {f
k=0

[U — Pa(z)idz < =.

9. % f HAR 2 ESERY, HES f(2) ~ 2+ Z (@n cos nz + by sinng),
WM SRR BOPY, ﬂJEﬁl@ﬁ—*Eﬁ%f
10. # 0<a <=, M AHEH

f(z) =

1, |zl <a

0, e<|zl<m

f9 Porseval 455%, RFPIRAH0R: 5 Spe, § cowina

n=1 n

§15.3 MTHFHEY

15.3.1 2IJERA

1. Fourier B3 SRR X B TEN BT, 1R BRI
WA BB B B R A BT R, ] Fourier 20 @M RGBT 20
BB — ERRNS LR 00 FIESURIF Y Fourier &
WAR SRS NE. TEvE % B8 i Fourier J 3t
FIEWRE X, TR TR,

2. —ABREH Fourier FEHR—RH, WA -BUAFETHYRAS. B
& Taylor S 3, Fourier SATRIMEAHERMBIAN. TLAB Fourier
FERE 4 N L RATREIN B 20— KB, XTLU AU F A EE
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i FyAT i R R BT SR T R 549 &4 Fourier [BFFR Y
B AR B I = A B T UM R TC 3 dE 2 (R B BT IF AT

3. B k4 0t A RIR AT Fourier Z¥0ATH R, F5 9170 RE A HA K
20 (1 £ =) fYEOL T, RECERNGE E8IR L, W SE—k BEHHR
a8 BN ELRY Fourier Z¥AIPIE, 458 — it HH T, ORI Fourier £
AR EEIES, WEES TR AT E R, X I7E 8PS
53 BHAEA S, HA Fourier BXUEIEHI#.0-F2JE Fourier R RATIL
M REFE, Parseval 30— S04 BAIERI U A, 0 Rk 4 18
Fourier SR¥08 0 FEAR R 435 Fourier BIFR, I E B
TR E.

4. Bessel 3§z Parseval Uik IN T A BAE B 05 W TEvE R, T2 it
FEEH FEEXFEEE TEREMME, T 545 Parsoval X
WERH Wirtinger S0+ &b .

15.3.2 $%E

1o f 2R 2 SRR eR ¥ H 7R (0, 2n) LTF?H’L’@RT—IR A:

(1) R £ 4 (0,20) LR, muj f@)sinnzdz 0,0 =12, ;

(2) # f 1 (0,2n) W[ H 51: £ (0,2m) BRI, MR f 1E
(0,2m) [-EATE®a AL, W J flx)eosnzdz 20, n=1,2,--+;

(3) ® Y F) j[f %] 1,z € 0,20, MR F 7 (0,20) L4
Hehn, WES (2 #Hlﬁﬂﬁ%*ﬁz. .
2. % f AKX [0,2x] AT R %, {ERE: L flz)cosnzdzr 20Vn 2 1.

z+h
5 8 S RIY O GERIL Foe) = 5 [ S04t ok >0

(1) SEW Fi Bl 2 MRG0 T 6 4
(2) IEMRR; Ve >0, 3R > 0, T [-=,n] E—FRL |f(z) — Fr(z)| < e
(3) MAIfpm 15.2.8 BB Weierstrass 3 —HiF €18,
4) 8 F), B Fouricr €& ¥, -
4. W f AR 2n 4R flz) ~ TD > {ay cosnz + by sinnx), E X

Flz)= _I_J':

IR F #Y Fourier R¥%, FFERR: (1) 32F f B9 Parseval 23X, (2) F iy
Fourier Z}¥—#lifk.

n=1
T+ t)dt



104

#F4+42% Fourier £ %

10.

11.

5. (1) I }j ‘““"‘E = fjJ coskt dt F Dirichlet B3k 3 5‘“”” Z A

=1
o Rtk SRt

- MRy (1) Bﬂ%ﬂ’]‘?*%tﬂﬁi BRI LT R A AL

= sin%kx _ T T .
(1) kgl 5T -—-4—"—-2—,':-]{:.'13{75,
% sin(2k— Lz g
(2) Elmgk_l =i U<z
oG . 1yn—1
(3) > { 131 sinna:-f-%"- x| < =®;
n=1
4 ,QZ_E__ = {'._) , < :
{4) x 3 11,21 3 C0sNng lz) < m
r 4 2 cos(2k- 1)z
=R T — 0gzsm
B =~ A T -1y *
(6) 3z "‘ﬁ]'.-'tzlll""ﬁﬂz _ Z POS;E:C,OQ.T:%N

- (Steklov RFR) BESRH f 1 0,7] LRSS H 1 0.7 £

RTHAIR, I RE&M (1) j F=0F12) £0) = flr) = 0 ZeArl—
PR RS ,:

J () dx ,::J Jz)da

] 0

HEFHEFESMFFH (1) f(z) = Acosz, (2) flz) = Bsinz.

- (Wistinger AFR) WEESH f T [~nnl oA S, f(-n)=f(r), B

J A o) EATRATR AR, X r flz)dz = 0, EGR:

| rrwaes | pea,
H¥Y f(z) = Acosz + Bsinx BT %5

BRI 2 R S REFRE S W B, (B f &Y Fourier RATE

AEA 1 R Er S A ] X ) B i S
e o B ginn 2 sinfn _ ~1 2 sin®n _ (R-1)?
i (1) 3 SR = 3 S - L. (2 P i e

WEREY [ JRLL 2n D R B e AL Z\Tﬂ%f 0, H.

h

T
J f(&:)sinka‘:dm:j f(xjcgskxdx:ﬂﬂ k=01, ,n
-a

~i

WEER: f RS AT 2n 3K E B2 D BEAS 2n+ 2 K.
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12,

13.
14,

15.

16.

17.

18.

19.

20.

B fRTERE [0, 400) J:E’Uiiﬁi%ﬁ@%& H f{+00) =0, jEH]
lim L flz)sinnz = 0.

T —+ 0

B flx) = Z ne " sinnr, JEAH: max |f(.n)|>

0<a<2n

XTT&QHT U 2 E IEEIES {en), TERE: ﬁﬁﬁéﬁhﬁﬁ [ & f B
Fourier %% {an}, {bn} HTFARET n HEFER
|an] + {bni > €n.

& f e Cl-nnl, AESER f TRASMNTE, 55 ) ~
§ {(@n cos nx + by, sinne), jFH:

n=1

m|§

~—+Z [{(nby + (—1)"c) cos nx — na, sinnxl,

Hite=[f{m) - f(- J]/ﬂ BE e= lim [(-1)""'nby).

P gt ﬁ,&ﬁ LA E G cOS T + by, sinnz) H/R ¢ = 11m [ 1)~ 1nb,),
R%‘TFﬁ*ﬁﬁTﬂ@ﬁ @ R &AF
wl{z) ~ = + Z[ (nby, + (—1)"c) cos nx — na, sin nzl,

IERR ot = R b ab i, NN f ) Fourier XL
fle) = H%L + Z(ancosm: + by, sinnx),

=1

HAE ¢ RS R F(2) = plo).
FIM LSERE: SA%Y S CLnsinne oo p s mMES 6

Fourier &%, H f ?ﬁﬂﬁﬁ;}?‘“ﬁ f” + f = —sinz, 3KH f
UERH: FERH] [0, 0] AR PR B 2 A, f o IR ek 3 Y
ERXRATERRSTE&EH.

(de la Vallée Poussin #%) 1% f VL 2n X ERARESERE iR
Valz) = 2::((22:1):”1)!! Lf (#) {cos 152 )%df"
WEEH: (1) Vi B n R=R B, (2) EF] (V) & (oo, +00) I —Fdk
i
TEHA: =

cosx |

c0%2zt: goo..q losnr

FIER o FESL Salz) 2 ~1, A lim ,Din Sn(z) = —1n2.

n—oc UETER



FT-E THFRBEHA

LFRPER RN FRAFESTHRONA, 282 AAERAH LAl
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MEAERE R CEME, WERE RRERLENSER FHibEs
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16.1.1  scFEIRT HH3hTE -
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it ABEER RMEEF {f} REBRANEREHIESR ¥ A>a
Sh
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0 (16.1)

A +oo
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R FERBER > 0, RERTE A, #E
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+ o0

< L [fanlz) — p(z)jdz < e
EIH% > N B (16.1) 7 1A S 0 R it

o< [ i) - olalldr < [ iwte) - el e <

RETEK ] [a, Al EAIA Dini BEHE [f,) —S0R8CF o, BKAFE M > N,
BB 0 > Ny B (16.1) R E T F e O

X FEYOTRNA A, .

BT T E AR A X BEEI A — B

U REYO (fa) PR TR [0, +oo) ST s
FAER € > 0, FTE Ao > a, (585 A > Ag i L fulz) de| < & FTHFH n A

+

AL TSSO | " fa(z) de %F n —Bilid

8 16.1.2 WERE [o, +00) EEREF| {fn} WH—BOEHRTEI ¢, Xl
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¢ T la,+oo) PP, WIBLSE
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o= CQ @

i (AU EBH) JA Cauchy BBENIER ¢ F [a, +oo) L/~ LA
B, RIS R = Sr i

J+m fa{z)dz — J+m o(x)dz

a D
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A

[

F BLAT el ERIHEAUEN
A A
lim lim J folz)dz = lim limj fu(z) dz, {16.2)

n—oo A—4oa A—+oon—o

157 PR FELT e 3 ) A [ (A 14.2.1 JRHE 2), WTRAKIIE Lab Rl
G SR T n i — B0l SRR AT LA N

lim J: falz)de = J: w(z)dx

=40
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V] A (R A i iR R B [ BN . B RE IR HE A A 3%
ina, B AES 2R R AR RS2 R A7), BERA—2.

BIER 16.1.1 WMIE— KRN F TR

E(k) = rﬂ v/ 1—k2sin® pdyp (16.3)
0
AR ERSHERS. B ke (0.1) BH 8 Bk) BITHR & BIRE
¥ AR EHRRR AR IR
3 = %[a+b+ v 2{a? + 1?)] (16.4)
2R WU R TN PR E RIS, B e > b > 0 AR
deah BOFE e = Vol - B2/a (AT (16.4) X5 A 256 TTAE 11.3.3).

B BT k=01 20X TN SERENREFREL (&R M 297
), (HEH E(k) BFARRUURESN. & (1 - 2)Y? §) Maclaurin HH
Az =k sin’ p N,

20 — 1
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O

I =]
= 12 3 4 5 6 175
s = 2na (1 Y A XY I
65536 © 1048576 - )+0(5 ) {e—0).  (16.5)

R R AR (16.4) Gk < B 55 LA BB
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& RT3 & 2 EAFE §7. HTIEEHRE R KA A —MHEMaR
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K R RE 1Y 530457 Jr 34 7Y LAl

83 =5+ 211:&( 16%84 EB) +O0E?) (g — 0.

BREN, X2 AMREF SHE, FREGIABTH0 s v B R E i
RIS B (16.4) 3 3/8 L5 (16.6) 3¢ 5/8 FRAR N, HABFFFARK:
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AR B AR MR ER IR e TR ' M RPS (16.5) I RF 7S
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(o) on () < () - (o)
R (0, +00) LEH0I {(1 =3 } R B TR R e
J i 16.1.1 B0

oG 9 - + 00 2
lim j (1 + I—) dzr = J e ™ dz.
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J“i_aQ dx - r die
. zP{l+x) o TPl 4 7)

i{-]]”J 2" P dx

1
n=1 o
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+DO ﬂ—l -+ mn—1
x T dz
L e ({}f:ar:l),L T (0 < m<n)
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1 L
I'(z) = lim } [n{(1—3s")*!ds.
0

n—20

WFGHGESRERER s " =y, REATRARTUERFHENEE. O

16.1.3 #38
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n—og | __
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2 B § anc™ M BB T, WHCER Y too, FIREY S(@). FM: MR
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Eﬁ%ﬁﬂliﬁ%#mliﬁéﬁﬁmﬁiﬁ RXHTET AR F @ 16.1.2 50T
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x?ﬂ

[(2n}11]?
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16.2.1 EMRF0E
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(B RAEAS B FLRA AT LLH BTN G RZ BT, Wk R4
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Y p HAMHRELS p WA Euler FIBAEE (LA 217 77 (7.26) F)
THEAFIL 16.2.3) FEUNEL L, BLEEREMEN. Bl Sfust R anx
1978 4 Apéry iE R T §(3) HIEER (£ B 2 F 7 108 32 (2001)222~231 7).

UL, Ry RRRESRA N KRR E ThL, XERTEEF4A
BEH) .

FiE— VEHMHERRR BRI BT R AL TR RS A
7. Bl T RRERA AR Fourier REBF A, WA BHRRMNEERE
A BT UL BRI T3 2 S0 R E0H9 1, s B o s s BT S0 S R
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HEDZ MREFHIEREENE SGERNEE) BRI EER
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TEE RUATLUE MRS, B B SOT R A0 BT B4 s E R
W TR R R RER TN E MRS ERFRSrPERE AR Hib
] A A G A 25700 By ol SO R EOR 1t 8L
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RETHE: M4 2 MR Z n. PR AL Z anz”, EHI SRR
2/F LR sk 4 E:E{}?Fﬂﬁﬁ S(x), MFFRAY
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16.2.2 @ik
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1 2 z
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(n+1ap + (z — Llay, = nap—1,
LYt 2 #1EE

Gy = ?{T[ﬂan_l — {n+ ay),
MR AR BRI 5 n -84
S, — ! (n-+1)! b1 ..

-1 G-DeE+  (@+n)’
R EIREIA%E % RN WAk #I Sapagof MR (#48 13.2.3)
HEE AR (13.20) MBTHY ¢ < 1 HEH, % = > 1 HRATF 0. MK
B0k o <L IEREL T 2> L RTER /(e - 1), O

AT AR RS R AR B A
A SO, T ISR A0 (13.24) ADA. 4 R40 7 Raabe HIH3:

W2 GERRBUNE) SRR T SRS © > 1 M. SRAE
(E—AAT o) TUEHBHHR
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5(z) *IJ Z(l-tf” lf”dt-x[ (1 =12 dt
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ST £ = > 2 RETLLY Dini ARG T BB MR A
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B AW £ BN ESFRABHA (13.24). BEXE W
sinx 2 2 12
() () ()
Hoiiiy o =0 BB AERRE 1, BAEd
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Euler R RAXMEMARMR I RERRMFRL, FHAANL TR
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RT3 2 TR R R TR SRR . PRI Euler (97735
PRI, TR
W1 EERRSHNESRERIAA S y = 22/ WAL

Fly) = H (1 - —f—g-) . (16.8)

n=]

KEFH T F(u) = 1 - yn?/6 + 047, HEAMEN (168) 170 EIFRAM R
TERER F &y =0 D5 F0) = z 1 B,

XTERE FTE lyl < 1 FEE B #'KTE'J*{%?@U
1

Fly) I R -
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BIXRRET F TR RES v =08 FIHF F0) =1, 7 WLEmREE £
3L HEAH

e =
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il Euler fj8RE®WA. O

F AR y=2*/WE 20, BN (168) TR, FHFy<0FEE
X, Bk BT RRIERA. BX8AEE TTLLH Euler A% ¢ = cos@ + isind
% WA i AR

% 2 (AR ESZRMABFRMRTR)
FEiE A

o0

St o
B Hefi ¥ arcsine 7F [-1, 1] E’J%ﬁﬁﬁfﬂ:i‘:
2ﬂ — 1) 2n+1

(2n)t  2n+1°

arcsingy = I + Z
EHPE o =sint, BF|
t zsint+; Bt 1)(2;1')” sin?"t1 ¢, T,g_ €1 < —725
LR ¢ 0 F rr iFAﬁ:h %ifﬁﬁﬂfﬂﬁﬁf =
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=1+§ 2n-11 (2o

XFAER T (1

HF A S = ’-'tzfﬁ U

F 1 ## 2 E Euler 8165, RFF 1743 4F (BR 17), XRTF£E&F
A B} ¥ 94 (1987) 662~663 BUAI%E 95 (1988) 331 T. 4ff bix i BEth 4l
T [39) B ZEA I 41 . A, HEETHE B M {arcsinz)? By Maclaurin 4§
¥ORTFA B H AT LLAZE] H 9.

X2 FRZEYH Fourier RHFNA AT I, HlmLFHE 15.2.2, X
ERRES.

L E A — Pk mT LR TR — A A, BRI E e LSRR
HLARE p AMBEEETAFTE p FEZ . X £ Euler B E2 {E
PR 16.2.3 JEAH: RT‘FEFH‘LEE& n,p=2n 8 p REPZMH

_ 1 _ By (™
32"_;1 =T (16.10)

f B, (n > 1) % Bernoulii #. #ij-£/ Bernoulli ¥4 By = 4, By = oo

,“_1__ il p_5 - 0691 5 _7n
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' I2
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1n|sinx|=]n]:r[+21n 1 T
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WF a2 £ kr (k€ Z) § 2 Ekﬁﬁﬂﬁi%‘ %@J@’
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XEFRWK S B RER Wewrstrass ~ﬁlﬁt‘i IR D LASS T, M. 4R
IGTE |of < ® BPELL B R

O AR (1611 SHEBEFE 1527 MHSEIE 3, TRENEY cospz 0 <p <1,
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8 K1 rte -5t RIF
: AT ST S
9.&&,!_1{—2 +n’T 1. ’ign{n—l-l] HIH0.
10 “JE):( - )t#n‘-ll
: in+1 in+3 2n+2
1,1 1 1
11.1z1—4 6“‘9‘+‘1T“14 - A
9 15
12.:}2%,4— o+ gEr t o MAER

13, % z [(’”‘( )” (22)2 BRI

n+1

14. ;R E ( - rf):(l n—l—l) E’]’ﬁ]@ﬁ
IR
15. 4 35 L HmMEERR < > 0.k T et
Eﬁﬁ ) )
16. ®e>1 R 2y + ey (:s+1](:t:2$—|—1){:1:4-|—1) o
IR

§16.3 ELRKNEREIE

FE—A K B RS A M RO MR TR EA
12— XERR A T RE A Lo R SRR R EORE T ROk R R I, X E B
FRAOET R Y RO R . BRUMESRMET . ERESRT AR
BR BRI, —A~ R BRD & TR A BT e th iR AN B (RIE T 8B R TR A R4 % W RO
AR FRAY I, IS T RER /D, AEERE B ER.

Weierstrass i34 i ¥OR 1T E #L R T B A7 X bR . X T T AY) Weier-
strass 5% —i@ i € FLA S _GEE e A

¥ 16.3.1 (Weierstrass EMZETRE) HF R (o, b FAESER
¥ f - HE0A—BEIPHEERRE, XHMREMYFEITEER « > 0,
TFE n = n(e) REMAK P, 18 |f(z) — Pu(z)| < e X T z € o, b] RIBTHL

i 16.3.2 (Welerstrass = BN BT ETR) HHE 2n ) IR E S m E
f—RBWUA=AZTX -BRL A EEE, XERE 8N EN e >0,
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FESAZMR Su(z) = ag/2 + §:1(ak cos kx + by sinkx), A n = nie), {F8
1F(2) = Sulz)] < & +F—b) ¢ L

& iR H SRR TR R T, f R
ZMAVFHI R R, R Bl sy £ AR B 2R E
1, f B = A 2 AT R AR B R —-BEN = A 2 TR
RO R

SEIURE ], Welerstrass (B0 BB HE MF S8 L R EBENL R, LTt
Hik LRI A EHEERME L

A YR Weierstrass 831 & BAEWI NEVEA 48, BB LBIERIE 2
B TLA PR

16.3.1 HINHE

#£ Fourier A —ZHB L NPT Dirichlet .5 Fejér # (FEHSEE+
¥4 de la Vallée Poussin #%). 7& Weierstrass 1837 BB 5B 1ERE g, B S
LI ARE 2 .

EX W AL(z) BTE R = (—00,+oo) FEXML » YA RE, HES
TR
1. Anfz) REREE B An(z) 207z e R;

2. Anz) ER BN, H rw An(z)dr = 1;

&
3 MHEREIEN >0 WL im | An(ahds =1, T

-4 +oa
ﬂILH;O (J_m +L ) Ap(z)de =0

M An(x) () oA KL

E L BB, LS ESCER S — TR BRNEEHEER
RV n 2 EaY R 30 (BURREER). i BB Wl LU SO S M R TE
Fourler ¢ —FErpiy Dirichlet #5 Fejé MR S X BEM KA LER, &
7t Dirichlet R E F— %M BIARER. HK, TITHRRE 2n b5
AL R TR PR rpa RO A — 4 RGP X ] [—n, x).

2 XEFEMFIEL, M 15.2.1 Y Dirichlet M F48, ST TIES S
TEEFNRS S TRERTET 2R, %R LA Riemann 358 (- 313
) BRWUEE. 3% n (HEMSY) BFTFAN, RIS THREAARLE
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R, SRR ER n (BEAMASE) KRN TRTERE. X B L8505
A GAR BRI B 77 o R AR R

WMTFHAEEME, —BK » — co B EREAIN R e $F0y Dirac () 3-8
W, WA SURM DAEERERE T H, RRARRIES T CEREAE
1 PR PR o 50l S ORI T SR FRZ SR A T R R A ol ]
S5 B3 MELE TN RE.

E3 RTEERIE EERRATNE) EHES TP LUIEE 19]
R 3 5 723 /pF, [60] B 2 5 17 & 4 A [14] 2R 5 HFE. A LLEF [35)
RIS 10 EX T aRRaf R Pt SmEs- A RME.

T A LR e TR
1 1

n, —5- &8 5,
1. 5B LB RE Anlz) :{ n 2n AR T R

0, Hfhz,
E X APH A &
2. Weierstrass ;B iF EHE Landau JEFS (1908 45) BRI EE Y

_'_1'_ LAY ! T €1,
. 0, lz| > 1,
Sof 1= | (-0 do. ROPEEHE LTI R RARE. A
Tt 8, %Iﬁ<5< i B‘f:b’kl
0 4 (1~ 22" do s;f (1 - 63" da = (1— §%°(1 — 8),
a a8
PLEIT I, E‘J’ﬁlﬁﬂ‘ 1
I, =j (1— 22 dz > zj (1- ) dz = —2
-1

0 n+1’
#HiE
-4 -
0&;({ +f )An(x)d:c&:(n+1}(l—52)”(1~—6),

i)
K % n -+ oo BHELFR R 0.
3. SR LREEREH— M E—RENEREE R LR AT
RE S (z), WEAERAER [-a,0] (0 > 0) ZMESHT 0, BAU} T =
[ fde >0, 864 Anfo) = 2 fina) By

—na

ﬁ@ﬁ%?ﬁﬂi&fﬁ%%ﬁ’l‘%ﬁ f iﬁ:ﬁi%ﬁiﬁﬁfr%@lﬁﬁ%fﬂﬁﬁﬁ f#hp:
(f*Agn)(z) = j_ f(H)An(x - t)di = J_ fle —uw)A,(u)du. (16.15)
R SO RIS Ry AR R4
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X F LW E— M R R R, XA

z+1/2n

(f  Bn)z) = nj Ft)dt,

z—1/2n

Wk R EH f ERE fz-1/2n,2 +1/2n] EHBDFSE BREEEESR: & f
T EE UF

T+1/2n

lim nj flyde = f(x).

nvos z—1/2n

B LA R T B F 1.
8 16.3.3 1 f Rt R L XTTERMER (o0 MEFT 0 fisg
Y, B RANHEHL I F G4 2 R
Tm (7 + 84)(z) = @),
TR BEKE [~a,0) b3,

W RERGEH Y O KERTE ATERRIL [+ 0, = fo. FA
ViR (PRI E 2, RFfG i THIR

+oo

@)= @) = | e= 1) = f)Anw) dn
MEPEELEN ¢ > 0, FXE [—a - La+ 1] EFH f H—FoE8H fE
0<d<],EBYrze[—a-1a+l] |z-2|<daf, Flflz)- flz)| <e. X
Wf(@) <« MYzcR FRAZERRRMF1MITE
—& Joo -4 + 03
J -|—J [flz —u) — f(2)]|An(u)du J +J Ap(u)du
—o0 (] —o0

§
BS z kX BYEAFE N, F18Y n > N WEBRENF -
X ERE (6,6 AT

&
J @ =10 - f@)iAnfu)du

< 2M

= o{1),

]
<[ 15w - flan) du
-5

8
ésj Ap(u)du < &.
-3

EEXMEUM T ¢ € [~a,a] =8 FRY n > N BRE [-o,o BT
LRI
\falz) = fz)} <2e. O

E1 FW a=1/2, A, Landau FIEEEL W fo(o) RICENE 2n 19 %
TR, BRI E 2% Ty REp LR SR BOIENE T Welerstrass 85— #3070 E 3,
Blandl 16.3.1. S T BIE LE—RER [o,0) LAELERE f, WL f £
BT [0~ 1,0+ 1), B flo - 1) = f(b+1) =0, RIEERERHE X
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2 — 1,0+ 1] BREFHENERE [—e d (e> 0}, KB f(—¢) = f{¢) = 0, REEEE
[RlZ 50 f HETESET 0 M.
2 Landaw JERHEHBHPEHBEL, AT LLSE (36, 54 fIARIEE.

16.3.2 Bernstein iFRAIBEERE

HEMTF 24T Bernstein {77 B 3ER] Weierstrass 18I M. X4~
IEBTCRE R — RN, Pl R T Cantor (Y —BUEEEEE B2 5N mf LURH
WA T, L dEn2mAn BRAREAES BRY=EHEED A
B i AR AT . B A Bernstein B MERIGH & BFDCMERS (1912). T
RN AEREFSHE-B X+ Bernstein JEHER 4, TR T REBH
BEREHEHHBER Y. FRXERBRLTUEET S HEER.

B, REmR FE RS LT

MF R [0,1] LAESEE [ F & Bernstein ZIH

B.(f)(= Zf( )( ) —@" o<zl (16.16)

KRN L B, FRETHEY » WET, EFFHT f BRI —EWR B.(f)-

FAES )
> (*:)z*(l — )i, (16.17)

AT LR R )

Bui)e) ~ £5) = 3 (1 (L) - @) (7) a0 -
i=()
M fAE0,1] L3kt MTERBERN ¢ > 0, FEI> 0, {HBY a2’ €
(0,1}, B lo—'| < § WAL | f{z)— f(z')] < e SREH EITAFIAIER |2~i/n| <8
f |o —i/n| 2§ 4%, B
2,

> (1(£)-1@) (D2 <| 3
M+ B U B (16.07) T
> (1) -r@) () -or
|z—2]<é ] |
Z ‘f(:z) x}t() (1-x)"" e

o i )<s

R AMAMFER — T REX
2 ) e 2 1615

i=0

<

L

2

fr— 129

..+_




124 Ft+5F ALFapaEA

NER® |fz) € M VYz e [-11], RMEHMAEERFE ¥V (XEOET RS
RMEREB), 8% n > N B ZAMAMENEEDT e ATTRTE
n > N BT 5% BrERfliit:

sup |f($} - Bn(f‘)(x)l < 2e.
xe[01]

S RN A IRARELL EALR. Ee A AT LB S
5] (130 120]). LA S B0 SRBETRS Bommonlli 0% B VB, B
PR A PR © € [0,1], e FATORESRE, I A I, B 4 £
L A o RN, F R A WL ¢ KRR
Bz} = (T;)x(l —z)" (16.19)

wmpoman () fen g A BT CRETRMRE T P
ER] § RHEIR, A (LOUSRLAR LT A R RAAT T RENIL 2 —

RIS (16.17) R AR T. ERERIETE A n K
B 0, 1, HEE n gAY, MARST 1

FEEFESRRIERS T (16.16) B9 ABHHRENT RN LBIE
o ifnl < 5 81 2~ ifnl > 8 FAE? HLREEWHEHE (16.19) fEH i B
SRR, (6 161 PHGE £ = 02 ERF n =20 5 n = 100 {AHHHL

e T EHE.
y y
ozl { 01}
z =02, z =02,
n =20 n = 100
o1l
0 02 1 Tz O o2 T
K 16.1

MELMELEW, 2 (/0 BP(02) (i = 0,1, n) HBERIRR &R
L, THRREZAERE i/n 5 ¢ =02 BERHHT. X—SAEEHA
FEREEMEIE. ROEER i/n 0. BT H4 A BHOERE z =02,
FRIRMIHEE 5 SOMSRRITFF A W31 1 k. YRR B S 4 e
T (BR LRI R n BORBRKR, SRR Y = = 0.2. XD AWM
RITEREFRIL A BiS b AIEN, X SRS
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XL 16.1 B FEER, TTLAE Y n Bon = 20 JA0E] » = 100 &, I3
BEORRZE. RIS n K, WE i/n BORRABEE ¢ = 02 i X
ARERBRTURE TR

Mbp, EEEEAFX (16.18) MMEE LRAE BHRREMENEL, 1
HERTHAIAE X MESRT U ARSERAE R8T BhihnRiak
R n KB IT R AT RE R

Bha, B (16.16) riRe bR AT, R T H— PR RE L f(2)
fETH Sy, REMETHE 160 FRRERSE WE__HANERT (16.18)
KR

& 1 5% Bernstein iEFRRE B Co9FFS, BARE_EETGRTIEHMA
BRBOTEZ A RASESREEHMIR (16.16). ZEHPE X PR =4
FAFEX BERE LA

7 2 T Bernstein FWA LB RAL, LR T Bézier iRy
HEAMEEIFN ZRETUSEYE MM 8] WE—HFE 5 & i 3
Weierstrass 1BiT FEFER) Bernstein yE H- A~ —E 2 WHEE £ B e #%. Korovkin
(IERR (1953) SE&MERBOE Y &, AT B34 (9)-

16.3.3 EEEBH—MIFIEH

2 BT AR SR AR RS S R R TR, 5] e Bt M e 2.
XKIEEEHED XEAFAIEH H. Cohen % 4 BIIFEE, W, Archiv der
Mathematik, 15 4 (1964) 316~317 | (& K [52]).
[
PR T —PEWATHR 4T

. 1

&8 16.5.4 AFERER S € 0.1,
ZHMAFI Qu(z) = 1-2"" (n=1,2,---)
EEIE} [Dﬁ 5] ﬁF[I [1 — 6, 1] J:’}:}‘ﬂf]—“ﬁ'liﬁiﬂ: 1 1/2
F1 0.

WE TEE 162 BEH T n=1,2,4,10,20
i Onlz) FWER Z5HIEH o 1/2 1«
lim Qu(4) = + ~0.368 & 16.2
LA B EE LR Bernoulli R (M _E#HSE 3 B1):
Lh>-1,neNL W&
(1+Ah)" 21+nh
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BEHEL Qule) ERE [0,1] DR ERL. £XH (0,6 T
12Qu(2)2 Qu(®) = (1 -6 21 -2 =1 — (25" — 1

it n=1-8> 172, MFEXE [n,1] b, 0< Qule) < Qnln). BH
2" 2m
1 _ 1 - n" 2% n" no_,
TRERAT O
(o llne 3 -l g 3758 W EL R

&M 16.3.5 % Pi(z) = Qu((1-)/2), n = 1,2, WX TEREL 6 €
(0,1}, ZMAITFH (P} FE 0 < 6 < jo| € 1 E—Buld-FRABEBREE (A

Heaviside i)
{ﬂ, 2 <0,
H(z) =

1, =30

B—EEEEOTES 3 7 € O0.1, BFGR 0) = 0. AER e > 0, H
fl (854 951) Cantor A, FEHEH) R AL

= ZskH(x — ),

k=1
Hb0<n < <an <1, @BERE [0,1] b {fz)-T)| <3 MY, H
skl < £/3, k=1, ,n

BERS > 0 14/, FRFFRE (xx —6,2x +6) (k=1,--- ,n) HFH
T RIEMTFIRA 0> 0, IR A 16,35, FEERAKE n, EBRL
|P{x) — H{z)| < —?:é; VO<d< |z <1,
Horpt s = é sk, AR P, (2) YIREBEBLE 0 1 2.
FRAERE ST

ZskPﬂ (x — 2),
Hﬂ%xﬁﬂ:;’%hﬁﬂ( 531;-1*5) (1<%<ﬂ») iR
T{x) - Pla) € Z [sel|H(x — ax) — Polx — )| + |s:f|H{e — 2:) = Polz ~ 3,)]
kAt
< 8- -3-—-+|s@! 1< 235,
i o RBHAEM (zx —dzp +6) (k=1,--- . n) 1, M ERFEIFHRE—
IR, fait E AR, B/ e/3,
R R B

f(z) - P(x)| € If(2) - T(a)| + |T(z) — P(z)| <e. O
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16.3.4 EFTEEMHEAWULNA

Weierstrass BT ERAIEER L, £ ERITHENE—TRAMIEH.

HEEEREELE RSN, ARz — TR 5B —4 a0
FHBITEE TS E (1, 35, 46] HFMPRTFMENIEYH. XA

EE+ HECARBAMMM TSI T @ 1632, B _Ei e, B—F
Wl H Feiér % (WA 15.2.4 @Y 2), - For iR A Fourier SREH—E0Uoi
T (LG 15.2.7 ). WA BEEZESEE 19 T de la Vallée Poussin
AERH, R R T (B 43] % 2).

Ak, BREAFERT RN T ¥ R ¥ B0 A, BN E—/WRIEH B
S, B E A A BRSO A SHERE.

MFH—-BIEEHE, XERE N RA%RER R Y Lebesgue %5 1
. HEABRIETEW. SCHBREERERELEEEE, RSIEH T
DB ES AR f(z) = [« HFRA  NEHAEET. AT ERZR
R AL R (o, b P HEESMA—ZER vy = |z ZEERNLANED
H=FiTi $—MrERAEEGE 1419 /899 Visser EIE, EF AN
FEBITE 1,1 L —8WET o WEmEFF, MAFHARLTLE B2
FEFE (1 + )2 4 Maclaurin BFRA = A o2 -1 RBFBIFEMNZIR
JEBTFR. EE VLI (31, 34, 46) AEMGGEAS B EZFOERAIL
AR ek K3

r(l — ) dt

falz) = =2 . n=1,2- (16.20)
J (1 —¢#)" 4t
0

MTFAEEL T € € (0,1), XK [~1,—¢) LA [ 1] b —Fol & F senz ¥, R
TR MEE B 2 K5

gnfz) = L faltydt, n=1,2,--
# [-1,1] E—BR ST (=] (BN (7).

BEERNYI5 Y, Weierstrass BT BB FIFEHET. Weierstrass A B2
BREHESRNETEE BEEXHRE =2 Stone-Welerstrass E 3, &8
THEETERARNH, CemiRAITNER Iy — EEUSE
75 [15, 46] FRBYUEEH, RS & A T Welerstrass 1f 1T i 19 Stone {EBE, TH]
EUJLF- 0048 2icite A F3E BB Stone 34

@ EEXT (16.20) MGCEFR L TR 16.3.5, HILFATER L~/ ERART £
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16.3.5 EEEIERAIR %)

245 HLAR A0 7 i B Y Weierstrass il 8 BRI+ — 26 B A (Al R AY S 7R

B ER KR ERNESESR 3T AR RAEE = AT AR R
fr AR, MATEILMEMSE BhESRRS5RITT e S BRe L
RIF ARRBG IF 2 HER B AR o BPESAT LARE IR A eR RO 98, M AT
EERInE A Rk

£ TEITER, XL B s BT AR R R R RE
SR RN L2HE BR—TEERTARRI ELERZRBERKT
&, MARXBARTTH. —RPRX KA LB

R EiE R PALEE ST AR A ST A YRR REEM RS X
JREURITIC A BT FIEE. Weierstrass 3 BRI CHREZ KRS,

FiE AR EHMER SR LA A, FERERIMRES E091EH.

18 16.3.1 (Lebesgue) LM K8 LATESRELH FEEEL

WE i f € Cle,b), WHEEILEFRH, FESIATFH (P} TEIE [o,b]
By f.

S EALTR P, FEBTAR Qn, HEE (ot LR QL = P FBEH
RL& Qnla) = 0 B3 XEEBMBR ZHAFS {Qn}

LAF2rmiE, SIER {Qn} 7 [o, 8] E—Fliedh, KI5 ERE FAR PR B a0 5 ok
HRR f.

(1) 145 {Pn} F {o.b) L—Flesl, t Cauchy —FILSHEN (900 B4) &0
i, WFEN e >0, FEN, EBWTEN n2 N HIEEH p, WGz € o)
[&] of R AT

| Prtpla) — Pola)| < e (16.21)
TR X |a, 2} LA Lagrange #4052 S H)
|Qutp(T) — Qu(z)| = [(Qnip(2) = Qn(x)) ~ (Quapla) — Quie})]

= |Paypll) — Pulf)i <&
HTREYNTHE n 2 N HIEEE p IKITE = € [a,b] BT, FR{E R Cauchy
—B SN (M FEE), BAE (Qn) T lo, b —BURS ICHBIRERCY F.
THEERE Fa)=0.
() RTELF =f, AEMNTEER 20 € {00 IEREZEMN € > 0, iLAH

FFE 6> 0, fEBL 0 < A < I i, B KX TERNAFR
F(.’I:g + h) —- F(xﬂ.)

- — flzo)| < 3e. (16.22)
X E BRI 2o + k€ g, b).
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FA —IRKAT IR (16.22) RA B REL

Flaeg + h}l — Flzo) f(l‘{})‘ < Qo + h’gu — Qnlzs) P (50)
+ 1£(z0) — Palxo)| + ‘ Flzo + h) — Qn(zo +hh) — Fzg) + Qnlo) . (16.23)

B T e> 0, 1FEN, ¥nz NEE fzo) — Pulzo)l <e. XFGN B
RBK, WBMTF > N, SN EER p MBS = € o b AR (162]) HES
ROL. ARG TE (16.23) HUEGE n= N,

MBI =N, XF (16.23) BB A EE A

Qulzo + h})a — @ (zo) — Pn{zo)| = [Pn(zo + 8h) — Pnizo)|,

HAr 0 <0< 1. fH Pv(z) 7E [o,b] DR —B0iEsEt:, fFEE 6> 0, {H8% |2 <4
it, ERXAHTNF /3.
Rt (16.23) HARE=I, B TAFEANT T HESTEEE, B3

Qnyplzo+ ) ~ Qn(2zo + ) — Qniplzo) + Qn(zo)
h

< [Pusple +0h) — Pulz +6R)| < £,
S p RERERM, 0 < 6 < 1, FFHE [0, —BRIHFER (1621). §

Jo, LR ARS p— oo, BFNE (16.23) BB -IAES < FIHETRIES A
3L (16.22) k. O

d ZTEHNEET, EERRN RN T EE RS B EEHOH
SRETLIEI. BLEIEBRKEE 8] PEEAE THE. (BFRRRERRRE
AT e dEl 10.3.3.)

£ Fourier FFMWHER R HHEREW THEE Riemann 5[ (WLEI&E
10.2.6). fFERFHBPYEZS B UEH, B ABENE M EREEH T
T #& F Weierstrass 1817 EFRAH) —4-iERH.

P 16.3.2 (Rigmﬂﬂﬂ 5|HE) i fe R[ﬂg B, M
lim [ flz)sinprdz = pETm[ flz)ecosprdz =0.

p—++00 a a

Wt FIESE— PRI T A REH [ SERBEN « > 0, SR
g € Cla,b), 18

b
|f{x) —g{z)|dx <€

(W, 105.2 /N E—BBEE 5).
WIS, M T g HET [0,b] L—BOEE ¢ Bt P, W2
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b

lg{z) — Plx)jdx < «.
LA N b
[ty - Pl s < [ 150) ~ g(@)l s + [ lote) ~ Pl ds < 2
RIFH ) :
b b b
J flz)sinprdx| £ J [f(z) — P(2)]sinpz dz| + j P(r)sinpzdz
5 b
< | 1flz) — P(x)ldz + J P{z)sinpz dz

AL, AREEERTF B AGEA S (B 0k iy T, SR T EE4E 7Y $X0R 801 Rie-
mann 3| RENEHIEHE S, RBEASHRSEN, LTRE. O

16.3.6 43R

L f7E[ab EHEX BRMEDN e > 0, FESHA P, FHEEERM
|flz) - P(z)] < eV € [a,b], iEFH: f € Cla,b].
2. 1% f € Cla, b, IEAR:
(1) fATRITE [0 6] DRI —BWEM 2R E, BEREPERE T
I HTE [0,8] BRI B IR,
(2) f "TLATE [a, ] Lﬁﬁj@?ﬁiiﬁ%ﬁﬁ?ﬁﬂilﬁﬁﬁﬁﬁ;
(3) M EESEHBRLENER 3 an, EPEFLREBWAT 0, 5

n=1

FEE [o,b L—BOBTF f ABHARE 3 Pule), B RE M

n=1
sup |Pplz)l <a,¥n=12,.--.
x€[a,b)

5. ¥ £ € Rla,b, MM F B4« > 0, FARAETR p(o) 1 Plo), i
%#:HH@ﬂéf@%aﬂmV$Ehﬁk@lJPmﬂhﬂﬂwx<&

4&femmmHﬁ@+$ﬁﬁﬁn%ﬂ%ﬁj3wmmm=mﬁwfw
EST 0 MMERY. X, FRSUAFAT R LR no HHE n &
37, RHBA A 4. |
5. (1) 87 € Cl-L 1, BMBESEsn WEAE | +77 /() do = 0,0
§BREEY 1
@w&femawhﬁﬁﬁﬁ%ﬁ%ﬁnﬁﬁ%%jdﬁMU@Mx:m
W 5 R
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6. i% f € C[0, 1), iEM: Ak EWAFAIE [0,1) E—BORHT f (974
BB PEY £(0) =0, b

TﬁfEMm%ﬂNﬁ¢$ﬁ¥ﬁnﬁE%#JwW@Nw=&EWIE
A E FET 0. '

8. WEE [ TEIKIE (oo, +oo) b-TTBLRFF H —BONAAY B A B .
fABHREMRX. GXBE T Weierstrass EHEA [ gEAFRCE T+ 2
EREFLE )

§16.4 RBRHWERH

T FPOA R R TR, T AL AT USR] P i DA S ke
R, APEARCAT R ARE DETERNEA.

B L, AKX Y REUR R R A S A A ST
Hpgtet 5 §5.6 WAGREIL-FEN R REREN B - HREERERES
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@(z) = max min f(z,y,z),

chLyhr ot gb
W p(z) 7€ a, b] LIEEE
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E< 1) b, Q9B iaFa mEaTHEN olz) 7 {o,0) Lig%E O
F AEFEBEZHRANTEERITES —TEHPH—EE:
B f(x) 75 {0, 0] EFELE W
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(2) & fle) 7 o ML M Ve > 0,36 >0, 4 € Os(a) B | flzx) - fla)| <
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i 18.2.5 (ESGBRSTHE) % 2 B R" PEASE f £ 2 F8—T K4
WG, W 2 R F RS 2, B
flz*)y=2".
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fz.9) r2cos? @ + sin? @ - MRO#0,m

EHH =08,y =08 flo,y) =0, HEARRAY lm flz,y) =
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EI>0, FEL e, H |o—axo] <68
fla) < flxo) +€ (8K f(x) > flwo) — =),
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Mg, O
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§19.2 &%

19.2.1 2RI NEEFHLR

AR, XEAOHEZ0m . # 2 = flz,y) & (zo,y0) BIHESHR LH
B3, MR Az = flao + A, yo + Ay) — fzo,30) TTUFRN
Az = Alz + BAy + o{r),
B A, BREMUGE (z0,50) HXMS Az, Ay TRBFEE, or) % r—0
BESCT r BRI /MR, r = /(A2)? + (Ay)?, UER £ 2 (2o, vo) TTRE, BFR

AAz + BAy RE¥ f T (zo, ) SETRBS iC1F
dz = AAx + BAy.

MR E, 18 Az = dr, Ay = dy, FRERS dz XA[UE N
dz = Adz +. Bdy.

AT E TR, R E f A (xo,yo) A, FRATE (zo,%0) HHHAH
fzo + Az, g0 + Ay} ~ f(zo,40) + Adz + BAy.
EXHWR R R, EH TR E XETE (v, v} BEEEATH—4

Az 5§ Ay WSROI RURE.
SRR T
(1) R f &= (xo,v0) B, W)
4= o), B = (20,40)
dx oy
(2) % F B8 (zo,v0) TTHL W f 7B (20, 30) BEE
R (1) 50, MR f E&E (@o,v0) FIRE W F 758 (2o, v0) LTSGR
df = 3L (a0, )z + 3L (o,
AU ] R X BT A B s
d“f = d(d™ 1) = (dxi +y ),
Hot (doo + a2 ol dady, -2, L MAER W R TRRER
FETWEI3 £ MRS, B L AT
SRAMLERIL % 2= flz,y) B2 R3 Py, mE 7 e #4
TS Polza, Vo, 20) BT, BHE T LA RS po EIER AR BERXT
r=+/(z~z0)? + (¥ — y0)? H—TEH T3/, VIE A i 4 TR
B 7., 7, KA, KBEEN
n= (-g*i—(mu,yu), —%—(xo,yu), —1}.
S e mEEARR AL, 2680 TH FREMTESHIHRE. L Tl ¥k,

f(l'(] + &Ia Yo + &y) ] f(xﬂn yﬂ) + g—i(iﬂa yﬂ)'&m + Ea}y_f(zﬂr yU)&y
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R (o, y0) FHTA— MERIAR (B 6.43 PR HHED),
Az = %(Eu;?ﬂ])ﬁﬂ? F —ag(xmyu]&y

R (zo, yo) WHER—TERIFIREMS TR (B R 6.4.3 MTPRFIED.
B 19.2.1 R A= /T (LO0A)Z 1 (1.994)7 Ay MAE.

B Bz=flz,y) =+1-2?+y?, 20=1, yo = 2, Ax = 0.004, Ay =
—0.006. HRE

af _ 1 af _
E(1,2)_ R ay(l,2)—1.

FR A= £(1.004,1.994) ~ £(1,2) - 5 - (0.004) + 1-(-0.006) = 1992. [

19.2.2 SRMBAEGRM. WIFBREFENE TREEZEHXR
SRRBE T AR RS, RS EE R TTRYEZ R T RIX &

E%@Biﬁw{ﬁ?ﬁﬁﬁﬁ-
WMEPVTE

\/

A1 TTEERERE — MR f(xy) T (zo. %) FRIRRE B ERmT:
(1) flz,y) E (zo, 0) EELE T RFBATHE
(2) flz,y) T (z0, yo) HLATEEE;
(3) B X RAERE Af ~ fol2o, y0)Az — fy(2o, yo) Ay # olr).

ﬁm 19.2.2 % f(z,y) = v/leyl, IEH:
(1) f(z,) % (00) SES

@ L), Loowen

(3) Flwy) % 00) ARTRE

W (1) BT [Af] = Az A2, TR

l W= lim 0,0)+ Af) =0 = f(0,0).
(ﬁz,a?)n—»(n,mf(m v) (ax,ab)_,m,u)(f (0,0)+4f) f0,0)

(2) HHskE GTRAE
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of — e 40, 8y) - f(0,0) _
R .

(3) BT
Af - f2(0,0)A7 — £,(0,0)Ay = |Az|/?|Ay[*/?,
B Az = Ay — 0, I
Af = £.(0,00Az - £,(0,0Ay _  |Az['PAaylir
T VR (Ay)? V2

. #9,

BFEh f(z.y) T (00) ERAH O
B I y) 7 (o vo) ALATHGH, BUCARMEAR:

Flao +Az,y0 + Ay) = f(z0,30) + fe(T0,30)02 + fy(z0,30)Ay + of| Az + [Agy]).

FRBTFRERA folzo,v0), fy(50,90) FEEFRURE S HRBBARA

(XS -BARMEAR (B 159 7 (6.0) BIrf0f R —Ra, mk

Wb — TR £ TR SRR K 5).

B 19.2.3 & f(z,9) =z —yle(z,y), HF plz,9) 7 (0,0) SH— 4R
bR, BREFRY o(z, y) WM LELHA4E, F5

(1) fiz,y) £ (0,0) pIELE;

(2) Hz,y) 1 (0,0) SAFERSE

(3) Flz,y) TE (0,0) EPFR

M () ET f(0,0)=0,TE (0,0} FHE

|f(z, )| € 2¢/2% + 32| 0(z, y),
FRY
(z,y%lftum 22 + yep(x,y) = 0
B, flz,y) T (0,0) S
il o(r,y) 78 (0,0) gFHEA R fz,y) 75 (0,0) SEEE
(2) BT M FH

= lim i:cgo(:::,{)) =+ llm w(x,0),

.'c—ﬂ}i =0T

T lim p(z,0) = ~ lim o(z,0) B, gf (n 0)= lim p(z,0)
FAEY lm 0,y) =~ lim ¢(0,y)i, (ﬂ 0) = hm p(0,y).
y—0t y-0 al'

im —ont, & 9/ (0,0) =
WY | hm o eley) =0, 50,00 =3 (o,o)_o.
(3) ;T
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) - S 0.0~ SL,0

= |z — ylp(z, ‘u) = [lim, ez, 0}z ~ [ lim (0, y)ly

lolz,y) = lm (e, 0)le - [o(z,4) + i, w09y, FHz>y,

(@ y) + lim oz, 0)e + [o(z.y) - lim o0.y)ly, 2 <y,
BT, X

Iim @z, y) =0
(E1y)"_’{030) (Pg{ y)

it SL00=Ley-08smy Eo0 HmR O

19.2.3 B&E

1. At 4iR fo(zo, vo) TRERBERIE—CRE f(2, yo) 7580 w0 HEEE? HILEE
Gt — W MRS yo B9 v, —CRE flz, 1) EA 2o ELET
2. JERH &R TR IR (1), (2).
3. S5fi B
(1) flz,y) FRE—HOFRNTERIY BEZSEF—SEE AT
—E A B
(2) flz,y) R G3EE, BELARFELIN—ERE NTA—B T
(3) flz,y) RS, BEZSRIBA ~EEE
4. kM F folz,y) TE (20,30) HEE fylz,y) TF (zo,y0) BELE W flz,y)
TE {0, 10} S ATH
5. Wz = flo,y) EHE D = (0,b) x (c.d) LIt Aefs dz EHF. [
flo,y) 7 D MREMBERE? EHRRIET.

19.2.4 &#38
Viz -yl sin{z® +47), 2492 £0

L#f fla,y) = =+ ’
0, 2+ =0,

P
(1) flz,y) £ (0,0) MR ELE?
(2) flz,y) £ (0,0) FRERIH 7

: i 2 4 .2
. rYSin —m——7p, T+ y° #0,
2. % flzy) = Tty
{, 2%+ 42 =0,

WERE:
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(U fm(oﬂ 0)1 fy(Us G‘) ﬁ#‘_ﬁ:‘}
(2) f2(0,0), £,{0,0) £ (0,0) s ANEEL
(3) flz,¥) % (0,0) K TIHY
(A B350 BE A TR Bl R S e 2.
3. W flz,y2) AR D LHEX fo(z,9.2) 5 fylz,y.2) D EHR B
MEEH (z,y), flo,y,2) B 2 RELEE & f(z.y,2) £ D LEE
L R u=Inl+22 +4?) 7 (2,0) = (1,2) RO BLE
5. CE—RIE ARG R B4 Dy = 10.44, ?IHU 18.36, Hit&IRZE |AD| <
0.02, [AH| < 0.0L MG BHEMRARX YV = '-'ED H it R g itin s
AV SHRE AV/V.
6. flz,y) EXEER I =[o,b] x[c,d £, H f, 7 1 BHEEE B f(z,y)
y W 2 —%( Lipschitz Z&{f, 31 AL > 0, {18 V(z, 1), {z,92) € I, A
|f(z,51) — Fl@,y2)] < Ll — wal,
HAt L 5=z Rk
T ERE flzy) WRIE S WL ERE D AT H Y(zy) € D,
folz y) = fy(z,y) = 0. EB] flz,y) 7 D EAHEL

8. i 2 € R® R, ulz,y),v(z,y) £ 2 HHE
du _ ov du _ _ ov W rv?=C
iz dy ' dy ox’ ’
B C HEE, IEH wix, ), vz, ) 7 2 WIERHE
9. % flz ) EG={{z,v) |£2+9* <1} EHEX & f@0) EL =04
#eE B fy(z,y) G EER FH flz,y) 7 (0,0) 4bEEE

§19.3 RAFHEKS (BEN)

19.3.1 Eam¥mSHEEE

B oz = flunouw) IES (v s um) ARG we = gilmn,o,2a) (8 =
)R (2,2 BRTF 5 =1, ,n) FIRSEL MESEH
= fla(z, - Zad 5 Gml1, 0 20
*FETH H"J{ﬁ%&ﬁﬁ—ﬁﬂ

Cdu .
a:cj 12 ou;  ox;’ J=Len (19.2)

BTN
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du .y
(az az)_(af,_ af) o a"’f“
a.'u"'] ! ' Ba:n a'h':l ’ a"u'm ) )
Q. Jun
aml axn
W1 &= flz,y), T z= ), y=¢0@), U
- Lom+ Lo, (193
W2 #F 2= flzyt), ﬁﬁgf= so(s,t),a:tjr =azb(s, t),
dz _ P Y
9% 9z s oy ds’ (19.4)
o: _3f d  of W , 3f (19.5)

ot dr ot dy ot ot '
& BE-gRmnl L sestann AL L mra
[ (5,8), %(s,1),

Xt RS H s HHE T % R 2 = flo,9,0) 3 RIS, 182,y WY
R HTBERA AU ATHMNTS

h= af —(zy.t), fo= ;(w Y, 1), fax%{—(s‘:,y,t),

Hh TR (i =1, 2 3) TR MEERRRT, TRWTH (194), 19.5) X
zg = J190s + fatbs, @ = froe+ fape + fo.

BREEMERAN
Ya ¥t
(zmzt):(flsf?:f:i) % t'{"i .
0 1
19.3.2 &E

GI 19.3.1 XFRHEL 6 =19, % 2= p(t),y = y(t), K L.

B o3&

G =0+ v

=yz¥ 1 (t) +2¥ Inzy' (1)

=2Y(-L ¢ +Inzy)

= [p(t)]¥® (%w’(t) +[In w(t)]w’(t)) . O
(ABTFR 1188 F BAMGITESEAN &, & W L 165~166 TT A ¥ 40K G
ERAR (19.3) B —TRH, THEfFHIR
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11 @2 Qg
k21 Q22 '+ @2n
A—
nl Qp2 **  OQnn
EF]'P-%, ﬁtﬁfﬁ%fﬁ% a;; (1,7 =1,2,--- ,n) {Rt H—mEH EMNXFtH
R B

DS 19.3.2 EHFTHIR A HRPETIRAMNMBL B2, - B nfTa
ERRBR TN FEWELM » MIFIRZM.

i EHCTFIRETS § AR RITR
A= Z A.i_._;a,;j,

=1
Hep Ay ooy WREATR BEEE An. 4o, A PARELE ay,
l1<jgn T
OA 4
aaﬁ- E
FRAR (19.3) 75
da; da,
s oSS gs de S5, de

=1 j=1 i=1 j=1

da,,;,

HRE $ Ay SRR MIRNRTR, EREAAIR A pER
&

EFHE A TTTER a0, i BRE R ot Q02 o,
BTG RT. O

RN (192) B BR S, un) ZE8 (i) TR,
AR (192) WK WE THIHF:

TAUEY f. 5 f, #7E 0
Hr=y=t M f(t, t)

AR, Eﬁﬁﬁﬁ J(z.3) % (0,0) SRR
Loopm - L mpmesn, 5

fo) = {jfyg, % (2,9) # (0,0),
% (z,) = (0,0).
T
{(m Y %(wy}#wc})
)= (0,0),
2($

i) { b ﬂ:a zy)#(o,m,
z,y) = (0,0},

0
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d{ = fame + Sy

Y (z,y) = (0,0) 8 S = o, MBEHE f(z,y) 7 (0,0) AP, R FHE
S M 26 1

i 19.3.3 # f(z,y) 7 R? PHEERGH B fz,7%) =1
(1) % fm(mrmz) =, :k fy(xaxg)i
(2) % fy(ITy) = z* + 2ys S‘R f(ﬁ':,y)

B ()3 fz,a®) = 1 AKRSR

fz+2zf, =0
h &8
x4+ 2xfy =0,
LY o # 0 B, f,(e,9%) =~ 8 [, MIEGHAY o = 0 RH fy(z,0%) =
1
2 (2) & Flz,y) = flz,y) — (2% +¢%), Wl Fe,y) ER® 1SR, A
Fy(z,y) =0.

FR Flz,y) BE « R B Flz,y) = ez}, AT
flz,y) = 2%y +4° + ola).
Hih flz,2%) =18 o) =1 - 2z, Bk
flz, ) =zy+y*+1-22% O
Pl 19.3.4 R u-= f(xsy)r v zg(x,y,u), w = h(a:,u,'u), K '%t‘;)": %%

B HeX/LiTAYE
W= h[$, f(fﬂ,y),g{ﬂ?ayﬁ f(zs— y))]

NI 5 Y
%—-:-:L = Ry +hz§~"f" + ha{g +§3'§§),
%‘;’ = hy 3f + ha{gz + 93 af) O
il 19.3.5 & _TELEAI AR F EE ALY FA[E R Flz, v)=[(x)g(y),
ERBERPAER Flrcosd,rsind) = h{r). & F(z,y) BF =, R Flz,y).
B iR
OF _ oF dr  F %
a8 dz df dy of

= f'(¢)g(y)}(—rsinb) + f{z)g'(y)r cosd
= —yf (@)g(y) + zf(x)g'(W).
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A—HEH
oF _ oh(r) _,
ab of )
TR —uf (gl +2f(@)d(y) =0 Hx#0, yAO0HF
fllz) _ o'W)
zflz)  ygly)
HFERXWMEEM ¢ £ 0,y #0 HE, TR
flz) _ o) _,
eflz)  yoly)
He A M{E—H% B (197) 3
G
f(z) ’

Bl (In f)' = ( z*), BrLA
In f(x) = %:ﬁ s
Rt C WAL 6 198BS

fz)=Cie 2,
H ¢ AMEEFE &1 9.7) ;B85

Syt
g(y} = (Che 2 ’
B C AEEEYH BEHR

F(z,y} =

lizaﬂrzl

2

B CA pEEHE Flz,y) Ex—ﬁiy Oﬁﬁiﬁmﬁéﬁﬁ’%ﬂ.

P 19.3.6 ¥ 0,0 #0, f BH KRS E, B
2LL 8
oz? Jyy° ’
flaz, bx) = az,
folazx, bx) = bx?,
;‘R fxm(a$1bm}: fmy{aza bﬁb’), fyy(a‘rrbm)-

¥ (19.10) IR, 18
afz(ax,br) + bf,lax,bx) = a.
3¢ (19.11), (19.12) Pk S5
afzz(ax, bx) + b fg,{azx, bx} = 2bz,
a® fo.(ax, bz) + 2abfr, (ax, ba) + b2 £, (az, bx) = 0.
i (19.9), (19.14) 78

fry(az, bz} = 0.

(19.6)

(19.7)

(19.8)

(19.9)

(19.10)
(19.11)

(19.12)

(19.13)
(19.14)

(19.15)
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# (19.15) £ A (19.13) 12 o
fezlom, bz) = T-. (19.16)

BoHE (19.16) fRA (19.9) 18
fuyloz, bx) = ——gbﬂq:. O

19.3.3 FrEHE

EX WOREH f(z.y) MR [tz ty) =" flzy), HP >0, WK f £ n
IRFFR R 70 B HH I TR

HM 19.3.1 & f HEERFE M f R0 KFRERHEER MR

gi (z,¥) +y gf; (z,y) = nf(z,y).

8 19.8.2 8 f(o.y) KBTI 0 KFKEAL T
(x% +y§a§) fla,y) =n{n—1)f(z,y),
2 2
3\ _ 279\ d 9 J _
’7”—‘3@( £ +y3y) =2 (L) e (o) (7«;)*1’2(@) e
FEHIES WL 0.y, - o BN, AR

S 19.3.3 & f(z,y) R THRELETTHE n KIFRELL W 2 (2, v), fy(2,y)
72 (n— 1) KRB L

M 19.3.4 F f(z,y) RFE R?\ (0} LiESEH » RFFRE Y W
()l € O® + y*)™2,
H C mIEREL

U LB LI BIER A AR, EINMIERHAE, HAiRE.

U 19.3.7 0] v = o(-L) +yp( L) R AR

zau au zau _
e +2:r:ya ™ +y X =0, (19.17)

B o, o B2 BB R

S LRTLLELH S REORSECER LR, HWRE ﬁ, HoERH o
¢ m&ﬁm o(£) 5 (L) MERKE R XERE o L) nBhF

KR yw —'?k?ﬁ?ﬁﬁﬁ H7# (19.17) 95X

3 2
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B 0320
yay) L) =00 - (L) =0,

(ai 3y b= 10 k] =

( Fr “’ay) [{P )+l ] 0
XA FEALHE. O

TR

19.3.4 36
1.&H:em+5iﬂy+f,$:3t y-_3+t'-‘*_%%

& u = -z y du du du
Bu=fts=t= K 90 0y 2

ﬁuﬁf(s,t,y),s=<p(m,y),t: :c,y),i}i—a-z-,%.

Wu=esiny, x=2st, y=t+ 9%, K —gua—,%.
Bt u = flaz? + by? + e2?), 3k du.
B f(@p,2) = (5017 R 71, 1,0).
W w = Fzy,y2), F AHESER S ZICR %, e
49w _ y dw
dx 0z oy
8. W z=flxy), f ﬁﬂfﬁﬂ‘]“)ﬂ@ﬁ ﬁﬁﬁ
az Yoy a
9. WL u= F(z,y) ?ﬁﬁ'—.ﬁ:‘@
aﬂ- ___0,

+ Y= - Jy
WE#: F(z,y) EH%ETETHE 6 WA R
10 R_FTERH F ERAARFRPUTRE Flz,y) = flz)gly), ERLRTA]
B, F(rcos8,rsind) = h(#), 3k F(z,y).

11. 1EH8 u = @(z + at) + ¢(z — at) ?ﬁ,@ﬁ@

2
Jdu azau_o

at? or?
He o, ¢ RAF _HrEZSE LRI
12 Rz = z(u,v),y = ylu,v} JHE
or _ 9y or _ _ 0y
ou dv '’ ov du ’
X w = w(z,y) ?ﬁﬁ':jfﬁ

NOe s N

X

= ().

82
ay2

=0,
i FR:
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(1) w= (el o) ylu0) HEHE 08 SU _g,

P lay) | ¥ lay)

@ 53 = 0.

Jv?
13. EHA: Wi eR L 2 = f(z, ) {%7% ax +aby (ab # 0) WERE RERFR
hLE = g 0%
gr ay

R wz,y) HEE WIS, Fist) HFEE—NR T BHE
Flug,u,}=0, F24+F240,

15. % u = (VT HEGT IR AR L —3} = 0. @

u(x, y).

§19.4 RBEIRENRSFTH

19.4.1 HREEEAR SHURSTEHETE

R’ D B R FH—AFR, f: D~ R™ B— I EEKE,
f@)={filzr, - 2n)- o FmlEr, o 20)),
B fro Jm B3R 0 TERI % f1,-- S B2 D ERITRGREG, #7 F
B D LT RARERY RER D LA o RSt X f 1 zo € D LAIES,

B Jacob: HHRE
() .

7 £z AW TR Flzo) (LEH Jf(xo), ERRT—4H R" 3
R™ WEAEE. & f 7 o L8N, RITEOTHRERAR, E4HTHE
16 e& 3 220 R Rt

S 1941 FHAXEDCR, F.:D—-R™ D Luj#k, =y, =€ D, B
f(&) = f(@o} + Jf(zu)(z ~ To) + o(x — x0),
H oz — xo) RIRY o — x| — 0 B, EAFH RS MEHH I

R, W S B 7E B3 T LA AL, TR — A ML S — A L A
Bl 1922 B mFEFELP LU RIESTRYE LT
FE—JCi A9, Lagrange @ A T —To R BA 25 (BIE) MG
Efhi RFEXELMRE D c R* L n TTOMEE f(o), hAEKH S
HEHEE MY e be DR, 30 (0,1),
f(b) - fla) = Vf{a+8(b-a)) (b-a)
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ot Vi) = (S, o, 2L, o SRR, B ERATTLAES:

PIRE 19.4.1 i F B R f7FE G 3| R™ (a3 (R ERE), =, y €
G, a#y iEl: FRERTIG, N Ya e R™, Iz ¢ 77, i

a (F(y) - F(x))=a JF(z)y—a). (19.18)
¥ EX—rxREH
f( ) a- (F(z+ My —=z)) - F(z)),
W f(1)=a-(Fly) - FO) =0, i —CE B T H B

a-(F{y) - F(m}) f) fO)=f§)=a - JF(z+{y—-)(y-=)
Hb0<t<l b z=a+fly—x), NV zcxy, (1918) By O

{BA S R ) B R T e R A R, TR R,

Gl 19.4.2 1% () = (cost,sint), t € [0,1], W] Jf({t) = {—sint,cost).
B3 F0) = F2r), IAFEIE 0 € (0, 1), 1 F(2m) — F(0) = JF(6-2m)(2r - 0).
b, J ) EARZT R

RIS 10 F o o R R 2R A i

#H 19.4.2 (RRSEHETE) #OMEXEDCR, FED FU# 0b¢c
D, Wl 36 € (0,),
Lf(b) ~ fla)l < ||Jf(a+8(b-a))]-1b-al,
B |- JrEESE BE A= (g)mxm W |4l = max el

lgigm, 1<jEn

W B At n =1 BHFENIER, B o, b 0% B
p(t) = £(t) - (F(b) = fla}), t€la,b].
B — LR WA T EE R B
p(b) — pla) = ¢'(a +8{b~a)){b—a) = Ifla +8(b—a)) (f(B) - fla))(b—a).
1 Cauchy-Schwarz AZXH
[F(0) - fla)f® = 1T f(a + 86 —a)) - (F(b) — Fo))| - 1b —al
€ [|JH{a+ 8(b—ap)|| - |£(b) — fla)| - [b—al.
R
17(8) — Fla)l < [[Jf(a+8(6—a))f-|b=al.

B HFn>1 Q‘Jﬁi’ﬁ Bglti=7F((1-ta+th), te0,1), R g{t) H
NI 0,1] LEmBEIHRE, 9(0) = fla), g(1) = f(b). FIAEGEHRFR
B—riheiBANFNASA. O
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BiRA 19.4.3 % f RO D C R™ BRI RS, OF e T8 Jf(z) &4
F 0 (R A ERAFAE), N f 2 D LA il

W BGE o € D (ERA—x « € D, W - FH e 8
|f (@) — Fleo)l <HOY - & — 2o = 0.
T fiz) = flmo) Ve € D, Ll f BEHEBRSY O
& TR D e Bl AR K D I S

FEE L&, RO F LR R ER B {E R LR

19.4.2 £33

L f:DCR"—-R™ z € D, HFEHEM A, (187 =0 HEENT
flz) = f(@o) + Az ~ )+ ol@ - xo),

HA olx —wy) #RY |o - xo| — 0 B, BASWI LG MEAMEE. SEH f
& @0 4bATHY, FL Jf(xq) = A,

2. W f:R— R BUNPBHEY, HEXE ) =1V € R. iFH]
Ft) £t) =0, R EHF LA LR

3. U u(z,y),viz,y) EEE R L H—WEERFE BHFEEC >0, WEE
B (zow) € R? (1= 1,2) ByA7

{ur —uz)® + (v —v2)® 2 Oy — 22)° + (1 — w2)?),

HA w = ulzy), v =vienw) ((=12). Wv{z,y) eR*F

o(u,v)
May) T

§19.5 T HPEEIEN

19.5.1 BYES

L EEZTEHYT, i1 5FETL Kt TREE SRy —THE X
T— R SRR FER TR I RSB T SHTEET2F
T LR, HAT R R ITE— ST 2. Bk R e
SRR ST AL EREEMS, CRBHE ST SER TR
F3 FEREEBEEIIA LM IS, W [25). Rt E ST R
ZYEF MG RRFBTE.  BOLIS R SEL P8 i E B,

2. E—nEHt, IFENFRH (BREM 177 | 6.3.1 /), REFEXN
HMERTRS MX—EFHE FHEESRMT, EREEENTHNE
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MR EEH B HE— ST A [ R RS R EELS
RFEHFE B FEEE S Z BN LR, HrEd R H.
3. HARECRSMBEREMETRVIGMES, WFERERDIEMNEIRER
LI i | D e e iR PR
4. FEIEREEIN  ERINE TR BCESE, W) R Ft, hEEE 5 —
ifim, B o NVO R EREA - RS e flimEsigsE
A RERSE T ik
(1) # felzo, o) FTE, MEERIE— LAY /2, v0) 7 wo SEL
(2) % faley) T (oo, yo) ISR ERF, W fz,po) 75 oo BISRBAIESE.
N, AR & 1911 B, JEER A BRI TER:
Af =[fzo + Az, 50 + Ay) — flze, ¥ + Ay)] + [f{mo, v0 + Ay) — Flz0, w0},

(A& TR RN A — R P EEH, F A ITEE R
W PR REGE XA S, EFRE LS. BIEEELWE
FoEstvt, EAM YA PEERE? $Eb HIEET - TREH L
TEER U ELETE.

FEFFEEAMIAASRSFEE R WA S E L BV ES T
M—4~ R, fimss I R 19.2.4 980 2 sE2— . BEE 19.2.3
4 ZEW RSP RFEHE, EERIRME. HitmR flzy)
E (o, 00) SHFERSFYE Loz ) B fi(x,9), B Hoy) 7 (2o, 0) AT
™, BT — T RFE Sl y) W fylzy) RATREE (20,50) SELL

M BTRIGESE . MIRFE. RELEEN TRZRNELR, B
SFHEEE H AT

Zo| SR ERFRENINEET IR, UREIYEAERG EMA. TH
PR B

k
GIE 19.5.1 % w = pyze™t¥ T R g Efiptg+r==%k

SNV Y
B ot - N y r
axpayﬁazr = ogr ) dy? (ve?) ai" (ze%),
i
%;—(mem) = (p+z)e”,
LN

u obyta
oxPaydz" (p+ z}(q+ 1)(r +2)e"t¥T*. [
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BUCHBIEL 19.2.3 B MIRE1T B yF A RINE, BN 51 92
£ B OAESH LEZ M MAREARTLS AT EEHER.

10.5.2 £
L u(a,t) = 5o o EW ¢ > 0t ‘—‘ < 192%™ g ¢

RIEREL A j‘ﬂ?ﬁﬂ A IE 8L
2. B Iz,y,2:8,n,0) = —ﬁ [~ &)+ (=) + (- 0% M

e L le-0t+y-n+ (-0

2 —
gygz < B2+ -+ (- 07,

L A (CR AU R Ao

Hi ¢ REFH

3 & wz,y) FHMWFE ﬂﬁ@ﬁ IEHR u RRITTE
8 v _ du  du
Bn:ay or oy

B FEE SR ulx, y) = Flz)g(y).
4. JEHEETF n WIFR B HIME 19.3.1-19.3.4.

1 1 < 1
I Iy Tn
x 2 2 2 \
5_ ‘[& U= Il 2.‘2 e :U'-n 3 '[iEHﬁ'
q g e

6. ﬁ A = (a‘i}')ﬂx'ﬂ %ES‘EE@! f(y} %EESCE R" tﬂ{]:mﬂﬁ@ﬁ: F(:E) =
f(Az). IEB: ":’ly=A=B g

(3 £ ()
(};W—zf—f“.

i=1 aﬂﬁ?
7. KT FIEHH) Jacobi FTHI=;:
{1) £1 =reosf, s = raind, 3R

o(z1,22) |
a(r,8)
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3(551,3?2,3?3) .
o(r,01,02) '

(2) 21 =rcosby,zy = rsind cosfy, x5 = rsinfy sindy, K

4

T = reosfy,
g == r8in 8, cosfy,
3 = r8infy sinfy cos s,

(3) <

Ty—1 =rsind; sinfysinds - sinfy,_gcos8,,_1,

(T = Tsind; sinfysinfly - --sin By 5in Oy,

ﬁi rZ 010 % 913"' pgm—2 L Tt,D < 9m—1 % 2“: iﬁﬁiﬁ%ﬁéﬁﬁiiﬁ

a{:ﬁ,zg,--- 1$m)

a(?',gl,gz,“' ,lgm_l) l
8. EFEIT A REMT
(1} MR RE LSERER Af(zh) = df(o)k, iEH: B f(z) =
Zi o T R AT BB TR, & 0 R | TR
RE, ﬂﬂ’k‘iﬂ‘]ﬂﬁ”ﬂ‘]*ﬁﬁﬁ%ﬁjﬁ'é 3(f(x); b}~ Zén
(2) MAHFA dln f(z) f( df(-’v) BX ﬁflu:ﬂ%%#ﬂiﬁﬂ — Rt

s AL fczi, ) BIHIRERERE fioe ) fa gty
B AT R 226 A,

9. J& xl(t)l m?{t}r YT xﬂ-(t) ;% R J:ﬂ'{]ﬂ‘iﬁ@ﬁs ?ﬁh—"‘.
:13'1 (t) = aua‘:;(t) + ﬂmi‘g(t} R ﬂ-]n.’ﬂn(i),

) z5(t) = amzi{t) + agoz2(t) + - - + agpxy(£),

cccccc

| Zn(8) = anaZ1{t) + @naz2(t) + - + apaTa(?),

ﬂ[‘: Q4; = U, 3&.? = 11 3 T fﬁﬁﬂiﬂ‘ﬁ‘:ﬁ] ir —"—I—!l t— 400 Hij‘s mt‘(t) — IEJ@
oz (t), 2a(t), -, xn(t) B RLRYEM GG X ERPAREHLENER
R LE—&ERE-HEET 4)?

10. # f 3 R™ L#Y C% Bgt. Jf(e) & Jacobi R, THM T #%‘ ( ),
7 = 1,2, n. fE Jacobi FFIR detlJf(2) T REA) RIA T AN
Ai,j(m)ﬂ =12, ,n ﬁEﬁﬁﬁn_—FH{] Hadamard Tﬂ%ﬁ

Z%‘if—j(m) =0, j=12-,n
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AETE §20.1 ‘FWifit— IR E R RE. T §20.2 TSR R4 T
E M PR B I RS AT R IE T R RS AR 7 §20.8 Vi
A ARE R 76 §20.4 IR TRERE (A1) M B EFTEE, XA RUER T
R FEREL B — AR T EAMEEE.

§20.1 —AHEHER

20.1.1 [REEBHFEEER

&8 20.1.1 QREEWEEEE) LR Flz,y) E TR &H:
(1) EEBRE D= {{z.9) e R? | lz —zo| < a,ly— w0l < b} REET =, v
AL IR T
(2) F{xo,yo) = 0;
(3) Fylzo,30) #0.
W%H:
(1} 74 (zo.yo) MIFA RN, A Flz,y) = 0 FIATRERE— ) E
y = fx), LR, F7E 7> 0, # z € Oyzo) HF
Flz, f(z)) =0, FH wo = flzoh
(2) f(z) T Oy(z0) FIIESE;
(3) f(z) Tt On{z0) Wﬁi@ﬁﬁ‘]%ﬁfﬂ ,
f.’(a::] _ =, ) ]
Fyl{z,y)
By = fle) HEFE Flz,y) = 0 B EM RS

FE1 M F(zy) =0 R RNME—fHERERE—-TRANE &
AT HEA, v ARH, REBAATE SRS FRITEN 224 T r#H
y = fle). H—8HH$ e MRS, RRIEME T FEl, R
HUBHmMaY Fle,y) (REXEHI f(o) RiAA FLL IME Flz, ) @
ZIKHMRE, WADREEREEA Flo,y) =0 PRER LR MR 2
27 Kepler 7 FE (WL E# 80, 146, 172 11):

Flz,y)=y—z—esiny=0, O<e<l.
Flo.y) 76 (0,0) SEHI#EEBriR &4, ATRER v = f(z) (Kepler )
TE7E, L. 1%, Bk (20.1) TR RER v = flz) B FHL

(20.1)
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1 Fy 1
ilg T F,  l-ecosy’
B Flz,y) =0 ﬁ@ﬁ%@ﬁxkﬁﬁﬁﬁﬁ%@%{
EEEAR (20.1) WEWMEAAP. RN FHEMNEEs S5y X—

SE BRI SERTHAN C, EARERY ) = - Eﬁiﬁ .

XA BRI RS PER. IR (20.2) T4 Kepler m¥TR LiEHH I
B, By BYTT ST TR o R ERS. — R Fle,y) IS B
eﬁﬂﬁ%m&ﬁﬂz%ﬁmﬁ RIXT (20.1) B3RS o sk G1%
y'(z) = Frg + Foyy VFy — (Frey + Fypt/ V2]
¥ (201) fRATE
o' (z) = ;3 (2, FyFay — FLFyy — F2Fypy).

X2 EBHERRRIE, BITE (@o,y0) FEAEA G2 Flr,y) =0
AP —E — AR v = flzo) MBAER y = f(x), HEEIREE
R ITX T LK.

3 WFHEFz, -, 2eu) =0 EEA (@, 2, uo) BHERE—
A n TR RREE v = fz1, - z.) WAL E.

E 4 A—REPS LEHMREREEAES P LIRS, mRRERE
RBCGESE, Ndpd 20.1.1 BYR AR AT ES. XL, BATE T HEME®

&8 20.1.2 R
(1) Flz,y) IEE D= {(z,y) €R? | |z - zo| <,y ~ yo! < b} L,
(2) F(zo,90) =0,
(3) F(z,9) M&—4~ 2 € (x5 — a,z0 + a) X+ y M H 1,
WA
(1) TR (2o, yo) BIHAFEA, HFE Fla,y) = 0 Al ERE K R
= fz), WHRH, FEn >0, 2 v € Oy{x) BIF
Flz, f(z)) =0, 3HH %= flzo)
(2) flz) £ Oylzy) HIEEE

IS 20.1.1 SEMETEA (L,1) 3 — S0 A 7Ei — Ry e A B o —
f(z), WR F(1) = 1, 2f(z) + 2lnc + 3In f() — 1 = 0, 3% F(2).

(20.2)

- el

iE 4 Flr,y) =zy+2lnz+3ny -1, [
(1) Flo,y) 7£2 (L 1) SERENERT o, v AUZESERSE
(2) FL,1) = 0;  (3) Fy(L,1) = (= + %}]h_yhm £0.

D BEHRRE 622 NWH “REERTE




190 Fo ¥ BEMRAARHEBRHHMES

HRAHFESH, & (L) ESEAFEE MRS HER v = f2),
R f(=Lzf(x)+2lnz +3In f(z) -1 = 0B

2
ff($)=__Fa:{Imy} :u_y-l_ T :_$y2+2y'
Fy(z,y) 74+ 3 22y + 3z
Y

GUEE 20.1.2 # (z0, Yo, %) TR wo = %o + Tow(uo), MIBRENFEEES
EE o M LB %R, HEE v =y + ze(u) BFE (zo,v0) BIFE—T 4B P HHE—
WE—PEETHEY v = flz.y).

B 4 Flayu) =w—y—opu), W Flze,yo,u) = 0. HESBEAER
M, % olu) BELAIMES, Flo,y,w) B8, FXTF oy, HEZERSY B
Fy, =1—2¢(u).
T 2 o(u) FESE P H
zow (uo) # 1
if, 7 v =y + zeu) W1 (zo,yo) FSH— P AT — 1 ELETT R R
uw=f(z,y). O

20.1.2 BReR¥KT

ACHEHR Fz,y) =0 - EEE T MNEREY v = flo), 17T
B Flr,y,2} = 0 iE— RS E S R 2 = flz,y), WER LA B
MRAAR, ETHE SRR SENREHRZ 38 —REREERES, &
ARSI RN R R B B HE, SCE TR U, AL BEIER .

iR 20.1.3 & z = f(xlyj Eﬂﬂﬁﬁ F(Q.‘,‘ P/ zJ =0 Eﬁﬁé{]ﬁ‘%ﬁﬁﬁ iy
R 2z, 2y B 22y

M SRz EFz-yy-2=0F3z kS &

P Fl—-z.F=0, {20.3)
TR 2= 4L
2
K Ly a] AR
S Fy -R+F _RBh-FK
*7 F - R
K 2z TE (20.3) PR v RE, 13
~Fi+ Flg(l — Zy) — {[-——le + Fgg(l — zy)]zm + ngw} =), (204)

H 2o, 2y MFEERNAA (20.4), BF
—Fi: + FlE—FP% - [{—Fan + Fzz—g;—)%- + ngmy] = (.
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Rt 2oy 13
Zgy = ?1;—(2F1F2F12 — FiFR, — FFp).
WA F — 1 - Fa+ Fozy = 0 IR « R B, IRERYE 2. O
EERRECRRN, FR—AZFVIMNESHWRER. OOHBEEEE FF
B H AR, BEREETE, DRIEW.

20.1.3 B

LR Fla,y) = (z—y)* =0 (0,0) &% F,(0,0) =0, {HEz =0}
R y =« HREZETHA. XSRRBFEEEMERREE
¥ &7

2 WENFE 22 + 9% + 22 — 3oyz = 0, FERH:
(1) "[@E (1,1,1) BEERRRER » = 2(x, y), 3K (1, 1);
(2) AI#ASE (1,1,1) HERIERREL v = y(z, ) FR v (1,1)..

20.1.4 #3)ER

L & y=ylz) HTRIERE Ry, v
(1) In{z®+y )—arcta.n%,
(2) =¥ =y
(3) zy —2*°In2+ 2% = Q.
2. RAIEHEE AW T4
(1) ¥ +y —2:r2 =0, K ¢/ (0);
@) 2% +y" —4=0,R(13V3) HMGH v’
(3) smm-&—?msy—l—ﬂ "ﬁﬁ—:( 7 2 ) &bE Y, v
3. ¥ z=zlz,y) %&Tﬁlﬁﬁiﬁ%ﬂﬁ BRI, SRIERE 59 5 B

o (whgts) dz 9%z 9z ¥z
(atytz=e K B:v’ dy’ 9r® ' oxdy’ 8’92’

(2) & +9°+2° s =40, R (1,12 GBTEY SN
= S TE — a2 dz az_
(3) z z¢ — 2 tan :1:2— = , K 37y
(4) £ =In-% 3k dz
# 2 2 82
_ dz  d°z  d°z z
(B) zy+yz+ 2z =1, B:r’ Sy 902 dmoy e

4. 2= z(z,y) BT FIREE, ReE 2 MBS
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ﬂ)f(+y+zm-+y+-)—0'kda

(2) fle,c+ye+yt2)=0.XK a:.;= Jgff'

. ¥z ¥z
@) fletyytzztn)=0K o7, 2o 55

5. B iE T3 #RR b g ik Y P o 0T e A B R T R

(1} 22p —yzy =20, Hp 2 = 2(0.y) BREAE Floy,z - 22) = 0 g
SIETE S

(2) (& —y? ~ 2N ap+20yz, = 2e2, Hb o = z(z,y) BT 2+ +22 =
VIZ) RESBES

(3) Zantyy — 25, = 0, Btz = 2(e,y) BT T = o) WRRE
B o “HEETH B u'(L) £ 0
(4) wl+up +uf = 2Awug +yuy +zu), B u = ulr,y2) RfHE

T2 7 22
o’ + u + bt u + 2 +u
¥ A B eR H

=1

§20.2 B3R
20.2.1 HEEE
Rk, THEBFRRA I BRI A R B

Fz,y,u,v) =10,
Glz,y,u,v} =0
FEAF 2% T A LI v,v B o,y 09 S

v=u{zy), v=uv{zy),

HH uwv BT 2,y FESMRE RINFUTHREGHTEEE

&l 20.2.1 (RERMAFEEE) &

1] F(‘T:s y,u, U) ::Fﬂ G(Ev U, u, U] E}gf\ p[](xﬂﬂ Un, Yo, UU) m#¢$BﬁWR¢MEﬁ
HEENRIE

(2) F(xg,yu,ug,vg) = G(zg, yo, uo, vg) = 0;

3 B(F, G) (pg) F (pﬂ)
(3) J{po) = Hu, v) Gulpo} Gulpy)
FHR,

# 0, Hrp (( G)) ¥4 Jacobi
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MAETE po SR~ 4RI, ENC IR By 741
Fl{z,y,u,v) =0,
Glx,y,u,v) =0
A RAME— 2 — AR 3L
v =ulr,y), ©=uv(z,y),
HEE Fla,yuley),vlz,y) = Gla,pulz, y), viz,y)) = 0 & uw = u(zo, %),
vo = v(Zo,y0), H u,v BEXT =,y FELR T

_a_u_:_J—1 a(F&G) Ju :_J—l a(FsG)
oz dlz,v) = Yy dy,v) ’
i'b‘_ — _J—l a{F!G} dv — _J_l a(F9G)
AF.C) dz o(u,x) * dy o(u,y) '
g g = A0G)
d{u, v)

®8 20.2.2 (REYEFEEE) &
u = f{z,y), v=glzy
#E A (o, ¥o) B IEA S SRR, wo = flzo, %), vo = g{Zo,10), A

o, v)

Az, y) 1(zo.wm)
MFE (uo, vo) M HE—SRE A —RY el EUR

z=2z(uv), y=yyv)

W uo = u(zo,y0), o = v(zo, Yo), ALAKIL
olz,y) olu,v) _q
o(u,v) dzy)

GI8E 20.2.1 L EHR¥ v = e¥sinz, v = e¥cosz, w = 2 —cosz, BEFER
AWAGFECEAEERE S (z,y,2) It (uv,w) BENEFERARK

z = w{u,v,w), ¥ =yu,v,w), z=z(u,v,w0)?

B SA¥e¥sinzx, o¥cosz, 2 —cosz 7F RS fpiEgulfy, O

e¥cosr e¥sing 0

7

d
(u, v, 1) — |~e¥sinz e¥cosz 0 |=esinz.
o{z, 1, 2)

0 0 sin z
F)I-VEJ\?E D= {[:93= ¥, z) | z ?é k'ﬂl, k= D'.! :t],:tg, . } P"]E—‘ﬁﬂﬁﬂ'ﬁ?_ﬁ@ {‘U,.,U.,TU)&J:,
FE— 188, ERAEATFERER O

20.2.2 ExE
1. & Flzoy, z,n) =0, Glr,y,2,4) =0, H(z,y, z,u) = 0 "B = = z{u),

y = y(u), z = z(u), RERABAFEREF MW ER F.GH RitFk
&7
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2. XA ER
x=rcosf, y=rsind,
TR (ro. o) BHEFIEERERA r = r(z,y),0 = 8(x2,4)7 3 (0,6)
Bt A B8 T TR B R ALY R At B AR

20.2.3 RE SN HFFRE MEREE A S

TEXREESR, A NRREA, RREATERTRNFHEHEHRE, B
MEERTZHMERSHE. W FEHFRSAN, —ARRIFLR, B
ARBTHETINR, COMETHER. £ERNEARNARSH, Ri5@HEH
HRAFETATIREN S

P8 20.2.2 # ulz,y) BREHEATEA v= f(z,y,2.1), gly, 2,8) =0, h(z,t)ﬁ:
WM RS, HoP £, g, h WS, B (( )) Fo.% &

WL HETEAREICER, By SEH 40, o
gly,z,t) =0, hizt)=0 (20.5)
ATRIE 2, ¢ ) y B BFUA w = (2,0, (o), 0)), B9 w JRL 2,8 VAR Y
o,y RO, A T MR AL R AR B2
5T

-%;— = fot fs7 (W) + '), (20.6)

HR 2 (y) ¢ (y), EARA (20.5) Wit y RS, B
gy + 9:2" +git’ =0,

by Fht' =
R k) Y g h) \
=G ) ¢ =an (S )
A (20.6) 15
du _ _ g h) Y
—a';* = fy — gy(fohe fch)( Hz, 1) ) . O (20.7)
B2 L ERERMTFAERYA
Flz,y,z,6u) = 0, (20.8)
g(y, zrt) = 01 (20'9)

h{z,t) =0, {20.10)
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H Flz,y, 2.t u) =u— flz,y,2,8) BT
AFaih) _ doh) g
d(u, z,t) d(z,t) ’
MR 2,y HEER, v, ot F 2,y BRE, & (20.8)-(20.10) Bitst y R

S5 0

uy — fy — fo2y — fity =0,
Oy + 9=2y + g1ty =0,
b,z + hity, = 0.
BILAEATE (20.7). O

2
IR 20.2.3 1% £ = cospcosy, y = cospsing, z = siny, K ~§~§—
x

W1 Eﬂf%ﬁﬁﬁﬁ?ﬁﬁﬁ’ﬁﬁ@ﬂﬁ% v = {P(mi y)ﬂ#" = ’i’(ﬂf:y)a E& z =
sinp(z,y), B z BUL o BREERY = v FIEEL BTk

Zy = COBY * (. (20.11)
ERIA T TERNY 2 Kg, B

1 = —siny - p; cosy + cos o — sin iy iy,
0= —siny- v, sinyY + cospcosy - Y;.

B .
po= s, Yo = —mel, (20.12)
A (2011)
Zz = —cot peosy.
E EAPIREY ¢ kS8

Zps = CSC2 @ - Pz COSY + cot pain e - .
R (20.12} 1EA, B3

-::msz{,::'s,i:n2 -1
foe = sin® :pw - 0
W2 hEMREE 2+ +2 =1, Wz REARSE BRIy 52
BREEBMIATER B
T+ 2z, =10, 1+z§+zzﬂ:0,

TE

£
Ep T e ——
X Z’

2422 Yy —1 _ cosfgsin®y—1
23 25 sin® ¢ '
DMK 20.2.4 i u = flz —ut,y—ut,2 —ut), g(z,9,2) = 0, WK v, uy. X

B t R A B R A R

O

fer = —
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B AP ITEREF RS — TRy, A—THEZ NI EEHRH
At EREER BIITBSAET « X &8
Uy = fl(l - ‘u:z:t) + fZ['"ua:t) "I"f?(zﬂ" - 'u:zt)}
1+ g32 = Q.
R TR

f1 +f3'(—%)

1T+ (fi+fot fa)t

Uy =
] BE o
. fo +f3'('—‘ga—)
Y o1+ {fi+fa+ fa)t

20.2.4 FAEEAYIEA

ARV ERERS FIRIEH L R ATFECE, LRENAFETHE
FRESVEN S5l T € M AUE S IER SRS, SUX I B TE R ekt
B HAEHBSMES MR B AFEER, S50 ASRBHEEERE.

® 20.2.3 (REYRMHEFEEE) & f: E C R" - R* £ O B4
ackE, b= fla), 3#H Jacobi S5 f(a) A3 W

MHFEARUVCERNV, HBaecl beV, FH f: UV £1-1

K
2 g=F": VU RlgRC w4, FE
gy =)™, yeV.

E (DEA=fa), BLA>0, 5 A7 =1, H || || FREEHE
(Al = max lal). By I o B, HMOTHEL e ok ORTFRR U, 78
If'(x)— Al <A, zel (20.13)

0

X yeR" EX
wle)=z+A Y y— flz)), zel. (20.14)
W flz) =y BARY =& ¢ WRE Bl V = FU), TEIEHS (20.14) &
XA RS =, IFEERE— o B flz) =y IWIEHET FRU
BV iy 11 AR SR, R e TEfTR H Jacobi FEREN
ey =T~ A" fx) = A7 {A - f(z))

 (20.13) & Schwarz FERE ¢ @)l < 4, @ € U, BHBMS h w28

(1) — plz2)| < %m — s, T, @2 EU. (20.15)
Hit ¢ B—MERES B FER Yy, eV, BE 2o e U, # flzo) = g,
BUr B/, L 2o Bl r HYBUFRBUARL B CU. R vy BE
[y~ wo| < Ar, WiERtT B S x F
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(@) - 2ol < () — plao)] + feliwo) — o] < -l = w0| + A7 (y - go)
<o 4A A g,

B wlx) € B, \ifi ¢ 2 B LARSEME. BFEE—W o € B, i p(a) =
BHHE y W ly -yl <Ar, HEEN N e B f# flz) =y, Ay <
f(B)C f(U) = V. X~AEIEMB T LA yo Al Ar HEBHIFRET V 4, #
VREIE B—HHWIEHT F R UV =FU)#Y 1-1 Tt

(2) Wk f 2 C' B, B detf'(2) & = WELEERY flo) Wi B
detf'(a) # 0, BARGIANTEE (1) PEHMIR U X, HE detf'(z) £ 0. B
fla) i CHEAT BeRFOY Ma=gly) MycV, y+keV. F
RoheR" Hecl z+hel Fy=flx), y+k=fle+h) F (20.14) F
BT R

pla+h) - p(x) =h+ A7 (flz) - flz+h)) =h~ A7k,
H (20.15) 78 [h— A™k| < L[h|, B (A K| > 5 |R), AT
k| > AR, (20.16)
T
gy+k)—gy) -Ty=h~-Tk=-T(f(z+h) - flz) - f'(x)h).

BrLd

gy + k) —a(y) —Ty| _ IT| |fz+h)-f(= )—.f’(w}hl

/AN

& Alh|
B [ki— 0, g (20. 16) WA [h] - 0, LXAHHAHRE A 0. ﬂﬁtﬂlﬁfﬂiTQ%T
MEREL B g'(y) =T = (flg)". XF o'(v) HEEMEAFLAEE D

# BSf: ECR™™ > R" 2C' B4, (a,b) € B, {f fla,b) =0, 3H
Jacobt XEFE f'{a, y) T, B <" FREE o TR y B8 B ERMHIM L
FE RETE fla, y) =07 (o, b) BHAFER— C* BB ¥ = y(e) &
Rl R B AENE X Fz,y) = (F(e,y),v) WA F & RS
HEEER HIEHENZSE

20.2.5 &I
1L frz=e'+ud y=c -0 REBEEAH— mﬁ%ﬁau Ju

or ' 9y
2. WHAEA
r4+y+z=10,
w24yt 2 =]

WENERH 2 = 2(2), v =(2), RAE (D, 1.0 bty B L

Z 3.
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3. XMITEA
z3 4+ 5 + 2% = 3zy2,
rt+yt+z=a , )
RSB y = y(a), 2 = o(), kB GL, Sz CL L
4. %

T = ucos =,
U
v

Y = sin o
REBEABOR T ve, vy, 12y oy

5. 1% u= u(a‘:) ERAEAH u= fle,y,.2), gle,y,2) =0, hiz,y,2) = 0 B E.

sk dy ? du
dz * dz?

6. KB HBH «=ucosv, y=usinv, z = v WEM 2z = z(z,v) FIFH 5
w350

7. @ z=z(a,y) NHFEAc =, y =Y, 2 = uv B AIREL KY
(u,v) = (0,0) BYRY dz, dz.

8 % u=flz,v,2), g(z®,e¥,2) = 0, y =sinz, BBH f 5 ¢ BE—Irits
e, K 22

§20.3 FTEAHIE

S, BERES FRERBGLET, S EEN ST RREREERRA

B, ISRE T RPN ERBENR. LEABITHN R R AR K
REARIRS

20.3.1 (OEHETRPWY

uN? (N _ e _
oUE 20.3.1 7@ (%) +( ay) —u PR AFALE 2 = reosé,
y = rsinf, WRFTEAEFRE H T

M1 AH u(z,y) =ulrcosd rsing), MY
Up = Uy COSH + uy sind,

Uy = r{—u, sin @ + u, cos f).

i RS

Uy = %{r cos B, — sin Bug),

Uy = %(r sin By + cos fug).
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AR E

uf+%ug:u. O0
T

2 15 uln®) = ul/2? 4+ y2,arctan i}-), m

T
T y
Ug = Up— — Ug—7
& T BT;}-:
Y T
Uy = Up— + Ug—5
y T 072

TRl +uf = ul + =, TR
ul + —le—uﬁ =y O
F AR R R R R R, Rk
R, MR AT

BIRE 20.8.2 iRk « = w0, y = 5 (u? — %), BHIH
2

(%)2*(3—;) B \/mz—I@
B R

Zy = V2 H Uz, Zy = U2y — V2.

el =g i piIc:
22 b 22 = (P 0 (22 4+ 20).
TR
A= e (4 2).
A—HHE
o+ Yt = —-}((uz +o*)?,
KA BE

20.3.2 HETRSHNERFHRPNE
R A R RMFANE R, CEE—PRBCR TR R

\ Ly ot
8 20.3.3 Bz =t y= T ° 1+tv.1&t$ﬂﬁﬁ
o bz = 2 (20.17)

R v HRE tu FEEBRNEN

St BENEREE TR 2 = 2(z,y) BEFE (20.17), FEEER
i

{

g=1 y= 1+ tu

(20.18)
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LA R eR ¥ i
t
1+ v

?%@ﬁ v = U(tn u)' * U= U(tau) iﬁ!@ﬂ{]ﬁﬁ
1 HEEAXRRN (20.19) BEK 2 Ml 2

ot .t .
Zr = ( 1+t Jitl' +( 1+ 1o )t-‘(vﬂtm + t'uu;r):

1 t
Zy = (—]-T%-F)Lty -|— (m‘).ﬂ('ﬂtty + 'Uu‘u-y).

7=

i (20.18) 78

t=z, =+ L
i) T
TR
i =1, t, =0,
1 1
H_T=—:E2—:, 'H.yz'—?.

FEMTUA (20.20), (20.21), 133

_ ¢ t 1
Zg = (m)t + (m)v(”t + }T”ﬂ)r

_ t 1
zy—_( 1+3‘U )1.1 y2 7.-'1_:,.

Brd LR TN (2017}, 158
alt 1 -:tv Jet (5 —}t-tv Jote] = 2°,

TR
'U1=0. 0
M2 M (2019) BEL » B
_ 1 1
U - u__!‘
z t
T2
'Utz-—l—(z T+ 2 )+-1—-
T (e t Ut el
Uy = —%(zmmu + Zy Y )-

B {20.18) 8

Tr=1, x,=0

_ 1 Y = — £
“E T w? T T Uy
BT (20.22), (20.23) 8
__1 1 1
v 22 & (1 + tu)? o+ $2
vy = 1 12

(20.19)

(20.20)

(20.21)

(20.22)

(20.23)
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Hﬂl&nﬁﬁ Ty Ly Tﬁl

2
Zy = zg(msﬁ— — ) ‘:2 Ty
2 2
| 2y = z [I;tu) .
HEARARAFE &
Uy = 0. O

20.3.3 &I

1. R (ﬂr—?,r)a—ery 5 =0%N s EETR. v, - NETRHER

2 B HHRE r = V22 + 92 t.o—arctan-—}?i%ﬁeﬁ yi:N
dgy d2

a2 e

3Bl E=zty n=c-y HEEAR BRHE L=

4 Wu=y+2e7" v=ao+ze ¥ HEFNEHEE FRHEITR

F= (,-mLe“=)g—i+(z+e‘f”)§—;—(z2 — ™Y,
5. u=zc®, v=yet, w=zo® AL w HFIEL, v, » AFHEEER T
N

6. Lhw AFHIERE & 0 ( A BAR, TiRTE

du g ou _y
xam +yay +zaz =u+

—y—:C _ U
z 2 -
L= T 23

W=

ﬁﬂPE—i 1=
8. A u-—:ﬂ+2y+2 —xz— —1%&%5&% AT
Pz 'z 3z 0z
25+ Smay gt + +5o =0
9. B w ke %L, u; v ﬁ%ﬁ@ﬁﬂﬂ, 592?#573’1%
d°z o'z 2%z
G0t Py TUFTISE SO
Hpu=z,v=x+y,w=c+y+z
: o2 2 — 2 2 ams a(um'i-‘}__uv
]-0' Lﬁxﬂ—fﬂ +'y y ¥V =T +y 1ﬁ1IEHH a(m,y} - my*
1L % u($+y+z): fu(fs,y,z) ﬂ‘ﬁ: 'EEHB
a(usv) ou + a(u,v) du du,v) gu
H(y,zj dr  d{z,zr) dy  9z,y) 9z

12. flu=2y, v = =ﬁ'ﬁt SEu v; ggi}gg

3. 3 : a{u, v, w)
l&. :L, :“E_ :___ 2: 2 2 2 3] 1 1
}Qu 72 v ,',.21‘ ) aﬁq:'r v+ Yy +'Z,]Jq£—k _—_a(z,y,z) .

= {}.
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820.4 BREEBIBANBEEFREN

Fo ek ¥R R TR — 4 W E R, ) Flz,y) 7E D = (a,8) x(c,d)
LEE, Fy(z,y) #0, (z,y) € D. FRE D pEB— G TR Fz,y) = 0 TH
—HE—TRER v = flo). HENFMEY v 7 (o.d) B, WETE «
BT (0.b). UBIMHFAERERER v = fo) RETE T (0.b) b 7
REIE y = flz) PREREXTE (a,0) b EHTHEEHT Flz,y) =y~22, D=
(L1} x (=1 1). FHEEREGBREFEEN TR EmE

K 20.4.1 3% Flz.y}) E D= {{z.y) e R* |a < 3 < b.—cc < y < +o0}
LR Fy BhbTFAER Fy 2 m > 0, M Flz,y) = 0 7E (a,b) PIEEHE—ESER
y = f{z).

ik Yzo € (o,b), MEE y2 > 1, BB
F(zo,32) — Flzo, 1) = Fy (20, £} — 1) 2 mlyz — ).
[EE y1, % y2 — +oo, B Flzo, %) 2 Flzo,11) + mya —y1), W
yli.l’_’l_lm Fl(zo,y) = +oo.
[ 5E vz, & 1 — —oo, H Fzg,11) € Flzo,y2) ~ m{ye — 1), &
yli-Elrxu F(zg,y) = —cc.
HAMEEE, 77 wo € R (BREME—1), 8 Flzo,y) = 0. i1 z0 BMEE A
T y = flz), €8 Flz, f(z)) = 0,z € (a,b).
FWEAFIAT v = flz) WEENE—E, v = flo) (9ESEGIT I S m
FEESEPYERME. O
R LRGP F, 2 om > 0 B— PR R, TIRIE T MHEE 2 8
z € (a,b), FIEME—Y v = flz), 18 F(z, f(z)) = 0. EREBARET RES.
TH HIHERE F: R® - R* REFHEEGE R” bagseihtpes F'
B MR F 5 F SRyt Wk F 2R FWRE mEF 5 F°
R C* pbt B BEHEE & JOEETREED), NFF F 2R 1y Cx
BIHE. KEAERBERREN, MR Ve e R®, detJF(z) £ 0, WRHg— z
TR cRIMB UM Flz) 9 V. F R U BV (iR H F A —g2ZR°
ERPEIERE I, BRI TR 2041 B S ARTT. BIlin o thms 5

v=2 % cos(ye ), v= Ve 2 sin(ye™ "), (20.24)

B Jacobi FFFIR G0 S 1 RY B RANBE TSNS, RSt

(20.24) SFRRE, HELT EAOBUS R BT, BT MRS R? SR ik
TTER. X EASEE R T FRITE I PR
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& 2042 FFEDCRY, F: DR ME

(1) £ 3 D LBYESEn] e

(2) ¥g—1 x e D, detJ f(x) # 0.
W G=f(D) A—FF& LME FR D LM$ES BBLEER GE D Lids
AR T WE Wy GH

Fof ‘=9 JI 'y =0r=), (20.25)

Hepe= 1"y

W Yy e f(D), 3z € D, {fi f(z) =y, f XL = WREMTRL, O
detJf{x) # 0. i REHATECE. 4 v P8R V, F8msE VvV Lig—F
TE, BIEEEE—y £ (), &

Fof 'Ny)=y, YyeD

BV C f(D), XFIEH T v & F(D) NS By BHEEEEIERT F(D)
EHE 4 f R DF GAY -1 BRETET, SRR ey ARy
gt R R — A B, B S R R B A S EERERE (20.25). OO

XTREFREFSESNRELRG S0 &4 THERSRAEA

&8 20.4.3 (Hadamard ) i# F: R" >R 2 CU it 3 H vz e
R", 75 detJF{z) £ 0, B[l Jacobi HifE JF(x) 80 ERE JF () 771, WELD
HEE M >0, B VF o)l < M, Ve e R, Hdt |- || #RERNH (0
|Al = max [aiji). W F 2R ¥ R" § C* FjE

1<i,j<n
% 2044 % F: R" > R* B CT gt #FH Ve e R, F detJF(z) #0.
m F &R F RO AR RE &R

lim |F{z)] = 0.
ﬂ'}l—rm

REZPA RS RBERF 2B E N R, BT MERER
B —H B AR MBS AT E LG 2% Deimling K. Nonlinear func-
tional analysis. Berlin: Springer-Verlag, 1985. 152~-153, 171 7.

BIMESHEPFET —8W] LR £ TR0 R IFEHE B f .

§20.5 XTHZFHIEIYL
20.5.1 HIEH

I REE (H) RSN 2 EAERN TR RS AEREE B
AR BRI E I () LS, SEAGRRRRY (A) FTEEREFT R
o T B AR .
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Fo4¥ BRAERAAINEBLEESR

2. REGERH (), 3 () (XA AR R EIME M Rib A —1

FEATRMTHETERET R, WERZRTE. RE2EEREN A E
XA, ZRMITR SR S EIERE.
T IMROEN  HIFFERBRE SR AT RGN, HEER
HEATE, FERSENGHELCE RREEFHO. ERTHUE
FER, W BRI WA AR L R R R A (R, AT IR LR
B H RYR Ot — R R B e B

MYt BRI E. TENE MR SIARGEAET R
TR, MENEFFBR.

BIE 20.5.1 1% 2 = 2(z,y) “HEETH, ERG TR
1 9%z 3z oz 1 dz 2z \
EEeh (axﬂ * % a0y *"a‘y“f)" T o T ) !

R E R

u=2xYy, V=2I—Y. {20.26)
RO AR
mrr &%@Jﬁﬁﬂhé@%ﬁfﬂ% B R (2 ;‘y )~ B
S S S FRABRHEER R (2020) T aa o bk
AT
B MEERRSENER
Zp = ZylUg + ZyVe = Y2y + 2y,
Ty = Zyly T LUy = T2y — 2.
A W iy 1 3 3 3
(3—:1: 1+ a—y")z = (z + y)—ai— (20.27)
TEREMERNFESER (20.20) 2 TH
aaz a = (z+y) . (20.28)
£ (20.27) HBERAT 5 + - HFA (20.28), 1
¢ 3\ _ 72 g dz
(o v ) o=+ ay)““ﬁa 5
=+ )ergsrern(s + 5 ) 5
- 2%:”? +(z +y)? g:; (20.29)

#(20.27), (2029) A ERS i, WBH
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ety <o,

(:v-iy)z 2 gi +lety) o s 7l
A 35 (20.26) AR

Fz + 1 0z _0

du? v +du du

RTINS « FER Bt TE. O

(= +y)

BI85 20.5.2 L%Tﬁ

az 9z Fr
R o

ﬁl:ij a,b,c %Eﬁﬁ'ﬁ: b —ac = 0,e #0, ﬂgﬁiﬁ
u=z+ay, v==z-+ 5y {20.30)
[RIIN{TERE o, 8, B ARBEN TR TRMEA?

B RiEc=1Mao=0 FTREFREHN

(b—a% + —a—)gz = 0.

7 b=0MEFECREAENR. LT b0, MBIIFESRE (20.30)
FIE L o, 8, (118

d d 0
bt = o (20.31)
i (20.30) /&
g _ @ d
z  ou + duv ’

d __d d

oy Y ou +A v’

HEH RER 8=—b, o=1-0b, M (20.31) FiL. MEEHELS
g:; =0, (20.32)

20.5.2 &%
E—A&%ERm

LB floy) 1 (01) BRERESETE, 1 £,0,1) £0, 70, 1) = 0. JERE:
f(x?ﬁsmmdx)—ﬁfﬁ 0, L) BHERSE ~MAEH ( = olz), #K 2(0)

2. iEFH: iRy =2+ 7 siny O] 7E (—oo, +o0) FHRAEREI v =y(=z), A
y(z) € C*(R), B y(z) B R LA TLF R NEL.
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I W =y+e(y), e BE ¢0)=0,¢'(y) & (—a,a) JEE, H @' (0) <k < 1.
TEMH: 778 > 0,/ —0 <o < § RIATHE—HI TS v = viz) WRITE
x=y+p(y) Hy(0)=

4. iE: AR Flr,y) =1—-c "+ e V=04 {z > 0,y € R'} T EEHE—
W y=ylz)(x>0), H yl=z) HHT K-

5. ¥ flz,y) R f. £ R® LTFE f, R LFEHES |

fel < Mifyls  Flzo,0) = 0,

RXE M EERH GEE: floy) =0 E—BE 1 EXE R LATTHE
y = f(z), HH R y(zo) = wo- BRIKME o] < M|f,| ETRULEMN? %
W flwo, vo) = 0 XK, ik RETA?
6. & u= flz,y}, v = g(z,y) EXH !?ac(: RQ) FEEER S
(1) IR 2 L7 Jacobi 753 5+ ) = 0, U7 £ PHE— = (2o, 10),

FFTE (w0, o) M4 U AORELET BUMI R Flu, ) (FR)? + (F))* £ 0,
& F(f(z,y),9(z. ) =07 U LA

(2) BHHEETHER Flu,v), (F)*HEF)? £ 0,4 F(f(z,v),g(z,y)) = 0
2 LAE/SE, W

ou, v} _
W—-D (z,y} € §2.

T RER WS C e R

o= f(t), ¥ = wm,z——:g%, let<l,

HARE f(t), o) 2 (-1,1) REEF HEESHN H—0Sear
FrouAk y
E={{z,y72) [ z=8 3 70 s+ flthy=2s+pt)z= —{';%)}—, 5,1 € (—1,1)}.

iEER: E 5 C BT (BT |s] Fo4/N) 60— a8, S — Sk s
i z = z(z, y)'
8. W flz,y), glo,y) BENETEFRER G NAW A, £ G AE

EEH MRS A G REESAHNH
df dg af dg

oy v oxr’l
NHERHER D cG. #iEk#E D MR IBA

flzy) =
glz,y) =0

MEREZHAR D

9. 3% f B R® FAESTMES. & flz.y.2) =0, g; %y
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(1) ke bt dpdll AR & 3
(2) %f Clapeyron 243 PT—V = H¥, S bR A I BTk

(3) MF n FLELETHRERE S, =) WEMXAR f(z1,---,20) =0
R LRB AT Kk (Rt 2107

10. i f - R® — R* O Bt BERFEEEREANE o,z 178

11.

1.

detJf(z:) =0, i = 1,--- v, FAMGPHEH M, {2 € R? | |f(z)| < M}
REFRE W f1ER? B3 R
W R" > R" A C W, H Jf(eo) 3. EPf Ve e R, HE || T
/s BETE z € R, 2 = o)), {6718

flzo + @ +2) — flxo) — Jf(20)x = 0.

F_EeEm

A R BR A FREIE T T Bier A Es: % U & R™ fFE,
U—R™ & CF B, zo € U, det (o) # 0, MIFFEE @0 A3 W C U f
flao) IRV, 68 £ W — V & C* AL

LB f R —RYRC B, HFEa>0ffVac R

ul Jf(x) u > alu®, VucR",
Hrp ol FR w ByE. iER
If(x) - f(y)] 2 alz—yl, Ve, yecR",
H f 2R* Le9forHAE

- HRSHEE AR R A e B, WE AL AR 5 17 7E R B e BB P

HE 45 BR S [ A

» 20.2.4 /NTIHIEBR AT AR I RAGIE ARG, AR T M A Sk Rk

WA HyeV, REBMTHE 2 e U, N
Tn =Ty + (@) (¥~ fl@n-1))
P TR (=) BAR. RS
T:iu= -—%—(mz—yz}, v=xy
ENERREY. o= (L, 1)T. HoR
du  du
T'a) = ( o o )

t

or  dy

(I1y:}=(111}

B ERAR

1 2 2
(“‘3) - (xl) +(T(@)! [(“) - ( 3 (s yn—l)”
n Yn—1 v Ly—1Hn—1
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For¥ BEHALXEEBRAIKAS

15 a FARIOR T Y 0B (20, v0) T, 30T S ML AT — R B4

pia (4 .
(=06 ()
T = +
o 1 1 1 v—1
YEHF

B URRT @I £ U R CF B, R A
fO}=0, JfO)RIBA m (m < n)
ER: FER HE 0 MEMAR YV R W, C* AoRER: V- W il
& h(0) =0, 3 H
hof(-tla"' :xm) = (mlv"' :Em:[}a“' ,G)V(ml,“' aIﬂL) = f_l(v)

CRURR™ IR, £: U— R R CF B, BR &i

f(0)=0, Jf(0)#4#A n (m 2 n)

iEH: FER™ PEOMEMMR YV AW, C* hFAR ¢: VoW if
Be0)=03#A
fo:p(:r,l\--- !'Tm) = (mla”' ,.’L‘n:l, V(«Tl;"‘ :Im) V.

(A LR R VB8, RRET B TTF— a0 LA )



2-1+—E REENNA

A SN GHR TR LT IR REA. 5211 T RARSBOE LT LR §21.2
VRIS BT RERE §2L.3 i Tavlor AR R §21.4 R PHRH
LR B 5215 THRR B R Rolle 258, RATLUE) ST EHRETH FTAPRY
BE—TR¥ITESHNEEE

Holl AR R TSR A 0 BT R S AR LR £ U, X4
PR AR T HBLER A 138,

§21.1 (RSHE/LATLENA

21.1.1  gh&pt)m &, N5%5ETE
WA L AR (20, yo, 20) LAIBIRE D

T = (Te, Ty, T2},

MViH 2% L HE (o, v0, 20) SV RS 61T i o0 A 2
ToTy _ YW . 2=
Tl — :r:gij + 7y — ;n) + To(2 - zp) = 0.

mREE e | BROTER
z=z(t), y=y{t), z=2(1), a<t<b
HA e BB R '), ¥(8), 2'(2) BE (o, 0] LEE, F HARE N 0, SHE
HELFR SR Ek. M2 B (20 = z(to), yo = ute). 20 = 2{to)) BRI By
T = (2'(to), ¥ (o), 2'{to)).
i RAs )iz | AWk
Flz,y,2) =0, Glz,y,2) =40

MR ZRARAE, SOk F 1 G 6T 2.y, 2 HEEMNRIFE 2 polzo, yo, 20) ¥
X —HRA, B Flxe,v0,20) =0, Gz 40, 20) = 0. 3-H F, G 1] Jacobi 55 &

oF oF  JF
or oy oz
oG dG G

ox oY az
£ po BTN 2, MR L TR py YT

_(B(F‘,G) 3F.G) a(F.G))’
S\ dlyz) T dzx) ) Ay S,

1

BURE 21.1.1 iF flz.y) AR, HZ RN



210 Fo4+-F RIFHEHER

_ T—Ip _ Y~ 4o
2= flz,y), cosa  sing

SRMER b AE Mo(zo, yo. 20) BIUIEE <Oy 18 AL A1 B E .

B 4 Flzy2) =2 f(z,y), Glz,y, 2) =sina(z — z0) — cos aly — yo). M

a{FjG) - _fy 1 _ ‘ a(F,G) 3 1 —fz .
3y.2)  |—cosa 0 00 3o |0 simal O
B(FTG) —fz _fy B .
a(ﬂf,y) - SN — CoS & ‘“f:ccosa—l-fysmcr.

FRMEE LS Mo(zo,yo, 20) MUY z IEFE AR ¢ BIRHEA
fe{%o, yo) cos a + f,, (%o, o) sina

V1+ [fz{mo, po) cos o + fy{zo, yo)sinal®

i LA R Y8 «Oy TFE B B M R E U R

falzo, o) cos e + fy{zo, yo)sina. O

Cosp =

21.1.2 BhEsEmE. EEfEE

FEREE = = flz,y) B (z,y,2) LRVENER
n = t(fo{z, ¥} fy(z, 9), - 1).

X ELATH A RIS e R R

H Fz,y,2) =0 BREMLBMETE (2,9, 2) SFEWNEY

n = +(F(z,y,2), Fy(z,y, 2), F{2, 9, 2)),

HA Fo, Fy, F, REIRAE.

HEMHE

z=z(w,v), y=y{u,v), z=_z(u,v)

HLE R SEREE S (o, 2) HERER A

_ oly,z) o(z,x) dz,y)
n=:4 ( u,0) " B 0) 3w, v) )

HIEREZE, SE - SR BN TE Y B URE RS
Hi .

58 21.1.2 RihmE
s=u+tv, y=ui4+v?, z=ud4e8
PR Y VIR M(u,v), v # o, BTHEAAR v = v L# A Mo(uo, vo) B
HItR R AL E.

B ERu#o HRYTELE §F
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Ay,2) |2u | ¥z, z) [P B,
M) g m2| VT e T T )
doy) |11
ALY =%y —
Muv) ow 2| T2V

T2 (o,y,2) SMYITFEARY
Buv(v — w}(X — (u+0)) + 3(x® — E)Y — (u® + 7))

+2v —w)(Z — (® +v%)) =0.
HEv—u, FEHEET
6uvX — 3(u+ )Y +2Z = 3uw(u +v) — u® — .
2 (u,v) - (uo,u0), MA
Bug X — GugY +2Z = 41,
(XY, Z) 5% (z,y,2), /] RETRIBRAE A

3ufz — Jugy + 2 =23, O

21.1.3 mhEmER. BEHXER
BN LT R AR L S m RN A w BRES

cosw = T _
&} [m|

Hrp < % Buclid W8, |- | & Euclid jE¥. H7ESET f00B0 ¥ E Ll
Flz,y) =05 Gla,y) = 0 7€ (z,y) AMAHZE. WIFE (z.y) FEHEHENMIHE
AR (Fy, —Fo) 5 (Gy, —Gz), HEAREHN

F,G, + F,G,

VR [GI+G
Pl 2 [E AT R FoGe + FyGy = 0.

R PR # Fley,2) =05 Glz,y,2) =0 % R® PEK
HHE. S0 (o, 2) AT RN R A E TN e ks (S
ERBENES). e AREM. B

F.Gy+ F,Gy + F.G,
P+ F+F2- JGI+ Gl + G2 '
M ERA %S FLC, + F,Gy + FG, = 0.

COos W =

COs W —

G 21.1.3 i
B o—u, VeVt =0 B Vilt 22 it R=w

z
REASHL u, v, w RSB LYUTR, TR — Sy = WEh =4
o . P E 324
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B BT (oy.2) i LR RS A
(4. 5=

z 'z’ 27

( I i z + z )
Vei+ 227 T+ 22 Vai4 2 y 4 22
i z z

(m’_\/yz+zzj vz + 22 \m)
HTHX =AM B EEE AR R 0, el (e.y. 2) SRS AN TR ER =il
AP L. O

21.1.4 #2580

I EHE z =t y = 2, 2 = & FRU—/ HERINUNKTTTTH
42+ =4
2. IERHFHR 2

ta;rl(—z— + %) =", k=H¥

SR — Y TFEMTRES, HF o AR ESHSE. ¢ Sk
ot Ea -

3. KRR «® + 92 +2° =6, e +y+2 =0 74 (1, -2.1) AbR9 e S PRI
2,

4, R » = a:rc:tan% e85 (1,1, %) AL SV AR

5. HERH: BT zyz = @@ (a > 0) W& — 5L RE A E B Ay
I {45

§21.2 FRSWSHE

21.2.1 FHmEH

ORI, K17 R k. 1 D& R hey— M, § RRESE D
LRIES, py € D, L R® FRY—A B0 R, nRARF
lm Flpo + ) — f(py)
0t t
e, NI [ 78 po ST LAHTRSH, 104 2 (p,). B
80 f AL po WO LT, ERIME, 2 1 76 po LN o 05 IR, T2

1= (1,0,0) 88, % (pg) = Sy 24 1= (-1,0.0) 09, L py) =~ Lty

whal 21.2.1 BERE f 7 po S W F AR po SIRERTTE LAY YRS
Wit H
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o) = 2 pycosa+ L ipy)cosp I

HA coscr, cos 8, cosy BITH L T4

Po) cos . (21.1)

21.2.2 HE

WEE f B LFFARE D c R, i f BARFEMETHRFE
PRI B

d .. @
T, 2 ) —!—?‘;_(I?y*z)j_'_?fz‘(m:i:z)k

B fES (x,y,2) (YBBE, 104 gradf(z, y,z) ¥ Vf(z,y, 2).
BEEME X, (211 ATLER
‘3{ (,5,2) = Vf{,5,2) - 1 = [V (2,4, 2)| cos b, (21.2)
Hi o BEi Viz,y,2) 51 2EMER & 21.2) TLEHE —-ITEES
(z,y,2), flz,y, 2) IFEEF R ASET LG VW rmSEoyaA KEN
|V f (. y, 2)|. DT 46 FE A 7 o) e R O 1 s 8 I e A ).

B 21.2.1 Ru=z+y+z 70 2 +y° +2° =1 LApSMNERITRH S
¥, FRTERRE BT R80T | S E: (1) X8 (2) B/DME (3) T 0.

W BRI 2% +9° + 2% = 1 EQRSNERTTIAN (o, 2), Eflu=z+y+2

W (z,y, 2) JTEIET ) S H0A
%—? =Vu-(z,y,2) = |[Vu|cosé = V3cosé,
EA 0 RmE Vu=(1,11) 5 (z,y,2) ZEWERH. TRYs=y=2>00

SRR V3, iz =y =z = L5 %2 =y =2 < 0 B, R SHO
BME V3 M o =y = 2= — Y Moy =0 M, FRSE 0. O

af(

B 21.2.2 % R® DAWRREL flz,y) B

2 fe(m,y) + yfyle,y) =0, (21.3)
W i, y) EHHEE

W1 #Waz=rcosd, y=rsnb, Bl = {cosf sind), f (21.3) &
of

S = cos Bfz(rcosd, rsin®) +sinbfy(rcosd, rsind) = 0.

FRAAE IR BRHE LSS S =0 Bl foy) ERHGE
WY B
fz,y) = £(0,0). O
2 4 z=rcosd, y=rsind, § (21.3) B
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af = frcosl + fysing =0,

Bl f(rcos@, rsinf} '—_[ 5'{;9’5 SIEEEMRE S r— 0, 8
flz,y) = rl-l»IIul+f(T cosd, rsind) = £(0,0). O
iEs Hy(21.3) &
efe(z,y) T yfylz,y) =0=0- f(z,y),
B FF R R R R R (MR 19.5.1) 40 f AFEFF KRR FRM Ve € R,
fltz,ty) = °f(z,y) = f(x,y),
THEAL -0, 8
flz,y} = f(0,0). O
4 HEFEED (2,v) € R?, B X—7tEY
p(t) = fliz,ty), 20
y
¢'(t) = zhite, ty) +yfa(te, ty).
TRY ¢ > 00 B (21.3) 1§
#(t) = Stz fiite, ty) + tyfate, ty)] =0,
FREL () AHE Bt =1, M ©(t) = (1). B
fliz, ty) = f(=,y).
$t—0,8%
flz,y) = £(0,0). O

21.2.3 #38

L R u =22 +y7 + 22 E?&ﬁﬁﬁ v iz 1 B (z.y,2) 4k
MR 2R 77 T A9 77 ] AL
2 % % A0 2L E N w v R IE Flo,y,2) = 0 LA (o,y,2) B

BT IR e B9 A 4, GIERH

Ta%(uv} = ua—v +v—3%

3. 1% f(t), vw=ulz,p,2) HIWRE ﬁEFﬂi Viu) = f(u}Vu.

4. W f(x,y) £ polzo, vo) BWHL L, I Ky n MRAUBE, A ER

s 2. JE
S 5w =
=1
2

5 % u= %-k-'g;— —-—’%2?—, HEFe>b>c>0. 3RKE(0,0,0) ¥ v B
B REI AT )
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2

_ zy
fag) = {:v Y+ o (z,y) # (0,0),

0, (‘T?y) = (ﬂ, U)
HEHA: f(z,y) TR SALESE, IR A B A0 B 87, A

§21.3 Taylor AR 5HR{EGIE
21.3.1 Taylor 4%

Tt (B §7.2 55), 8013 Taylor AR R HN ST T R
B, M4BT HH Peano RIF Lagrange RIHAG Taylor AR, B139IFER—
TR EFR T REFTIRERREHITHESWRER 2 TRET, #£
MARFHNA Taylor A, APGRHFER R, Lshe TR BN HEE.

Taylor A%, BEH flo,v) EFEKL D = {(z,y) | (x —20)? + (y — %)% <
@’} WHET o,y & m+ 1 REZRSE & D HEE—K (z,9), iT
Az =z — 0, Ay =y —yo, M

flz,y) = flzo,y0) + g—f(wu,yo}ﬁx + %(ﬂfna yo) Ay
N

+ 5y (Ax aa + Ay aa Y f(zo,90) + -+

b (Ba D Ay (o, ) + Fonlr, ),

Hes

1 m
Rn(ay) = gy (-2 + Ay=)™ (o + 882,10 + 65)

0 < & < 1, 4 Lagrange 570,

EBRRGT (BERGITHBA f(z,v) F (wo,10) LHETF =, vy HE
A m BEERSH), Bl Peano M Ru(z,y) = ofr™), r — 0, H
r=+/(Az)2 4 (Ay)2.

FRBALDHAER LIRS — LR HAEH. B H7E Lagrange £ /Y
MEREAR, % w(t) = f(zo+1AT, yo +tAy); € Peano R AT BRI f(z,9) =
flxo + Az yo + Ay) B8 Az —ILEFLHITI Peano £ —IT Taylor 247,
FEF, FX &R RS BEUE Ay 9T RERIT, RISEE.

&l 21.3.1 ( Taylor 2XMHE-—H) W flv,y) BH m+ 1 g SH,
# R R R R
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fla,y) =Y Aulz — z0)'(y — o) +o(p™),

i+5=0

Kb o= /(& — z0)? + (y — yo)?, WA
A = ﬂ.l__ﬂﬁf(m )
iF — '!'Ij' Bn:iayj o ¥Ya).
IERA S 1 T 88,
I 21.8.1 %
1 — (= +y")
flzy) = 2 _I_yz . (=) # (0,0},
0, (z, ) = (0,0).
2 4
% 7(z,9) % (0,0) B 4 B Tovlor SIK, HRH 53 -(0,0), 2100
LR
) = 14 o(z? +9?) + 527 + 47+ o(a(a? + 7)),
T

| - sl ) 1
e = —z — =z (x> + 1) + o(z* (2® + 7).

H Taylor @iﬁé‘ﬁﬁ—ﬁﬁ] fzy) H‘J 4 B Taylor BRI

14 1 .22

AR L
e 2 4
sLon-0 2Leo-u-]=-1 O

Toylor ARG L BETE BN E, THAS LA RIVERRRSER
WA EFRIE Taylor A, RRMFOARBE, BT, BHURTHHZS, 5
Lo PN IR B R . BRI

LR NE—AFFEK D C R Fin EoREETHERY flz1, - o).
W py = (23, ,28) € D. # Peano £y~ Taylor BRAE %

f{po+ Az) = f(po) + V(po) - AzT + 5 AzQAZT + o(r?),

H¥ Az = {ﬂ.zl,-z-* yAr,) = (13 —..":?,--* v I _379;)1 Vi{po) & f(z) F pp 4
B, @ = (L) #5% Hesse 5%

02:0T; } la=p,
EEBRIBIE AF = flpo + Az) - f(py). BEIL Vi(p) # 0 HHTRE
i Az, i AF BEITFAS R BiY p, RUBER f i—MRELSH, py £
B fEBEs (RS, B ©
Vf(po) =0

© XENEICHIERSETL 5 —TEYN A Fermat SEAEHE. & W CHF 187 TiEE=EHITF
AE 2 1 239 TASPRE 8.3.1. HREL THEHHE N O MACREENERNE L
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X% Vipo) #0, A |Az| HEHENM, 7 Az 5 V(p) R Af B Bt
B RETT B R AR RBRITTT . 3 Vi(py) = 0 B, 0IREE Q@ (YR KITieE
RO ey 07 18],

GIRE 21.3.2 % u =
R H R B AL

W T Vu(0,0,0) Fm R, HONEE R RIBEEE T T 2 o S i by 7]
RIHERE, % 7 MpiE. BRI ERAT M L = (o, 8,7) BE u 8974k
u(ta, t83, ty}) - u{0,0,0), H¥t &S
% o(t) = ul(le,18,ty). | Taylor B

o(t) — 2(0) = 'O}t + L5018 4 of)

1 { % Ju d*y 2 9
“T( (0,0,0)a +$(000)ﬁ2+?(0,0,0)w2)t + o(t”)

2 yz 52
Tt T K a>b>e> 0 RE (0,0,0) &b

x
a

9
= ( T+ ‘:22 + Cj)t2+o(t2).

HTPa>b>ceRP++2 =1, 41> 0 T4/, B0 = (0,0,%1)
@(t) — ol(0) B, R v MM, O

F WIREET R f 7 py SPBENT R, {H Hesse F Q 3
LERE M f HEBERITERARE Q MR EMM A ETEE .
BREF IR 1Y (45 E T 22 0 — 2R 22 18], MIFERT A A7 IR f S iy o
Ml (F_HEE5E 1)

BIRE 21.3.3 & fz,y) FRUER D = {(z.y) | 2® +y* <1} LABEE
F—Br RS, R f(2,9) <1V (x,y) € D. RIE: HES
(x0,%0) € intD = {(z,y) | 2* +y? < 1},
MEB/ER (zo,v0) WBEAFRK 2+ f2<16

B olzy) =floy) 22+ ERNERLERE o(z,y) 2 L, W
BT g(0,0) < 1. Frlisk#E g 7 D LEST L, RF glz,y) U7 D RANE

(o, yo) b BB MEL lﬂﬂiﬂé #7E (zo, gu) € intD, {3
9 o9 _
3 {zo, yu) ay {Zo.Yo) =9

FRREF
U2+ iz oy S 16 O

BURE 21.3.4 EREY (2] Myl T4/, AR

COSE ., 1l 2
cos y 1 — zx +2y (21.4)
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iE B fley) = o, B fle,y) ERERHERSRATHR, B

COs Y
f0.00=1,  f,(0,00)=0, f,(0,0)=0,
f22(0,0) = =1, fiy(0,0) =1, fy(0,0) =0,
B Taylor 4%, ¥ lz| 11 [y T4 /Dad, &

cosx 4 _ 1.2, 1 32 2 2
cos ¥ =1 2:]: + zy +DUI| +‘yl }r

HAl (214). O

H

21.3.2  iR{H[a)&

EEENE—NFRE D CR® L) n T _0GEET MR flz1,-- ,20).
Wpy=(x%-,22) e DR Fy—PHRIEE, B2 Vilpy) = 0. K Taylor
RAE

{(po + Az) = f(pe) + 5 AzQAZT +o(r?),
PRI AT AR B R AzQAx™ fYFFSERE flz) BEE py AEER{E, B
HMTHREN RS i

R f 7ERE A py BIESRENE RS M5 W

(1) #F Q RIEEH, W f(py) BA/ME;

(2) % Q@ RHfEW, M f(py) BHWKAE;

(3) # Q BAER (RIERH EAYHTE, 1A AAFRIER), W py S BRE

E.

(4) & Q BEEn) (MHFHIFLEERAS, HETHEMR, Mt HH.

A Hesse il Q RERIEE. AR LIRERSAEPEPIA Sylvester
HENISEH N, AIEE Q M ETRANFEFS BilF:

R fRITRE flz,y). BR flzy) BESE (z0,w) NEAPRAE
Bri®EimSss, 3R A = faelzo i), B = foy(zotn), C = fuylzo, ) UK
A= AC - B? T

(BFEA>0,A>0, M fFE (zo,90) SHBME;

2} FA>0,A<0, W f 7 (zo,v0) SEHEKE;

(3} & A <0, [ f 7E (w0, 10) SEH R

(4) #F A =0, WFH—5H 7.

RETTEE 2 = flor, 22, -, 2a) IRENE RIS N T
L. ﬁﬁﬁﬁﬁzﬁ fIt =01'3 = 112';"' 1, *tﬂ@ﬁ,ﬁ Pp = (ﬂf?,'“ r:""ﬂ);

n
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2. ﬁﬂ%@ﬁ; I A po BELBNE Bk e W P2, W2 Hesselfilf
Q= (52| ws

=N

3. HE fo, i=1,2,- 0, NEEMSRE HIES;
4. EBGH _EER RN AR E ARES.

I 21.3.5 3% = = 5o + oy + 3" — 20— 2y + 5 WAMRES S

B BT o=r=c+ty—-2MEHEz+y-2=0 FTEHFEHE X
A=fo=1,B=fo, =1, C=f, =1, TR A= AC - B? = 0. BCREER N

RHF XL S REARE S NEEAGTRE

2= (@+y)? —2e+y)+5 =+l +y) -2 +3,

W +y=2 Ll ah « fRMES, TAMED 3.
BT - £ R® LAl BCeHMmiRES. O

A& AR, WF o MR TR N ESY, HESRTHUERFT £
A~ BLFTL R R h 2%

P 21.3.6 £ f(z,9) = (v - =*)(y — 227). B WHLA (0,0) H155—
FEZ, A (0,0) R f(z,y) EREE EAB/MIA. BR (0,0) A2 flz,y) &
Bk B ME RS

W TE 2Oy FHLEEE S1:y=22 1 50y = 22° BANFERMDE, o
WS § S, {HEFEAREANRE FEARIE f BRENS, i (0,0) 4948
—%E R (0,0) MHTHMATF £ B “+” MEIEA, £(0,0) =0, Bl 0,0) & f
WHZ FERMERE. B—HE, (0,0) 7 R? T —/DIEAHESE L
R NEE, B S ATFEX AR IEI B, R LIRS . & f 7 (0,0
AR B HRAH.

g REFEREAR G EEEAR fE RS TR AN AT

21.3.3 ®XR/MARHE

S—STERAHI (B R LA §83 %), TRLED RE AMmER BN RK.
B/ME. AR08 BRI T

LR flzy) & XEERAKE L DISERY D (yate 288 &, RS s
RN BT, SR £ 7 D FRomil (TR MARA f( ),
ok —5t B B B, BRETT AR R RN RS S RAM,
BANENR/ME
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2. W flo,y) EFERFRES L, MEHEE ERARREMETLFTEE
BRar, 42 O R A R RS RS
3. MA
max f = mgxmgxf W, mgxmxaxf,
Xty RUICRBAE
4 Wk fley) B EGRIFRKE D &, AREERR f(z,v) 658 s
sEHF D B, RIEREFARE EMBERR/ME BEREHFENEE.

BIRE 21.3.7 3K flz,y) = 2* —zy +¥° — 2z + y ELFEH LR AR/

ML & fh=20-y-2=0, f,=c+2y+1 =085 (1,0). A =
fer(L0) =250, B= fru(1,0) = ~1, C = f,{1,0) =2, A = AC - B? > 0.
(L0} BAR/MES, B/MEN F(L,0)=~-1. XF

flpcosé, psing) = p*(1 —sindcosd) — p(2cos § — sin #)

> —é“p"’ —3p— +oo  (p— +00),

AN flz,y) EEFHELBRE XJHFEE 0, Yoz p i f> L FRE
2+t 2 f N, F RERRER/ME, Bl f =R L RAMES FEED = {22+ €
o3}y EBUMEMIFL X flz.y) & D ARFRH T8 FR
win f = min f = min{f(1,0), flap} = -1. O
B2 A flzy) =9+ -2y + («* - 20), BEE 2, K win f(z,y).
flz,y) B H

fay) =+ 2557+ (a7 - 20— 1,

] D
TR . .

: 82 4. 1 3. y2_

Eélgf(xay)_' 4$ 2:3 4 - 4(:3 1} lr
LN
in mi —min[ Sz 12— 1] =—

min mip f(z,y) = min [z - 1" — 1] = -1,

Jir LA

min f(z,y) = -1.
X f0,9) =y* +y TRAE BW flz,y) WEBKE O
W3 fay)=6-L-12+39 1218 /(1.0)=-1, F£ f(z.v)
£ (1,0) ABURB/ME ~1, TEKRE O
& HErOIGE 1P, BETE - TERBOREE (LM 242 BT4IE 1), BE

flz,v) # R* RREE—HRES WS ERESRRESER? AEREE
W9, B fla,y)=2% ~ o + 22y — " T R? EOIER (R T/ FHS4IE 5).
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BIEE 21.3.8 1§ D HARARYE, u(z,y) £ D L3 FFERTH B 25+
% = U, 'h',|aD = 0, mu U E D J:.TE%%J"

P ARiEE Bif oD b EMRAER AN R/ME bR up =0
HXFEA FE B/ MA R D B FRET) R (vo,v0) € intD, AWE

“(ﬂ?ﬂa yﬂ) > 0, U(I(}, yﬂ) = 'U,(.'E, y}, V(Ery) €D. (215)
:j:% (xﬂ'l y‘U) &%mﬁ{ﬁ.aﬁ1 ))’\W
—g%(ﬂ?ﬂ;yn) = g—;(ﬂfmyu) = 0. (21.6)
B—ITE, HEMFKHE

2 (z0,90) + 5 (a0, o) = uzo, o),
f55 (215), (21.6) FF, ATiu=0. O

GIE 21.3.9 F£FH AT ARER—HER LY =8 Mi(a:, b), i=1,2,3. X
TR R XE—S, FEER=E SMERZH AR

¥ AR My, ¢
po=V{z—a)?+(y—8)2, i=1,23
R R AR R Y \
Zm = Z ViE —a)? + (y — b)?
HBME BRTE=AAEE. “iuﬁl‘ b&b&bﬁﬁfﬁ%ﬁ

gz —Z: E“a‘ —Zcosf),,

=1

3
a
e -4 Yo a _Zsme,,

He 6; TR z WERS M, f’a@ﬁ%ﬁ]‘% MM i3 (RE 21.1).
BERES Mo, 2R RS A 0E
: cosh -+ coséy + cosfz =0,

siné; + sinfly +sinfy = (.
F—AFELL sinby, HBHILL cos by, HRE

sin{fz — 61) = sin{fl3 — fa). (21.7)
(5] £ ] 18

sin{f3 — 6y} = sin({f, — f3). {21.8)

B 211 FLVEE LMy MoMs = 8, — 8y, ZMaMoMs — 65 — 0,
LM MoM, =06, — 8+ 21 1 (21.7}, (21.8) pi=y
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sin ZM MyM; =sin AM MM s =sin ZM M M.

HT=AMAEE0 S 20 20, B4 M2 04 21, TR
/ MMMz = ZMoaMoM; = / MsMoM; = %m
FRE My o[ FHIAERS: E=/F MOM M; =1 b &E—SHRf
% S 930, S AILAR Mo,
FpBREATRSF T Y M

WA, ML BEE -T2 R
AL TRE Mo, IXIf, &l B 2R
METAE Mo 15T 25 Hk
(WA 21.1), EXHHEE, oM
8z ulz,y) 78 Mo, M1, Ma, M3 X
VA~ BE.  FRATHIERE, T3S
My 2bE ule,y) AEHEG N EM
=A%E ERLEREZEEERENE
LM MoMs = 3m, % 211

(M3 M3)% = (MoM2)? + (MoM1)? + MoM, - MoM,

:}{MOMQ""%—MUMI)E,
TR M M; > MM, + _%’MOMh EH M M3 > MgM; + %M{]Mla (i
A AH ufs

MMy + MiMs > MM, + MyMo + MyM;,
B w(M 1) > w(Mo). SIRMALE My 7RISR, M2 5 M.
EZRE MMMy 5—ANAXTEST 25 of, WERART, 28
ZHERBRH LI, RAURTFET. TWEY flz,y) £ My, Mo, My P2
—4b, SR RAER A T TR AME. D

# X-RERKIRN, ERR R RO R/ MERT, BRT RSN S8
TR R SR D RAE M.

I 21.3.10 (B/h=85E) R MMR TR BH —FIBIE (zow), i =
1, n EATRE LS REIELE, BAK LT A ES R EREE - 5
FH oy ZHBXRE & BEER T RIS ESERN S RES T AR,

B Al e (=1, 0) T2A% IEKREEAN, TRy v =
az +b. {RZEMFITHA

n

fla,b) = Z(am.; +b— y,;)z.
MBWE o, b, H18 Fla.b) R/ HI, &
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fﬂ.ZQZI'i(GIB{-{-b—yt):U, fbeZ(a:c:_l_b_yi):G}
=1

i=1

o, b '&%ﬁﬂ%

Z:z: +bZ:c 2 aZx +bn = Zy‘

=1 i=1

ﬁiﬁﬁﬁiﬂﬁﬁ HIRRER (e=a, b= ﬁﬁ—#ﬁﬁ%ﬁ'f '5 A IR /ME,
FTHEBE

A= jha'—'zzi:z: f?=:fﬁb==f3§E:ﬂka C:==jbb=:2n1
=1
D=AC-B*= 4nzm§ ~ 403 z:)* > 0.
i=1 i=1

AR fo,) TEA (6,0) BEME—R/ME FHM = (=1, )
LHSFORENEMER ) F

max laz; +b] > 0.
14is

AT

min { max |az, +b|} 2 6 > 0,
a?+b?=1"1gign

gL E

b—
lim a, b = ]_im a + b2 0r; + y
[al+|bf =400 f( ) la|+|b—+oo )Z 2 T 52

> (@ +0)(# - (aibz))—w-m
B £ 498 AR O SR LT, SRR MERRRME O

A1 ERERET (ER4ENHRE), MRREHERE THFEEE
ARBE, TePOR PR A U —, M s S RRE S

Z2 PR 21.3.7 WEAELH, BTEBHE RESHA—ERBRE
- BER fRIIREE M f ORES —ERREA T e RS
WAEA, W py B f RES 7F B 5’-[1 Taylor BIF, H

fle) = f(po) + 5 (= - PG)TQ {x — po)-

BT fRZKERYH HQ %#’fﬁﬁ[ﬁ HH f T p, BEEEIRE, Bl Q B2k
ERFARERRE MR Q REEEERE M f(z) - flpy) 2 0, Va. i f(p,)
RB/ME MR Q BEMEMER W fx) - flpo) < 0V, Bkl fipy) BBAHE.
H A8 2 T S/ h ek AR MELRE R B/ MELY 73— FhIERR.

21.3.4 #3398
1. &% ulz,y) TF (2o, v0) RSN HEESEMN MRS, XS h - O NE
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2 2,
9:2"‘ (Zo. 40) + g 3 (Zo, o) = hz —5 [u(zo + h, 50} + ulzo — b, 10)
+ulzy, yo + h) + w{zg, yo — h) — dulze, yo)] + oL}

2. WF FHIE (0,0) MEFHIEA? BEFREA?
(1) flx,p) = 2% —day + 5% - 1;
(2) flz,y) =22 + %
(3) flz,y) = @ +y)? -2
3. KT 9 S SR A B A P AR
() u(z,y) = 2y — 1)%;
(2) u(z,y) = 3’y — 2? — 2%
(3) ulz,y) = (1+e¥)cosz — yev.

4. 3K f(z,y) = sinzsinysin{z+y) F£ D = {(z, ) | z20y20z+y<n} b
WA B/ME.

5. LMY f(z,y) = 2° ~ 42 + 20y — 4® E R? LFHE—RONCAELE, HiZ
BREAAZRXES.

§214 HEBESKHERE

21.4.1 #ikiRa

TENRARFM vz, 22, ,20) =0 i = 1,-+- ,m, m < n) B, R\
f(zh Tt :xn) E’%ﬁ[ﬁfﬂ@: E}E%%R\T La.grange Eﬁ
L(Ih L :xn) = f{zls e smﬂ-} ‘l"Z}"'i(Pi(ml! T ,3’:“) {219)
R EE LR EOFE, ok e (0 = Lo, m) HEBAT. RFHFEHY
Lagrange #e¥i%. Lagrange TR0 JLIA SR E] REH (9, 25, 60) 4.
Lagrange $e-7i& 0 Bk BB
1. YEH} Lagrange sR¥ (21.9);
2. EH L:Bi =0 (% =1, &n)_—’:“f wi = 0 (t =1, am) &iﬁ&} L E{}%ﬁsﬁaﬁ
—L? 1’1 (i = 1: Tt am) %-ﬁ#ﬁr %E*ﬁfﬁﬂﬁﬁg

dip1 . a1
33:1 B;::n
: : (21.10)
aﬁom . a‘Pm
oz diy,

B A m;
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5. HHEMBEA po, B Hesseﬁtﬂzﬂ(po):( i’ ) (o).

al'ia.']:j
(1) & H{py) iE5E, Bl po A GrlF) BMES
(2) % Hipy) 5E, W po 5S4 R |AMELS
(3) & H(p,) BETRILE, ARG, W

i .
dtp-.(:cl,*--,a:n)= ai. dr; =0, z=1,---,m
1

DR (21.10) 5B m, M oy, e S m b RATRAT R
o, Ao, HERA 1 TR (A1 52— + -+ don 50— Lipy)

kK {n —m) LR i adz.de;. & A = (Gij)n-mx(n-m). # AR
4.4=1

R, T po A () BUMAS. B A BRI, I po 52 (RHH) 1

Jlfid, 2 A R, W py TR (i) WIES 2 A B UE

HE—BHIE.
mEE, FHR Hp) BAEE, hAREHBERT, iTieHE

BIE 21.4.1 3K f(z,y) = az® + 2bay +oy® (b# O) ERHF ? +9* =1 2T
HIRRAE.

B 1 {F Lagrange B
Liz,y,A) = az? + 2bay + oy - Ma? + 42 - 1).

BTN
Ly = 2az + 2by — 2Az = 0, (21.11)
Ly=2bz 4 2cy - 20y =1, (21.12)
24yt =1, (21.13)
4 (21.13) K1 2,y FATSERIEENE, TR (21.11), (2112) 8
a=r bl 3t i htac— b =0, (21.14)
b c—A

EHHX A = (e +c)? ~4{ac— %) = (a—c)® + 407 > 0, ATTREHF IR IR
Ay = %[cﬁ-ci V(e —c)? + 4b2).
&AL B (2111) (3(21.12)) 5 (21.13) B HM41RE
(A z1,y1), (A, z2,32), (A—, 23, ¥3), (Ao, T4, 1a),
H nyoysys 70, | (2111) 5 (21.12) 41
Liz Lgy| [2(a—A) 2b
Loy Ly % Ae—N)
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&ﬁ&%ﬁﬁﬁﬁ(?mi@)%$ﬁ£%%p&$%ﬁ%%-%ﬁﬂ¢
Y Ky
(21.13) R4

2¢dz 4 2y dy =0,

fH
dy = —-3— dz.
RN 2L = 2{a — A)dz? + dbdzdy + 2(c — A)dy? F, B
[(a, — Wy? = 2bzy + (¢ ~ A)z?] dz?
, 1<0, A=hy,

>0, A=A_.
B, 3T A (A=), f IREBHA M E O

M2 FREREOTE

2 BHIERE b # 0 B, f WIRIEARTE (£1,0) BUS, MR EXF RN < +4° -1 =
0 AT EE RS EARAEEETSNREK y =iz HyY = **:;—-

it F(z) = f(z,h(z)), M

F'(z) = 2az + 2b(y + zy') + 2cyy’
= 2{ax + by) + 2(bx + cy}(-%) = %[(a — e)zy + b{y* — %))
4 Fliz)=0,iCu= %: i LR
bu? — (g —cu—b=0.
ERHHIR A=(a-)*+ 452 >0, R EAHRER
Ut = 26 la — c4 /(o — )2 +4b%),
BRS. BEIMRA & +¢° =1 FHREMNT vy B8 21, 20 AT u
HIf z3, 2 EXEHS L
F'(z) = 2 {{a ey — 2bz + [(a — cjx + 2by](—u—)}

= y2 = [(a — ) (y* — 2*) ~ dbxy]

2z a — ¢)?
= yf[_( b) — 48]
<0, uw=nuy,
- T
>0, u=u_.

Wz, B f BURCRHLE, s, 24 B F FIM/ME R, HBOCHEFUR/MES 15
(aud + 2buy +o)/(u? + 1) # (ev? + 2bu- +¢)/(u? +1). O
B3 EER



§21.4 A4wELSEGRMA 227

flz,y) = {z.v) (g b) (I)
¢/ \y

R—AEATE K, MARSRBPEREE: R~ kA

Z 2 %% (G =aj, ,5=1,---,n)

f,5=1
HV T G5 TF 508 B A R T

Myy +Rayd + o+ Ay,

AT HGH RE Ay hg, - A BERIERE (2i)nxn B9EHE 242 3F00H. H
.IPC f(ﬂ:,y) E‘H‘tﬁg

flay) = Mu® + a0, H w2 +0% =1,
Kt u, v 2z, y GRS, REHH Lagrange LS NERK. O

& AERERSEEANSFHE BEN—REE— 20 RHRE

21.4.2 H4BE

FERELRFRES, BRGRAGRE AR L @ REERER
SAFE. AR SAESH EERAE &4RE HMEFER, WwER R
HR—HHERANT ELFEREEES, BiFZEEN I TEELE

LAZJCRE v = flz,y,2) M—TIREAREE olz,y,2) = 0 X6 G f,9
TEH R SO BB EEnTR). R v BN, RERESE H oo 9 0- D1 =
{(z,1,2) | 9{z,y,2) = 0} LARRER:Y 0, W RfE 0 RAR A &, MTT R Lagrange
BRI . L, /€ polzo, v, 20) BREME S, H 9.(po) # 0, WFETE (20,%0)
HE B Olzo, o), HERFHERER 2 = 2(r,9). FR v = f(r,y,2(z,y))
T O(zo,y0) PHEN, BT (zo,y0) WERE. HH Olzo,wo) BRFFE, FTLL
u= flz,y,2(z,y)) & (xo,30) SBBE. BIEER XSG BES H 0T

1. FHFMFEER g(z,v,2) =0, HYRBED: = {(2,y,2) | 9(z,v,2) = 0}
RERAE (W REDEFE). # 90 g0 9. B Dy ERFEREH 0, sk
i Lagrange of 3RS 800 & RAH R A B B8, FEECEL B {H DT

2. HYRAGHIER glz,y,2) =0, H Dy ZIERE EH L nsgE, &%
b BB ML R &R i LA & R M8

3. Dh FARRE, HEMMARER W22 +42+2=1,2>0,9>0,2>0),
KT RAFRAR W22+ y* +2=1L220y 20,2 20), NTIRHERT
T, BKoRH Lagrange ¥ 355 BN f 698, S HBAE N My,
BNER m, RERY [ ERMLAEBR EARKE M fig/ME ma,
M2 Mo, WAMERKES M 35 My < My, WAGBAERGEE &
R ME AT 288
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4 AR glz.y,2) = 0,01 R, HRAWWAK We+ytz=1z>
0,y >0,z >0 ). FEHNIZECIERRAFRETTE FEHRFRES R
FEFR— A FHP, N 3 fHE.

& XREREEERA . MEA B E, RATAEA X A g
SE R T, RER NN T

OURE 21.4.2 WRRE £~ +4°+ £~ = L B AR TR 20 +y+2 =0
Bl — TR 1 SR s o v A

M RECRMRIE | BR RN F RIS TR A&

2 2
Flz,g,2)= 5+ + 5 —1=0, (21.15)
Glz,y,2)=22+y+z=0 (21.16)

TR r? =2 9% + 22 ZBRR/ME HHEX
2 2
Liz,y, 2,k p) = 22 492 + 22 + A(5-+ 47+ 5= - D+ p2z +y 4+ 2).

/&"\

L=2c+ %M 4+ 24 =10, (21.17)

Ly=2+2y+p=0, (21.18)

L,=224+Rz+pu=0. (21.19)
# (21.17)-(21.19) 3 51FE z,y, 2, SRISHI, F1F (21.15), (21.16) B

A=—r2, (21.20)
¥ (21.20) fLA (21.17), 8
(r? — 3)z = 3.

Fri=3 0 p=0 f0A (2L18), (21.19), By =2 =0, RATIHE (21.15) H
(21.16). M, 2 ~ 3 £ 0. FL

= (21.21)
rZ -3
A (21.20) LA (21.18), (21.19) /8
| v= 2(1'2”— ) T '-"2“—2 (21.22)
¥(21.21), (21.22) LA (21.16), 78
e s+ 2(1'2#—1) + == =0 (21.23)

MT p#0, HE p, B
15(r%)? — 49r% + 36 =0,
R PR rf 0 rf RS RAR SV RHE S FORESESRA

o(F,G) MFG) o(FG)
5 8 r® RIS R sgs £ o) SO G gy
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% 0, MR AR AUAT), BTGRP 80 v (BB ME, BT,
REESIETT. AR Vel A 7 = 35 = 2 FRIRETRY

s=Trrs=2n -%- ]

1 FEFBREURA R ESRR ERE TS, RES—R AL
R AR, TR TR R A0 R

A2 BT (21.20) ZETHTHENREER A

i (21.15) Wl z,y, 2 FEERINSY O, TRAENEA (21.16)—(21.19) Fl 2,3, 2,
u o ARGEER, A AR WHBHATERHE TRASERAITAA S0, B

2+—§-1 0 0 2
0 2+2% 0 1
g 0 2+ 1
2 1 1 {
24+ 2A { H 0 242X ;
:(2+%1} 0 24+% 1-2/10 0 24X
1 1 ) 2 1 1
= -2+ 2ME@+A+2+2N) - 42+ 22+ M) =0,

B
1542 — 49% + 36 = 0.

OIME 21.43 ®p2 1 K flz,y) = 5 (@ +47) Eo+y=C (CHERE),
£20, 3> 0 MAETHBME
Wi

Lz, g, M) = =@ +¢") + Mz +y —- O).

4>
bJIl—l

I

L, —g-mp*l +A=0,
Ly %yp_l +4=0,
x+y=C.
WBEA o=y = 5 MTAOREERERNE, LHIESESHNAREE
C
2

R st 15,5 = (57, £0,0) = £(C,0) = 507, BE (57 HR
MME. O
T MAEERTR )
70> (F51)
ﬁﬁ&ﬂgﬁ.{uﬁﬂﬂ %I} 2Lz 2 0:1' = 1:— y 12y ﬁm

il




230 F o+ BIHRSHER

ii“’f:’( ; )p,

TR 2 A3 AR T LAZS Ut g 2% 1 B fEL IR R SRR B

B 21.4.4 R f(x,y,2) =Inz+2lny+3inz R, Heb 22 442+ 2° =
6ri(r>0), >0, y >0, 2 >0, BiFHIHEFAES a.b,c, H

i)
ab?e® < 108 (iigﬁ) . (21.24)

St FREFN TR v = oy’ BEAE XHEERE S REREE Y
Tofe X, MAFRLNTR, BUAHIERFE 220,320 220 FEFE
IR E v RE/ME. BUE D1 = {(z,y, 2) | 4y?+22=6r22 20,920,z 20}
HINEE—EH v TR E .

UWF ¥ Lagrange ¥

L{z,y, z,A) = zy22% + ?.(;c2 +y2 422 6?‘2).

4

Ly=y*2+ 22z =0, (
L, = 2zy2® + 24y = 0, (21.26
= 3zy’2? + 20z = 0, (
24yt + 2% = 6l (
T (21.25)-(21.27) P90 DR LA , v, 2z, SRIGATIN, #)F (21.28) B
zy?2% = 2, {21.29)
PR (21.29) A (21.25)-(21.27) o, RHEH A £ 0, 7
z=r, y=v2r, 2=v3r, A=-3v3r%
AR TR, TR oy’s® BB 6378, /I
zy?2% € 6319,
PIin 77 iR
ry?2® £ 108712,
$a=adyt b =c M= 2H0EC p
abc® < 108 (igi—c) . O
A& WU HEAREHE- T T RSR (B 4 70 IR (21.24):
ab?c® = 2233 (é:.)g (%)3 < 108 (“—+~§-ﬂ)ﬁ (21.30)
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21.4.3 PRERMATRIE

KPRFOREFTHEN G F-ROTERHREICRS, FAERE 8
"R AR R E SR, POV TR TAE T RERRHR AR X
FOTIE

FIE 21.4.5 K=
2+ P+ 22 +2ry— 22— Jy—4dz+4=0 (21.31)
PSR R 2 = 2(z,y) RUIRIE.

M1 (EEER b 2131 MREE 2= 2(xy) RS B

_az ) a_z =

Az + 22 3 +2y-2-4 3 Q, (21.32)
J— — — -—-E-—— T——

2u+ 2z aa +2xr—2-4 Wl 0. (21.33)

dz _ 9z _
2r4+y—-1=0, y+z-1=0.
MILTREER N (0,1), ZRA (21.31) B

2 - 42+ 3=0.
FHE 2y =1, zp =3, 75 (21.32), (21.33) PR S, B

9z \2 Pz, %z
1+ 2AL5) + 255 ~ 455 =0, (21.34)
dz_ dz 92z a9
25 oy T 3y T2 ey = O (21.35)
b & ER
2+2(——a“')2+2z 2 42z =, (21.36)

7 (21.34)-(21.36) 14 (z,y,2) = (0,1,1), g—; = —gﬁ =0, /B A=z,=
2, B=2py=1,C=2y4y=1, TR D=AC-B2>0. ¥ z =1 H{/ME.

1 (21.34)-(21.36) 14 (2,4,2) = (0,1,3), %ﬁ— - —% —0, B A=z =
2, B=zgy =1, C=ayy=—1, T D= AC— B2 > 0. # = = 3 WAL

R&2 L (20.31) ARG, BREVREL f{z,y,2) = 2, I Lagrange 404
L(z,y,2,A) = 2+ A2z% + 42 +zz+2$y—2x—2y—4z+4).

A

Lo =4z +2hy — 2A =0, (21.37)
L, = 2z + 2hy — 2\ = 0, (21.38)
Le=1+2hz -4\ =0, (21.39)
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BR A A0 FRAE (2137 f (21 3%) BEEH 0,1). A (213 & 2 =
Loz =3 fH (2039) @A = o, =5 BT
Loz =48, Lyy =L,y =2k Lgy=2h Lp =L, =0,
Fi L (0,1,1) 5 (0,1,3) B Hesse #FESFI N
1 0 -2 -1 0
i ol, |-t =1 o[
0 1 0 0 -1
& ILE, e& HE, Il 2 =1 A/MA, 2 =3 Kl O

2
1
0

21.4.4 %38

K fz,y,2) = ot + oyt + 25 HEM oy =1 THRA
Ku=z-2y+2e ERHEF 2 +4° +22 =1 FHHRE
Koz =cos®z +cos® y Mz —y = T FABRLE.
K flx,y,2) = 2'y™ 0" R ax+by+cz = k FRMRME, HRAOTRYIE.
Ku= vg—-—fﬂg—zh-f-%:- TR 442 +2% = 1,z cosa+ycos f+zeosy =0
TR Ehae>b> e 0, cos a+0052;5'+0052’y = 1.
6. &gfq;ﬁ%wgz}? R e SR RN PR
MEE Ku=n122- f»"n E)J*&{E
7. RMEAIFE &Mz ry+2z = 2 , x>0, y>0, z> 08}, v =sinz-siny-sin z
AR AE.
8.%‘21—% =L RKu=22 o+ 22 fRE B o, >0
(3—12 )%’%‘ﬁ,’}'{%mu Ty BIRTF 0.
9.2Eu——a¢d4ry +2° — wyz fF 2+t + 22 < L R R/ME.
10. 3R 2 =27 ~xy + v & |z| + [y| < 1 PRRKE/MA
1. KA 2% +3° + 2% = 1 LR—g, fEEB 0 AMBRE Mi(o,0,2) (i =
L2, n) ERBY TR
12, R (-1,0) PRI H L * = o NBREES.
13. ERKAEHH=/AEd, KER R =/E.
4. 2REH o Jrn AET FEHERMED.
15, | o WBRLBAME, —BER—1EHE, B—BER— 0. XFHEK
BAELW, EFESEERZ FAEKE
16. SEHIME 32% + 2ry + 3y? = | EAER s ARIRBIAOTE, RIS B Ak bl
HAl i = AT m g E.

A o
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I7.
18.
19.
20.
21.
22.

23.
24.

25.
26,

27.

28.

SRIFAFI (2 4)° + 2 = 1 MRTER
Ra?—ay+y? - F =1 5 a4 = | RATIR AR,
ERINI= T, KRR M T
ST A RIS I,
B ITE PR — % C, SEREIA SRR A R b
AR R AT, TRUARK R = ATBA— M AR, 5
5= AT SR ER, 3 RERRAH HEZ AT
FEMAIE 22 + 497 =4 bR, HRIEL 37 + 4y = 12 (OISR
B L+ L = 1 E—HIRS oy BABIRT 4,8 R, KR
AB REfR/ME
EWN% ¥ = 2 BFTH SHEREANRTRRERAIE
BRI £+ = I (2~ 12 44 = 1 SEFIA. AR b
W B A MR ER A R
B Flo,y) = 0 R BHRTRS &1, e TIREH y = f(2).
i Flo,y) RHERHRSH
(1) K £z
(2) & Flzo.30) =0, yo = flzo) A fla) B— M, IR Fy{za, v0)
5 Fee{zo,y0) FIS0;, flzo) AMKE, 2 Fylzo, 1) 5 Fae(zo,%0) B
B, foo) HHME
(3) R o+ my+37 = 27 FEREERR T CRMRA v), Ry = [(2) B
1A, 370 (2) PSR HIBB KRB
i D RMPHIE Y= -1,y = o 41 SRIHI, WE D sk
—E L+ L = 1, EE R

§21.5 =4 Rolle TE
AW A ERE TR LR~ T TEMERE LE KL 1025

(1995) 243~249 T,

HRENSH W T AR Rolle F
W 21.5.1 R f F R PRARK B0 r) FES, FEMAR FETE

H, HHEFER BOir) A MERNESF —PERAAER S B5),
RIETE (2, 2%} € B(Oyr), ff Vf(zt, - ,28) =0.
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W 2R A B(Or) BAEE SRR R fE B EANHE
MEZPH—TREFEATBRE. AR TRESERRES, AN f alER
A{EE). O

m =2 B, 3 2 = flo,y) Bk NEECHILAE B(O:r) EAEHEAT I
6454 (o, 0) AL HFFRMETILRE (L (2o, 30), (20, o), 1), it
MEHBAES, (r0,00), AN TITEIEIEIR (0,0,41). ATHERTH
F 5 WSR2 = c, c WA

FEALE BO,r) C R LATHIN F. HOFHRY Rolle 58

%8 21.5.2 % F: B(0,r) » R™ W[#{, AR B(0,r) hifg:, HEEEL
EEveR™ {§

v-Flz}=0 WEE = €dBO,r) BV, (21.40)
M7 & € B(O,r), AHMEE uw e R" #F
v JF(Eu=0 (21.41)

JLESH TEHEXTERFRERZE, £F - TEMJLAS LET 4. W
Bn=2m=3 N FREREFEERR BO,r) Lo~ WSEME 2. &Kk
(21.40) JRAX W EEAR T v AEREN—PFE T LEEREST
T A R A B OEE). RIS EA R u = er, e Jy R? fUARHER, Bl @ = JF(f)e,
1 8=JF(&)e: R JF() BT &M CHFImE, Flk

v-JF(&e; =0, j=1,2
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D

Dri{yz0}

2, USRI D XF y WA, A (1) floy) = —f(—a,5), T ”f(r, y)dzdy =

b

0; (2)f(m,y)=f(-r,y),ﬂd”f(xay)dmdyzil ” f(z,9) dedy.
n

Dr{z 30}
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# o,y e D, flmy ) kb2 EE  °
% [01(2,y), 22(z,y)] AR, 2.7

JHf(:r, Y, ¢)dzdydz = demdy rz(m‘m flz,y,2)dz

b 5 z21(z,y)
R ITER N “E—E
2. i jm— MIEEXFERT RN CERY, REMETA—TERE
BB X R s s KRR B EIF SR EDR. 18




252 For—% $4s

£2={(z,y,2) ‘ a<z<b(x,y) €Dz},
H D(z) B =,y Vil LI - BEALNERARE. 0F fle,y.2) €02 LH
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x = s{u,v,w), y=yluvw), z=2uvw), uvuw)
EA—fURE
(AT 25 2 ZR#——3 W,
(2) z, 9.2 FE W%‘%Tﬁ"i‘i"iiﬁ?ﬁﬁﬁfﬁ%% 3 HBAER u = ulz, y, 2),
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I= fmbj {1+ %) dz = —i’—ﬂ:ab. J
0
Bk 22.3.3 it HE S

= ryzdzdydz
= J]] \/32$2+bzy2+c2221 ﬁq:' a>bh>e>0.
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T}_?T ”Jf(:c,y,z) drdydz,

2
Hep 10] &2 2 g
WX R Hz=2?+y%, z=0, zy =1, zy =2, y = 3z, y = 4z FrEIAE,
R
I=Jjjx2yzzd$dydz.

R 3 0= B m cos(az + by + c2)dedydz. KV - 22 +
Vv
Y2+ 22 < 1, a,b, ¢ RRRA MR A



258 Fot+¥% E£iy

§22.4 - NERH
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j dtJ flz,t)dx = j d:.cj flz, ) dt,

[

© RTRMANE L RREES 20 B 356 TE+ RS 16.1.1.



280 §Fot+z¥% L2455 ¥HS

R 23.1.4 (VIRHE) # f(z,1), fil@ ) % [0,8] % [e,d] B U
e(t)=| flz,t)dz

Ja

e le.d] ER[S, H

rh
@’(t) = ft(:rst) dz.

Ja

MRERNMRFEEH SR, WEITE O TERNLL

thl 23.1.5 & f(2,¢) ¥£ [0.8] x [c,d] biELE, o(t) #1 () MFE [c.d] £
& 8
o< alt),B(t) £b, Vte|ed],

1
(L)
olt) =j f(z,1) de

(i)

# lod) LS F—PE file,t) BT 0,0 x [o,d] EFELE, oft) 81 50) #FE
[e;d] LS, W (t) HAE [e,d] LR[S, H .

@'ty = F(B(8). )8 (¢) - fa(t), t)e' (1) +J o fi(z,t) dz.

O 25.1.1  f(2) 75 [0,1] L% %%
FO) = | b f@)ds

5 $2+t2

HESEAE.

B B P EXE (~ootoo) b HL Vi £ 0, hzt) = ST 4

0,3] x {5-to, 2to] _LHESE (3 [0,1) x [2t0, -3-to] L3E4E), i 23.1.2 50 F(t) e
to WEELL.
THEEHE F(E) 76 ¢ = 0 AMOTESHE. RAISE4R

lim F(£) = lim J ?—i—ﬁ— flz)dz.

t—0+ f—0t G

EET
t1/3 1

1
t _ t t
L T flz)dz L P flx)dz + L!E P flz)dz.
Mm%t —0f B,
4173 173

L -’-!?Qitz flz)dx = f(£)arctan ; _..f{[})_iil;._

t
< - &
< gozx, )] £33 4 g2

Jl L {r)dx

178 272 + 2

it
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738 AT
lim F(t) = —f(0)5
t—0—

B f(0) =0 &, F(t) #F S8, TlELS SR ESE O
PI8E 23.1.2 &

32

T+t
F(t) = J da:J sin{z? + 9% — t*) dy,
0 r—t
R F(t).
x4-f
B 00| sinlet it —2)dy Hoba, ¢ WEER HASRRS
z—1
IR A
24t 2 3 x4t
Ft)= 2tJ sin(t! +y* — %) dy +J == J sin(z? + 2 ~ ) dy | da.
23 ] dt -1
S 2, .2 2
gL—: sin(z” +y° - t*)dy
= sinfz® + (z +1)% — ] - (—1) - sin[z? + (z — £) — 3]
z+i
+J (=2t} cos(z® + 2 — 2)dy
T—t
41
= 23in 2z cos 21t — EtJ cos(z® + 3 — %) dy.
— z—¢
#5787 2 2
4L f
Fi(t) = 2tJ sin(#! + 9% — %) dy + 2 J sin 22° cos 2zt dz
12—t 0

t T+t
- QtJ dazj cos(z” + 1% — t)dy. O
Q -t

23.1.2 JHEANKETRELNSE
b
MREER o) =J fo.t) dz BEE, TR TFRH

b
L%Rwﬁkmﬁijﬁ@ﬁ¢n%ﬁﬁﬁtﬂﬁ$$w@-

2. 4 fl=.0) REABNDER, BATLHS FRESH L. KERETH
BUMKF.

M 23.1.3 {15 "

Iz} = r In(sin® & + 2® cos® 8)df, 0 < z < +o0. (23.1)
0
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B 4 f(z,6) = In(sin® §+22 cos? 8). Vo € (0, +00), fl,0) # [—%—zn, 225) X
2 2g 1
0, 5] L4, B fule,6) = T3 oy W [5%0, 200 x [0, ] L
g WAL ST RSAEE, W8 vz € (0, +00),

R/2 2 /2
2z cos° 8 dé
Ifg) = d6=2:r;J — tan# = ¢

(@) L sin? @ + 22 cos? @ o =% +tan’@ (% )

+ oo 1 1
= : dt
2 L 2+ 1482

2x {7, 1 1
=3 J (1+t2_$2+tz)dt (z # 1)

B8
Iz)=mnln(l+z}+C (v #£1)
B [(z) MESHH EREZANM e = 1 WlT E @B P, S 2=1, 0
I{1} =0, il C = —wIn2. BIF87)
Ir)=xln1fZ [

2
Bl 23.1.4 3k
n/z
I(a):f R A NP3
0 — (COST  COST
¥ o |
lim pltocosz 1 Hm [ n(l + ecosx) B ]n[l—acoss’:)} =%,
/2 1 —oeosz  cosr  p g coszx COST
FRz= 3 FRBE X
In(1+acosz)  In(l ~acosz) [® dy
COS T COS ¥ 1, T+ycosz
2 fl2.y) =1/(1 +ycosz), Va € (~1,1), fz,y) 7 [0, 2] x [~a, o] Likst, #
RS8R PR,
rOE x/2 d{i‘,‘ o 9 l—y . w2
(o) ~—ayL TFycmz Ja _y2arctan( T+ anz)udy
o
2 11—y
= arctan d
—w 1—y2 1+y 4
Kt
_ 2 | l+y
1, T4 (a:ctan TF + arctan l—y)dy
« d
znj J = marcsing., [
0 1 — g2

&A1 WALIHTEYTER Ha):
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a /2 & /2
d B (1+ ycosz)ds
Ha) = J' dyJ'U W_L& dyL 1-y2cos’z
o /2
ycos:rd;c yeoszdr
R e S PTET T P
ﬁﬁ & n/2 dee o +0a du
I(&):J—q dyL 1 —y®cos’s ZZJ.D dyL u? + (1 —3?)
= QL \/ll—ﬁy? : %dy = T arcsin c.
2 EFLAMBTR o REMFER I(a).
I8 23.1.5 PR

2x
J' et °**? cos(tsing) df = 2n.
0
2r

4R EﬁtﬁEﬁﬁﬁﬁﬁtmﬁﬁw&ﬂﬂ=Lem“aﬂmmm%-
BAEN J() =2, B () AR BAK £(0) = 2%, TRABEN /(1) =0

1 BRSHER
2n 2x

i) = J " cos § cos(t sin 6) g — J e “% gin(t sin §) sin 4 g6
0 0

o
:j e"**? cos(tsin @ + 9) df.
0

BB INAuER .
F) = I e cos(t sin @ + nd) dé.
T2 ”
FfM0)=0, n=1,2,-
MITFIF Taylor B

[0 = F0) 40+ +0+ £ gy
P ENTF 05t 2 By

lﬂWM=Jﬁém%w@mmmmw
O
Bt A% 8 —A 8 289 ¢ € (—o0, +oc)

2R
gJ elél g < omeltl,
[0}

Jim L@ =0
R
fAy=f (} 2r. O
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2 2r
fi{t) = J et <*5? cos f cos(t sin ) df - I &' sin{t sin @) sin  df
0 0

31; e**lcos(ty} dy + sin(ty) dz],
22 4y2=1
Hrr s (o EGEEHE 1] B Green A 1B
fit)= ” [%(e“ cos{ty)) — %(e” sin(ty))] dedy=0. O
g2l
b
FIRE SRR, ROTURRA SR H— 5 [ = | f(o)dn
XEER G W AERT RS, Eﬂ*ﬁ'ﬁfﬁ Newton-Leibniz 20 & 8471
% mmmﬁmwaﬁﬁ 0 A6 1) = | olo.v)dz, 8698 1) = I (o
HEEHE), Kd I(y) S y=w ENASSERTHENELERERE.

G 23.0.6 RERS (
| In{l+z)
I= L 1322 dz.
W AR ELI 9 O 1047 TR S0 —FRL, THA
ERANSSREMIER. 4T fo) = 2010 porrmE RN RER, B

C1+2®
BRI SIAER o, EX
1
I(o) = L %ﬁi} dz.
In(l + cx)
1422

HWI(1) = 1. a[RBRIE f(z,0) =
RFHFME TR 1
Ia) = L {1+ IZ)QEI + o) dz

1
| o+ o
-1+&2I(1+$2 1+r:m:)d$

% [0,1] x [0,1] EHERY 5T

1
2

+ 5 In2— In(l + o).

1
- 1 [cx arctan x + h1(1+$2)—1ﬂ(1+a$)]'ﬂ

1+ a?
B 1-|-1¢:x2 [%a
M 78 i

I{1) = 1{(0) + J

0

1 1

I'a)da = [ _1—}—1—a [%af+ %ln? In(1 +a}] do
0
1

= (%-]n(li—a +——ln2 a:rctana)'
0

B

I{1) = %1112. O
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23.1.3 #>JEF
$

1. 3R F(6) = L In(1+ Gcosz)dz (J6] < 1).

2 4% fls,t) HATEY, Fo) = | dt[ fit,5)ds. K F'a).
3 R £(o) # (0,8) x (c,d) LEBSLER, i
1) = rlew)ay
& (0,h) L% |

Ir

4. i I(n) = J In(R? + a2 — 2aRcos @) dd, |a| < R, SEHH I'{a) =0,
0

Lo
. - x? -z . 1
5 i a, b>0 3K L o sin(ln = dz.

6. i Fit) = [ def(a: Lyt t)dy, Hb £ REEEY, L]

0
F'(t) = ft+ 2a) - 2f({t +a) + f(1).
¢ 2 1 201442
nig )= ([ e a) o0 - [ S an iwd s+ o0 = T

Q 1+$2
“+-o0

#Hﬁllﬂﬁﬁ“ﬁj = da.

0

§23.2 SETESURS

RECTERTEREBRMN &SR X KT E TRV ES
AR BTSRRI R BT L o BRSNS AT R R B
EF ST REMU, AT RSB MA. HANETEISR §16.1 1hY
WA, HPHEU n ABRENIHR R

23.2.1 —Bkai
EETR B XA N
ol :J flz,0)dz, teT (23.2)

(T RARLLFT R (ot B AN — P EER AR X TSR —K
WSt

B G— t €T S MR Ve > 0, FHE Ay = Aole), 2 4 > Ay B,
M—glteT, L
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“:W flz, 1) d:r) < €,
MR &SRR LBS (232) 2T t e T —BUKRL
BT LN MRS SHT RS (23.2) f— R Tk
1. Cauchy —BKSRTI J flot)de %F t € T — Bl KB L
Ve >0, %FF Ao > 0, % A, A > Ao, M—4l e T, K

A
[ flz,t) d:s} < €.
A

2. Weierstrass #Bi% (M #%) % rmf (z,t)dr fE t € T iRk, R
(1) [fle, )| < F(z), a €5 < oo, tET,

+00
) J F(z) dz {8,

+o0
o j Flo.f) de %F t € T —Bolicgk.
3. Abel HF[3E %
+oa
1) J flot)dz %F t € T —Bkst,
\ (2) B o(ot) %TF o LI, BN TR R
o
b j f(z,bg(z, ) de %TF t € T —Bhed.
‘ 4. Dirichlet ¥IJ5IJ;£ 1%
A
(1) j flo,t)dz VA2 a,t € T BB R,
‘ (2) &% ofa,t) F = i, B _hm gla,t) =0 %F e T 5,

+oo
mnj fle,glz, ) de X TF 1 € T —Hiksk.
5.Dm1iﬂ R fle,t) £ D= {u,‘i:l:*-iooa{t{ﬁ}_tiﬂéﬁﬂ:ﬁﬂt%

o(8) =[ fz,t)dz 6 [0 6] b3S, ,rzu[ f(@t)dz %F ¢ € [, 8] —
B 2%,

PHFARR & ST B R RERREILHF W, [T LRFE
EFRENTSTEE SRS, 4t (B 5 MR a8
HESSTRT VRS A B H BT,
‘ L ##EX: Jeo>0VM >0, fFE AM)>M P E M eT, {#8

rm f(:c,t(M))dz:l > .
A(M)
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2. 1% Cauchy —FUgBHENE: Jeg > 0, M, F1E AL(M) > M, Ax{M) > M L
EHM)eT, &

AE[M}
J F(z, ¢ (M) da
Aa (M}

-+ o0
&EHWﬂEM&@thﬁim%TW—ﬁ%%j.mﬁﬁﬁ
+oa “

L al
T\ {to} bﬂzﬁz,nﬁj f(z,to) dz B, muj flotydz £ T EBEF
AL

4 fla,t) E D = {a <5< o0 <t<F L, off) = J+°°f(m,t) dz 7

;?- £n-

+o0
[}

kmuﬁmm%ﬁmj.MﬁmEMﬂLF@Wﬁ

23.2.2 @M

BRI AR M ARk, MRS LD AMEHT TS SAEMR
FURRRIBF, M R A R S0, 3 E T UHA R AR M I A

Film 23.2.1 itip
Ity) = j sin 2 dx
# y € [0,+o00) Fi—Bolg itk
%1 (8 fo?el HIRE) BERMERESH v 20, FI 3RS Bus.

+

=2 _ * sint
R | singtds = [ S ar g, 55y K T v € [0,+o0)
S BB,
EREE v € [0, +00), T B o HBHEY, B || <1 df Abel
Sl

I+m sin 2 da
g 1+z¥
XF y &[0, +o0) E—FY. O
%2 ( A Dirichlet %HJ%IJE) J& Hyy IkBH
=00

.9 1
J, T 8in T (1 +77) dz.

#HT

€1, VYyell,+o0).

A A
sinz?dz| = 1 cosa:2|
0 2 0

M~ B y € 0,00}, i ¥ o B3,
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1
(1 +2¥)

Yz — +oo Y, W R+ y —EUSCF 0. 1 Dirichlet FIH|ERFF
SR 3 y € [0,+o0) — Bl O

%—};—»D (x — 400},

oUm 2.2.2 ik )
fo)=|  HE 4

# (1) a € [ap, +oo), Kt ap > 0; (2] o € (0, +00) HE—BOHCALHE

& MR EAR 384 TEAIEE 12.2.3 rhih Blat, B4 K IELR: (0, +o00), 0 SH]
BRI A, AR R SRSt 5 i S

M ()EFYA>1E

A
J sinzdx| £ 2,
1

HIETF o € [a, +oo) ERBA—FHR. XWE—Fac [au +oo), a Xtz B
W, B | 2| < S5 = 0 — +oo), B4 2 - +00 B, 5 %TF o € [0, +00)
55T 0, Dirichlet M 1(2) 15 foo, +00) A BB,

(2) 255 #E {1,400} x (0, +o0) L, HWE 1 « € (0,+00), " XRS

R, o = 0 5 (0, o) B, FULATRS j:w sinz do 5B XA
I(a) # (0, +00) FF—BleH. O

1
I 23.2.3 ik j P ede 7 (1) p > po > 0 (2) p > 0 HE—BlK
[t}
Stk

B OY%p2p>08 B3z =05E—B 8 B F%zc(0,1) K

1.2 In?z
2P~ In? x| € Topo

mmﬁj L gp RERAY, #h M OAISRESIELE p > po > 0 FR—
]

(2) % p FAMEIE 0 B, o7~ 'z &5 0T gy, ﬁfﬁj Iz 4, B
{9, SR p > O IIRBY) TR~ BOleBO. TH MRS OEN: ve € (0,1)

£
J 2P 1n? 2 de
b}

£ £

:J xp‘llnzzdm;;hlzfl d:r = In%¢. —E’
0 o 27

B Jim & =1 p=£€(01), % ¢— 0t




§23.2 AL ES RS 289

lnz{,g%gp 1n£§ £.§ - o0,

AR BR A RS HATETE Lo € [0,1], Y 0 <& < & B, In®¢ -7 > 1, BRLARERE
£9 = 1&V[§ = U! ﬁE 51 = Iﬂiﬂ{a,&]]‘, D= 611 ﬁ

&1
> j 5171 n? zdx
o

i — BT & X AE R AR By, O

A RS —BoR SRR, TR R F R B &
i, BXRELREANERRERE SSFREERER, TS HIAFRER.

+ca .
BIAE 28.2.4 JEW 10) = | EEL qz 0, +o0) LR B0

§
j 2 in? zdx >lnfe -7 2L
o

+z

A WERBTET —T & o — +oo MEMEHRS L M.

r ST gy 25 (0, +00) R — Bl t, BT BRMIEE & 2B L5
T (0, +o0) LR BB, T B,

ST Tk sintr _ xsinir 02 -I-sr: Iit __J rsintx dar
1 RiEE BF S = S I =| SRS

7 (0, +o0) E—Bolst, S5 =1+ L7 Rfmﬁiﬁﬂ 11+$_2
Abel #5138

$1+a® W

+oc . ¢
sn;:r de
1
7 (0, +00) b —B0lidh. FiE. O
2 VA>0 B A2 A, A% to= 4, R
240 L inter Zodo iy 2 ysmy
Ao 1

2 2 240 )
A Aoz a, WY 1<y<28PF
y Y i ¥ 1 1
‘? - = - Pl
L2 1+ 14yt T2y

AQ
TR

240 s sintyr 1 [? siny
0% dr > = dy = .
Lo 22 +$2 H 5 L y y=¢eq>10

+oo s
iy Cauchy RIS | 20 4z 8 (0,400) LA —Foke O

23.2.3 ®IE
L BT R i — Bl
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(1) o—(1+a)t gintdt, a € (—o0,+400);

o0
COS TY
2 dz, y € lyo, too0), > 0
(2) T Y € [yo, +00), B yo > 0

3 | e * dz, te(0,+o0);

4 g~ LO8L 4n o [0, +oo);
@ | N [0, +00)
5) | e ¥4z, ye (~o0,+);

o

{6) chnze ™odx, (1)t € [ty +oo), Bty >0, (2)t¢ (0,+00);

_ut

1-
(7) >

costdf, ue il 1];

(8) Ti;%?f ce”*' coso®t?dt, o € (0, +00);
J40

oo 2 2
(9 e MW gingdy, =€ (0,+o0);
0}
pto
(\10} 0 -i%r o€ (0:1):
-2

(12)

z de, |t < 4+
Jo VE-De-D 2
a1

(12) | (1—2)*"1dz, (1) uve€la,+x), HFa>0, (2)uc (0 +x)
Jo

+oa

+oo
‘ 2. &L P f(z)dz % A =a, b= b B (a < b). EMH L 2 f(z) dz £F
\ € fa, b — B
+
D

s AERB | " zedy # (0,+00) R — BN

23.24 fEME
SRICNRHOAL FSHEH XBUMT T E B

ﬁ 23.2.1 (FEHENE) i f(2,0) E D = {a <z < +oo,0 < t < B} EIEE,
‘ H J flz,£)de F ¢ 1F o, B] E—BBETF o(0), W @(t) % [o, 8] 1305, B
Vfu & [ﬂ{,ﬁ], ﬁ

+ox +00
litn I flz,t)dz = J tljntl flz, t)dz.
a —lg

f—ip

a
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+oo
&8 23.2.2 (M) B f(z.0), fulzt) £ D Fidsk, [ f(z.t)dw 7E
+ oo @

[a, ) LSBT (1), [ fe(x, t)dz BT ¢ € [0, B] —BRS W () IE (o, 8] L
qﬁ, H 0 o0
S(t) = —g?j flz, ) d = J folw, ) dz.

il 23.2.3 (MRS KF) B 1 TERE 23.2.1 MRMET, o(t) T (@, 4]

LT, H
3 +00 +00 3
J dt[ f(z,4) da :[ de 1z, t)dt.
W 2 & fle.t) x>0, t 2 c LS
rm fotde & rmf(a:,t) dt (23.3)
EHEFFRE LS E—kT ¢, EARTF o), FAFEBRES
+oo +o0 +oo +oo

[T T veoe g [ e o

R RO —EE MRS 2K R
: oo ptoo oo +60

J dtJ flo ) dz 5 J d:cJ fle)dt (23.4)
T HAR%.

# 1 (Dini £¥) MR flzt) EEEIER, H (23.3) PN RoHRELERN
(BE—AKT t, BART 2), W (23.4) PHFEASBRRAGPH— A F TS
B— AT, A ERE LT X AE IR A L 8],

2 BT 23.2.1 pRERRS 5B SHRT, MBS f{z, ) WA fe(x),

Bt SR 1611, 16.1.2 PH TR n FE, ¥t — to A n — oo, MBFHM
R R S Bl i B R R

23.2.5 #HiB

AN R RIS R =R
1. FPH Dirichiet Blar

. +oo
qml dr = l, gin g d:&' = —ﬂ—Sgﬂﬂ

2 2
= Eulervfoissen a4 .
e g _ \/E m —az? —_ \/T_C
L e d:}:—-—2-—, L e dx = 3 (o > 0)
K| A R
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2 PHEE SRR SRS TR
3. AR S TRERBINIE, RESER LB 3/ BAE T8
I ARG
o

ﬁ! 2302.5 ﬁJ‘ %(e-ﬂ’ﬂ:z — 1) (1.'1:., KEFI X ; D.
0 I

2

B BT lim L = o B e = 0 RRBRA B XRAS

r— 0+
Poisson R4 Hdz, ZTHIRT -1 SEET -, T 4805 Bl

+oo 2

J:m—li-[e'“” —1)d:r:——J (e —l)d—l—

£ 0 X

2

+ o0
= -1 (e_um2 - 1)’ +J A gt (—2ar)dr
T 0 g <X

+oo 2
= —2aJ e~ ™ de= v O

a

& FEEMTURERSS T RENTELRE.
M 23.2.6 iFHG F(a) = rm zdz (2, +00) L.
a

24 z"
H vVe>0, Y ac2+e +oo) HE

| 2+a% | S 311+s , €[, +00). (23.5)

1 M 5 -
| 7w (23.6)
%F o € [2+¢, +00) B—UBA. LI R—BOHAYE LT j g de

KT a€2+e, +oo) hR—FRMA. TR Flo) 75 2 +¢,+00) LiEGE e

C BEENER Fla) 7E (2,+00) LiEgE. O

F1 mTEEEARER—REHRG MR, BIITLRTE Fo) £
(2, +o0) LRI —BU L, RGBS EIRB BN ESE, TN AT
KB LEE. BRI T (2, +oo) HAHE— A a0, 7E ao B/ AL
HIERS F(o) MBS, B oo BUEBYENEL Fle) T8 (2, +oo) LAYEEEM. X
et ] B TRl YRR

E2 HFAERX (235) Hif 7 € (1, +o0) B, 7 z € [0,+00) AT,
(R M M #IF3: HAEIER] (23.6) B —FUesdy. Hii—Bk i = X,

+o0 + o

JO Tra 4 5 L PFralt
B — BN RO AY. I 5 5 — B et T BT — SO BN, i
BT R
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IR 23.2.7 TFEY b £ 0 B

oo
Fla) zj (1~ e~ ") cos bt dt
0

# [0, +o0) LIS, F (0,+00) L[S

W WF lim (1= e = o, BiLL = 0 FRBLE
(1) UEM Fla) % [0, Too) RIEER. %
f(t.a) = {%(1 —e “Ycosht, t>0, a0,
a, t=0,az20,
W £(t,a) ZE [0, +00) x [0, +00) FFEEE
b # 05 Jl ﬂ’%!’idt;e:fa € [0, +o0) —EWTEY, X 1—e7* Xt ¢ R,

-+ 00

H 1—e~%| < 2, i Abel ¥|B)s:4n L L1~ o) cosbtdt %5 o € [0, +00)

s AT rw L1~ ooty cosbtdt 7 a € [0, +00) 136k XA mH—
1
R 2312(&5@@&[:] L1 - ety cosbedt o a € [0, +00) LHIEESE

R, ATkl Fla) 7£ a € [0, +o0) LiEEE.
(2) iLA F(a) # (0, +o0) LATR. &

%{t,a}=e’“cosbt, tz20,a20
flt,a) 5 f.(t,a) FAE [0, +00) x [0, +o0) LG, HVe>0, Yazedf

N 1falt,a)] € o™ £+e_5’:, t €10, +00),
[ et g i MBI | faltia)dt R € ey oo) Rl
iy, TR Flo) % [, +Di)mtﬂ%’ i e WIEEHA Fla) & (0, +o0) B[R, H
Fl'la) = L e “coshtdt, o< (0,+). O (23.7)

Bl 23.2.8 FHIEH 23.2.7 P Fla).
&1 FIRRERA (23? M a>0MH

e +oo
Flla) = W(bsmbt acosbt) . = _-:1_2_1_@:?'
TR
F(a) = & In{a® + %) + C. (23.8)
T Fla) 7 [0,+00) 1384, H F(D) =0, TRE (23.8) F4 « — 0, BE
0= 2 b +C.

BRBL C = -5 Inb’, RIS
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2 2
Fla)= 41 & ;;"’ . O

B2 F AR ERE Fl) WRBRETROENE TR . IR
B LIRRERR o RBMDEME T, XATLUE L (1 - o) SR~ H5k0
BUSMi, BIFIA

E o]

HEOE J %(ce‘ﬁt — e Y cos bt dt,
0
Kt e>0, b#0FE, M Flo)=I1(0). AR

L( —ft _ oty _ g —ty
S le e” V=~ e Wdy,
o

AT LA
00 Iei
I8 =— J dtj o™ cos bt dy.
0 o
A LR BT R TR
{3 +oc 8 2, 52
o —t - ¥ _ 1. a"'+b
I{5) L dyL e~ cos bt dt L s dy = 5 ln~——ﬂz+l‘)2 .
B 6 = 0 B WTT Flo) = 10) = 102748

TR &4 SEENRE 8 TAOTHRT.
(1) #% f(yt) =eWeosht, W Ve, 3, fy,t) 7 [0, B x [0, +o0) L
@) ®A>0,a>0, H e cosbt| < e ™inlefit T M AIBIEME SR X

+o

B j e~ cosbtdt fEle, A (B [8,0]) £XF v —FOls EEY 5> 05,

BAVITRIF, s
I(ﬁ)=~§~ln%~$-b7.
RIFRUEE o« > 0, b# 0B, 1(8) % 8 = 0 hfyisE. 4
£t 5) — {%(e“ﬁ’ —e eosht, t>0, 820,

—]5'1-0!, tZO,ﬁEO,
W £(t, 8) £ [0, +00) x [0, +o0) bELE

=00

T Abel HGER 10) = | (e - o) costrat %F B #

0. +oc) £—Bols, T 1(9) 15 = 0 sk, sk b
(1) L -i— cosbtdt XF 3 € [0, +00) B—Fdrdy;
(2) IEEEN 520,
mgt—(e_ﬁ‘ ~ e ) = —Fe P L qe™ = ¢ [q — felo—A
24 ¢ RAERFHRR T, # % —e 2t ¢ FELARHRIINNY, X Jo~"—e—(| <2,
iy Abel RIS 1(9) = | (e ) costrdt F B 1 [0,+00) k—

0
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B8 MWD 1(8) #E =0 A%sE. O

23.2.6 #IE
+oc

L% J Fz,y) dy WF o 7 zo BIAEE Ulzo) DU, fulz,y) T Ulzo) X
e, +o0) TR, HY = — = E& folz,y) XF y EEEHERE R E—
T folzo.y), LEBS J folwy) dy 15 Ulzo) F—B0lc8L SEH

([ renw)| s [ e

2. Fla) = J:m sin(1 ;“2” de, {EW F(a) 7E (=00, —1) U{—1,1) U (1, +o0)
FEE Fa =+§|:°1 #bfﬁlﬁii

3. iE# Fla) = L SR~ dz 7 o € (0, +00) BT, {HTE (0, +00)
2.7 S

4 iE¥ Flz) = j S dy 75 [0, +oo) LA 15 (0, +00) £ F'(x) F1E

1
EF’{x}=J 0 (z &™) dy.

00
0 or

5. % Fla) = f' o o, WS Flo) 75 (0,2) 8%

+axa
6. 1% F{y) = J ye “’2” cos|z(1 — y)}dz, 3K hm F(J)

7. FH Du‘lch]et 438k Euler-Poisson ﬂﬁ:}'?_k_]:ﬁl]ﬁﬁ}ﬁ
(13 ( sing )2 dz;

J—io z

rtos L g
(2) sl X dﬂl‘;

Jo £
o
(3) z%e~2%" gy (o > 0}
Jo
(4) oo —(azn+ba:+c) dr (a }0)
8. *'J%f”%%?ﬁ‘%ﬂ@ﬁ?ﬁ*?ﬂﬂ”ﬁ
(1) I(a) = gm0z SINT 4 (a = 0);
Jo z
oo
@) H)= | - ERE dr (o >0)
oo
® 1) = | —;uxe—w dy (z 2 0).

9. RIS TRESGFHINERFRIB-



206 FotE2¥ SEATFHRS

(1) I(a) :J'ﬂo arctan ar (@ 2 0) &7 arctan azx =r dy o):

o z{(l+1°) € o 144222 "
F o oo
cm, ﬁ:}: 1 : —t(z?+o)
2 d -7 = ] df).
@ [ s e iy = i [ e

10. REBERBH

(moeth) o
Hoy=| =22t dr (al< ).

11. 74

Hy) = Ju e cos(2yr)dr (—oo <y < +o0).

§23.3 B R&5 [ &%

FEHRR T RE RN TR, BRBRERNEER Y WFELHR
B B R R — R — R R R, BT R R BT R B
MER, RERATEZEF A NER RETR MR, EEMBRYK
HR ZREH B RREN. X8 Beta &8 (B0 B R0 5
Gamma R# (iih T %) REFREBESHEH A EiTEBEnRLs
XPMARN. FACERMERSETLAEIRR R LA Gamma FH
H—LHE A BB R BCE S PRI R, 7 2334 /pThay B A ETTE
A TR R R FEA R

23.3.1 B &%
B R¥BIF HF—K Euler B4 B RER—1_nRE, EMENE
1
B(p,q) = J P 1~ 2)7 de, p,g>0. (23.9)

EEE TRSNRSET

Bog = | ¥ s [T g
p"")_L (L+ypre 97 L (+yPe

~ J‘F gl S
9 1 n y p+q Y
/2
B(p,q) = ZJ cos?? 1 fsin®"" 9 4.
a
B R¥M T ERERWT:
1. X#HE: Blp, q) = B(q, p);
2. Blp,q) FEHE B PNELE, AFITEREERS
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3. AR
Blp,g+1) = 5 -Blng), Blp+1,0=5-B@.0).

ISR m,m AR A ARA,
— 1{n — 1)
B{m,n) = lﬂgm Pnﬁi 1):!1)'

(& M LA 326 7).

23.3.2 T &%

I' REEFFAE 2 Euler Ry, CR—TEH HESRE XN

+oc
T'(s) :j t*~ et dt, s> 0. (23.10)
¢

B FH Gauss FEBMBUMR (FFY Euler-Gauss 2A3t) ¥
Tt = Jim ey @1
I R E BRI T
LT %5 B BRMEE
B@¢Q)=%. p>0, g>0
2. I{s} (s > 0) REEEHFVEELE, A
T {g) = rm £ (Inf)"et di;

0

3. BEAT

F{s+1)=2sl(s), s>0; (23.12)
4. InT'(s) 7 (0,+o0c) WA TMEH (R LA 243 ),
5. Legendre MfFAR: 4T s>0F

r(2s) = 2‘;‘ D(sT(s + +);
6. AT T 0<s <1

P(s)l(1 - 5) = siricsm ;

EL RRAEN (23.10) Mk, MIRBEA (23.12) WU T B2 E X
BRI ¥ (23.12) BB H

[(s) =

I'{s+1)

(23.13)

@ FLH 0 RESUSEEEAZNT I ARNRAER. £85H=80 8T BHRM
2R FRE 1344 EI#ET I SEMNIFRPE X (13.37), HHW T HEH FEHTEFE O f
FUSBET A E L. EHE 16,14 EH: YEFRKT 0 WM E LS. EulerGauss 2847
MEHFRPE LHEBED, SR (13.38).
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ERRAIY -1 <s <OMUHEL FRRITH (23.13) WEBEX R -1 <
s < OB T ¥ {E, LUH3SHE, T mBey e SUR T AR FIR & 0 fffog#
B —PIER SRXREMNITIHSRY (13.37) WEAFRRE X 2L —3K

A2 ERFPIBE T RE RS, = A ERR S PEE. EH T (s)
i A 884 TPey T DR R e OB A, B R R Holder N2
BE|. BSWMEREER RBR A, 0T 23.3.4 )37

23.3.3 G

Gl 23.3.1 B PR 2=0,y=0, 2=05z+y+-=1 BEMNEZEV,iF
HH

I'{a)T(b)T(c)

a=lyb=l o=t

JH dzdydz = @ b+l atbTs) {a,b,c > 0).
i PELAT i Bp ]

1 1-a I—x—y

I= H a=ly-1, C"ldmdydz—J ds-:J dyJ Iyt 11y,
J 0 0 0
v
rl 1-xz 1-z-y

I S J b1 1 e d

Jo ’ 0 (y ¢’ ) 0 /

1 1-z
_ % J:a ma—l de;] yb—l(l —— y)(‘ dy.
B y={(1-z} I

I R e 1 Ae
I:FLQ: ldmL{l-E)" 11— 2)° (3 - %1 — 2} e

1 1
= ij (1 —m)*’“de 2731 - ) dt
€ Jo o

= LB(a,b+c+ L)Blbc+1)

_ 1 T@l'b+c+1) I{c+1)
e Pla+b+c+1) Th+c+1)
T'{a)T{b)T(c)

=~ Gtbrolasbig =~

oI 23.3.2 HE o, 0,7, fE

dxdydz
% 1+ +y% + 27

HRIME KP D={(z.y,2) | 220, y 20, 7> 0}
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WM EENER a>0, 8>0 v> 0 ETH—FHRMG RIVEETRA
BE), % z =¥, y=0¥", 2= w7 0

8 u?fa-]vE,"ﬁu—IwE,f'y—-l
= dudvd
afy m T+ ottt e

2
H 2= {{u.v,w)|uz0, v20, w0} F/ERBFER
u = psinpcos?, v =psingsing, w = pcosy,
P20, 0SS &, 0o &

5 2 1 = 2 ¥
m
"2 Ml Ly
I- -i-J coszfa“lasinzfﬂ—iede-J sin?ta F 5071 g cos?/ 171 g
1 1 1
y J+Dﬂ pﬂ!(a + 3 + :}')~1 dp
D 1+ ¢
oo 24l Ll
BNV U BN T G N Ml A A
—aﬁwa(a,ﬁm(“?,?ﬁu A
REETGE R +% <1 HE—MRAME, A

+o0 l-|-—1'-|-l--1
te B v 1 1 1 1 1 1
L} 11t dt:B("C?'b‘““ﬁ— ?’1_(_&!—-‘-?—'_?”’
EH R 1 1 1 1 1 1
I= amr(a) (3)P(“,]7) (1‘(;+g+?))- O

Ik 23.3.3 RE (Rkﬂi} 395 ﬁ%ﬁ?}@ 6(2)})
1) =[ =+ ) da, >0,
0

W1 MO, 1) T ¢> 0 R—BUae, BR ERFR
') = [ ) 2 )dr.
Vi > 0, LR FHATE to BY SR —Bc i, Fﬁkltﬁﬁq?aﬁ‘—f’ﬁ &=
O
') = J

+ o

2 2
e (Tﬂ‘ )2tdy.

BE =2 R

+oa 2, %
I = —2J @2 4, = _o1(h),
1]

FfFLA
i) =—2t+C,
I(t) = Ce %,
e dz = i;‘"i FFLL

+o0

251 10)= |

0
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I(t) = %e'm. W

W2 FTEMTERENTATE AFEHEHN: $y=—, N

+o 32_|_2
J G(F y}%dy.

Y
SEEEA NI "
T - DTN e CE ) OV
2I(t):L e (1+§)dm:e2*L e da - L)

+ oo 2
= e_mJ e™ du = T %, O
—

{588 23.3.4 JEBH E{Diema.nn R zeta BEIFIMER

g—1

o
=Y =5 L L dr, e> L.

n=]

W XFz>0FRAA

1 __e"
et ~1 |

oo

TRYA>0F

o +]

aum e““’{l +e " _+_e—2:-: iy ) _ Ze—nm_
ZE'“‘“) dzx.

n=1
A 1 _ 4 a-1
L e’ —1 dm_L * (n_l
MFBRER s > L BE X2 1o T o € 0, +o0) BT, B

A 20 anA

A 5—] > 1 . | -y
L e:u;—l d:.c=Z:1L " le “d:r.:zle (%)S (Bn ) dy
n= n=
2 nA
= 73-3 Jﬂ y“_le_ydy.
n=1

RARBOETF A< [0, +oo) B—BHEY, TRS A~ +oo, 5

oo gt 1
L ex_ldm:l"(s)zns. O
n=1

i

B 23.3.5 sz L gy,

{}
B Sx=et N

' lnx 0 t oo 4
_ — T N
L 1_$dm—J — ¢ (—dt) = J dt.
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LR ER P s =2, N

= 4}
nz .~ 1 m
Jﬂ—l_mdx— F(z)znz— £ O

F# 23.3.6 3K I = Jﬂ( a? — 2 yz) dedyd: Hfra>0,p20, 2 B
7,
BRK 22 + 47 + 22 < o BEREE 22 + o7 = ay B FRIIRHL (Viviani ).

¥ RIE 2211 (BRTE =,y BB L), BEARE N
={(rdz)|0<0<x 0<r<asind, —v/a? ~r2 <2 < Va?—r2).
T

Tt o 8in @ Ny g p ] 2 Hin @ o
I=J dHJ er ( a2—7'2) rdz:J dﬂJ 2w{a® —7r?) * dr
0 0 —val—r? 0 0
X pt3 « |asind /2
—_ 2 g2y 2 u_‘i_fl_”ij _ couPt?
= L(p_l_a[a ) )0 df = P73 ) {1 —cos?™8)df
p+4

=M(£f‘ 7 T )) -

p+3 \ 2 2F(p+5} ’

2

23.3.4 T SHYRENERL S EEAXSIEN

AR B A48 T s 30 R i T =&
L % z2>08, (=) >0 HTQ)=1;

2. [z + 1) = zT'(2);

3. InT(z) 5 (0, +00) YN FINELL

FT L N — 1 EH RS RR Bole 5 Mollerup EH (1922 ), H]
LEH =R SRE T T B

8 23.3.1 (Bohr-Mollerup £ 3) MR IE (0, +o0) LATEY f R
EUF =41

(1) flz)>0,H f(1) =

(2) flz +1) = af(z},

(3) In ( ) 7% (0, +o0} AR TR,
W f(z) =T(z), x € (0, +o0).

i CHT REER L =0k, WO HEER £ R (1), (2), 8) —HEH
BT . Weh (2) REX 2 € (0,1) #FHEH. 4 w(z) = In f(z), W



302 Fot+ZE LATERS

plz+l)=plx)+Inz, 0<z <+, (23.14)
pl) =0, He BRTARE B 0<z<too, R &
[nn+1], [Rp+ln+l+z, n+1,n+2]
ZAHAREENES, &

lnn = gn +1) - p(n) ¢ FOFLED) —plnt 1)

I

S @in+2)—p(n+1)=In{n+1). (23.15)
T—JE, ®E (23.14) W5
wln+ 1+ 2) = @lx) +infz(z+ 1) - (z + n)).
N (23.15) FhEEFEE

0 <+t6) n S 1y ) <o ).
E A ROER B A, & n— o0, B
. Inx
olx) = In (n]l.tgo oz + 1?.?. (z+n) )

&l -
fHa) = n]ﬂrc}c:- x(m—]—l?zr'l*(z—i-n) '
FIAFIE 16.1.4 MERH f(z)=T(z). O
£ BRAXTEHR2AET R HHETHHdTEZSE T 55N
BEARRE (ZR 7 W87 8), TERE—1HF

i 23.3.2 (Legendre IO A) WF z > 0 #r
I'(2z) = 22;1 [(2)(= + ).
T # ole) = L TCEINERL), F T(5) = v A BB o(o)

/2 Bohr-Mollerup B H &4 (1)-(3), [T H

re) = Zorgingh,

MEF 85 22 RBAFEMNNELR. O

Wl 23.3.3 (RITAX) MTF0<z <1 B

Flz)T(t — =) = sinn‘.lt:z: :

RFEAF AT R, BT AL ARG H FF =AHEk:

UE1 A T E30EY Euler-Gauss B feBlRIAR, (23.11} (F] (13.38)) H1E
BT H RREILR (13.30). RIRMVLAE 13.44 R (1340). O

W2 HEMAT BYS B mBAE£BF
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+oo
I'z)I'{1-z)=B(z,1-2) = L 1 dy,

{1 +y)
RigP HEER 16.1.3 gy Euler AR, D
ME3 FA LA 402 WEEE 8(2) HEF: X4 2m +1 < 2n i,

m m (2m + L)n
J‘_-m 1+$2ﬂ d:I!—ECSC—-QE—'—
TiH
2m + 1 _2m+ly _pe2m+4l o 2m+1
Ny M= =) =Bl 1 - )
too IR
Sl TTe W
0 Y

= 2n L gD dx

(2m + 1)x
2n !

U o hAMMH, b 2L g, O
&M 23.3.4 (I FEE) Stirling AF) XF T BEEHLLR:

Mz +1) ~ v2nz (%)I (z — +o0) Y. (23.16)

= TLC8C

+oo
i OLEMRE [45)) 7 T() = L =16t 0t s £ = 21 + ), 35

‘ I'(x+1) =z"e™ I+m[[1 + u)e ™ ]" du. (23.17)

-1

&

{-2—2[1;—- nl+u), -l<u<+oo, w#0,
R{u)=4( U
1, y = (.
Wik 2E (-1, +o0) L AR RIS R, L
(1+u)e™ = exp ( - -g—zh(u]).

i 4 (317) foitB - 2, @

Iz+1)= :t:me_"‘\/2_¢r[+m Y-(s)ds
B

@ Tz AERESWER, £ L 364365 TIESH T n! ) Stirling 23 A1, 7E 13.4.3
AT 10 PR T RSN X T n! 49 Stirling 203, X7E R 374 W2
15 g nfel HT AR B gAY Stirling 2038, #Ab, ABTE LAY 363 HiY (11.31) R HER A
H T &4 Bernoulli ¥ —AHE4Y Stirling 22,




304 Fo4+z% ASLATEFRY

xp{—5%h \/E’ — L +00,
e S
0, 5&‘;-\/%.
T BASRHE
(1) JH4 s TS, % & — +oo B, tha{s) — e

() Y2180 s>0 7 0<ols) <¢rls)
(3) W s<0, B 0<uls) <e ™
(4)

+0
HTERA> 0 EBRIXF | valo)ds fEo € [-4,4) LTl

80

+

(mmemwwﬂ
AL A B
lim J Pyp(s}ds = J e " ds — VT,

e
2+ 00 — o0

By

lim _,IM_ =1,
z—too £/ ImerTe?

HXREREF T HLY Striling 245 (23.16). O
& XHRCT T gy Stirling 2 MRENBER. &5 1 363 3 (11.31)
AT T RBay—M Stirling 2020, [19] (35 2 55 501 /pFY) HEHE.

23.3.50 #BIE
I
1 dz ‘ + o0 %-
a L sln 2 ja (1+z)? o

2. BA T ¥ B §¥ETR

/2
(1) j tan“xdz (jof < 1);
0

1
(2) L(l +2)%(1 ~2)"dz {a,b > 0).

3. n HIEEH p > 0, iEH

B = o
4. JER In(s) BF 3L
5. ﬁﬁﬁT?‘]ﬁEﬁﬁEHﬂﬁﬂ B(p,q) = — P

I'p+4q)
(1) T{(p) = 2L 2P du;

(n—1)!
P AL




§23.4 *THFFH 305

1,

@ o)) = Jim 4 || f)duct, o
G{A)
f[:ﬂ., ‘U) — uZp—lviiq—le—(ug—l—vn)’
GlA) ={(u,v) |0 u< 4, 0g v A
3) & DR ={(r0) [0<r <R 0O T} W

. Y
Jim [ swsdude = Lepare o),
D(4)

im || fo)dudy = LBp.are+ o)

A—+oo
D(V3aA)

I'(p)T'{q)

(@) Blwa) = -

8§23.4 MTFHEFHEY

23.4.1 2IEH

FEARBUOER BRI X —FHHERRT TR T EOMTHER
AR, JESEE, RIEA TR S, B A ER AR HERR 2
R Fa sttt — B0l R T RIEZBRZ R KA E R &4 R
ZBT, TR M A3 — B, KRN RS EY.

- REANEHT (B BRI T 8 He RA” B8 ROEEE—

A~ 1R (LIt E— R D). BATARLHER MARF 3 Ry
ERF, SINBEIA—T2ER, BXMBUMERS STRBSNE. &
FHRIIARRAERERY, &I UFESH T EREF TR (8. s
F) (R, AR —TAE (X AERRISIASEERS
TR H) R4 FEERT 4k, ML 5 o ey Blb. FERR
£, BIE—RotHh £ 285 IkﬁﬁwﬁAﬁ, Rt R R

M ARG I, HAH Dirichlet ﬂﬁj ST G S E R R A

+ma
BREU ola) = j ~ow ST 4o o o 0 B, BIART e
B, 3 o X%Tfﬁi—%ﬁK‘Iﬂﬂ’J{ﬂ? AR e R

FRET o> 0utmr [ (02 ) ao e Socntt. i
TR SR, WA

oo
! —k 1
o) = — o Heinrdr = — .
#la) L 1+ a*
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Fotz¥ 4T ERS

BRARE pla) = 5 - arclano, o> 0. W pla) £ 10, +o0) kS,
mi

too
inx _ _ x
J = ~de= @(0) = 111%1 pla) = =

&SRB —FUGEN A5 S BRI F £ XML,
2
HEERRAR G S A, I B, SRS uj cosz? 4o

TF

B 2= e AL | St dt, MARIAEIR

. B R =R FAR, FHGHRL, mELSZ. X, BRI

Blor, TSR 5 B i, B AR TARAFEIFIME.

- MIEROBN PSS FEMIRCE SRR RS B R B

4, JER EEOQRARMETT S, S, il XREFEE
HAFRER M AR ERBRAET R —RS50T XBUras fnf, mgs
BRI E Y (R SR SESE) TR, TRIERER
TEERE, RERSEEHA NS’ EEMIERN.

AEHARZSER, HHERERA —ENHENE BRNESE
R AR B R R R B 5

23.4.2 £EEB

ztalt—r)

1L 2, b), folz,t) BEE, 3T wln,t) = L | ar fle,rde, Ep a
2a 0

jb'ﬂ::ﬁﬁs ik BR u(:::, t) ?ﬁﬂ

2
gtg =a’ g;g + f(x,1).

2. n HIEEEE D

Jnlx) = —11? J:cns(ntp — zsin ) de,

WERH Ja(z) 2
I (z) + 2T (2) + (2 = nB) T, (z) = 0.

3. B fz) RE [0,1] RELEWR, B F(0) =0, X

o(z) = Jﬂﬂdt 0<z<1, {0) =0.

A
() o)  10.1) £ gy,
w’(m):J f{t dt, 0 <z £ 1, ¢ (0) =0

v —t
@) s =+ |

£
z Y
“ () d, 0<z <l

1} v;’ﬂ—'t
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4ﬁf(%H0Mt$ﬁbhm)ﬁ%
lim L f(m)&f—d = 5 f(0%).

a— e

+00

5. i F(t) = *L e f(z)dz, Hott f(z) 75 (0,6 LHAAR (v > 0), A
IEwa(x) = a, it A t£%1+ F(t) = a.

+ o
6.1 flo) i, B | (o) do desl, WD
400
(1) g(t)=J 7t + u)f(u)du £ {—o0,+oc) EESHHR;
o +o0 +oo
@ jim | Mg | e

7 PHEFRIESEE (0,1) s
+od i
(1) fla) = j :

| sint|®

@ o= | AU, o 10 2 0.1 EAHRTRES

It —a

8. RMIE (+° +4°)° +2* =y B KK &R,

9. FiriE 1 . )
() () +(2)" <1 mwez0
mﬁL%r£ﬁ
10 REBS T +y7 —R7 SamsimEn « Mot

11. & f(x) & [0,1] Eiﬂi‘f‘zi,lﬁﬁﬂ
lim J te_tzmzf(:r) dr = ﬁf{o)-
0

t =00

+o0
12. tﬁ:J F(z) de Hegk, iEH

0 +oc +oo
lim J' e~ fx)dx =j f(x)dz.

g 0
gale]

13. IRJ cosePdx, Hef p> 1.

0

14, ;RJ InT'(z) dz.

15, 3k La.place F4

+o
L=| —S®% g, J:j _ZSWOT o 0,b>0, ke N
g L (a? + z2)* Tl @) +
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16. 2 A T Ry Gauss FERRrAFUERH Euler H %L

T D ST S = T
v = lim (1+2+ + 4 —inn) =-T(1).

TE— O

7. (1) MA n KREAHD LA

n—1 2k
l+z+4-+z" = H (a:—e " );

(2) FIE (1) iEH =

(3) iFRH Euler A
2
p(L)r(2) r(nst)-




FtnE s

ARAE §24.1 1 §24.2 WP R EHRAF RBMABIrHE XL, it
H. NAUEXHRMER MR §24.3 TAHREEY Green 4K, F
B Ll SBATT AR HU REMEIR. 7§14 ThNMEEEM G
BEFs B 3 FH kP Brouwer Aah i E AR EAEHE. BE—TEEIEL
FRZERE.

§24.1 SRS

24.1.1 BEBBERIMELSN

R® Ll A EREE, B ANESNESERETHMRE I = AB #y R
i —&WEhE. R A =58, WK I yadh sk, 70055
& I ENAT BIRKEARIS A=A, A, Ac=B,BEfET I
B— ol T, fRIKERES Ao, Ay, Ar WECBELE —FATE, B0 T N
ek, HEREICH (I, T). mAE

Sl%pl(f', T) < +oo0,
WIF £ SETR B, TTH L) = sup UL, T) Bk T 3R

T E XAEMANRICdi R EayE Rtk Bl f #XET L
E\j‘:j: I H?j‘{:%gj T A:Aﬂa Ala AE!"' 1Ak - B: ig_‘%:’gi jgbl\Ai—l gﬂ AI'. F#]
MR E A1 A; BIIRS, d(T) = max AS,. £ ¢, € A4, A, IR

1gigk .
I JAS,
L D; f&)

Besk, BRARS I YRR RI00, WAREH f & I ESE—8 (3% 20 i
SRR TE, FRRE T30k £ I Epv—Bish & H 5 itk

I= L‘ fle}ds = Jﬂ; flz)ds.

FRMART RN IRKORT, ©ElKMATERTR TR
RURTREME I = AB, i]ikE B HIEA, A B, Lk I'=BA,

|_f@as=| s

BA

#H L& R PRARRIHZ, 7 £ 7 Bdg U f £ I EayF Rl
BRI THAE.
& I 2 R* PZBORRN R AL HAESHER
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Fiz=zt}eR", astgh,

I 855 |
ds = [& ()] d¢ = [Zn:(z;(t))'-’]uzhdt.
AT
| sras=[ e 241)
i 2411 R I = fﬁg 2 ds, B C
{mz +y?2 + 22 = R?,
z+yt+z=»0

M LRRTE) ETHMR CHBHEAR M CRERE S+ =
R? 523800 FE ¢ +y+2 = 0 XL, BRESEN—AHR. BE oy
VI LA B — D, X R IR T AR R - R B
z=—(z+y) RA 2 +* +22=R* 1,

2
m3+my+y2= —%—

P AR T P T

/__%\_.

)

= £ Z = R g
= ﬁcmt, 5 ty= sint, e {0,2n].

V2

2
AARSHER
T = %Rcost, - K sint—-icost, t € [0,2n].

= /6
{tAz:—(m—l—y) EP!’E

R "R _.
= ———=—= (08t ~ —=sint, € {0,2n].

]

i) A
ds = V&' (t)]2 + [y (1)]2 + [/ (6)]? at

2 .2 cost sint )2 gint cost \?
= Ryf = t + + — dt
\/3 sin* ¢+ 72 Ve ) +( /B 2 )

= Rdt.
i Ez)

3 3
W2 (FIRXMIRME) X BRER

* 9 2
J 2 ds = j L R3cos?tdt = 2R, O
o 0
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J mzds:J ygdss:[ 22 ds,
c c %
1

J :::Qd.s:?J ($2+y2+22)ds:%—R2[ ds = 2R3 O
o C o

il
3

24.1.2 F—-RIhHNINER
AT ER R, 7 R pE R TR
Rk fE24) LS = 1, MEFPLKAR
=] a-| VEOPFV@rFFOR A,
skebmmm FutER T WEERA plz,y,2), Mhee T WHE
m = JP plz,y,z)ds

b
- j o(2 (), 4(8), 2OV OE + O + [Z O dt.

RS RO AR 5 fRGCAYR (%o, o, 20) B FHEIR 2 HHE:

1 1 1
Eg = W [P ml’-}{mly! Z) dS, o = m_TT.L_ J'[‘ yﬂ{ﬂ:y,ﬁ) dS, 2y = _,',_’,'? [[‘ zp(:t:,y, Z:l dsa

Horfm = [ plz,4,2) ds W 2REY A

P

FlEE 24.1.2 Rifgee I
(z -y =alz+y)
2% - % = %zz

})’l\ O([}?UID) ?J A{xﬂsyﬂazﬂ) E’Um'&, -ﬁ-qﬂ a > 0, Tg > 0.

¥ EMERTES PR o —y), FHAR XA

(¢ - y)® = afa? —y?) = 2222
A
r—y= —3\/22—%-2.”3. {24.2)

F (24.2) A8

ty= 330 (24.3)

M (24.2), (24.3) 18 2 FREH B

_ 1 {343 a5, B o 1 {33 uys_ Va o
3-2(4 az+2:~: ,y-24 az—zz .

o R ER
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_ 1 a3 3, S —1/3 _ Y (33 A sfw -1y
d;r:—g( —2 0 YT )dz,, dy—g( —~2 332 dz.

T2
- 7 5_ V2 (/3 s a_,—1/3 _
ds = \/da? + dy? + dz? = 5 (Jﬂ;; +3/3z )dz v2dz,

BT .
J ds:[ V2dz = V2zy. O
r 0

BIRE 24.1.3 THEBKE 22 + o* + 22 = o® EE—BRTLMAFTHFT L
¥ (2o, o, 20).

B NARORIRAR, K e =
1,m = 3na. W 241 FR, E N B
E#HRALIRE ¢ = acosf,y = asiné,
ds =adf, H

/2
J a:ds:r acosfa df = a°.
n 0

mﬁwﬁj rds=a?, f

I
J xda = 0.
T2 R
x —L{J :L‘dS-I—J xds)—4—a A 241
0 Jna r, r, T 5m
R ®RES

yt}:z:J:g—;lc~ O

24.1.3 HIE
LR TR — R B
(1) | @ +y*3)ds, Hp C HBBEA 27 +y*3 = a3,
[

@ | VT ds, Foe © el r = 0,0 = 0,0 = - (r Bl b

) B A
() |_lylds, ok C HBALZE & +7)° = (" - 4?);

(4)

S H O By = ach L

{5) L‘ zds, B C Whed =% + y? = 22,92 = az M (0,0,0) & {a,q, v2a)
BIIK.
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2. RT3 %3 R T R R R A

= garcsin —F 2= & [ &~ .
(1) v = aarcsin PRl In otz M (0,0,0) B (2o, yo, 20);

(2) 22 + 9% + 2% = a?, /22 + 42 ch(arctan %) =a b {a,0,0) B (x,y,2).
3 M y = achE M (0,0) B (5, h) MR LA
LW T o= AB B RN PWERTRKES, T 0RKiEy L HE—4
5 € [ﬁfL TR el o= (21, &), FH T LN AT = fdl
BB Ar (K FT s, IHENT —1 [0, 1] ERIHRE
r=x(s), 0<s<L. (24.4)
A2 I PGS » ABEW SRS (44, I F RENE T ERH
oW fETD ENE -8B aEE Wl

L

.L“ fle)ds = J f(x{s)) ds.

o

§24.2 BoEBHEES

24.2.1 F-RBERSNEFHIN

SRS R IEN B2 A EH BB RAER
e T AR SMEE XREMMEF v ARk Tt R® s 0
RIMARSY. # [ = AB JE R® th— R RATRE A 4
F=F(x,y,z) = P(z,y,2)i + Q(z,4, 2)j + R(z,y, 2}k
RENETD LpymBEHEY TS5 T Am-—-EeEEsR T
T A=Ay, Ay, Ag, -+, 4, = D,
‘ 8 A = (24, 06 20), A% = 25 ~ Zio1, Ay = Y~ Vi1, Bz = 2 — 21, &S AW
i AsA @K, d(T) = max AS R (6, G) € Ay As, SRARM
d(!}})]l»u; (P(&i,mi, G Az + Q(&i, i, &) Ays + R(Ei, i, (i) Az
TFEARMRSES I EEEUE & G) FERERETIE Wk FIf DS
R B, RREMCY P I oy B BldhsiR S, iy
I= JF P{z,y,z)dz + Qz,y, 2ydy + R(z,y,2)dz
5%
‘ I= L‘ Flz,y,2) dr.
FE_EIM AR XA L ERR R4
FREEN A S T HEYER

r=2x(t), y=ylt), z=20), e<t<h
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Hrft o, b) RT3 ERAFKE, B8N BB 0 5 TR, & Plr,y,2),
Qz,y,2). R(x,y,2) T I E3FEEE, N

—

Plz,y,z)de + Q(z,y,2) dy + R(z,y, 2) dz
r

b
= J [P((t), y(t), z(£))z'(t) + Qx(t), y(£), 2(t))y (¢) + Rlz(th, y(t), 2(t))2" ()] dt.

BIRE 24.2.1 FHER
1= @+pay,
7

Horfr C RN L E 5 + g—j .1

W FR#ERSERAR

¢ =acost, Y =bsint,

WO R B O R n, i 2,y ¢ M RARICAF beostdt KA dy, B
I= J‘“(a2 cos” t + 2abcostsint)bcost dt
0

14
= azbj cos® tdt + 2ab® J1‘CDSE tsintdt = %abz. [
0O 1}

FiEg 24.2.2 R I =J v dr+ 22 dy+ 22 dz, Hp I s
r
o2+ 422 =@,

S T

L2200, X8 e>0 BN s WEME I RERE I

B Z0HE 2211 eRihs CWBRERER F 2, y, 2 Z2-RBH N
B RFTEH, WS, BAFE. NEZAFES NI AR
T =rcostl, y=rsinf, 2=z,
TR NEETEN
t=acos’d, y=acosfsind,
z=+va? —r?=alsind|, —% £< %
WRIGHHLE R, F

/2
I= r [a2 cos? Bsin? 8 - 2a cos O{— sin §)
—n/2

+ a?sin® 6 - a(cos® 8 — sin® §) + a® cos® 4 - 2'(8)] de.
F—IMRFEH LT 2(6) RFRY Bi) 7 (0) RS @, HB=dthi
AR T
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n/2
I'= J. a? sin® A{cos® 6 — sin® ) df

—n/2
= 248 rﬂ(sinz # — 2sin* ) dg = —%aa. O
D
HHRRZR M ZEOTEAESE HEE KRB S, RITATLEE)
T3 i L A 1 S - T ebh Ry it 2R AR
R 24.2.1 REBOLHE AN I £XBME 2 = f(ry) L gk I &
XY i Li st sk v, B Pla,y,2) T T s, W
jgp P(z,y,z)dz = # Plz,u, flz,y)dz,
Hi oy MEmS I #Em—3
W By KIBEOTER
33:93‘(0; y:@(t)s astgh

Ni=ZMaidhsg I AN
=), y=9() z=flplt)v().

T ,,
gﬁrp(:s,y,z)dm:j Plol), p(t), Fllt), $l(0))] ¢ () ds

=§ Ploy flo.y)ds. C

¥

24.2.2 MAEHBFRINXRE
BIWIC dr = 7ds, B v e T O BTN BiRH
Fl@)dr= J (F(w) - ) ds.
XFFAEEILE T, cosa, cos, cosy RHITT AL, N
J Pd$+Qdy+Rdz-J. (Peosa + Qcos B+ Reosvy)ds. (24.5)

& IV 2 m, E’Riﬂi%%ﬁﬁ n 7
SYIHTTI T %R Lnr) = X 0
& 24.2, M
Lzn)=Lz,T)+LT,R)=0— 5
Bp e)
cosa = —sin{z,n), sina = cos(z,n).

TR 0 R et 24.2
J Pdzx+Qdy = J- [—Psin(z, n) + Qcos{z, n)] ds. {24.6}
r r
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24.2.3 FEBBR4MEA
KIEHWEH

B8 24.2.3 CA—FE NG CHFEERLTERS, RN SEFIF
SRR v BT B

7]
F=t
T2

EF p AR TEEFRE m = 1 MRS AME A BAFIUE B (FELFA)
i T3 A I T,

ML (zy) RSMBETR. RHE o MRAES 0, T

cosf=—L  sinb= B
T r

TRAE o, y FRAKTEDHA
Fi{z,y) = Fcos = —,u,?_ia, Fo(x,y) = Fsin@ = -g?%—.
AT 27 A

rdzr +yd
w = _4_ zdr +ydy

BH&EH
— TR dl (24.7)
Bt =, y HSEEER 2= o(t), y =) RN, K a <t <b, 35
r= VT B = VP 1 90
e, F (247) AL FR |

h
— 1 _ &

I B
a_-u'(,rB T.A)r

T

Hr,, rp 7HIEREAR A BER O

BEmE i f BRE D CR® 1H C BY, # VA BE D FoRR
NER R D REES (20,30, 20) € D HEME R, THE—SHTS
TS £ EBETE—B, AR D % f 7 D LBEHS. % I ¥Ry

T = :L'{t), W= y(t), z= z(t),

MITTH 2(t), y(t) #1 2(8) WM TR

de _ 1 df dy 1 df dz 1 df

di ~ |Vf] ez’ Tdt " Vil oy’ A&t ~ VS| oz’
MBER 2(0) = 20, ¥(0) = yo, 2(0) = 2. KM HTBEMATFEVEEBME
AP, 2(6), y(t) M 2(0) 7 D WIFEHTEME) D fEuR. @ (248), I
ALK B

@O WEFEM ARG T EOEHE, RNFAGTIOEREEE Y - ERNHER. X

S Y AT o s 2R B ST B 7.

(24.8)
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ds = /(' (1)) + (¥ ()2 + (Z(1))2 dt = dt.
TERIER R? PRy iR ERIHeME 2133 XRFLMRERE
Putnam 38558+ /A GHI B B, MR EE R MR 21.3.3 prirs. ®
T8 F LUK BLAY B B A B /M 9B A5 TT BN 16 B0y 4.

GIRE 24.2.4 i flo,y) ERMER D = {(z,y) | 2*+¢° < 1} FEHELEY
—BrR S, HBR |f(z,9) < LV (x,y) € D. RiE: 777EE polzo,v0) € intD =

{(zy) | 2+ <1}, 8 (2 + )y ey € 4

B wRHEA (o), f Vizo.yo) =0, B falzo,%0) = fulwo,0) =0, I
AL MR VS & D P s hZEm&E, W f £ D Fo9 i R FEE.
B IR fED P ERLE 28RN

z=az(t), y=yt), tel0,T],
I B SRR, #8R (2(0), y(T). B &R0 G E

_ I O AR Y
F(D) (T - 50,0) = 0( s+ 4Ly ) a

Law+ Ly

= } ! 7 ; >
Jo \/ t}}2+{y 5 VEOF Hword

= | F(Vﬂ“‘" ,y) - T)ds.
WiIRTHIKE FE T BERSEEREE DR, W 2 1 mRee intD
Kb V(e y) o> 2, MEEFH
2 2 [flz(T),y(T)) - f0,0)] > 21 > 2,
Sl X G BT (zo,yo) € intD, f Vi(zo,00) 7 <2 XER VS 5 4
), 8 Vi (@o.yo) - 7= |VFlzo, ) €2, B (FF + e,y $4& O
£ AEfZKEATREEN TR EETAE N, LRERRREUTH
Ehmcid FX#rirs LHERM TSRS EER (MLEAKEA
F| 106 % (1999) 674~675 B, HAFfH{E H &L ).
% fle) HEXIEn BB D = {= = (21,20, ,70) | 2} 25+ +2k <7F)
FROEER R MRS po = (Y, - ,02) cintD | fff
max f(x) — min f(x) = |V f(po)| - 2r.
A X A28 B B B S R E B Y LURHE H1(H 4 B A BEpyfhitE L

24.2.4 &3

1 i L ryde -+ (y—x)dy, Boft L %1% 4B, 7ty A B, A= (1,1),
B =1{2,3):
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(1) AB 1% AB; (2) ABMFRREv=2z-1)2+1; (3) AB Bi#
ADB,D = (2,1).
ﬂzj Ty~ dy, Hor C BFHE © = aft — sint), y = (1 - cos?)
o U y—a
Eﬂ‘Fji‘t=%§ﬂJt=%ﬁ’J'*fﬁ-

3% | (w+y)%de + (2% %) dy, Hk C BLL A(1,1), B(3,2),D(3,1) RIR
= fB T, WIS H7 T

LR | amdo— ot ay, Sk C Ry = 5o B (0.0) 3 2.2) o
EBr.

5. 3 c; (> + 22 dz + (22 4 2®) dy + (® +p2)dz, Hp C R 2?2+ 9% +2°2 =
ORT 2 4y = Y0z WAE (0 < a< Rz >0), [ = BIE i AR
HIA.

6. J(‘ydﬁzdyﬂdz? Hop ¢ B A0

x = Rsinpcosf, y = Rsinpsind, 2 = Reosyp,
B>0,0e<n,0<0< 2,

SEEAE (1) R, o 98 5 (2) R, 0 4 |

7. K L(:n2 + 5y + 3y2)dr + (bz + 3zy ~ 2)dy + (3zy — dz)dz, Hp C &
(1) @ = acost,y = asint, s = %{ g t=0% 27 {5 —E5;
(2) BB AB, Br A= (0,0,0), £z3 B = (a,0,d).

8 BXINIG Flz,y,z)=vi—-2i+(z+y+2)k KEGHEHE 2 = acost, y =
asint, 5= -t A Ala,0,0) EHF B(a,0,5) B, S35 F M A FF/E#

.
. e 2y(l — ") . 3L .2 12 =

(0.0) sTiEMRaFE T EEEZ0E] (1,1) &, KA S e,

824.3 Green 2=

24.3.1 Green 2=

Green 20 RJLH-FE LEXEN —ERy SZREHR LA —1FEm
BRI AR s ZREIRAN— M EELR.
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& D R® Al — D HAMESE, R # oD it Masig Bt M2 A
M N PQED AEXRTHER « Ml y MEERSH, WT 3| Green 22
AL

JJ(—%—?%—%—?) dx dy = J Pdz + Qdy, (24.9)
D
Hr oD A mETF D RIERRY.
BT LR 2 B e & (24.6) 4l Green 207 (24.9) XA E
H L
”( Ry )d dy= | —Qdz + Pdy

D ap

= | [@sin{z, ) + P cos(z,n)] ds,
ap
Sorh n 23D _EARALSNEETR R £(,m) = £(a,5) + 2y, m) = Bt Ly, m)
(&L 24.2), ]

” ( o 3‘3 )dm dy = ‘[ [P cos{z, n) + @ cos{y,n}] ds. (24.10)
D aD
A3 (249), (2610) BRIERT HEKTH EMAFUH I, BAR
Groon 22T o ~ BN R C FHM, W LRMIE 8
BheR” 4

I 24.3.1 C ML 2z =’ B (0,0) B (1) B3, K
I= J (233 — y? cosx)dxr + (1 — 2ysinx + 3x?y?) dy.
C

B 4 Pla,y) =2zy° —y?cosz, Q(z,y) = 1 ~ 2ysinz + 32242, |

P, _, v
oy | oz '
HTAIM Green AR (249), FOMBIL [~ b
(fnE 24.3), -
_ | '
! __c+Ja+Jm+J;@+Jm'
A Green AR, Fi=WHB T AT, F2 4
[ = I + 0 - PR
AR JOA
1 24.3
:L[l—2ysin~g- +3(%)2y2]dy= T':Tz O &
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IR 24.3.2 TR
I= ds,

C
Hp C BRBEXHNETRARE r= @9 r ==+, n B C LHE
fstEA R

cos(r,n)

% o cos(r,n) = — = -:.—(:ECOS(H :1:) + yeos(n,y)) B3
(—‘g— cos(n c-:)s(n y)) ds.
oNT

L{00EC M‘HT, FI A Green 2y (24 10), |
” am (5) +ay( )] dzdy =0,

DR C %‘ﬁlﬁ-ﬂ@lﬁﬁ.
% (0,0) 7 C WEt B {0,0) KRG, IFESDE ¢ 8 1ER O, 78 C.
ECOCH UCEC MaRHESY D., U

1= (£ contm,z)-+ T costn, ) s+ (-5 con(m,z) + - cosfm,)) s

_ x M
i‘!( = cos(m, T) + 5 cos(n,y)) ds.

K O LA B n f07EEERFEE. MEIFAE Green 243, N
I= _i':,, (—52— cos(n, ) + ?yg— cos(n,y)) ds.
TERHE C. L,

¥

eos(n, x) = P%, cos{n,y) = — :

T r:g}

M
I:{: 1 as=on.
c. ¢

% (0,0) € C i, ot SAEMZR C 1%k
OA,OB, i OA, OB 3N 0 (ILE 244}, B A
MM C EREAE, M=

E—1LL0,0) 2 A0, e AYAENE B,
i Be MEBIAE C HIERSH Ce, B LT
i+ HH 4.

I—g%[ %dsallmﬂsmﬂ 7 24.4

st 0, 2 C, ORI EL A, O

& EREMER Green X% P, @ £ D LESETH XIERAELEF
B (0,0) £ C 5h C W C L= ITRAER. (FEFEFRERDIR
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HEE A, LER (0,0) 7 C Wi, TSR AN RS ¢ LEEET
Iy, R0 Grren A RLATEARI T

BlEg 24.3.3 it R

I:ﬂg %[(:I:Sina:—{—ycos;r)d:r-f—(ysimz:—:scosa:)dy],
c Tty
H O oo +y° = 1, Bt m.

® 4

y

Plz,y) = ———(zgin: 08 ),

{z,y) T (zsinz 4+ ycosz)
c¥ .

ditsim 95 — G4 AT ERA&HAMTR LR Green A% M
Ce e z? + y2 = 52: ﬂ’iﬁﬂ"f"ﬁ“ﬁﬁﬂ, WJ

=t

MENHAETRIR A Green X, TH

I= . ﬁ[(zsinerycosx}dx—F (ysinw — zcosz) dy|
= ;—QEF e¥[(zsinz + ycosz)dx + (ysinz — zcosz) dy).

iE Ce EERE{] Eﬁﬂ‘j D., ﬁ‘ﬁﬁ“& Green ’ﬂlit: ,E[IJ

I= —;_1—2— ”—2@9 cos z dz dy.
D

BB i R 3

1
I= ?2*(-2e'51t£2 cosn) = —2re’ cos T,

H () € De. EREXM Ve > 080, 460,78
I= lim (—2mefcosn) = —2n. O

e—0+
FHEMEIR Eh Green 2N EEHR, FTUBRMTHEMAL R
HZEEREMREE C BFTROER S THBRREIETRN
8= iﬂzdy = —i}ydz = %ijmdy - ydz,
ool BHERAY IE [ 30 5171 (55T LB} 336~340 TRIAZ (11.1) R AHE).

BYREE 24.3.4 T RAAL

(2% +4°)% = a*(2? — ¢*) (24.11)
FiF BB 1% e 7 4,
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1 hXFEARITRE - NaRAER 2
r=rcostl, y=rsind, _“} £ 8« %,
fCATTE (24.11) 18 r = avicos 26, MIBHHTREH
x{f) = acosBVeos 28, y(f) = asinbv/cos 28, ——g— £0< -}

#+H .
z'(8) = a(—sin #)Vcos 26 + acos§ ;5;.%%% \
(8) = a.cos 8v/cos 20 + asin f-—2020
wie) veos2f
Arid
xy — yx' = a® cos20.
TR VAR E 2

1 n/d
6’22-?§$dy—ydmzj a®cos20d = ¢®. O
—®j4

W2 (HERRER EHREEAET Rlﬁﬂ%%:s(m-lsl) MIrEHN
_ LA T bn
2 =a’cos2, b¢ [——?, 74-—] U [-—4—, T]
TR p p
_4. L 202 2o _
5=1 9 J: r*dd QJU a* cos 28 dé O

24.3.2 FEHEBERFSHETXIRGE

T/ E—-HEFEEN IBRRTS RAERTHTRD, BFaiig
MR ERENEANASHLESE X SHHNRERETXE 4Bl hg
BETHENPBANE LERRET 4XFTERAMERr SBRETR X
AT A BT B ERE &, A A REENE L

i 2 2R i K, Plz,y),Qlx, ) 7 2 BHEEE, i

w = P{z,y)dz + Q(z,y) dy,
HEL A Be 2. 2NN AR BYy—KEEREENRSMEH T QN AT B
RI—RERRE, M 2 WA AR B HEERE L, mRE_AMAERS
J'Lw =J'LPd$+Qdy
R ABHEXR 5 L NEKERTX WHE—IRIER v 2 RS 5%%
X

ARVE K D i S R S 2 R R R 2 278 D o, Wk D
JREEEXE. ¥ D TR EASREERE, w= Pdz+ Qdy, K P, Q #H1E
D W ELf RS E N FAEIeE

(1) % D AMEE—RHME C. &
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f w =0
C

(2) % D HAE—&B A C, s jc w L5 C BRSO A X, T15 B
T
(3) 6 D W (4h4L) T

oP _ dQ

dy oz '
(4) TR o(r,y). HBE D WAL
de(z,y) = Plz,y)dz + Q{z, y}dy.

Bl Pde+ Qdy B ¢ ek XN ¢ 2 w BB, XFF v E—
MeLRaH, i
B

olz.y) = j p(x,,yu)mj Oz,3)dy + C. (24.12)

B (wo,30) B D NiE—, C HEEEE B

(a:,y)

= lx,v) — wlzo, vo)-

(Iﬂ |yﬂJ

(2.4)
J Pdz+Qdy =
{z0,v0)

R 2423 BORAEE, B (247 f - 20U g L oo

7 MBRg Seix, T2

w = (_L_L)
i ¥ ral

18 24 b B AT BUE AT DA ORI 358 B R e B0y

OIS 24.8.5 1% P(z,0), QL) FiER R W 45 = ST amai
[

L

|| Peas J Qzo,)dy = |

i

Peo)de+ | Qlg)dy  (2413)

0 w0
i SEREFESME B (24.13) BRAL, WILR = KRB B
Plz,y) = Plx,y0) + EU aa—g(m, y) dy.
LR y K%, W op %0
P (2,1 = S (@)

FEOE:. BAFR w = Pdz4+Qdy SEAEE T BUBER A (0. y0)
2 (zo. y) 3 (z,y), MEHH
Y

do) = | Pt | Qo
Tu o]
B g MM (zo, 10) & (z,90) B (z,y), W
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z ¥
o(z,) = J P(if,yo)d-’ﬂ-i‘J Qlz,y)dy + C.
Loy n
% (z,y) = (o), B CrL=Cs O

IR 24.3.6 % a,b.c HEE, HER ac - b >0,
zdy~ydr
az® + 2bxy + cy®
B0 w 4E (0,0) LUSMAIEE 2 X, B SHOER.  w XTEA (0,0)

BT 5}0 w. HoP © WEELE (0,0) Ay — T B 148, FEEUEIE A
KA.

: — —Y - ¥ of _
; i Plz,y) a2 +2bmy+cy2  Q(z,y) 0z’ +2b:ry+{:y2 , dy
S AL, I O
az® +2bzy +ey’ =1

¥ it B 2R o B 08 R, BN DRt
§ Pdz+ Qdy :EF zdy — ydz,
C c
LR A R0 ER R R, TR

% w=—2E _ O
o ac — b?

24.3.3 #)EE

1. Rl Green AR TSR wFLr
(1) g}uc(zz +eyhde + (22 +17) dy, © N o = £1, y = +1 BROENE,
BE;

@ ¢ nE8 aor B g, 0 e A ()

(3) %k 'C:c ~y2)dm~2mydy,c’%mm =1 o=y y MBI
= . B
(4) 3K = _lf_ —(zdy—ydz), Hdr C B (a) jifsk z = a(t—sint)—ax

y = a(l coat) MW Ft=0%t=2mi—f# (b) (z-1°+{y-1)2 =1
W (2,1) B EEEE (0,1) f— B,
2. W flz) BEETH, L 0B BG4, E9
W) § flan)ydz+ady) -

2) fﬁL F(2 + ) (2 dz + ydy) = 0.
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3, 'k% DU g5 Heru=a? 442, O R o2 + 4P =6z, n % O LEHBGSNE
[

] &
4. % C HEBISBARRAME, U A% EH m, IEH:

ﬂl; cos(f,n)ds =0,
e

St n % C EMBGHERE
5. % C A EFSRMEEEHMRRAME oy 4/ =12) HRHER. X =
an® + a1y, ¥ = an12 + a2y, a11022 ~ a12601 # 0, IEH

R

6. i L BHRMRA 22 +* = 1, Fin bt Ko
fF (r~y)dz+ (r+ 4y)dy
L $2 + 4y2 -
7. K AR SR T 2 % T DX R T AR

(1) z=qcos?t, y = bsin®t, 0 < t § 2m;

(2) % +¢° = 3azy, a > 0
@ (2)™ (1) o2 (4 en 050 nEmn

11

8. WEMIARRAS SHBERL REHEAME
{3,4)
(1) J o(2) dz + Plu) dy, Eoob o(x), ¥(y) BB

{1.2)

6:8) rdr +ydy n—os
@) [ I R e

9. XM FUT—FridaER w, KB Mz,y) # 0, FRESELUHEERN Mw
hrefar, FREF R
(1) w=[-yva? + 42 + 1-z(z?+°)] de+[z /2% + 2 + 1-y(2® +47)] dy;
(2) w==z[(ay + bz)® + ay®| dz + y|({ay + bx)? + bx¥] dy.

24.3.4 HREEE

LR AR AR 2T ST EE RS TRy AL
AEpy -~ LI BRI B 28 (BIE RTI AR B AR &, ER L AEMERY
BRAHER REAE ANBRESEEIX M2 ZEEE®, mx—x

©  HFRAFEEFRLOHE R F iR iERFER Pappus (#94)50 300-350 ) #9 (%
L, (B HUE R T EEH] 19 HAnA8R), B R AR Steiner BHER. £ {30, 26].




326 Fo4wmE BEAH

LTI BRI A4 B2, THRSMERRZH E. Schmidy 78
1939 4 B . FMTHitie BBl

W I BTE ERR LA BGENREAmLE, I FBRENTERA A
BT PI—3%PFATHIER b, b, BEIHE T SeE B H. EER—ERE S, i b, L B
e, WS WAL RERES, c BT L, L. Bl z=2(s), y=y(s) B T #)
WA BHOTE, LIS rm S akm, 0< s S L, B o, y 7 s B>
BHEE. WL, b5 IR ERSEESANR s =6 s =0, JHE L
I f—A IS Hche I fyiRih s TEXRIEDRE SBMAS LYLE
H Green A3, £ I' FrE K mR A

L
A= L x(s)y (s) ds.
B, BH S RN r, WERES vt E X
) { r? — 5?(s), 0<s <5,
jls) =

re — z2(g), s1&$8< L,

MIFHE 2 =a(s), y = §(s), 0 < s < L MBS S RS —t, X FRE
A 5 M BRFEX. BRI FIUEN S ST ERE 5 Y

L; §(8)x'(s)ds = Ll i(s)x’'(s)ds + —L §{s)x'(s)ds = — “;2 - “;2
Wt s 2 D MIKSE XF (@'(8)° + (17(5))° =1, 0 < s < L. #fH Schwarz
AER (WL 346 T)

L
A-i—rc'rZ:J
0

= —1tr?,

L

(a(s)y/(s) — ' (s)) ds < J [(—d{s), 2(s)) - (2'(5), ' (5))] ds

0

L
< j VEETF GO VT we) ds

0
L
ITJ. ds = L.

Bl AR TR L T s

HA'T[TQQ A+2nT2 g LET.

By
dmA < I2
X RERIEL.
R anA = L2, A& LR RSB TS S NEs, Bt A=
w2, Bl L = 2nr. fy Schwarz REX WSS REH
(—i(s),z(s)} = c(= (s},y( )
¢ RHETHE (R EM 347T~348 T). F & /22(s) + #(s) = r = || B
(—8{s), z(s)) = £r{z’ (s}, (s)). (24.14)
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ME R S b FRaA
r=rcosf, H=rsing, 0<60<2m,

Rk

fRA (24.14) 78

L S -xEh (24.15)
L - (A o pse R R TS
rdd = +ds.
BET (24.15), 8
dg _ dy

ds
B, 505) = 4(s) + b, Koob b BB SN SR, RRATERNL T SHE
S E—AH y HHETH. XRERT S REANESH, I BEREEy
=L p—AHA.
T

§24.4 FEHEBHMERE

PSR R M B T LA SRS SR X, TR TS R A — 1
TE T 49T TRGRHH A8, L R? i, # F: R? - R Rifs
West, RATHE F 2 R® R —tgm s 8K (o) € R?, #iE—
AR (z,y) TSR 1R Flz,y).

% £ C R? BB ILE IR CEENS MR F £ £ FERRERE U
FF 7 £ PR X T y) = ]F E’*" y§| VB TR £ REIS AT S,
% (z,y) 7 £ ERHETRSE £ —FR, R T y) 4 § L Smsm. i
B R (ﬁlﬁﬁﬁl‘l%ﬁﬁ) FoniRY F i £ ABEEE, 2 1(F, 0).

Y Flz,y) = (u{z,y), viz,y)) B—UrEEa e g5, 5
q(F, £) = %?% darctan L. (24.16)
L
# DCR? R £ I RUR, oD el FIRAZBOLH B ] ZRALN, A
dD = U aD;,

W5 D AR S AR E R T ER . 12 Floy) %D F
AL, 23 9(F, D) 4 Fia,y) 15 D BFFH:5 F00RAEIE 19 00, B

¥(F,0D) =3 " 4(F,0D;).
=1
DT R (T80 B R Dt SR B e R oA iy 2.
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B ) B BER A T A LR,

R FRTHEERE D5 D, MAEAAEZ, D= DU D, M
Y F,dD) = 4(F,aDq) +~v{(F,aDz).

R 2 EEEAFEERE D E Flz,y) 3EEME, W v(F,aD) =0.

iE %R D REEERXE, oD = L.

Y Flz,y) EEWERY, A vl y),vie,y) cC 01, F

_ 1 v _ 1 udv —vdu
Y(F,L)= 5 EE{: darctan —- = = +S T

_ 1 [{{ » U 0 0
=3 (au(u2+v2)+ Bv(u2+v2 )) du dv

1 ([ (u2+U2)_2u2+(u2+v2)_2v2
= o ( (uz n ’Uz)z dudv

i
= [),

Her 5 & £ 78 vOv 58T EARLE, U Bt S Fra Bl R,

Y F(z,y) BEEW RGN, RINEHT n fZE D) Weierstrass T
(2R 16.3.1): R P RE L& 28 TUR S BH L ESH.

B oD LR —E% 3R bR BT L X3RRIk A B —FCE R FE
EWRE A5 b TREER-MEY, TREMETEENRGNBHE
BERXEEFNBHRAAEREMERE. T 2 RN IER B ER T, X
g EH A RS

Y D REZEBRXEM, € D A3RET 2SR RSN O

D C R RERARER, Fo, Fi £ D EayEsdbR bR WP
FEEEERETSHN A NEZMEY G : D x [0,1] - R?, Hif Glz,y,0) =
Fo(z,y), G(z,y,1) = Fa(z,y), Mk GRH F, 7 F1 iSRS 02 O %
oD E3&F & € [0,1] H4kBik, MR G RIEBRE. EHEEE Fo 3 Fi 4k
SIRBUERE, Rifr Fo 5§ F1 Bt ZREHESESEXE NEF 5 F,
G, F1 § F2 B4, Ml Fo 5 Fq B

MH3 i DCR®BEFRARM, W oD R FEMEH B AR 0 e .

Wt AN (Fle,y,d),0D) BR—AEE, HX A&, Y A FatE R
RER— R, IF

Y Folz,y),aD) = +(G(z,y,0),0D) = v(G(z,y,1),3D)
= ¥(F1lz,y),eD). O

TERNAE S B RS HEH T RO ARe T T2
# [ Brouwer A58 B BE R?2 pHER:
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BIgE 24.4.1 3 D £ R® fi— M FF0KE, KR 0D B—&EB M
% FREA D3P D RpEGERG, WE D HUFE F—1RshE, i 3¢eD,
i Fg) =¢.

i T oD B—FGHE MR 8118 oD LBt 7 iy Bk b
BAN oD B — A prdER b ES r(z,y), HY (r,y) € 0D M4r—E
o, Tz, y) WEE T, B v(r,0D) = 1. [, {# n(z,y) & D LHAEEE
8, W v(n,0D) = 1. X F f£AMRKRE D BT D JHs & F BERE A,
WLk (z,y) € oD RHE S, F(z,y) € D HESWNHmARERILHN AN S
R EATAT 5"2‘— FRE

(Fiz,y) - (z,9)) -nlz,y) 20, Y(z,y) €D
& Glz,58) = AF(z,y) ~ (z,9) + (1 - Mn{z,y). ¥ A=0, 18, Gz, 1,A) &
oD +3ER4E. A € (0, 1) i
n(z,y)  G{z,4,4) 2 (1 - Mnlz,y)? >0, (z,y) €D,
B Glz, y, A) 17 dD EARBAL. 8 Fla,y) — (z,9) 5 n{z,y) B4 D LR
wEE.
Y F —id,oD) = v{n,aD) = 1.
YR 2 75 Fz,y) - (o,y) SR D LE9BILnBY. B 3ce D, F F(&) -
E=0HEéER-RFHRSHAE O

—fRIE R Brouwer Fghei g

R* #&44E 2 RO T4 B e s Akt FoboH Noh s, WAALCB, #
F()=¢.

FAE B F 263 iR, WSk 47, 33).

A T R B A A T

OUE 24.4.2 (REEFEI) T« 0 n RETR Polo) LEB LTS
—1

W Wz =e+iy, 2,y €R. Polz) = R(P(2)) +U(Pa(2)), P R() 5 I()

o1 B 7R HAH TR E . g — e
F(z,y) — (R(Pa(z + iy)), I{(Palz + iy))).

FRR! L#yn RETABM. Pulz) EERHMEDEEE N F ER? |
REREN AR

QR F IR E RS, WHER 2, +(F,8) = 0, ¥ S, FRU r h2g
ERRGUAR. B—FE, KOAEL TR A(F,S,).

RAVEH R Folz) = 2" HR. BTN HETRMNH F Fo, 1
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i RdI - IdR
rFu ) = 5§, EEL

_ 1 { rcosat{ncosnt) — rsinni(—nsinnt)
T 2n 0 r2

HF R n KETR P.(), RIEHERECH 1, FEEAKNNEE
G{z,A) = A2" + (1 = M} Pa(2).

dt =n

4
Gz N = M+ (- W)l + Q2.
B Q(2) W 'ﬂ;} 0 (2] — +oo). E

T Gz, h) = |2+ o(le[™)  {lz] — +0).
RFLl % r e, Gz, \) TEETEBENER 5. ERAAFS. KiRHE bul2)
WHRE n KWEFRBS F 5 Fo % S, LR, v(F, 5,) =n. XHEH F L2
R R? LB RS BB T - EERPESF R O

B IS ST et B e 1995 4240 TP RIS Miklés Schweitzer 3Bl —
ABUAMAR. X ABA A LSRR PR ERIE R RITHRELH
LB % F 5] 106 4 (1999) 227~240 T,

BIRE 24.4.3 % 7 0 g £ [0,1] RREDTREL WL
1 !
] flz)dz = Lg(a:) dz = 1.

E

HEPRTFAE 0, 1] FRyRA-HRIE (o, 8],
b b
J flz)de =j glayde = -

W FATEX
D={(z,y) eR*| 0Kz <y},

6= ([ s - 3 stores - ).
B f, ¢ WTAUE, T4l G RMAREERS D FMESHES. ME G,y)
£ D R (o) FRERR BERT RITFEMOER. B, T8
(G,3D). 3D = AESEER. X% =y LR, SRS AR 0.
R EHMEERR L EE@J
G(0,r)+ Gz, 1) = (0,0), 0<z<L.

4

EEH]
G(z,1) =-G(0,z), 0<z<1.
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R — AR I A0 LT AR R, 205 G 1
wmnw&m SHIBETARIER AT T G0,00= (-4, 1),
GO0 = (1, 1), 8 MBI AR MY 2on -+, b HER PUE
(GaDy_D+2%?*“}_2k+1¢o
HBERREAOHEIR 2 A, G A6t D LR (o,) AT &, 109
[ flz)dz = é ::J g(x)dz. O

A BT LARBUHCE TR KB A (R
B, BD: Jao, i Va € (0,a9), i BOMESEER B blo), j fle)de = L. %
LR, ERES L o) HF . KRR S B
BECF() = | 7(6)ds 15 0.1 EIAETTRG W %0 <2< 10,0 < Fla) <1
FO) = 0; £ [0, 3} Emss SRR = = L MREHE—RocE 2 BE
FoRE BB E o = 5 BRI —BMA 3?4’2?1‘—'?‘“?&%1%913@ F(1)=1.

N
B [ fo)de = L 0 5 40, RBBUILA Fb) - F) = .
# Flao) = <, W 0 < ag < - T € (0,00). A Hao) =1 20 o
EEAHI 0, 00) 8 LEGHB E 1oy = + B, bla) = 5. B

B Fla) < + B, F(b(a)) < =, 8517 b(a) < 5. EIE a1 T bla )E‘Jiﬂfﬁ.ﬁ.

§24.5 T HFHIEIN

24.5.1 ¥3)BH

L FEMESZ—RITERRMEE Sy, MTREAKTLR, Bt & 2
BOrRRIT R R@EDY —EH, —RiRTLUE SRS RIE
R, FURIb— R LHROH R O, LR, Xt ek dh R SO R
BEWT.

Fifinask
Flz,y)=1. (24.17)

TET EREN (2417) FRRY y = f(z) B = gly), MFE L (24.17)
Bz 2y M ERNESROTES HIN

r=gx, y=f(z)
)
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Foi+m¥ Wiy

FHix 2 BRBIREREAR z =rcosf. y=rsind f£A (24.17) 18
Flrcosd,rsind) =0. (24.18)
A HEAN (24.18) i r = f(0) 8% 0 = g(r), MFETHIZR (24.17) LA 6 3

r NBHEB YR HH
r = f(f)cos, y=f(B)sinf
14

r=rcosglr), y=rsing(r).

%2 [ dh £k
Flz,y,2) =0, Glz,y,2)=0. (24.19)

FiE 1 HEWM (2419 PHUFAFE, FHERTREL v.2 B« WEY
y = p(z),z = Y(x), Ma2E gk (24.19) MEBEAHER
z=2, y=p(z}h z=y(z)

FE 2 FRATERMAELIRASRAA (2419) %

F{rsingpcosf,rsinysind, rcosy) =0, (24.20)
Glrsingpcos#, rsingsind, recosy) =0 {24.21)
N
F(rcos8,rsinf, z) =0, (24.22)
G{rcosf, rsind, z) = 0. (24.23)

HREM (24.20), (24.21) s (24.22), (24.23) PR PINF RN B AFF
HI X R URRI SR

FE3 M (24.19) SR FR (W0 2), B—ETEBR
flz,g)=0. (24.24)

B RRZEE ML (24.19) 7E o,y FH LMRE, £5H (2424) B2E
T

r=wp(t), y=1t) (24.25)
B (24.25) RN Q419)FRIE—TTE, B
z = w(i). (24.26)

(24.25), (24.26) BES R M2k (24.19) WEBHOTE
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2. RFWRBERSZHM*F, KER (24.5) BERY, RETIEILH,
TEFE E M E . (HREFE DY HRE N, TARIIM. Brid
TR CEFRER (24.6), 2iE HE 24.2 e HES—T

3. %F Green A3, HEIFMEFIOCHEAR

o 9
JPdm+Qdy=JJ or  dy
3D D

P Q
4 REERTE S R A L Pdz + Qdy B /LI
(1) il Green AL I —ERS. & C HHMLE TEEH, & C KA

dx dy.

TR Green 2458,
@ e 2 = 9 g 0, THBARLEALS
B2

(3) FIH BiLRm S EOTRIL D R R g

24.9.2 £
-5
1. HEREAFR
HC Plz,y)dz + Q(z,y) dy
Hrf L &gk C kK, M = o VP, y) + Q%a,y), FHFBEAAR
ZEJiE g REI}_IM In=0,HEr

I — 5[} ydx — x dy
A (z? + zy + )
12+y2=R2

< ML,

2. RE—RHRS

(1) Iny/(z —a)? +y2ds (ja| # R);

Ly

T y2=R?
{2) [ In\/{zr — a)2 + (y— b)2ds (a® +b* # R?).
Tr4y2=R?
39 flo,y) f6 L FiB6E, L RIS RIS fik, i
ulz,) = gﬂ FE ) Iny/ @ — €7 + (y—n)ds
22 4y s oo BHEF O B PR
§ fle.mas=o.
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4. # u(z,y) 7 R? B7ESE R
ulz, y) = n—:,g— jJ u(é,m) dé dn
(x £} Hy-m2gr?
Xt Ve >0 BN AEE & FR
u(z,y) = Q:rlrr ﬂg u(é,m)ds

(2 -2 +{y—m)?=r"

%t ¥r > 0 FRREAT.
5 W flr,y) & G A—M @S0, #F G L fle,y) =0, G = {(z,4) |
2+ y* < e*} B
l“ flz,y) dmdy' < gra’ max(f7 + f)'%.

G
6. B Plz,y), Qz,y) F£FH LHEEMFEME L V2o, 50) € R? AL,
PLYr > 0 ) HE C 2= zp4reosd,y = yo+rsinf (0 0 < )
#HH
Jc Pz, y)dz + Q(z,y}dy = 0.

s Ple.y) = 520 =0 (V(a,4) € R

FETESER

L S BE TR 2 A0 — 1A it SR 0 A Y.
2. IR TR AR R EEE: W f(2) HEXELY r HERAH

D={$:(311$21"'3mﬂ)|$?+$g+"'+$i€f2}

ﬁﬂﬂiﬂéﬁmfﬁ@ﬁ mﬂﬁ& Po = o ap'rnz) € intD 1 fﬁ

nggf (2¢) - min f(z J—"in(Po)I'??‘-

3. 8 (a1, by), (@2, 02),- - {an, by % HIER n TS, WEESERLNS,
IEFEELY « f1 o fHE
(a1,b1)2 Y™ 4 {2z, by )x"?y* + - + (n, bu )2y = (0,0).
4 % D B¥E N r i — M RTE AN TE K, ¥ D NiYE (r.y), B .y

R (2,y) HRAL, 6 %‘#ﬁﬂﬁ@l& D BRI E AR . R
llm LT JJI(;C, y) dx dy.
5. ¥ B 7 R? PR, C %iﬁilﬂlﬁ g: B—~R*\{0} R BiEs:
k-3 8

(1) 1 Greon 2528 | a((f_:’g"")dmdzz SR C LHE R,
B
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(2) R g # C LRYFRHRAEFRY, I glz) =2 Vo € C, iEH]

ﬂg:sl dzgy = %m dge = ﬂgylg% dz, + 91% darg;
(o (9 C
(3) IEMIARTFERE glx) =z Vx c C K g(B) ¢ C K g phs sy

i

(4) 3 bt fpidige — A LT B R,

- () ®B,.CHF SHMF, f: B— BRMEZETTHIRY, flx) £aVe e

B, RIUTERT AL f(e) A 2 MR AMEFRLRS B iR
C #2E, MRS Fm R
g(x) = f(z) + t{zx)(x - f(z)),

H t(e) BE « HXREOSE W i) L KT R
t* (@)l — F(2)]* + 2t(@) (@) - (x — f(=)) + | F(@)]* -1 =0

(2) iERH (1) FRY g Wi g(z) =z Ve e C R g(B) C C;

(3) e LA E (1) 0 F BTN, BI% F: B> B R _HEs
ARG, M 3£ € B, ff f(£) = & #AIBENT Brouwer Fgh & E 8
B 3 — LB, WREEEELANE A Brouwer A B A 2 B LRE T



FZTHE thEi

HEHS SHafs —BEAME SHEN RIS -RiiERe
5l E 7 i SR B R B RS AR REAE §25.1 A §25.2 WPtk RO
TR KPR E R LR E N2 R R, S i RET LR F R”
(n > 3) WIEN. 1 §25.3 P44 Gauss AR (B_BME RS S=EfS2
BIRRR), Stokes A4F (I RMEBr 5E R R MK R), MR
TE R® il A0 SRR T RM R £E §25.4 1 b 8 — SIS B A
BE—TRFIESANSER.

§25.1 SE—EIBERS

25.1.1 H-AARERIHELHIRE

£ 251 MYPRREBRSHEEREEN BT, S T thEEH
it EAR, THAHHEAHHRANRENL FR—MUSBIR A2
L i REEREE S, WX — Mg —T o B &M 5 Rir S o
81,82, -+ Sy FHEH—ERG S0 WER—S M, XK 5 EEHMBREI N
WS M W YFE L, [REVFENFEEE T, RER AT (i =
1,2, ,m) HMERNTE S HERBTERHHRR

VR 9 IER, Kb A= ax d( RS (=1 m)PNBRER I
BB ERE, UsdE S fﬂ?*ﬁﬁﬂ‘]

w SRR PHIREAFRNME, S f &5 PHEEX. HTF S HfE—
SBET :{81,5,,5}, H AS FR S WER, R () € 8, EY
d(T) = max d(5;) — 0 B, FIE

ij(a,m,ci)as

I8, BARERRBT S GRKSHSE (€ 00 ¢) € 5 MRKEE, NFHRY f
% S b ERA AL, YRR [(5.9.2) & 5 Li W—BI TR
5,358

”f( 228 = Jim 3 f(60m G

d(T)—0

MR 5 B‘]:@iﬁﬁﬁ%



§26.1 F—H iy 337

z=z(u,v), y=yluv), z=2z2uv), (uv) €D,

D & w,v FH LABRERBIXIE, z(u,v), y(u,v), 2(u,v) £ D EHEERIH

i
dS = VEG — F2dudy,
R
E=2gi +y, +2,,
F = 2%y + Yuliy + 202y,
G =gl +y2+22,
3]

[| 1w 21ds = [[ ratwo)vin 0, s D VEG - Faudo. (251
S

n

FeplH, FHWE S ATHERN
Z = ‘z(m‘)y)! (:Bﬁy) €D,

” f(z,y,2)dS = ” fzy, (e )11 22 + 2 dzay. (25.2)
D

g

mi

GUH 2511 8 S K 2= /22 + 42 )
B 22 + 9 = 20z B FAIERS, K
I=1|(="" +4°2% +2%%)dS.
I

W1 W 25.1, mHABR RS
# =2 L, _¥
== W=
1+ 22 +22 =42, g
I= JJ [2%° + (2% + v*))v2dz dy. A
#4220

A 25.1

RIS AR R Bk —ERSY, I

/2 2acoaf
1=+2 dﬂJ (r* cos® #sin? § 4 r¥)rdr
—1f2 a

/2 1
=2 {cos® Psin® 4 1) - (~—rﬁ

2a cos \9)
—nj2 6

0

/2
= —y—é-g- (2a)ﬁr cos® B{cos® fsin® + 1) df = _28&‘/5“&6' W
~m/2
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W2 HBERATH 2 = Voo +1 EREFRTNHEY o= T, FKL S
SRR Y

;chzrcosﬁ, yzirsinﬂ z=—1—r, (r,6) e D.

V2 ’ V2

X 5 AR
: = V22 + 12, 2®+y? = 2az
HERLIRRR A
W= Ji—, r? sin® o = 2arsin w cos f.
T2
D={- %gﬁg%, 0 <7< 2v2acosb}.
it HE ,
E:TT, F=0 G=1,
BRBE

f2 2v/Zacos 8 1 4 1 r
I=Jﬂ dE‘J rdcos® fsin® @ + 1) dr
—rf2 4] ( 4 4 ) \/i

= %g-ﬁmﬁ. O

25.1.2 E—EBHERMOER
L OREEMEB. 7 (25.2) 5 (25.1) 914 f =1, WlE S (ERY

” ds = ” 1+ +22dady = ” VEG - Fi dud.

Dy

2 RUTE SRR, S S WEEREY ooy 2). NEHFEE
m=j p(z,y, 2)dS

:J plz(u,v),y(u,v), 2{uv,v))V EG — F2dudv.

3. 3R iy /4 I U%h‘ T S B9/ AR (%o, Y0, 20) B I 2B -
1

To = —= ] rp(z,y,2)dS,
‘s
1 fr

Yo =7 || vole,y, 2)d5,
s
1 ff

zp = " zp{z,y, 2)dS.

d
5

BiRE 25.1.2 R EYHE 2 = /a? — 22 - 2 ¥ 2° + 4 = oz B WE
RUSEOAH, H41a > 0.
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W R 2211, JXEER Viviani Ry BRE. BT
_ — _

—U
= fa — 22 — 42 v = @ “zZ— 2
[t T
&= JJ — t dz dy
"‘112 _ $2 _ ,yﬂ
24yl gar
n/d acosf
:J dﬂj S S
—n/2 [t} a® —r?
= (n — 2)a.

TEERROCLE, BAFHER w0 =0, A

Iy = ﬁgfjjxds

oy

(m— 2)a ,fﬂ;z—xz—-yi

m:+y2£um
yzt
9 /2 @ cos T‘
= cosé?déj ———e—rdr {(r=acost
(TI: - 2)& JT] [] a.z — 7"2 ( }

f2 2 2
—E—Jﬂ cosfdf | 2SO L (i ging)dt
(m--2)a J, /2 asinf

12
= 2 rcme(%—ﬂ——sinﬁcmﬂ)dﬁ
0

n—2
__ 2a __.
n—2)°
o i
‘ zp = H(n—2)a2 szdS
8
SR S— ” a V@ =32 — 2 dzd
T — g2 O R R TEoyardy
(ﬂ: 2)“’ z*+y? Lax @ . y
N -’ S
 4n-2)° -
25.1.3 %IH

g
(1) 8 % 2% =22+ 9 £ 0® +y° + 22 = R? REY 2R84 (2 2 0);
{2) § K r=rsinacosd, y=rsinasing, z=rcosa, 0 <r<a, 0<£ 6 <2n

2. :ﬂj<z+y+z>ds, So § 2 BRI o2 442 4 22 — 1 (23 0)

g

‘ 1% ” 248, oo
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3. % [[(z+v+2)2dS, b § HERHE 22 +42 + 2 = 1.
’s
1 5% ([t =y + 9222 - 2227 + 1) a5, Heb S R # = * +? PRT
s
22+ = 2z HITHFA
5. 3K |{lzyz|dS, HF
s
(1) 8 R =+ |yl + |21 = 1;
(2) § BRIWMYE » = 2%+ % 2 =1 T
6. K ”(32 +y? +24)dS, 8 H x|+l + izl =

10.

11.

t >

=

™
i

4

% o) = [|  f@uads, s

284224y 2 p2

[T 22+, %z 2+
W 2] =
0, AR N

- R Flz,y,2,t) = ” F&m, Q) dS, Bt 8 2 (z—£)* + (y—n)* +H{z— () = 1%,

&
0, (z,9,2) HHER Va2 + 2+ 22 >a>0EH,
2 2 2 2
feme=q o DEFTAC<e
0:! §£2+n2+cz,}rﬂr2.

”( dg o BB S Ak o +y+2<L 220,920,220 %
5

I+z+y

”%ds, B S R 2° +¢° = 20y W 2 = V2° + 2 AITE
5
20 BT B

(2 +97)dS, § R4 2 = VP T 7 Bz = L BIFREA.

§25.2 SH-RHERS

25.2.1 SETHGERSNE XA
B 5 REAKBOERSE P, Q R RENE § FHEE # S Fr

?EEE{]‘*@MF%?J T} E*E 5 ff}'j’b n ’T‘fj‘@ﬁl‘ SI}SE:"' :Sﬂ: f’}#] T E"‘]ﬁﬂﬁ
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Il = max {5; B}, bk ASY, 8P, ASD SRR S: £ yOz, 205, 30y
EAMETE EERERRGER TIRFSh S OFERE % S8
BEERS « WIERAE AN, S £ <0y FHHBEXBMER ASY HE,
RzERNHR ASY 5 ASP M SwRsiE Y. 8 S EER—&

(££1 iy C‘i)a % n n
||'11‘1]T1—1rﬂ ; P(‘fn i, Ct)‘ﬁsz. + lim Z Q(&! fiy Q).&S‘

I7ii—~0 £

+ Jim >R mGIASY
o, LS S BOAEI T LR (G ) 1 S EATEGETX, MISFIA Y &
% P, Q, R I S Liisnti—N L SR ERS, 0%

JJ P(z,y,2)dydz + Q(z,y, z) dzdx + R{z,y, 2)dz dy.
5

W R(z,y, 7) B LAECHEHE
§:z=z(zy), (2,y)€ Dy
LA ESE R, LA S o B e iEm, RAE

” R{z,y,z)dzdy = + JJ R{z,y, z{(z,y))dzdy.

§ Day
mEEEWBS, FASHEES; MBARTRS, BRI SRTHREAS.
Floih, = Plz,y, ) fECHHE
Sz=z(y,z}, (y,2) €Dy,
N, H

” Plr,y,2)dydz =% ” Plx(y, 2}, y,2) dydz,

8 Dy
XE SRS NEKITRS = BVIE [ BESE A HR—W v EW.
% Qlz,y, z) AT HE
S:y=ylzz2), (z2)€ D,
g, B
”Q(z,y, Zydzde =+ jj Qlz,y{z, ), z) dz dz,

8 D
KRB SRS WEEITNE v #id E RSB AN EN.
IRCIFHE S BSEOTESH:
Sz =2(u,v), y=yluv), z=2(uv), (uv)e D,
FHII a(y, z) d(z,z) o{z, ¥)
V2 2z, T,
A= S B s C= Sy
A [E] T 0, P
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”dedz +Qdzdz + Rdzdy = :l:”{PA+ @B + RC) dudv, (25.3)

s e
KPR SAIE R SHERGEN M T: FAE (4, B,C) SHiE § LMEEERN
MR B —8, W+ 5, G " 5
BIRg 25.2.1 i & N EHRRRE 2 = /1 - (2% +37), AR, K

I=” dydz + dzdz 4+ dody.
£

M1 HEALTRITER
Iz”dgdZ4~Jjdzdx+Jdedy:11+Ig+Ig.
z =
R L: =54+ 5, Hf
El:$=\f‘l"y2_zzm (y,z}EDyz={y2+z2a§1,z;0}, H?Jﬁﬂlla
Dyrx=—1—-y>—22 (y,z}€ Dy, HHIMWE,

Uil

I :” dydz+” dydz = — “ dydz + “ dydz = 0.

1 2 Dy.: Dyx
FERH
L=0 1=~ jj drdy = —m.
Doy,
BEEE
I=—n 0O
B2 BEYOE
Y:z=sinpcosl, y=singsinf, z=cosyp,
| 0 ¢ 5,0<8<2m,

HRTFIX

A= %{(—%% =sinfpcos®, B= gg;’ji = sin® ¢ sin 4,

C= —%{% = 8in @ Cos @,

B% C >0, W (A B,C) B E3BRE S AMEELT mHR, 8RS5
ﬁﬁ.HK - %1 1‘%

I=— J(Sinztpcosﬂ + gin® psin & + sin ¢ cos p) dy @
s

r/2 2K
= — | dy J [sin® p(cos @ + sin ) + sin ¢ cos ] @
0 0

/2
= —211J sinpcospdy = —m. O
a
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I 25.2.2 %
I :(ﬁ)(z—l-:r:)dydz-i- (z +y)dedz + (y + z) dr dy,

S 5 R a® 40 = L, 2 — 1 RS AR B R S B 2 — R
s, BIMM.

JUFN

S

-
------
-

z B 25.2

M ORE 262 Bh 2 SEE (Fo SR, AMETHSER, SV EES
AMRERPIHE. 2 X =0+ 0+ 25+ L+ 5. B X HEYERE, 2 ATE
M, 23 b IR, Zs ZAERE y=0, 2 hEME z=0. UG

I=(§)(z+m)dydz+(ﬁ)(:n+y)dzda:+(1:_jb(y+z)dmdy=I1+I2+I3.
z z £
#ﬁ' Ilrﬁ

5

L= Z H(w + z)dydz.

i=1 E‘_

W 2, Zs, Zy 1 yOz Filf ERTREEPNE, T2
‘”(x +z)dydz =0, 1=2,34,

2
i
Diiz=y1-% (1,2) €Dy ={0<y < L,0< 2 < 1), TaT,
Ly z=0,(y,2} € Dy, BWiEM.
F£

I = ”{w-l— z)dydz +”(a:+ z)dydz

s

” ? 4 2)dydz — ”zdydz

Dy Dy,
1l

JJ \/1-—dydz——
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RMHITEARE L= &

Riax ;
I = ;L}[(y + z)dzdy.
BRE
L!(y-}-z)da:dy:{], i=1,4,5,
i Ly z=0, (@) €EDpy = {2 +3° < L,z 20,420}, BUFM,
Sy z=1, (z,y) € Dy, MW,
TR
Iz = ”(y + z)dzdy + ”(y + z) dx dy
f}” ydxdy-[—ii 14y)dzdy
s
BEHEE

1=11+12+13:-3—n;. o

A& RNELHE, P S MR Il QT B A . 2,
MRS R TR ARt AT A L AR R (IR, (25.7)-(25.11)).

25.2.2 WEABERHSZENXEER
WS R ERMMM, n & § LifE s E—Mioskm £, N

jJdedz+dedw+Rd:cdy
5

= JJ [P cos(n, z) + Qcos{n, y) + Reos{n, z)] dS. (25.4)

5
AR R A bz — RO R b il TR RO B, 2 R — 2K TR BRI,
BE 7, AR AR (254) B B —RHERSHTITE

G 25.2.3 K
I= JJ zyz(y?z? + 222 + 2%y?) 48,

B 2 hE— ﬁFEEPH*JI‘kﬁx +y'+22 =0’ 220,y 20,2 20)
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B WE 253, FRASHANE AR, R RSHNESE IS W
L W (2, 2) Rk gy (£, L2 fAAR (254),

I= (ya;.ra% + 333:3%— + $3y3%) ds

of

= aj 23 dyds + 282 dz de + 232 dz dy
L
>

= Ja jmayz dxdy = 3a ” 2312 dz dy,

|

Dyy
HA Dy, = {22 + 3% € e,z 2 0,y 2 0}, e ARG
/2 a
I= 3aJﬂ dﬂj r' sin° @ cos® fdr
0 0

[
_ 3 9 -3 _ 1 s
———aJ: sin” 20d6¢ 350 0

i 25.3 A 25.4

ik 25.2.4 K
I:jj(y—z)dydz+(z—x)dzd:r+(z—y)da:dy,

Heh 5 R o7 4 47 + 2 = 2Ro B 22+ = 2re (0 < r < R) PRI
T 2> 0 WES, TR

B RE 254, AEREHEN (= - R +3% + 22 = R, JSMAM e &
Yy Z
"R R

n:{miR )

HA (25.4), &
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fFotz¥ BaRmy

-]

L"'-""_}

(y—z,2—z,2—y) nds

)
x| — ™

” [y —2)(z — R) + {z — 2}y + (z — y)2] dS

X
z—y)dS.

|

—_

T 5 ETF 202 FEMH, TRy REEH, T4

1.

F=112d8= ” SRz — 2% — 42 il dzd
i Vil i B any

E 22y dre

=R-nmr® =xRr:. O

25.2.3 #IHE

WHIE 2 8RR 2= 2{(z,y), (x,y) € D, H 2(z,y) £ D FIELWH, iF

AR
”P{z, y, zydydz + Q(z,y, z) d2dx + Rz, y, 2} dx dy
P>

= :}:”(—Pzz - Qz, + R)

da dy.

2=z{z,y)
8

% X EEMMFESE 7, Y 2 BRI S <.

= X AR, HET =0y TR, flo,y2) £ 2 kg HER

flz.y,2} = - f(z,9,—2),

2 J j Fz,y,2)dS.

” flz,y,2)d8 = { o

x 0.

REEBEA 4R B 2 & 2 1 20y FHE L LA #4
& I MO, BXTF «Oy FEMH, Rlz,y,2) £ T L HER

R(;I:, y,Z) = —R(m,y, —Z},
2 ” R{z,y, z)dzdy,
JJR(E,y, gydzdy =
E B
MREMAER? B 2 & Z 7 o0y TEL R3S, A5 = B
——F,

I

LW ERPE T L - REE, KERY S, 0 B ENGEEEY

H cos(n,2) = p. JEH ¥ IF =0y W LABREHER R o8, 35 x4
GREBITEBIE 21.4.2.
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5. R I = ”zdzdy,fg = JJ32 dedy, & BT 22 + y° + 22 = o, FLAM.

5 £
6. 1+& Jjﬂ:zdydz+y$dzd$+yzdx dy, S REHEHE 22+ =1 F-1<2<1

S
K x> 0 g4, B,
7. 3k ”m(zz_yz) dy dz+y(c? — 2 dedet2(y® — 22 dedy, B S R 2 +2% =

I8 =0,2=124y=0 2y =0 BEHEHH R,

§25.3 Gauss 225 Stokes A3

25.3.1 Gauss /&%

Gauss AR5 R® FRXEBAH=ZEHL 5 —XKEMH A EAIRER
piE R ErRAN—TEELR

B DR R NH— 4 REE, KR oD dbw i sl & i Yot i 41
B TR M (X PRI DES). VBB P, Q REEDHEXT ¢,9,2
FE SN S 2 ML T Gauss 243

”J( aai 4 %fj N %‘?)dxdydz :(ﬁ) Pdydz +Qdzdz + Rdzdy. (25.5)
D

AWM IR S 2 AR, Ganss 20X A[ L5 R
Jﬂ (aP + oQ + Of ) dzdydz

dr dy dz
D
= q;B (Pcos(n,z) + Qcos(n, y) + Reos(n, 2)) 45, (25.6)
aD
Hn GiiE oD ERSMNEAE.

TTLUE I, Green 2458 (24.9) 5 Gauss 242 (25.6) gk RAMIAY,
(R E EF SRR .

5 Green AR MY, Gauss 223, (25.5) 5 (25.6) HRAERBT —HeFrinitE
[ T R 8

GYER 25.3.1 3%
I= “-ﬂkczdydz —2yzdzdz + (1 - 2%} dx dy,
by

Hi L RMEK 2= (0<y <o) & 2 BUBER ALK BERS T, BUT M.
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L I K

P 25.5

HEHHLEER FER Guus 2R, 81T 2 FH, BEIRIMWEE
Biz=e®, (P43 <d®) B bm.
WHE 2558 L5 L BRNREN D, 4
P=dzz, Q=-2yz, R=1-2%

. oP 0Q oR
ox + a3y + 9z

0.
HAX (25.5), &

- o=t [

N J
= (e%* — I}J] dzdy = (e** — 1)ra®. O
24y ga?
Film 25.3.2 {HHEE RS

I ” zdydz +ydzdz + zdz dy
{ax? + by? + c2?)%2

HAdr 5 BBRE 22 + +zES= 1, M (@ > 0,6 > 0,¢ > 0).

\ _ T . i
ﬁ 1 ﬂ P{.’E,y, z}‘—‘ (a$2+by2 +Cz2)3,;23 Q(l',y;z)— (_G":I:Q T b'y-"’ + 622)3“,
R(z,y,2) = G T by 4 AT WEEA S AR
P 9Q 9R _,

oz dy dz
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97 M Gauss A%, MDY € >0, fEA T
Se = {az® + by® + c2? = &7},
A, B Gauss 203
I=” xdydz + ydzdz + zdwdy 1

= dyd dzd dzx dy.

Sg Ss
LRESTE 5. A5 B—K A Gauss 2=,
_ 3 :3‘471:.53241:.
T Mm o ST e T Ve
o yitorfge

% 2 (KA Gauss AXTHEEITN) FIALIRENSHTE
x =singcosl, y=singsingd, z=-cosy,
OLegn, 0£7< 2R,

HHEH
A= 38’:’ Z)) = sin® pcosh, B = gé:;j% = sin® psin g,
o )

———— = B[N P oS,
op,B) LRV

BRE W, (4, B,C) B SHBARE MU —5, BB SH
2, i (25.3) 78

IZSJ“"ZJ“/E sin @ dp d@
o Jo (asin®@pcos® 0+ bsinpsin® B+ coos? )32
FEHEAF ¢ BB, Bef14 cosp =1, W)

J“f 2 sinpdy
o (asin® @cos? 8 + bsin® psin? § + ccos? @)3/?

_I dt
- 3/2
0 [(a cos? § + bsin® §) — (acos? § + bsin® § — )¢
_ 1 t =
- 2 . 2 ' i/2
(a.cos® 6 + bsin®6) [(a cos? § + bsin? 8) ~ (acos? @ + bsin? 4 c)tﬂ] t=0
- _1 i
Ve acos?8 4+ bsin®
Biai3%

' /2 +oo
I: _ t=
ve Jo acos?@+bsin’ Nz L @+ b2 ( tanf)

_ K 1 b +°°__ 4
= B puetan(y L) =7 U
I Couss AR EBERAER SRR T R—HE TR, &

RIERMEH Gavss AR, BEREBEN AR TE S50 QI RHHhE
i€ P, Q, R T XA S8 %) UREEH AlE R HRERNE
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MH Gauss 2A M FHAMEMRF TN T 1 iy oot Fa0H RIA
K 2 iR AR

12| ﬂ) rdyd: | .-u;cl:rzﬁ) zdedy

e 012
%(’tﬁ Colr 4+ ydede + zdxdy. (25.7)
LRBGE 00 M40y L I FA RS 2 R R, X
- ﬂ (ﬂ) {rcosa +ycos B+ zcosy)ds, (25.8)

on

Fot {co- 0w dicosy) Sy 00 BB AMER B MR 20 HEMER
¢ =x{uv), y=yu,v), z=2{uuv), (4,v)eD,

7]

V= % JJ(AJ:—!—By—i—Cz) dudv|, (25.9)
Hop ’
(¥, 2) _ dz,z) _ d(z,y)
A= 3w BT 3w O aay)
(25.9) ALK %
r oy oz
V=1 ” T Yy 2| dudo (25.10)

TRAN, AR R TR R R T h T
r=r{p,8), (p,8)€D
ik, W
z=r1{p,8)sinpcosd, y = r(p,§sinpsind, z = (v, @) cos, (¢, 8) € D.
ALK (25.10) $487)

V= %”ﬁ*(% 8) sin @ dyp dé. (25.11)
o

SR A3 (25.11) A LA = ERSPERET, B b
V= J drdydz = JH p? sin pdpdo dy

7 (e.B)ED
D per(d.p)

(.6}
”5111<de dQJ p’dp

D
= —%—” (10, 8) sin ¢ dep d8.
D
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1.

3.

4.
9.

6.

25.3.2 #HHE

FIM Gause ARHHRYN
(1) Jy(:r ~2)dydz+ 22 dzdz +{y* +22) de dy, Hh S HLL(0,0.0), (a,a,a)

g
AR 0 R B TR RS R E, BT
(2) J(Sﬂ3 + -}?) dydz + (y* — zz)dzdx + (2% + ﬁ)dxdy, Ho 2 BB
z? +L;;2 + 2% = 2z, Fe Al

@Byt A =2 -y + 28 Ay =ay’ + 9 Ay =224+ 2%, Xl 9Oz FHE
Eradednek - =1—4° 5 - = 0 FrE MO TE KK S = BHies: 5 ATisng e
Feikpo i, BLAMY. K

04z N adA, 0A, _ dA3 0.4, _ 94,
”( 3y 5n tdydz -+ ( 3. — Jdzdx + ( ~ % ) dz dy.
A

SEER NABNE, B Gauss 20203 T ) AR 4
(1) ”(332.305:14- ylcosf + 22cosy)dS, B ¥ BHE 2 =22 +2 T

b3
0< 2 < hM—&, (cosa,cosf,cosy) i & LH B B, A WA T,
(2) HzS dydz+y°dzdzr + 2dady, H 2 HHE 2 +¢* +22=* Z |

fii*lﬁ Jr, B EMW.

(3) ”(?-I-y 2)dydz + (- b3 + 2%z )dzd:r+{i3—3+$3y3)d$dy, Hot &
by

KB ERTE :”2 bz + ﬁ ~1, 2> 0, BUZIL.

Fla,y,z) B2 &R LPEERE B Flz,y,2) =0 2—PRIEA AR
B 2, R ¥ 57 I : Az + By + Cz = D B — K, i
HEARAETR

-1
V= 3SH,

H 5 k5FE I EERHmEE, H AT SFIHRNE.
Rt B (22 +y° + 2% = o’y B7 B R B SRS R
K JJ(mS + 3 dydz + (22 + 22%y) dade — 2z dedy, Hob & R gl

E

2 +y? — 2% =1 FE 0 < 2 < V3 S, FUAMAL
V={(z,y2) |2+ <z <1}, § =3V, K4
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JI yzdzdz + (22 + %) zdzdy,

FR 47 Wy S 28 7 1],
7. R R R

”zdydz +cosydzdx + drdy,
s

Kt 5 8 2% 447 + 27 = 1 g5l

25.3.3 Stokes A%

Stokes £ FR SR8 23 [ M L 58 — R MR oy Sl 5T R 38 A iy
SfMz MBRIEENH—TEEAA

i DR R 4 HeigdiE, D SR oD WA Be i a g, Vi
P,Q,R HXT x,y, 2 BELRTE, WL T Stokes AR

dydz dzdx dzxdy
jl; Pdr+ Qdy+ Rdz = ” 2 Efy 1, (@512)
oD Dy P Q R

H oD (AT D g0y ARMAT Fia . o Pl i AR 7 22 () 8926 £ (25.4),
(25.12) X A[LAE H

cosa cosf cosy
% Pdxr+Qdy+ Rdz = ” 3‘1 aay aaz d.5, (25.13)
aD ol p Q R

HH cosa,cos B, cosy RME D BILFBEMH AL MRME D % =0y T\
L M2 (25.12), (25.13) B2 Green 2. AR (25.12) 5 (25.13) SRR 4E
T — 3R 2B 25 Wi T AR e B9 BT 3

OIE 25.3.3 K
I =j£ (4 — 2%)dz + (2% — 2%) dy + (2% - 1) dz,
C

HpCRYE{D<z<0e, 0y <o, 0< 2 <o} ETMSTE z+y+z = %a
By ACER, BRI AN = BIE 8 3 Rl it ).

S WE 25.6, aAERAHHRERK HC UAEFRERI—1T 45—
B B C AWML, B P=y* - 2% Q@ =2" -z R=10o—3* #EEETH,
HrEEH Stokes 27
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Z

B 4 Hrtytz= el O
i —4k, M, 0 C MIRES T
HRIHIZ. FLA Stokes 2% (25.13),

1 1 1
V3 V3 V3
1:” 3 9 3 |as
dx ay dz
z N R G e B
:%”—4(m+y+z)d8
&=
=—-€1-—”~§-adS:—2»/§a-!Z| g
V3 /s 2 i 25.6
= -2v3a- 3‘_’4@ a‘q:—%(ﬁ. O

FIER 25.3.4 & I B4 e e A, n oy £ ARG rE, SR
cos{n,z) cos(n,y) cos(n,z)
d d d
I =(ﬁ) e Fm 3 dS =0,
B P Q R
Kb wfgE: (1) P, Q R¥E @ WS, 2 4 2 FfEM L (2)
PQREZ F—HrEsnfiy.

iE E (1) A Gauss 2430

z
IE@(%—LZ—%)dydzﬁr(%——%—)dzdx .

+ (E}_Q — a—P}dmdy

T dy ‘ ¢
([T (9R 9Qy, 2 (2P oR
‘M[am(ay 5 )t oy (or o) v
17} I

+ aaz (%g — %yp)]dmdydz

n

n

B 25.7

WE (2) 2RE 257 F L LER—FZBOLRMAME C, C 7 T AW
ﬁsf}} Zl lﬁ" 223 '_EE 21322 _.tﬁﬁljﬁ:‘zm Stﬂkﬁﬂ &E‘l’w .mu}:'j_:j: = 1:21

=0

cos(n,z) cos(n,y) cos(n,z)

d d d _
Jj Az ay E ds = . Pda:-L—Qdy—f—Rdz

. P ) R
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Ch 3 Cp, W Cy 3 O, AT

cos(n, ) cos(n,y) cos(n,z)

(e E

S P Q R

=(ﬂg -I—ﬂg )Pd:t:+Qdy+Rdz=D. O
o oo

8% 25.3.5 i B Stokes AR jHE
I= ﬂgc(yz + 28 dz + (22 + 28 dy + (x* + ) dz,
HPCH ol + P+ 2 =2Re 522+’ = 2o % O<r<Rz>0),C [
SERER C Pra B R ERmE i DR 50,

W& TLIE 254, ¥ S NERE 2® + v + 22 = 2Rz giiEEE 2 +¢? = 2rz R
AR S, = Stokﬁs 3 (25.13)

dS

2

P
I
Y|l
,g-’]w:ﬂﬁ
b
+ ¥ m;ult\e
@

yZ
-2 [[lo-26-R+ G-+ @-vies

:2sz—y)dS:2JszS=2R ” drdy = 2nr’R. O
5

Z?ryl L2rx

25.3.4 #£38

L& O VH zcosa+ycosB+zcosy—p =0 LEBEBNMAME, C R
FHER Y S, C BE M5 (cosa, cos 8,cosv) KA T2, Ril @B 45

dx dy dz
3€ cosa cosf3 cosy|
c
z Yy z

2, :kﬂg (y—z}dz+(z—a)dy+i{z—-y)d2, CH 2+’ =15z+y+z=1
Ly
MIAEE, M = Bk o8 R i e
3. jij (2% + 3x%y)de + (2 + 3y22)dy + (® + 32%2)dz, B O B 2 =

Vet —a? —y? G =y PRE, EA(VP 75 0) 3 B{— \/' f ).
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4. ] Stokes 2R3 J T2 [(z4+ 1)y? + 1| dz + 2zy dy+ zy? 4z}, B C BA

SRR [2] 4yl = a (y > 0) SFH y = 2 (93528 LM (-a,0,0) ) (a,0,0)
B —E3 (a > )

5. B C REME-—-ZBOLR IR B A, f(x), g(z), hiz) BALE I
W8
G[f(l'} —yzjdz + [g(y) — z2] dy + [h{z) - 2idz = 0.

x

6.
cosx  cosfd COS Y

d d d

9z 9y 07

r—z =¥ —yz —3Jzy’
Hep U & a® +y" + 2 = R 7E 2 2 04}, (cosacos fyeos7) R Z T
UE e pe

7. Eki‘ydn:—kzdy{-xdz, BFOCR22+ ¥ +2=® S5r+y+2=0H%
2, I 2 BE R RERH .

ds,

25.3.5 R® g SRETXMEYS

F A Stokes 203\ ATHF 24.3.2 /PFTHFEHIME BT S BT R R
R i, (HY RTHEREMN 48 R® iy Sl sy, ARRITERLS L R
2 N fHa iR A, SEE—U L AHEmELTESE 2 Il
i S, XETPRERIR IR 2 2 dhim . e O BERE 2 B
LR PR K — N RAT T — ARG TH S,

O={lz,y,2) |+ +27< 1,22+ > %}
Ak ph T SRR X R3S B ER
T?: (V2 + g2 ~-a?)? + 22 =0 (0 <b<a)

S 'y R, A o B 5 R

mE DB R hHEMEmEEERE. v = Ple,y,z)de + Qlz,y,2)dy +
R(z,y,z)dz, P P, Q, R & D WHELERIE W T FIEieH4

(L) 2 D HEE—RHWth% C, F

J w = {;
o

(2) % D ML — R C, L w T4 C B AR A S AT, TSR
LR by ’
(3) %6 D R
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0@ _ 9P 9R _ G 3P _ 3R .
oz dy = oy g2’ dz  dr’
(4) FESEY oz, v, 2), BRTE D WHL
delz,y,2) = Plz,y, 2)dz + Q(z, 3, 2) dy + R(z,y, 2) dz,

H
2 y
ey =| Plydr+| Qeoyod
&g Yo
+ J R{zo,yp,2)dz+ C, (25.14)
(%..2) (@.y,2}
J Pdzx+Qdy+ Rdz=¢ = @(z, 4, 2) ~ ¢{To, Yo, %0).
{(z0,40,20) {Z0,%0.20)
i 25.3.6 W T
1 1 z T 1
2 e B )do+ Srdyt ( o ) dz,
H|r [ R SR Rk s 2
M1 A5
P _ 9@ _
oy oz z2y?
o 3R _ 1
0z oy Ty’
oR aP _ 1 22— z?

o~ 0z 22y (z® +yH)? "
PRIk B 3R R R ARIE R R, R BAR KA 20 = 0, 20,70 >
0, BB AR (z0,0,0) — (z:90,0) — {,3,0) — (z,y,2), M

z
_ z 1 — 2 __Z
(P(m,y,Z)—JU($2+z2 zy)dz—kc—arcta;nm = +C. O

M2 REFEEREOTHTER T ERS N FE &
dp _ 1
af - $2$z2 oy’

Al

w(may,Z)=J (E2j_z2 - rly)dzzmtaﬂ%—fy—ﬂb(w,y)-
il AL
X _ 2z z oy
LR e z%y T
dop _ _z_, O
dy oyt
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¥ _¥

9 oy
BI #lo.y) HHEI Brid

— &
wlz,y, 2) —arctanx g +¢C. O

25.3.6 #38

1. JEE TR A, HREEFREC
(1) (x? — 2yz)da + (¥ — 2x2)dy + (22 — 22y} d=.

z 1 2 1 (] 3
(2) [W“ ?‘{‘23 ]d:ﬁ—i- [?—W%—Sy ]dy+533dz.
(6,1,1)

2. :}’ij yzdz + zzdy + zydz.
{1.2,3)

3. 1% C BHERE 2° + 1* + 22 = o® LW S E—BE2 2RI BKIT 2* +
¥ +2° = (b > o) LA EBRE, C HEHH, EH
J Pledr + ydy + 2d2) = %(tﬁ —a’),
c

Hir=a? +42+2%

§25.4 mIBHISMR, MHBXIMES5—BE Stokes AR

BURTE £ MBI A B TR o, 000 AR B i A Y TR MY B ).
B BT, MR, SMERRAMES B NI EE T, L% %

‘ ik, MBI BHIE RS Bk T A AL PR T R ARy 8. BT, Fefilsemax
B 2 B R ZEAR L 3, TR A A iR ke .

25.4.1 mEKISMR

AEBTE R® ERAMAELR R a = (a1,02), b= (b1,b). T i o,
b KA ATIAR. BENE X H o T b RUERHF EIERN, HPT A

TR IE, &0k £, U g Al JLAT i, —miTns ““ “2‘ 8

b]_ bz
‘ BT T A RER.

@ EFRHEAPEMFESRSER (BELIN) SFRM TN T ERH
BAZE-BEH A IR A EA B HH, 1E (8, 9, 25, 28, 34, 36, 43, 45, 58, 60, 60, 61] P&
gkt WTLLA DY, X R SO I ) — DB B Y3 e, M AMEATLL 4 (48],
EH R B RE W RIE 7 2001 SN RARFHXLERMHE GLHEE (—), #
B RESR R, EE—3 WA R, SMEEA—RE Stokes 244 MEE
TEMBHAR.
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TEXE a 5 b PINRA
anb=
W LERRARER R LT HER:

(1) BLXBRbE:
arb=-bAaVeae,becR: B ara=0vac R

(2) YErALE:
arbte)j=arbtare, {(a+bAc=arc+bAc,
(ha) Ab=aA{Mb) =AaAb), VYa b ceR® AeR.

—f i, E X R™ & @, = (2. 00, ,a) (1 =1,2,--+ ,n) FIIELA

G dag
by by

11 iz -+ Qin

Gy Qaz - Qdap
aLAaga N ha, =

n1 @p2 -~ Gan

X PR SNERUZ B B SO FR PR 20 O B
% on=3 0, [ REAEELCAE a1, 62, ag HIMURRLE TR
FATAEERRI T IR a1, a2, as WA FRE, KFNIE, 614 f.

25.4.2 ®WHBR

/1 n TS HERE f(-T1n, T2, 4 Tn) BIRED
ar=3 2L as,

=1
Herdr, (i=1,2,--- ,n}) REEMIMEEBME S (=12, ,n) HE
FERERTRH. XS doy, des, -+ don FH—HE, df BT R EE
LA BRI TR, AR IEE T — KSR R L =)
WU KR RYRKE, & = (z1,22,-,20) €U, CO(U) R U L2 REER
iR o) e CO), i=1,2,---n, WFF

a1{x)dz +ax{w)dey + - + apx) dzy, (25.15)

AU EC° B—RWAMBR, WHF 1R, Heliey A' @ A1),

1 WMFafz) e CHU), i =12, ,n, k JRABRE W (25.15) K
U Il CF Bh—RB T ER.

A2 Plde,deg, - 'di!?n A, R CO(U) i R ﬁﬁ#%%ﬁ:@iﬁs
THER A' A CO(U) RREHEEIE.
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THEAME LR R AT
% dzy, dxp, oo, doe PHER 2 PEEHFIC 108 dz Adey (7 =
1,2, ,n), HY dr; 5 dz; B4R (HE R EEE—MZS).
DR Ay SR, ME
dr; Adz; = —dx; Ade,, degAde; =0, 4,5=12,--- n
FHEEH C2 4~E FiT
dz; Ade;, 1€i<jign.
W A AL, AR SH T B T D — ks A%, A° TR
BHZRBOTR, F5F 2R, TR A'MEERTEN
Z gs5 () dzy A dz;.

lgi<ign

XFy 2R IR A
—fhh, 78 {dz1,dxg, - ,dz,} FER p TMAEEFT B0
dz;, Admg, A Aday,
KB dyydg, i, BRARE 1,2, 0 PERER p RS (R, R114E
A BRASMR). JLE
degy, A-- Ade Adag,, A Adag
= —dz;, A---Ady, Adag, A---Ade,, 1€r€p-1,
THELAR i, iz, iy OHFARARIY, W doi, Ada, A+ A day, = 0. FHIE
O T HFT
deg, Adog, A Aday, 1€4 <ipg < Cip 0.
VI ER P B WE— LS 47, A" BTRKN p XBSER, %K
R TR pERARTTERH

Z iy ig, ip (B} A2y Adzg, Ao Adwg,

I dig e ipgn

XH Ny p AR R,
a4 B Ch = 1 EMREER, THEY doyAdzg A Ade,, FHIl
—f% nER Y
glx)de, Adey A - Adxy,.
FEEY p>nbf, 84 dz, A Ade, =0 EIKY p > n b, 47 = {0},
U ERGES AR BN (C 28 OB, ENfeEity 4°, BhiR—
T, B 9= 1 BEHN—1E

25.4.3 WorBAMIIMR
EETRATELTHRARIESE A%, A, - A™ S ssHpg
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AR CL +Ch+ o+ CF = 2" SRR T
A=A+ A 4+ A™
TRHEE A°, A, - A" A AR A PHTERE—BERY
w=wyp+wr+ ot w,, weA i=01... n

BEE A FBIANEEER A

it doy = deg, Aday, A A dig ) dey = dxg, Adrg, A - Adwy,, W dzr 5
dey BIFMRGE XK

d:r;f\d:zJ=d$“f\d:c£2/\---f\d$.;p Adzjy, Adzy, Ao Adag,

B ptg) R MR i i, ) B {dde 0y} BATE, B4 dzr A
dz; =0 W¥+—BE p R w= ?91(33) dz; # ¢ n = ZJ:hJ(m) deg, X
w il n BSRwAn K

WAD = Zg; cydzry Adxy,
B (p+a)TER.
FF0-ER S, RITAFE L
fw= ff\w*z_f x)dxy, we A%

XHE A %ﬁﬁﬁfﬁt?ﬁﬁltﬁ’ﬂ—‘ﬁ'mﬁa EHIM TR
MRl HwedP,ne d? NG p+q>nif
whn=>0.
EREARY p+g>n B, {indo, - ip) W {12, L Jot BWELIETE.
2 Bwe AP, ne A% |
whAng={-1"nAw.

it Bwed” w0, MY p HHEEH wrw=0.

& ROIEEXHIME A 5 R 5 BRI A £ L RR AR EHA
FRMFENRES AR, T TN HRS AL Kin, Ri1E R
EEFULE LT n AR, 3 EMEX n A BH G5, BE
AL il Vae R, Fana=0 HE ac R, n> 2 1, RITHFRESL
i ana BYE X ERSEANAMRE R, RINAE » MO HEE » 4R
PRI, WTTE Y w € AP, w # 0, p HEEH, F—BRT wAw=0,

PlmE R EaSMATE R, MR w = dzy A dsy + deg Adey, BR4,

wAw = (dry Adze + dzg Adey) A(dzy Adzy +das Adzy)
= dz; Adeg Adzs Adey + das Adzy Ade) Adxe

= 2day Adro A dxs A dxy.

MH3 MTEEw 7 ce AR
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DEE: (Wi Aoc=wAoc+nAao,
sh{wt+n)=cAw+aAm
AR (wAnAhe=wh(nho).

25.4.4 WAIWAMSMES

®UCR" BEM, fo1, 2, I‘n) B U LRu e, Hefa
df = Z aaf dz;,

=1

W ERARRY 0FER fETRHERGHR AT 1B X A” —4-F
w=g(@)dz,, Adag, A Aday,

d
div = a—giw(m]dm,;f\d:rﬁ f\dﬂ?fzf\'”f\dﬂ}%,

i=1

RERENENERIERE X T ER d: A - A R]
d{ow + 8n) = edw + B8dny, Va, BeR”, w, ne A
HEHFR dw BRATER w BIMES

PIRE 25.4.1 % w=dxr; Adzs, A Adzg,, Ul dw =10,
AE dw = d(1da;, Adzi, A--- Ades,)

=(d1)f\dxi1f\d${2;‘\~-;’\dx£k=U_ O

Pl 25.4.2 % w = Pdz + Qdy + Rdz 5 R® Efty C" % 1- %%, 18 dw.

BB dw={dP)Adz+{dQ) Ady+{dR) Adz

3P P P BQ 0Q aQ
{ da:+ 3y dy+ e dz)f\d$+( dz+ 3y dy+ 5 dz
+( gR drx+ g}; dy+ %R dz)Adz
_(O0R 9@ oP 3R aQ 3P
= (== w9 Jdydz+(5— Pl e =>)dz cla:+( - ~=—}dzdy.

JAdy

O

Gilli 2543 @ fc A" R CP A O, B F R Aﬁéﬁﬂ%ﬁﬂﬁ BR%, M

d2f=0

. -7
L ol P i AR

n 2
d*f = d(df) = d(Z %dmi) Z Z f ~dz, Adz,
=1 t

~Z S iz Adz; =0, O
ax; aar_f  Owiozi | P
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SRR AT 1 E A R
PER 1 B w F 9 5505 O RE p M A, W
diwAn) =dwAn+(—1)PwAdy.
WE 2 i w R C? EREER, W dide) =
e 52
ERILTMHEAG, BITESERL L ig a2 BRmMEEEIT R
BT AR B SRR (R SRR A, Tk LA E 2 —

25.4.5 5 Jacobi {751

B AR R A RHAER, BN A = (0,)sxs 1% 2 8 R Pi—
DT, BRAED3% o, 8, v, MEKBR V = ofy. AEEMEES ®
yio

V=aiAfjAvk=aBying Ak

HEEROE A THEE AN B B8 A2 BH £ =anaitanaj+
az1ak, 7 = @128i + az2f8j + asafk, { = 0137 + azzj + asyvk R E1775
ik, A ER RN

11 Giz Qs

£ﬂﬂf\¢= Gz 92 dsg -aﬁ‘yihj!\k:detA-aﬁfyiAji\k

31 d32 4aajz

% det A> OB, AJHI & n ( RAT R REREIIN WS 4,4, & —F

Aif 2R R P REHNE RS, HERSE U REREF
BAEM (@ —MFTREEOEREFRERE), 87 ABHERE

V= “] dscdydz-*detAJHdudvdw*detA V.
Al

Bk, det A SRR T 24 A g (BB “BRERE: & det A # 0 B, det A &)
TR TR AR M. FR5H, | det A| = 1 B {RE RN det A > 0
R RER .

XEEA B A HET B —ARA A (). i F R — R B—4v] S i,
WIERT (uo, vo, wo) BT, W —2REERL ST Aluo, vo, wo) FTUE{Y, HITHIA
R Jacobi fFist O 2) ' LA a(‘” ¥ z}) 0 fE& 3, MFR f

( w) {#0,v0,wp)

SRR ma'e| ©,9,2)

d(n, v w)

= 1 {HRAL, WFF F RIRARM.
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25.4.6 ERHSEIERLHK

FEA 0T LA R 802 70 A Sy SR FE AR L RO 7 B0
WZHEWEMAY TN dedydy, F Oy HRLER S, ERTK N ds,
dy, dz BT EHEMEFER. S I1EHEMIE dodydz gy dzadyade. BRI
WmT:.NCRI R
r=z{u,v,w), y=yyv,w), z==zuuvw),

i dudvdw 39 duAdvAdw. GRS, FRENMLEE,. H

_ 0(z,3,2)
dz Ady Adz = e v, w) du A dv A du. (25.16)

f (25.16), B i Y E R E BB AR E BRHER
flz,y,2)de Ady Adz

T{ D)

= Jf(:r(u,*u, w), y(u, v, w), 2(u, v, w)) géjg’;)) du A dv A dw. (25.17)

D

& (25.17) BRI AL RIETRT Jacobi TR LA NHE. BXIF R
AEAZTRRMEFTRNENZ — FEBF do A dy Adz AN IR F 2
HEH, W deAdyAdz = dedydz Y IERBTRE N IMMITS O-ay:
HFERMKRF—H, T dyAdz Ade = —dedydz = dydzdz. BLMEEE n
RSB AL

BN 25.4.4 AT © = reosd, y =rsind, H

dz Ady = g((f’g]) dr Adf = rdr A d.

25.4.7 —M#Y Stokes Az

& Green AR, % D £ R FHRE, oD & D R, WGFERHES
£, TEEE
[ Pdz + Qdy = ”(g—f - %)dzdy = ”(%‘% - %yi)dmdy,
I D

2 w = P+ Qdy MITTHE dw = (5% - ) a nay, T

Jo=[aw

al} D
BE Stokes 4. 1? £ B R® FHHHE, 0L B Z IR LRAEEENIAS
M, Mg w=Pdzr+Qdy+ Rdz, iF

W =

dew.

b —,

ar
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X+ Gauss 243K, it 2 &2 R® R, 002 B R fa R, NETFABNIES
EWL IR w=PdyAdz+QdzAdzr + Rdzx Ady,

w = | dw.
a2 R
£ /5 Bl Newton-Leibniz 233
b
b
f ara) = st

B F R, OB £(0) 2R D = [o,b] SRS 5 M D = {a,b)
AR, 4 ERBTIE Y
1=

ol D
iXFE, Newtow-Leibniz /A5, Green 242, Gauss 20F 0 Stokes 25 EEEF T ALK

—HE R TER:
J W= [ dw.

M
AR T YR h—IRY Stokes A, TR T, BKMEATR dv L7 K
B M - WRASTR KO o S KGR 0M EARA.
Stokes AR BT RIAY Newton Leibniz /A= fE £ RH S, B2
DR — T S MR 2 BB,

§25.5 XF#HFHIEIY

25.5.1 ZEREE—G

PEAAURE#E 72, BUOH TR &9 =AM B B e S RUE R
1 XTE—XBERIEETERTHTEYE

B —2RH A AR ME E W T 1 AEAE, B

j J f(X)dS = ” flATtHaxz, (25.18)
by X
x t
HP X=|y | U=|v | ARFZERE HE
2 w
U=AX, (25.19)

AT h A WEE. HE Z RHE S EEXER A T
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23 (25.18) FUIERAANT: & S (BTN
St r=ux(s,t), y=yls,t), z=2(5,8), {s,t)e D,
il (25.19) ¥iG T WBROFREN
2 u=u(s,t), v=vist), w=uw(st), (st)eD.

my
” F(X)dS = ” F(X (s, 0)WEG - Fldsdt, (25.20)
& n
” fATUYAE = J FAYU(s,001/ E1Gy — F2dsdt, (25.21)
x D
He
E=X: F=X, - X;, G=X?,
E,=U% FR=U, U, G =U2%
B (25.19) 8
Us=AX,, U;=AX,
L]

E=E, F=F, ¢=0G.. (25.22)
H (25.20)-(25.22) 41 (25.18) A3z, O

fIlE 25.5.1 1 9 BLBRE 22 + 4 + zf =1, f RIEEE R, 1ERT
” flaz +by +cz)dS = sz FuVa® 102 + &) du,
1

| -
Hrb a,b,c REHL

i
W AHE P+ +? #0087 |v]| =4 y| BHPERE A DIETE

w

A A= —_ a b C
B, B A BB —ITHLEA e T T
(25.18) 40

B

-]

”f(am+by+cz)d8= ” fluv/a? + 2 + ) dS
el

w?+u?twi=1

1 pV1-u?
2J J Fluv/a? + 6 + ¢?) 1 du dv
-1

v V1—u? -2
1 vI—u?
=4 uva? +b% +c2)d J dv
J*lf( : ) 0 V1—u? —?




366 Fot+1® wafmy

1 - . . /2
=4J f{uxra2+b2+cz)duJﬂ dt  {v=+/1—u?sint)
-1 0
1
:211:J fluva? +82 +c2)de. O
~1

2. BoRERAFSH|/E (2 (25.3) KIEHR)

EirR SRR e, S imR o e "By, HPavEE
Z—RmEnE JERSWNAT. RESAREATIIENERRHEES. 4
RS RN ERS—L TR (25.3) KHEH:

HEHFRGERT ZFGXET

”dedz + Qdzdz + Rdzdy = ”(Pcosa + Qcos 3+ Rceosv}db,

X (cos 008 B, 0057) Ty S FHER B—M A B0k i ST S TEBNOH
BT R

n=+{A B,(C).

T2 A
CO8 & v A2 +§2 + C?
cosf)\ == Ui ree

COS C
VAT BT+ (2

TR S, B + SRR £(4,5,0) MFRS S Bt
H5— B3k B (cosa, cos B, cosy) AT I—3K. B—FTHIA? + B? + CF =
EG — F233|

d8 = A2 + B? + 02 dudw,
TR (253 AL O

piRg 25.5.2 SR R EmH s
J[zdydz -+ ydzdz + zdzdy,

ot S RAEH o2 4 4 < L BPIANTE 2 — 0 71 2 — 4 FrRESMAIR, FIMp
FH ML

WM R LEEYy Sy, TREEY S, W H S, A
”zdydz +ydadzr + zdxdy = ”zd:rdy = 4” dzrdy = 4=.

St 51 51
TS b z=dz=0, TEE S EMRINE. THEWERE S LaHe 4
r=cosf, y=sinf, z=2z
(0,2)cD={0<0<2m0< <4}
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i
A=cosff, B=sinfl, C=0.
T
”rdy dz + ydedz + 2dedy = ”(cos2 g +sin’ ) df dz = 8x.

54 D
RBRSETHRESEENME (4, B,C) SEEIMIKITE—5, B5E8%
”a:dydz +ydzdr + zdady =12n. [

g
3. FROE LEVE TS GEFA R AR (25.28))
AWE S R Mo = (x0, Y0, 20) FERD, r HEBAERE 0B, (Mo), W%
¥OrBHN
T =xp +rsinpeost, y=yp+rsingsind, z= 2z +rcosy,
002, 0L xR

B iR
E=gi+ys+ 22 =rlsinyp,
F =1x2, + Yoy, + 202, =0,
G=gl +yl+25=r?
TR

LY EG-F?= Tzsilllp.
SHALRRT=ER b ARBTF T Jacobi TR, HXBEH r 2
TR

ch) fz,y,2)dS,

an{MO}

In rn
= j J flzg +rsingcosd, yo + rainpsing, zg +rcosp) rsinpdf dyp, (25.23)
o Jo

Hrp S, B4Rk r HRENERIC W EEEHE LAY

dS, = r?sin p df dy, (25.24)
dS) = sinp dé dep, (25.25)
FRH®F
dS, = r?d8S, (25.26)
mFEd

singcost = oy, sinpsing =ay, cosyp = ajs,

HEEXE o, 00,03 #4 ,0 (IS W (25.23) 0 B Y
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(ﬁ) fla,y, z)dS, = (_ﬁ) flzg +ray, yo + rag, 2o + raz) dS,

an(MD} aBF(U}

=7’ (ﬁ) Fxo +roy.yo +roeg, 20 +rag)dS;. (26.27)

dB81(0)

E’ _‘jj‘ﬁr (alnaﬁ-p aii} %Eﬂziﬁ. aB‘-"(D) (&ﬁ aJB1 (D)) ﬁﬁﬁiﬁ-fi&rﬁ]ﬁ mn, 7‘1‘@
$5 5 BK0E A0 40K, B B R R AR LS A

(ﬁ) f(z.y, 5)dS, = (ﬁ) F(My + rn) dS

A8, (My) JR.(0)

= p? (ﬁ FiMy +mn)dS,. (25.28)

UM 25.5.3 & B.(Mo) B4 Mo=(z0,y0,20) A0, r Z2ERHEK, 9B, (M)
Rl My = (xo, 40, 20) R 4> v XL BRI BRE, iEME

] f(w,y,z)dﬂ:dydz=J; @ f@uds,d,

B, (My) 9B,(My)
(2) _"c%r_ HJ flz,y,2)drdyd: = (ﬁ) flz,y,z}dS,
B.(My) dB,.(Ma)

W RiE (1), ERE (1) MR - KRFEBT (2). fFRRAHRTR

X =%+ psinpcost, y=yo+ psinpsind, 2=z + pcosy,
0£8<2n, 0gpgr, 0Kpgr

)
” flz,y, 2)dxdydz

B.{My}

2n
J J rf(mg + psinpcosd, yo + psingsind, zp + pcosy)p? sinpdfdedp
ndo Jo

E @ f(z,y,2)dS, dp.

B, (M)

BiE—1%%RH (25.23) . O

it

25.5.2 SIEX
L SR — R A JCPd$+Qdy+Rdz By L.
(1) H Stokes 2s Ak A58 — R @R
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@ g L =2, I - 8 22 I w0 FHIE
A 8 Rt R O T

(3) M At n 2¥0OTRL N E R K R

- R A R R LR
(1) A Stokes 2431k 58 — Rl 28 4.
(2) Al Gauss L b A =FH .
(3) FlAE R ZHOT R A —ERGRE. BRAEERS SHERSH
Wh5E, X FE 25.2.1 1 25.5.1 N R TG b sl 7

RS -RMEHR AR EEY FAK (25.1) 8 (25.2), FHEATE
e, W TT2 R AP 2R i T AR 4 Z ()6 30 R AL AR 3R U w2 4

. A 2R A 5 A TO DR H A 8 T L TR R O AR R 36 R et R R 4, 3K
R AU PR TR MBI 26.3.6. IR A A HH R SBR LR R T
AT LAf fh B 2R AT R, MR RERER 1 b fhERFR a1 B e, 7T
R H R, R R R B EATHR O] B A 1 8,

. ERRE LR dE Ao SRR EEREHT.
(1) FIER LB A LIRS ABRERRTH 0, 0 FARENSEAE PN
B3, 8

(sin ¢ cos 8, sin @ sin 8, cos i)
HHCEN 1, TR SZAR R, B ERRERE L R At
) X AR A Geuss - AT — 2R By 7 7.
(2) FELX (25.28) oAk
(:ﬁ) f(Mg + rn) dS,, (ﬁ) f(My +rn)dS;
d8,.(0) dB1(0}

EH AL rEREARE HH TR SHREEPEE », BEFEN
v R Y, Bl RS T

(3) BlER 25.5.3 FHIR LR RIEHF AN RER.

25.5.3 &H=EB
1 SREH z+y+ 2=t LRERE 2° + 9% + 22 = 1 fF8 T a4
, 1-2% % — 22, W42 +22 <1,
pla,y, 2] =
0, Wiyt
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Fot+a2¥% wafy

LA

S 0, % |t > /3,

. EM

2 : :
J ' rr;i:::-rsi1:1y»:J,S]‘ny"[cmI —sinz) dy = \/Eﬂ:(e“ﬁ )
0 0

R 2 AZERE—HRAP X, BR flz,y,2) £ 0 EHEE—RTE
S @ PE—EHAME, RS RS
” flz,y, 2){zdydz + ydzda + 2zdzdy) =0

5
AFEE SR, JHER 2.

- B D RSERA P BN, B K 2, n 2y I _ERAIANRRE, (20, v0, 20)

j’:’:‘ 12 Wﬁ—.ﬁr {Evyvz} € Bs T = ($ = xp.¥ -, — Z(}), ﬁtﬁEHE

(ﬂ‘) cos{n,r}dsS = EHJ dxlciyldz :

B4 IT - A:e:ﬂlfi?y—l—(?z = D, HF I?’ F{E—Em, B w = Pz, y, 2)dx+
Xz, y, 2} dy + R(z,y, 2) dz, fERWE T HEBZRELEHEHWME D (5
BERS I KR —5) {5

§ w=sir),

FA S(r) B I {8 T EFE KBS E R
IR R FRBERA R E WY, MT (r,y,2) €0, EX

P(z,y,2) :£1 (gﬂz)d’?;{ﬂ*y) d¢ ?

Q(I,y,z} Iiﬂ (ﬁ*ﬁ)dC;(C—z)dﬁ

r

R(z,y, ) =£ﬂ (n—y)de - (€ —z)dy

73 ’

1

Hd (¢,n,0) € T BRSETR,
r=yV(E-22+ O~y + {22

HEAR
32 _ 3P AR _9Q P _ OR
dx dy ' oy 0z ' dz  dr’
EEFEFREAR w(z,p,2), 8 du = Pdz +Qdy + Rdz.

8. MM Gauss 227\UEMA Archimedes §9fi{k & /1% B H: W& ERE %

NENDFTHEAFTRENER, FEEER L



EZ1+RE BHead

SARRRYBLNT RS, MREYE . AR, Ein% ZEERTH
#EARMDEERZ N RAEREXE L2 AR EHSHEY.

FENMEHENTE RN E §26.]1 T ABERREARE, RER
WHE. HUE, RES Green 243, Gauss 43, Stokes AR FE—R, RIAZL
TR FEEFEM . 1 §26.2 F4r 43 Laplace B 1% S i By — 40
R BE—FREIBESHSEY.

§26.1 MEFINEE

26.1.1 ¥®E

# D& R g —4 R, alx,y,2) = Plz,y, 2)i+ @z, y, 2)j + Rz, y, 2)k
REXNED NHEEERYE o BREXE D EH—1alih XB P QR
HELENRTEL D

diva =

P 94 | R
oz Y 0z’
Wz hE R o HE, TR—THE AWRIZE V. e FES—P=2BY
f IR Vf BIKE (T 21.2.2 /).

RAUE R* 4, & a = Pz, y)i+ Qz,y)j,
0@

diva=—=—+—

oz dy
FIFHRCERYIE S, FTLUK Gauss 24RX (25.5), (25.6) H 4

jj divedzdydz = (ﬁ) Pdydz+ Q}dzdz + Rdz dy, (26.1)
aD

divadrdydz = (ﬁ) a-nds, (26.2)
aD

U:‘:‘-: Dl

K a=(P,Q,R), nikadD RRSRAIMNERE. TP Green 4R (24.9), (24.10)
H5H

”dlvad:z:dy J —Qdzx + Pdy, (26.3)

D

dead:cdy J a-ndS. (26.4)
D



372 FoxFE Biwmd

SR (26.2) b (264) E—F R
J diva dV = J a-n dS. (26.5)
n aD

LR AR ARERE, N ET RSN

n=1Bf, —TEH f(z) BIER f'(z), AV = do, LR AMA n = 1,
ERREAYS n = 1, R A 0 S B PR B B A STE % S A1,
(26.5) §X& Newton-Leibnjz 453,

n =2 R} (26.5) 3 Creen 203, dV HEHIL.
n =3 B} (26.5) Bt Gauss 203, dV RASHIT, n & oD LA SNE .

DI 26.1.1 SEHEASMA TR AR
J”u-g—; dzdydz = (ﬁ) wwdydz — J”v—%% dz dydz,
Hep R0 ﬁ’]jfiﬁﬁa A EE;HEI']- u,v fE ﬁﬂtiﬁéﬁﬁlﬁﬁ-
ik 7 (26.1) 7% a = (u,0,0), M
Jﬂ(u% + vg—;’) dz dy dz :qj) wwdydz. O
E 4v= Lﬂﬁltiﬁ )

M —g% dzxdydz iji) udydz.
Iy

>
26.1.2 iz%

Wa=Pi+Qj+ Rk g XERS D FémES Vi P, Q RED R
HEZEMSE 0

1 i k
| @ d d
curla = 37 3 e
P Q@ R
—(OR _99Q.\. 9P 9Ry. (0@ _ 9P
_(ay oz )$+(az oz )‘?+(am ay e,

B2 AR o MR TR MR, FHHILN V xa. FHRERISY, 1
% Stokes A3 (25.13) B4
churla ndS = jg a-rds,

5 aD
HA D 2= WHIE, oD RENILF, a = (P,Q,R), FXA%MN n X D HENH
Sk el i, AR T & oD MM R TN ZERT RIRAE T 2R
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T HHE R XKML
EX M RERER G H—, G RRT M MERESR, miHEE—
RPeG 8H PS5 MZENERER PM <G

Pl 26.1.2 1 G & R° P RFHEHA—S M BEERR. F=(P,Q,R) &
C ARtEm RS, B divF =0. {E8: 7 G HAEEMER A, {#18
F=rcurl A

W A M RS BT G RTESAEBREE, FRIMET (2,y,2) €
G, A 1 |
0 12
Plz y,z)=| =-[t“Pltz,ty, 1z} d
@) = | PPt

1
2J tP(tx, ty, t2) dt —I—[ £ E:?t Ptz ty, tz) dt. (26.6)
0

e . it - AN DL N |

1
Plz,y,2) = 2J tP(tz, ty, tz) dt

1
[ x| 9Q (tx, by, tz) + a—R(m ty, tz)] dt
. Y 3z
1
apr
+[t —a“

0

$2, dP

Ny (tz,ty, tz) dt

(tx, ty, tz}dE + [

1
— ai yI EP(tx, by, tz) dt — mj tQ(tx, ty, £2) dt}
y 1] a
1

1
- _E)__[ [ tR(te, ty, t2) dt - z[ tP{tzx,ty, tz}dt].

dz
i 1 r1
Az, y, 2} = 2| tQUx, ty, t2)dt —y | tR(tz,ty, t2)dt,
J G o
r1 S|
Ag(z,u,z) = x| tR(tx, ty,t2)dt — 2 | ¢P{tx, ty,t2) dt,
Jo Jo
nl ||1
As(x,y,2) =y | tP(te,ty,t2)dt — | 1Q(tx, ty, 12} dt,
Jo Jo
& A3 dA
_ 04
P(.’l’: v, Z) = ay az '
] S AT
dA; 0As 9Ag d.A,

Q(Isyﬂz): 0z - ar R{—T:yr’?): Jr - ay .
% A= (AlsAim AE}! [‘Iﬂ
F=curld (1
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26.1.3 Hamilton ¥+ V

V 2R TFN5, %4 Hamilton {F. EHE LR

_; 0 . o d
V=t —I—Jay +k

ox g9z
HEME T ¥ f B— AR
vi=idl 4 gj; vk

T dz '

i
Vi=gradf (f HIBEE ).
® o R—NNRE, e = Pi+Qj + Rk, [
V- a=diva,
V x a = curla.
i, BIMLERA V- a WV xa }HFRT o WEESRE. HEEHTLOEN
THIXRER (HH o, 8 HWE f, 9 ABERE o, b HEEERR:

Viaf + Bg) =aVf+ 8V, (26.7)
V- {aa+0b)=aV.-a+ (V- b, (26.8)
VX (aa+0b)=aV xa+ [V x b, (26.9)
Vi{fg)=(Vflg+ f(Vy), (26.10)
V{fa)=f(V-a}+(Vf)-a, (26.11)
Vx(fa)= f(Vxa)+(Vf) xa, (26.12)

V-A(Vxae)=0 (RIE—mBEREWEEENEE %), (2613)
Vx(Vf)=0 (BME—REREAREEAIEE HEHE). (26.14)

U 26.1.3 A, B WA B g, U
V.- AxB)y=B-(VxA)- A.(Vx B).

iE WA ={a1,a2,a3), B = (b1,ba,b3), WIF

i § k
AxB=la ay az| -
by by by
FR
Vo(AxBy—-L.|% % _ 3 |u 6l 3 |u o
( )= o by b3 O |by bg| 9z | by
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by  ba by  ba by b
n i) adg B a3 agz n a1 o
dzby Bgbsl [dybr yba|  [ub1 By
=5+ I,

B I FRT=, L AE=W 0 HRIER
I = bi(dyas — 9:22) + ba(dy01 — dsa3) + b3(draz —dya1) = B - (V x A),
fe] £ A iE
L=—-A(VxB) 0O

1 26.1.4 % u(x,y, 2) £ Br(Mo) £ BEgEa#, B Mo= (20,0, 20),
Br(My) L My R0, MR AEBHEK T 0<p < R MEHRF

4;5 %(z,y, z)dS =0,

dB,(My)

HAt 0B, (Mo) 224 Mo 0, L p B¥RRIFKE, n RRKE LATRAINER,
il

u(Mp) = 41:1122 CJ;B w(z,y,2)dS.

0B r{Mg)

BBk Lo {E ST BRI _E AR F39(E.
iE €

x =xp+psinecost, y=1yo+ psinpsing, z=z)+ pcosy,
0ge<s2r, 0gpgm
RITE 0B, (Mo} £F

P z,4,2) = Vu-m

= —% (zn + psingpcosf, yo + psingsind, zp + pcos)

_ du
- d,o (M0+pn)-

R
o du = 2 _du,
0= an [Z, yrz) ds = P dp {MG + Pn) dSl (EH (2528))
08, (M} 98, (0)
-4 (ﬁ,b (Mo + pr) aS,.
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s

‘C?_P w{Mg + pn)dS; = 0,

48, (0)

Bp
—{%}-[p“‘2 (ﬁ}) u{My + pn) dS,j = 0.
3B,(0)

HRNF 0<p <R,

,0‘_2 @ u(Mp + pn) dS, = R? @ u(My + Rn)dSxg.
9B,(0) dBR(0)

.%_.jj‘mn ):.% P — 0+ H?‘l“l

p2 q(:f) w{Mo + pn)dS, — dru(My). [
85,(0)

26.1.4 LR AN

it A= .4.(:1}'., . z) %#4\@'&% M—F%ﬂﬁﬁﬁﬂ W%
TG MR divA =0, W A ST (REES).
e MR curl 4 =0, N A HTTHEHE .

PR MPTFERRG u(z,y,2), #8 A = Vo, WK A HEE (585

Big), w By A B

BMEY: — MBS ulz, v, 2) BHBESD, MRTEERS B,y 2), 18

4 = div B.

WS MERERES B(z,y.2), (18 A= cul B, I A HERY
ERARS SRETEN, ¥ RRTS, MEEE .y, ) (REL)
s j‘, A da = u(B) - u(A) (BUr SBRTE), WF A HEFH Fhaf

5.2 10 3 R I F:

W 26.1.1 (1) A GBS (WHBY) — A HRTE < A X

= XMEBMENES C, TR i} A-ds=0;

(2) A BB < A MRS < WHERMME 5, B & cﬁm-nds —0,
x

HA n oy 2 R ER B AEER.

W RARER BRI (RETIF 2).
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ot

26.1.5 38

IEREEFAR (26.7)-(26.14).
. SERE AR 26.1.1.

VCDCR® AT D R#EETH, EH: Vo eV, Bar
(1} div A{p,) = di!}lilrp_‘n |—$/‘(QS A-nd5,

X
FF =0V HVEMR dnV 2V NER VINVRER n N Z
ST SME IR,

(2) curlA(pD)" hm G—WT n x A dS;

dimV —0

(3) grad p(pg)= _lim Tﬁcjj) on dS, Hok o(z,y,2) T D FEGTH.

B £ R LBITIER, v = 2i-t i+ ok, 7 = o), R gradf(r), div(£(r)n)
M eurl (f(r)r).

W r=xi+yj+zk c REMRE, IEW:

(1) curlr = 0;

(2) curl{ie x r) = 2¢. -

KRR div(f(r)r) = 0 BIREL f(r).

.’ A, B 2Rk, iIEH A x B BTER.

§26.2 Laplace ¥ 5iBf0F%

26.2.1 Laplace H+¥

Laplace ¥ A € X T:
2 Fu
ER F: Ay= aI + T ay
3 oy Pu  Fu P
ER F:  Au= ag+ay R

MR,

Au=V Vu,

Bl Leplace H-Xt— e #4915 410 s Mg b6 R HUE.

FHE 26.2.1 (3— Green {5%) & ¥ K 2 S REE, 4 £LE,

w,v ¥ 7k ZHrEsEali, e
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JJJ‘&”'”dxdydz-!-JHVu-Vﬁd:r:dydz: au as,
@ 2

Hefin o 2 EMBMANERR, % Ky n ﬁﬁtﬁ@ﬁﬁ%iﬁt-
T ORETR FHAT AR,

du du du
qj) S ds (QS cos{n z)+ - s cos(n, y) —l—a—cos n,2}] dS

MR (262), W

du
@U‘-a?ds—
x

[—aa?('uuz) + %{vuy) + %—(uuzj} dzdydz

:

J.&u vdrdydz + ﬂj?u-?vdmdydz. [
9]

Y

ZF1 Se=100F
(ﬁ) -éa%dS = J” Audzdydz. (26.15)

z e

&2 HE— Green HHA A LIEASE T Green 5, NI 2.

B 26.2.2 1§ hiz,y,2) 2 RO BRI, OB, (M) b M = (7.3, 2)
B, HEGIHE, Z X
Miowar) =iy (P bEmoas
OB.(M)}

Her >0, R
(1) My R 2,9, 2,7 ﬁﬂ.._fkﬁéiTﬁt@#t

@) AMy(@3,57) = (27 + £ L) Mol 0,27,
N S &
O

®) lim & Mu(s,p.2,7) =0,

il (1) (25.27), M), fFEAR A AE

My(z,y,z,7) = Elft_ (ﬁ) hiz +roag,y + roam, z + raz)ds;,
d5,1(0)
Hrp (o, 02, 0) JRBRTH 0.81(0) AR ALAMNERE, 51 B 0B, (0) BYEFESE. &
B RBSGHERA My i1 2y, 2 B0 OB AT
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(2) B FZEERIHRFILAA

AM},,{R’,‘, U, zﬁr) = _‘%‘—{ Ah(iﬂ + T, Y + iz, 2 + T'Oig) dSl, (2616)
@B (0)

alalfh =L (ﬁ) (%-al " g'; ot g’; az) dS;

9B, (0)
4::# (ﬁ) (32 @1t 33 a2 + %i"l“ﬂa)dﬂr- (i (25.26))  (26.17)
dA,(0)

A GaussZA, (26.2), 1§

a‘;f" = 4,3,,2 m Ah{€&,n,¢)dEdn dS. (26.18)
B(M)

RABIRR 25.5.3(2) PEIGR, W

FM;, 1 ”J 1
arg - 27[7'3 Ah’(&: ™ C) df d"'? dc + 4KT2 Ah(‘ga 1, C} dS’" '
Br{M) 9B, (M) (26.19)
i (26.18), (26.19) {8
FMy 2 M, 1
7 T e (ﬂ) ARG ¢) a5y
0B (M)
= 4?;2 Ah(z + ray,y + rag, 2 + raz) dS;

0B.{0)
= AMy(z,y,2,7). (H {26.16))

(3) A (26.18) LR AR {H & ¥ ] A1

3 a1
2B o Mrlp v nn) = I, a2

B (&) e B(M). O

ARE 7, C) - St =0,

26.2.2 BFIEY

MARERE @ N Au =0, WFF v B 2 NATRTORN. FfH & HH —ien
FIERR, HP S EE MR TEA &

YRR 1 (CEMMAR) SR uls,y,2) BRERE 0 WRANSEE Mo =
(z0: Yo, 20) £ 2 FHE—5, UL Mo s, R ¥BHTER Br(Mo) E2EE 2 1

AR,
u(My) = 4n1Rz (j:_ﬁ u{z,y, 2)dS.

dRg(M,)
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W Y 0<p< R, B Green 775

(ﬁf} g—-z(x,y,z)dS: Jﬂ Audzdydz = 0,

dB, (Mg} B (Mny)

G 26.1.4 S4Eib sy, O

2 (REFRHE) 0 M = (2,y,2), R w(M) ZREE 2 NEYETE
¥ AAEETER W v & 2 EFN S LNEATEERREE 2 BiYER
g TR

Rk WEHM R o(M) RMEZ TR BAERE 2 EERY
K, (XBEREHRT o M) £ 2 EPHER, TMERSRMLL), M «( M) ZE N2 N
A Mo BUER K, IR T E.

EHH uM) NEHETEH UEPLHFE—S M; = (r,y1.0) € 2 {#E
u(My) < K. £ 2 A {E— R Mo, M (S 7 (U 26.1), 8 T &
QR )

FMiz=uxt), y=yt). z=2z{), 0t T,
FFH

E X

Mo <T. P M = {z{t),y(t"), =(t*))
R, TEDE O AR, E— TP RekE R
PIERRYER Bs(M™), 3FE 2

r=xit), y=ylt), z=2{t), " <i<T,
SR 0Bs(M™) EAF—PES P (LE
26.1), BRI w(P} < K. diR% u(M)
7E P SRESERERGE P g — e, @
BEZTELE u(M) < K, Bt uM) &

0Bs(M™) FRIfRFIE
41:52 (ﬁ) w(z,y,2)d5 < 411:162 (ﬁ) KdS =K,
dBs(M™) OBx(M")
[BEFHAEARSH

Lo b wwnaas=uar) =k

Bz (M*)
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WL REIF g EEE v AR 2 HNERB e E 2 EWTH O
Z 1 ERWAERHE S AR R B R B LAY

E2 HQREFEE, w 7E 0 LB, £ 2 AR, W« REXRE/MIR
BEFE 2 By R Bk

26.2.3 Poisson LA

ERX—THRANEY, TE L E— 7RO R A LA R ] —E s it
BRI B AR iR £(8) REL 2n SRR M aE R B, RAE
TR A& FIERHAFTENE — B EE B

u(rcosf,rsiné)
Hosr <1 BRAMEY B
u(cosf,sin ) = f{@),
EME—E B ou oy WBERE Mw=v—-v Y 0<r <1 MEBMEYE B
w{cosd,sind} =0, 0<6<2nm.
W ARAE R (MR 2) A w =0, TRAME—ERSL.
FEEEATEERS. EIEAELLEIMIBRRN £(0) 1 Fourier 203
,.f"gi + Z(an cosnl + by, sinnd),

n=1

BT AR R B R o
u(rcosd, rsinf) = -—2':'— Z ay, cosnf + b, sinnd)r™

= %L fle) %+§?‘”COS ﬂ(ﬁ'w)] de

P54 .
_ 1 1 4 retlf—¢)
3 [, e |y

1 1-r?
=L = de.
2n L f() 1— 2reos(§ — @) + r? \

FRGERE R ER O T R
EHOUIEN u R R BENREMA R, X HRE—PHSSRREN LRSEK
ZBrm SR, TR IES Y, PR v« IERERME R
_ 1 [ 1—z22— 2
uz,y) = A L fig) 1 — 2zcosy +ysing) + 22 + 2 de-
o UE HE X g~ G,

2n
i _L 1 — 12
1 d =

':93-")—%]&130.1_] 2n _L f{‘ﬁ} 1-—2r c@g(ﬂ — 99) + TE' ¥ f{&u),

AT HRATELFEPRT 18.2.4 FEWN 7. XBFERL T T H M ke



382 £ 4% Fiwd

&8 26.2.1 % f 2L 2n AABRESRE, N

2n

ng)— L 112
u{rcosf,rsinf) = o Jo fl) 1—2?‘005(9-95‘)4'?'2 de

BN FeEMRE, B

2% 2
. 1 1_1,

! dp = f(6y).
fa-’")—l*{gﬂsl‘} n .[0 /) 1 — 2rcos(@ — @) + 12 ¢ = f{b)

e Fu ¥R R>0MEREAIEMEY, NEYFOg<r<RE

u(r cos 8, rsin 8)

=L zﬂu co sin R —r?
T 2¢ L (Reos o, Reing) R? —2Rrcos(f— ) +r
1 (26.20) 4 Poisson 445

i & R =1 ibiRa 2621 3T —REEHBEHUER BE

MEEESES. O

-~ dy. (26.20)

26.2.4 HIIEE
1. 4EAH
MV x(Vf)=0

(2)V{V-a) -V x{Vxa)=Aa, Hf Aa=(Aa,Aes, Aag);
2. (8= Green {8%) &t L 4 A A BEHME, BRERA 2, uvE
2 b ZRESET . Uk
Jﬂ(uﬁu —uAv)drdydz = ”(v—g% — u%) ds,
2 =

ol n R 5 BRI A
3. 3 R4 RAHIEE, BR KRS OufE T EREETH, £ 2

A, 1EEH J‘H |Vu’2 dxdydz = Uu% ds,

£
F £ e TIE B VR o B A —
4. FERFBEHCIER L WRET, £
u(Mp) = 1 1 - u{z,y, z)dzdydz.
?an BR[HJQ}
5. {FHH & 26.2.1 Bkt
6. A Poisson B4} AR (26.20) F LB SR IEME .
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7. SEBA SRR L

8. % f il gof BR—EEITE FENRE, o “WMESTH, f FEHE
SHHL IR o SRk

9. {EH: [
Au=flmy2), (@yz)eD, 9L =glzyz), (2 €D

an
HR v MO E &R

H)j fdedydz =(ﬁ) gds.

oD
§26.3 XTHFHIEIX

26.3.1 2IER

L AEBRAEXNEESEE. &L THE BEZ)S, Green 43%, Gauss &
5 Stokes AXNEEA L ERMALT. BUFCH (26.5) (HER (26.2),
(26.4)) AL 2T, YHEEREHS Sl (7)) HoBFERCA
i, B R ER AR E S

2. B F Laplace B-F3— B EAEH ST XA REEH ZBUE, Y
BB ST M Laplace {-F, BN FEE BT, FARRFIEBREEEY,
BESS B AIZE F Laplace BT SRUE CRAFEN TEAMNZ —

3. A BRI R R A, I R A A B R PRI A R,
Far bR RS AR, B b4k i R T E A XA ER Y — R
MEY (RE_HEEE 1), AXERNET R BE — S EARHE
TR, B REEERR PR E# %

4. X SIMRPFHIRIY

(1) EIFIRLIERME 26.1.1, BRTE HTH, HHESEHE T E
¥, HFngaE X, Green 202, Gauss 243K, Stokes 23, M2 5H&
TR —MEEHT.

(2) %F Laplace BF, BRFH LEHE—F158 — Green HFFA,

(3) TN ER, ERFESUETEHEAK, FrEF A Poisson R4
A HE I A R R — 2

26.3.2 S
B—iA S
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FotrE ibad

[a—

B A B BREES. B

() V(A B)=Ax(VxB)+Bx(VxA)+(B-VA+(A V)B;
(2) Vx(AxB)={B-V)A-(A-V)B+(V-B)A~ (V- A)B.

LB G R RFRTES O MEFRE, Fz,y,2) 5 G AHLETES.

X 1
Alz,y,z) = [ [tF{tz, ty,tz) x r|di.
0
PR L (2) B9
VxA=F.
B AR R PHEEES B R R hRESETMOE RS B2
VxB=--(Vrx4),

Bk 1= /27 4 7 1 2,

ﬂg A.-rds =1,
L

Hep L BER S5 ORBRIE L H O ML, » 2 L ESE
F B A Y E &

BN L T EERARE C iR Fle,y) = 0 WE. Flo,y) ZHE

G, H VP(z,y) #0, # D= {(z,9) | F(z,y) > 0} Hilt & C BMMK

i, PR B
;U v. ( F ) da dy.

. ﬁ u’(x?y! Z] %ﬁ%@ﬁa t;ﬂz M(mﬂsyﬁr Z(}) &tﬁﬁgi—iﬁﬁﬁ%ﬁa i_l—_r

FR)= o @b wawaas,

IBR(M)
HH 9Br(M) & M ., B 5FRABRE. iEH
lim F(R) = u{M),
R—0
= Au(M) FETE, REF/NE F(R) — w(M) {25
B u,v fE 7 EZBEsE g, BE 2 MR L u = v, ME « BIRE,

il
Jﬂ IVu|? dzdydz < Jg Vo|? dzdydz.

W u(z,y) ol +y? <1 ZHEgEaig, B Au=e 1Y) EH)

” (z gu +y§u)d:t:dyn——2~e—.

i +ycl
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E_AEE0

. UERA 4L b 95 JE T BI{H 20 2B 2 o) 41— iE S F R T

i ua(zoy)} BE XERK Be EOGEAEETTER, 84E B bk, &
{unlz,y)} 7 Br (U F 0Br E—F0lk, W {un(z,v)} 7 Bp b—F
e 5, - FLA% PR R 30t R A B

W ulz,y,2) TERE D R BELETRY, I Aw 2 0 (Y (x.y,2) e DY HIE
ERERE

w(Mo) < (ﬁ) ulz,y.2)dS ¥ Br(My) C D.
0Br(My)

st RAEAN S SR Q ST,
ww.2) = - QP e .0 =Gl 4 L BERT )4

on
g

Hbr={-z,n-y(—2), r=|r|

. |} Poisson M AR IFHIRER
g; :u(mo,yu) < u(r,y) < if ;u(xu,yo),

Hep u BL R ¥R, (2o, v) FRECHFRAEEMERBEREE, < R

g (z,y) LrJ (o, o) BB
R TE L REREN RS e R R




ZEEIR T

F+=8 HMER

$—HEH (36 q)

1.

ot pad
—

12.

13.
14.
15.

16.
17.

18.
19.
20.

Eadi e N - A o

FZAALH we, —FFERFARIEIEREE 3 un W&, 5 —FAERFIA
un W ER R, BESEN v, — 0.

AT 54 G 12.4.2 W2 BBk,

SR AR

RISRBERA nan = o(1). FAEY n HFFEMA 0 = 1/n, FWS an =0.
B HH RATE, KL% T

(1) iEHE BN dn, S 0 < dn < F(1), BRI (2) 2 (1) WA,

3 £ () RS H R,

—“HBRETRY, (2) THE S

LGP BB ket

B LI

A n<m Y (o an) € 3 (a6 - o) HAEIRREREH T an

AR of = 5 (0}~ ab11) < (an = aner) 3 (00 + aura).
5 2 %4, X5 12.4.2 M 4 %40,
%ﬁEiIEH,H l'ln-+—1f!ﬂfn :k_j: 3(’2 Eﬂﬁf

bl\ Qpt+1 = (ﬂn - ﬂn+1),{ﬂ-ﬁ Hﬂﬁﬁﬁﬁ%*fﬁ%ﬁ @%’%H 1321 ZiE L *ﬁﬁ!ﬁ
13.2.5).

B P B {E A SRR AT

HEFHEZEMABT 0 BfF. 3F (1), & sinn — 0, 0 sin{rn + 1) — 0,
cos’n — 1, HELBIFTS[H F /&, (2) Sl

(1) o, (3) KB (BT (2), (4), WM R B FTARRY, SHHEH.

(1) i Abel T #, (2) ZHI5E 13.2.7 PyyiLH.

RS F M, #8 In- f{n)) < M 33— n B3 BERHF - EEHRS
Mz |5, — 5.

E_HEEH (33 W)

1.

ﬂ-z(An — An—-l) < ﬂz(An - An—l]

'i,& An = 6y +az 4+ 0p, fﬁ‘iﬁrﬁgﬂﬁ (AE:.] e {An-r‘inw—l) lﬂs

i, SRigFI H B 13.2.6
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11.
12,
13.

14.

15,
16.
17,
18.
19.
20.
21,
22.

—FER AR PR,

RERIEE b, B ax < Man RILEFFHH 5, REH

SR BT EM T 0 MBI Y o A Y do, WEHZHY, BHE

B U du > oo V0 € Ny LT BRI ST 160 BT SHERBTR VP 1 S8

B AT

REHEHS | flo)de FECH TIRBRE o — o™ 09RO, 085 13,12
1

A {an} SIRMOBTF O, AR & > b Bf 0x < o, T £ < b B i 2 5, A

AT MRS 5 31 1

, e [ [ (27! — e 1? "
() AR, () Vs 2 11 0 L | |

2 T2~ — 1)!

r—1 2 &
=2 lim {2“2n+1 [ (2(21;)!)! ] } , BRF5 H Stirling 2> A BliA].

E— o

- M In{n + 1) — In(r} ~ %, HiAE4REY Inn {HZ [MEEEET 0.
10.

O HIHETH 5 (-Kan= 5 non (1= £ ) WER Abol A 2)
TTAH Abel Z#efit (A (13.23)).

FLilEs:, A Abel 8 (EN4REK 13.2.5 (2)).

Bk R R

EME A A RIE AT, B an — an =~ -an W

it [ swae soe)

k

B 1/e” BTSSR, W Saner > 1 — 55 Son, RATHRR

£ HIF 57 TUH 7 #0158 T 10.

Al _E Ry T

A Cauchy i (B4 31 ).

B an = S — Sn-1 {LABIT].

(2) WS 19 OB A HAEGEERY: (1) 1/2 (2) 2/% (3) 4 tan £
MEE S, — op.

BEAT W—MEHE 19 (1), 5T Cestiro RAMILKE. Tt REMHERER
8, 1 on RHEE

E+OE HERBMSHEREY

B—H&XHE (75 0)

1.

i, & Diz) X [0,1] L8 Dirichlet 4 (W LM 103 TWRES)), 4 Salz) =
L D) (n=1,2,-) WAL,
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2CR B

9.
10.
11,
12.
13.
14.
15.

16.

R B R TR R, R ETEATT R S — TR P T T
BRH RAFEN T

X EFE Dedekind 1% (R LM 96 5T 2).
FeR AR AR, A (2"} F [0, 1) mA—Busk
(2) IEHELRR SR TETRS, MESMFELLR T —H2Z ML TRFAR S

BT 20 € (0,1), 8 f(zo) £ 0. HEMEN n # f(z0) = £ (Bao)at.
D<@l

Al Abel I (R 59 TR

{1) BF arcsinz #£ [-1,1] FA[BFFH Maclaurin & ¥, HH, (arcsinz)® B E
{(=1,1) E[LURI% Maclaurin B3, EA[LAMHHL (arcsine)? 7 = = 0 MR
BRI (U 6.24 /15 3) B BSEMRET.
KRR LR T DIT 1, REAZSEET 1 - 2)f(=) - L

FIRE (—o0, +oo} LA FMEMA HAER 0 LMK, IR

oY NERCTUIFAG, SERE P BTEI MR IR 053 B0 &L

WBEAEER S FI A 10 B

BRRB AR M

FHE ARG R E EFH 9/32.

HE R Ih S S — R, B RIS, RS E T i ERE
1.

WHHE n SR8 n T T — TGS R 0, SREH. £ (100+a)? /a2,

B HEBH (16 W)

1.

e T

e Arzela EFR (S8 14.2.4) BERH P4 —TF0RE LEIR S A Y
Bo={x&la,b]|3i,7 2 n {fHiB |flz) — fi{z) = <},
mEMTE

REHRETIEH f € Rla, 8. BT HARESE (LB 301 T7) 95E0E% I, 1
WJid H Lebesgue EF (I LA} 304 TT).

L U EcE Sl S SR (o 1 5 8

ML MEFARENERYNEE TS .

AIEAE — D T REIE— 8 s, XA AR {2.) BT RS
A FIHE— BB S BESH) Arzela-Borel SEFE (3 14.2.3) MIdE% H1{E.

FAPIRE 1418 paFE, W k = [Vi/z). #FRBER—5H R RETIA
Dirichlet 48 H 3.

- RFfE BRI WAy R J A o
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10.

11
12.

13.

14.

15.

CRTEEM <k < n HRIAFR - - 20— L

b
ot
|

HEC D g W 132 AV 1) 25601

(1) MRS+ =SB A% 19 41 0n — oln). WTTARAKBTIE L (2)
BAHGRRBL (3) 4 o0 =10, =0 (0 =1,2,-), WM (1) BB (-1.1) L
EBR 1= (1 -1 z (n+1)2", RIERLL S, B & 1S() - 8.
MR LR §24 5

KA o > 0 £HTH Abel B w5, MEMMTHERA S e WA

ni=(}

AFRFy Bernstein R, (B HELEH L LA 225 TR 19 FiF—4k REBMF A
F] 90 35 (1983) 130~131. J{ Taylor 2> XA FARIA&W (W, 1143 /MY e G o ¢
or) i T2l < T 9y Ratr) < 5. FRBI Rute) < () 0
E%&D<w{rﬁﬂdﬂ—ﬂ

FEM {an} MBBEARSH flz) = 1/(1 — 2 - 2%), FEETS XS BE R,
#5183 Fibonacci # ¥ Binet-Lucas 227

1+‘/5 1 1—\/5 n+l
e (55 () o
R, (BT £ MRAURIT st akdD), lim 22 = YO =L 161

AEH= ?ﬁﬂ%iﬁ@ﬁﬁu+ﬂau+@ﬂwu+ﬂﬂﬁ
81 FAEF Fourier ¥

&EEH (103 )

1.
2.

10.

R

(1) HRGE Zp{EeH: (2) 5 (3) B4#R4, S mil 15.1.2

L ey A8, BHRS L APRES KR 0,20 27 0,7/2), [n/2,7) 55 4 MR,
AN AN [0,7/2] B8 —PRa, RERHOHRE

A HIRAE Fr B2 Steklov BE, ERETHRMAEERL TS iI28 %
#, X5 EIF 334 50 1 B4 (3) TR B4 R

F Z2REL, HEYHER SR M KR 2RI

H Riemann 5{¥E.

X AFE] LA K Fourier ¥R 7 1HH dPad IR0 4: T .

H B AR RO RE4R, RIAH R T ).

At f " B Parseval 3

RAHWA [—mn] HHE—MEBE z = 0, BEF S 5(1) 47 Fourier .

wf LAV H AR
i {“glz, 0<z<l,
;L‘ =

E-E 1€z €n

FEHIEH Fourier &3
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11.
12,
13.
14.

15.
16.
17.
18.
19,

20.

£% Tt 317 WZIE 2.

wmERSE-FESH

W[ H Parseval 25,

AERY, THGNERE RS H Fourier ¥ FLRME ,;i [anl + |bnf WEEX.
AEATLUR AR 15.1.2 B R TR

VA DRE RERY, ARSI T Fourier RIFRAY —H k.

LEH-TEE BETTARE_NE REAEMoFREAaR

AR AR L. FT I RAEIE 6.

Weierstrass 55 B3 2 B4 —MER, F (cos §-)*" #9HHFTLAA Euler 28
e? = cosf +isind.

RN ~1In2—1n|sin %|. BRI [0, %) FidieBIA]. B E Salz) + Sa-1(x)
T [0,n] -siAmA

FHE THEHEEIEMA

#40 (134 M)

1.
2.

3.

e

10.
11,
12,
13.
14.

SEFIE 16.2.1, HPHHRE LA,
Ky yin2- 1 na

WEINEN 5 (o — ).

m+4+n ™ — T

AL iy = L oyt © g o Helon OB (MORTF
)

2
ﬂggﬂ“]. n:;.;g'n—l

#) B E KT 2 FNERY BHEW ZEHKM, HA BT
iEB 6% —anyian-1 =4Yn > 2, RIGFI BT 5.

. T
LT AT 5 R, Qﬂl_l L cos" ! z d,
i B 2R FF—SCRE 1.

SEE RIS ¢ BE WA R, RE BETEH.

P T REN AT

AL % i 323 TEHER 10.4.4.

2% T 140 THER 5.4.5 K 14.1.3.

ERRRHR y = 1/z.

B By ="

EGHEAEHARE, K AT THRIEARE 3 2 e O1), B (™) 12
fa™y= § M mm f) ) mE A

k ?
na=1 2

' ! _ ' -
Up = U V1 SRR, Unyg =1 — Unas, Unsz = Unia,
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15.
16.

=]

(r)y _ !
mEGETER ﬂ“’x(,j — i(«“f) R ARG TRRE W = T 2 &
WFhk=n+1,n+2 RELUTHRE:

N # Ty Unil = Un, I} # x:'z+1! Unt2 = Unt1,
Fnil Tnt2
=Tn, Unil F Un, = 2?:1+1, Un42 F Untl
FIR Y unlz) £ (0.1) L—Bulest.
n=1
A R En ]

17. MHZEARZFER

F+tE FETHFNSRSEFEHE

F—EE%E (145 W)

1.

2.

6.

RS = 1 S0 ot 5o = {z € R | dla, §) < 4} RIFR FREHAL,

FRUZMIE AABC =18 A, B, O BBEHH =A% A4A'B'C, LIt
X BR—-RI=ABARHFARE. EREITHHE—L X SRRE=AEGL
RIME—

e X

BEEXA

ATRRFT WS (1) 0, = 195, Ogpp2(z) (i = 1,2), K do B = 2 B—TAK

AR (2) 01 = {p(2) < £}, 0z = {p(z) > +-}, Heb
plz) = d(zx, 51)

d(z,51) + d{z, 53}
(2) REEEME AR 3) 46 () HRAER

AT (146 T

A T A

6.

REE LB RIEE.

¥ IR RFRTGHRTR: Fe bl MVee(ad), Heel

REAER: HHRFIEEEAT R PRETEERSXTREE, HHFRE.
Xt A B Ay T A E

EHA RS BTN E F =E\E RAR, EHAGFERE EFES F
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(1) ME S (2) iERHTE [0,1]) 158 & S8 /PR ES, FEW m + la §/MEH4S,

A[EER m Fhoe, F0<m +ha< %

ETN\E SRR SES
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$F--iREEH (163 W)

1. SR R <0 € o, 8 BE-MDAB AR E—S, BEERESEHE.
2. max f(,y)= max f(&, e+ k(—a))

agy<s 0€kE1

3. iEEEH R A
n 1
4 FIRARKUETEAFTEFRART BHE 2 cgj fila}fi(a)dr = 0 (i =

0
i

L---,n) BIESR, B Flz) = ) o filz) i1

1=1

5. 8 B Ll a NEAL, B r H¥E BB ERENER r* = max d’(a,p.), ¥ ¢
feh o B SRAEREI R ME.

6. (1) B () £ §° EMFAE: (2 HF B RERERMRERHR B=LL,
Heb L e 5, SHEMMHERENHIER O, F

T
l1'|:|in£ yyrl-(':;y g?vmax1 yEEr

Amin (Amax) B C $970/ (FK) FHIEH.

FTHEESF (164 W)

JCIRR] T™ BR—AZ A, B EAS SRR T fgE—FEE

% gl@) = flz) —=|, 1L g B 2 bAGEERE, HAE 2 LERTA.

A B

RiEE L.

A L.

A L.

(1) M5 3G (2) FIRE R A RE LS Fok R

(1) M (2) REHBIRN (-1,1) LEREE A, BHESWRE ho f itk
R FEXEARFR AR EEEHATT HBI2ZR. HH A Cauchy A
B—BEELR Y KA REMAE L, B Tietze ¥ 7w H.

e A ot A o

10. FFFEEAHRE R" PRREEE Cauchy HER).
B+HIE RSHSLPS
&% (186 W)
1. 8.
2. ilE.

3 ERLEHHTER S (L), HEE 2 (ny = Lo



393

5 (L) id#we= ][ (f&—ﬂ?j}ﬂ‘?’k#}ﬂtiﬂ }(fb“&—ﬂ’g) 0; (2) #{H u

B n(n 1) 1::;%:%@

6. ﬁ%ﬁ’fﬁiﬁ%mi IR BRI RPIF L.

7. (1) v (2) r¥sing (3) r™ lein™ 20 sin™ 3 8- sinfp, -0, S AFETER t, =
reosfl, t2 = rsiné;.

8. HIXHiREN AS/S.

9. B ay 2 0, B (gi)nxn HEE Re(A) 2 0 BYIFGEH A ﬁﬁﬁlmﬂ"]ﬁﬁl‘ll‘?ﬁﬁ

o=y, 0T, B y(t) = 1z (t)+- - +anzalt). BIERA 1. (B (E=1---,n)
HIERWES FRARESR v(t) =0

- . & f, ¥ ,
10. FRTARRFEME 5 5 (=) = (x) T,

oTLIT;

4R RERFHEZESRRERS
F—HEEH 205 W)

1. 4 F(x,t) = f(x, f sinzdz), F; = fysint, F(0, -32:—) fy(0,1).

2. I HArEE 20.4.1.

3. AREEEER

4. % z > 00, F(x,0) > 0, Flz,—~c0) = —oo, H¥ y < 0 B} Fy(z,y) = (3 -
yIv'e ™ >0, FTRIEER M v = y(z) #18 F(z,u(z) =

5. AArEeEE-wER v = fl=).

6. (1) 2 2Lz, o) £ O B, £ (w0, 30) HEAEH u = /() FABRBRACTE SR TRARAY
z, B EE RN gle(u, v),y) 5y Tk ATKYE Flu,v). ZERIEL (2)
WF R 2, y MRS, HAFREEFEEEEEBN AT

T ERERSAEREE E PEEA XA SIEERE ¢ = try) FE

8. MEILE R eBSREHFETR

9. RE

10. ARIER:. mMRAHFECEMERER R\ {en. - ,2.)) SR\ fR) B
ZEZHH BAE flz1, 2. }) IFRERTERS F(RZ\ {z),- - ,2.}) P
5 R\ F(R?) R RE, A aRd g

1L B aT A RS R A A S R b R

B EEM (207 W)
1. T PYEADIE AR E L.
2. A 19.4.1 B Schwarz FE520



384

3.
4,

AT 20.2.3 piE.
HOHFH—mRE kL

5. | RSB A E B R R
6. JLAT_E B AR R RIETHRIE f B AR G

Fo+—E RSEVER

F—Ae4HE (235 W)

1=

7.
8.

1) SHEMTITFEFE U (a.0,0) LA (2) BEERR.

AR E=AETEEEAS M, B o, b, c “HMEESSNR 2 v, 2. W

az +by+cz = 2 F=AEWER, BRWER § 74 AR R4 T WHRE
[E] AR

UppCOS® Oit-UyyCO8° B-+1lsy COS° Y4 2Ury CO8 & OS B+215,€OS & €08 Y+ 21y, €08 3 CO8 7.
(1), (2) i+ (3) #A (1),

BIER Ft) = flzo +t{z — =0)), 01T

WM Qe 20) = (5 (o)), ST Qo) T R BB 1A

AME m. BER 348 € (0,do), # Q=) £ R™ WHARIME LERMIE DK -1
Ve € Os(xo) \ {zo}- BIE F () 2 0, F{t) B L.

(5B 21.4.3 §9E.
Lagrange H# ¥

L{z,y,z,A) = Az® + By? + C2* + 2Dyz + 2Ezz + 2Fzy — Mz® + ¢° + 22 - 1).

9.

10.

(1) F Lagrenge F i, HRTARMNRILE; (2 HHE A BITHERAMIERX
Bt (detA)? B9{E; (3) B (1), (2); (4) HBTFATELEIE.

(1) FEERE. BAERNTERAKEME, METBRTE; (2) FE ulr,y)~cle” +e¥),
c B4 /|

B_mEul (23T W)

1.
2.

MASHAER—HB%HE 6(2) YRR
#%E I0, 4 0 EHUK Rao, bo, co), EXLF : [a,6] — R Hy F(t) = (z(t)—a0,y(t)—
by, 2(t} — co), ALK 21.5.2 & n =1, m = 3 Aag JLATHRE.

B 21.5.2, 346 € (a.0), v & £1(6) IEX, FBIE (0,8 ERMA 2152 KK
A

CREREE or + By +vz = § SHEHE A4, FEEVFERMEZRKS

#, HitER A B ST PR ERS. RATHR SR SRER.

- ERR FATBER r = 2?2 +y? ERE



395

6. AIEILIER ab < e + bInd B E o < &' +elna FIEBEASR, A H5E
WK IR R (EREARE) RES&ERNa=b=1
TO() B o, pe BMENHSELREMGBZY ku,w) = 1t W

1 -I- K1jk2
k(s u2) £ T TR (2) FER L (3) REFHBE 4+ 0"+ =49

~(@* +4°)7% (5) ik
8. (1) it i AT e AR R A S A Y SR 2 WY S ; (2) TH e dRat Rl (3) —

yz + 32)—3_

E4+"8 EfRN
FE—HEFF 25 W)
1. f RZ5C Riemann pf %, WKL (78 —)T Riemann BB EATITIE.
2. MIEHE L.
3. (1) A=3 + 82, @) mRsEE 3 ().

4. FFFRER 100+ cos® ¢ +eos? y < (W0 + CO‘S CO8Z 3010 4 cos” f&')
5. HIERAER.

6. FIH flz,y) = r( } af(axt’t} di & Schwarz A%,

7. ) H Holder A%ER.
8. WHRIRE g(z.y) = z(1 — z)y(l — y), BEEF

” (a-y) dzdy = H a:&y (z,3) () dz dy.

ﬁmﬁﬂﬁmﬁﬁﬁﬁfﬁﬁﬁ, #Fﬁ’ﬁ%fﬂﬁ‘-
9. JERHFFEE flx ) WELES (20, v}, (€ S{Zo.10) > 0.

0. |ESERDH L M, m 45N F &0 LHBREM, Mm< /2« M B
HELERMEEE (M 18.24).

11, ¥EE X a b

s =] piw)is | se)sioterde- [

FRMEGHTREES, BH A 20

12. 5 b EE A sk

13. F % 10 .

., R =2, u=qoyt, s = zyz, FHERRESH ¢ 55

15. (1) & = f(s) +tsin8(s), y = @(s) —tecosf(s), 0K s€ 20, 0 <t <
(2) R (2, ) — (5,1), BITEML

E_HEBM (217 W)

b
p(m}f(m)d:cj p(z)g(x) dz.



396

kg |

. FIE AR 259 WS E 0.

- M BB SRIRE 22.5.9.
(DAEAH Ve > 0,p — +oc B, $p(u) B THRE = (m;?x w) - e (2) FIH (1) fsts
jjupdxdy— |£2|
. L] _ 1
3) FIA i{_l‘l}. Pl =1 JJ Inudzdy.
(1) SRR RAIRIA, Po = (0,0,0), PSRBT RAYE A METR 7R (=2 +

v+ 2 —a2) = P2+ %+ (2 — o), TRIBR V = %R(R? +a%), (2) MR
Fo={(z,y.2}, WV = %R{Rﬂ vzt +40 + z%).

. M E e de = (”e"(zz’”"z)dﬂsdy)”z? b Q=< <ad<y<ald

e
Do = {z* +3* < a®,x > 0,y > O} {EWEHRAERIS Do,z FHTEREGH
B, SRR TN BREET (2,y) HEEEH TR R
WEH flz,y) BT RESE A SRR & KR BiF S35

$_1=% 2TsENs

S5 (306 1)

3.

ook |

) olo) = -2V} 2 | VU0 dt, () RO REHBS BT

oo ;
[y sinem g = [ 52y ML gy o [ 53 I 4y 5 1 250

ﬂﬁir“xﬂ:ﬁ‘ﬁa e

+ oo

Py =] e () du BRI B ¢ —SORURIRE
(1) B t, i Gmgchy AEAR . .,
[L f(t—l—u)f{u)du] gL fz(t+u)duj FPlu)du
D+t
-[ s (u}duj £2() du

A4t

HF A, B jeR R L0, 0 r Pt + ) f(u) du XG— 1 ¢ FFEE, Huf t —
S

+oo 2 /de +oa g2 ) ~
@ 5 | e atnar = e [ e gtavEn de, h g 4 RsUEmR
SRR = — B,

W =5 [ e [

k=0 Jkn | sine ] i—e o |sint}”

(D BT fT ERAEERY WEHE UE g MR

HEARTRRATAR, SRR KBy L



397

10.

11.
13.

14.

15.

16.
1T.

3q  I(2n)I(3n)

EE T TTmyr@dn)

WP 1 = 4“ 2 dwdy = 2L niit

'—?%4@%?‘?%‘#5@-

+oo 1 R S 14 1 +oo 1 ot

J cos;gr:da:_—.—} wP  cosydy, | yr :—IJ e g,
: P ro- Ly T

+oc
TREGIFR | cosa?dr = L (L yeos L
0 v P
RIRILAR, RN In VIR

+oo 2, .2
M A " 1 = lim J e—t(a +x )df, THREGRER ] = ‘%I—E_Gb, fop1 =
£

T2ak o *T T
8 InI'(z) H54

1tz t o te = E L) b1 3) IBRTCAR

B_1+OE ghegiig

E—HEH (333 W)

6.

- FUHF R 2B 2 AR R,
 ATVEESH R, R R RBEHE, BER:

(1} 2nRInR % |¢| < R, 2nRIn|a] 4 |a} > R.
(2)2nRIn R % o®* + b* < R? 2nRInvaZ T 52 4 a® 4+ b* > R,
o fny/e? 4+ y? o/ (e =67+ (y — 0] = 07 (€ 0) € L BRI

FAMBAEL S BERFHERY

P Green 25478 || ravay = - ”:Efzd:cdy =~ ||t ety 78
G

h_—]-—l

e G
ijd:cdy‘ - ']2—‘”(31,& +yfy)dxdy‘ < - ”(fﬁfy)”z»/ﬂ?z ¥y dady,
G o [
FH Green AR5 £H.

FHEBH (334 W)
L BHEMTFHE—R (ey) € D, Tl (z.y) IPONHRE, @XFHE R6AT

JPRE R H AR EMEBOCRE AR I AR

Flzy,y:) _ Fza,y2) ' . T
[F (23, )] Floaan)] " nt), (e )€ I

MIA vF. I =0, RERAMEELE




398

. ERR mm]‘?_f[a:ﬂ 4 l'r' [ma.xf( ) — min f(x)) £ ma.x|Vf x)|, BHZ La¥A

zeD

ERR H'H Hh%ﬁﬂfﬂérh%

B flo) = Z el® M) it |yl 4 o] TP KB (u,v) - V(u,v) > 0, B REAEIEE

¥ Vo) HEA

- REER (2, ) BRBIRH (0.0), HIHEE o) = Lip). BABESNIN R E L

0% 20, W L(p) =0, 0€ p<r—8; L{p) = 2, r— 6 < p < v. BAHAT M
Fkih o, RSB T 6 — 0, AR rr.

(1) 5 Green 245 (2) 8% (3) % g2() + g3 () — | Fskids, 3 TRB
it ” ((9"9“) dey dea; (4) WETE E XAERE L, L RRE RS, W

XFERY EEKEELQEFJLE??-L Bk 0 i T

. FIH .

E-+LE thEHAa

S8 (369 T1)
L. AESRBERy, i o+ y + 2 = 0 AP B4 Fl.

2.

7.

BRI ST (ﬂ) VS, RIEHERITIEL.

ud o2y 2=1

F R -3 WFREE, B3 + 03 Iy gf L
i8R (o, yo, z0) KA B € %*%E#]ﬂijb' B., £ 2\ B: I H Gauss 2=, #5iF

lin% (HE) cos{n,r)ds = 9.
aB,

. FH Stokes 3.
+ iﬂ A= (5—33’)!"?"3,5 = (n—y);’ra,() = (C—z]/ﬁ, m\‘] AE+B”I+CC = 0:

I

fi; (Codn+ Cp dC) + Ag d¢ = tj;cedammdc tj: ~CrdE + Az dC = Q..

1:9: SRUT %Lﬁﬂ‘])’ﬁ?ﬁmﬁ (. y,2) ¢ S, H Stukeﬂ A9

P= ”(—B,, — C)dnd¢ + Be a¢ dé + C; dé dn
5

=J Aednd¢ + de(:d£+c§d§d?}
o)

=_%”Ad'r;dc+BdCdE+Cd€dﬂ-

g



399

8. WHMERE S oy ., AW AT, WARER o, PEREERC 45 M5RE
Az, MR ZBEAE NN p2dS, B 2 JIHEEH 1Y —pz cos(n, 2) dS,
At AR~ (D ot 143 || v -0

NE GRad
F—AREEE (383 W)

. UERA WV x [tF(tx, by, tz) x v] = %[tzF{m, ty, tz)].
3. 45V x B = L1(Vr x A) Bk, FUH T n FHEH curl A - n = 0,

A FER| VF/|VF| {fvih R ERBA RERR, B Green 3.
5. %M1 (26.18), (26.19) 41 F'(0) = 0, F(0) = -+ Au(M).

6. 0 HJ(u-u)Au—(ﬂ)(u U} ETE m P
mlv’”"z % m |Vui® +mlvv|2).

LF

ern 2 9f dg, A Green 238 [ f deé.

b

1

n ] Gnrunasa=|

n
PN

F AT (381 W)

1. i {EECRATIERR AN (M) W 2 WG R, e —FK Br 1J Poisson 4 A
Br AHYIBFRE o(M), €87 0Br L v(M) = (M), BB EIFEHE Br
P u(M) = v(M).

2. P K EIRIEA Poisson B34,

3. MiEMEHEARM T E

4. 38 B: &L (z.9,2) Bb, e HPBMIR, EHEZ Green ARTE v = 1/r, B4R
WA 2\ B..

5. FBREBGER 4/

6. FIH -8



£ F X M

[(HBH] w4 F Lavdetik 2 (A 8) & (BHF) FHMAHN. AJ[ULR, HaEEEL

Pl s RARGYIE L B EF . A SMA SR FLAA B LR T,

(1] Bl 2% /R, aE v 3 dhat B L, 1957

2] Pl s ReRl. 2RI bR 3T B AL, 1983

[ WHWWAF R £E5aREZRTIE. T & ETHE. 1956

4] A CUSEARYER. bR B4 B L, 1983

(5] MR fhEk B4 de: feEd R, 1957

[6] Berggren L, Borwein J, Borwein P. Pi: a source boock. New York: Springer, 1897

[7] Bourbaki N. Fonctions d'une variable réelle (théorie élémentaire). Paris: Herman,
1965

8] # B, REMW. B HE. B IREE G, 1998

[0} BRICEE, 4R, BB FeEa. UG B FEE i, 2000
[10] BRIGEL, ¢RI, KR, BECF. Sreath FIR. AU &% Rt 1983
(11] +8d, £ofy. R AMBE 30, U5 B A, 1979

[12] R, F0%. Uyt R U BEEE ht, 1999

(3] WPHEP. SRR, bW AR A, 1984

[14] Dieudenné J. Calcul infinitésimal, Paris: Hermann, 1968

[15] MJEL . MADHER S5 L5 e HR, 1982

[16] b R A FEEECFAMATHIEAS. 30 AR NI, 1960

[17] Dunham W. Euler: the master of us all. MAA, 1999

(18] gyt KA g1 E IR JUR: hEX MR A ), 1994

[19] e AAE. HFEFEE L S5 E T AR, 1954

(20] 83 MR RBEYT B HSREHA DR, 1962

21] #ERB A 2T U — PR R HE AL W Rk F B, 1991

[22] & /REHAR, SRIGRTRAEE. by R D DRSS E AR L 1980,

23] M, SEAFEM, WAL REX. QL5 Bl R, 1965

24] HFEIFRAFEF £ BESF. BIR. LK SEHFEHIFM, 199

[25] fEFRIDUAFE P IR Bopa i B R S0 BREH AR, 2002

26] mBEN. HHEFERE L HEREEARRL, 1979
27) E#E. ¥ HEAFA K MBEEE LR, 1989
[
[

28] TR, ®ER FER. U B L, 1999

20] X3 SRR A ESE R TUM: 10T 80 R AL, 1987

[30] ZE30H. B S HE. AL BSHE B, 2000

(31] H& FERBL. LT HFHFT AL, 1954

[32] Mandelbrot B B. The fractal geometry of nature. San Francisco: Freeman, 1982
[33] #4:0E MBMAMEFR B RERSEART M, 1983

[34] RER RO D DB AT IR, 1993

(35] Mipth. FEEE. T HFEEF HAL 1955

[36] EXPRG, ghfudp. BUF . DM HERF LR, 1993

(371 AL FreEa TP ARRIE S T U B EH AR, 1993



X hE 401

[38] EHIW. EFEREUL L5025 B, 1982

[30] AT e SR, JL5T RE R, 1984

[40] AP 2 AR A PERNESE Matd AR MR, 1979

[41} WAL & 5. g o b RBAEE LR LER-F RO S, 1981

[42] SR MAYCE. S8 TEERHA T AL, 1993

[43] #EE, £ 8 R U WEEEE LR, 1991

[44] BE, AT ZRMTHL O #HE B, 1963

[45) P T BOEAMRIERE. J05: A REE EGL, 1979

[46] TLEE, #h e B o 4RHR. JUe: JUmUR%E WA, 1991

[47) HrELTY. R B R 'K BIKHARGL, 1982

ME] R L. I BT - - RERES P - RERFEENIAA LR
Fl2 L, 1981

[49] WrES . Boer iR, JUat e, 1956

(50] #pHEZ. d¥e. J0nl: fla WG, 1964

[51] Wagon 8. Mathematica in action. New York: Springer. 1999

[52] &M, BEE, BEES. FEHFRBHRSHEE. 0 B4 iR, 1095

(53] EiEfT, REA, FPRT FHE. TERESIERMT. L ARKF gL, 1979

[54] g B s A Sk B RDUR HRRAE, 1998

[55] WA B adray ik R BB A S EpE, 1955

[56] H#FliG, X4 F2 TRy RAEIET 83T, JEat B85 H L ARAL, 1983

[57] #miE. B asrA] dbal B4 A RRAL, 1958

(58] FK#HA. g otrBrit 3 LR LR, 1990

(59] 3%, 778 ¥ it Big EERFHUR M R, 2003

[60] S HA. N L BRHE R R, 1987

[61] SF5E. Bz b HEHEF AL, 1995

62] APRE. Weop 4 ST LR EARE. BRI B H AR, 2001



XX i #Es|

B
5 2T A 138
HEHRE 137
.
Abel v oo 21
R~ 238
B o 238
P R 247
BEAM R~ - 253
FEAAE~ e 953
T
BeSsel rv cr v 83
Carleman ~ «+vvrrerinenennnn. 18
Hadamard ~ o vvrvrenenn. 237
Hardy ~ -« vorvevneianiiinii,, 17
Holder ~ <+ vvivieins 270, 276
Minkowski ~ - vevein s, 276
Poincare ~ «+ vevvnennas ¥TE-276
Stekloy mv cv v 104
Wirtinger ~v -+ -0 vhs 104, 276
B 396
C
%
T s s 329
B~ B~ B~ 376
i, [~ e 371
ToW s, TolE~ oo, 376
TR 29
Cauchy M e 29
110 28
Ik~ 22
Ffi~ (REITHB)
[UESS: Wil E )k % - DU 55
D
g R (LX)

(PUEHEZEF)

FH (W8

=]
K, b, SR~ B, AL~ 137

padi]
Abel ~v o 12
Abel f—~, Abel =~ ... 59
Abel-Pringsheim ~ «.......... 36
Arzela FHdc g~ o ooen et 54
Arzela-Borg] ~o cccrerrinninn.. 54
Bernstein ~ -cverereenneenns, 380
Bohr-Mollerup ~ <+ oovvvns 301
Brouwer @i~ -0 328-320
CRALOT A verrreranirins 101, 158
DR ;v ceeeemeeerannnnas 286, 201
du Bois Reymond ~ --... 12, 100
Fefér mv - ovevveenriririnnnn 91, 93
Fourier B¥AME—H~ - --- 03

Fourier R ZEHALY~ ... 98
Fourier Z¥HF TR~ .. 07

Hadamard ~ - - vevevnennn. 203
Mertens ~ seerivinreennnn, 23
Osgood ~ «rivieiiiiiiinon 54
Riemann EHg~ - ... 22 25
Rolle e v vire 233
Sanderson P~ - 237
Stone-Weierstrass ~ - ... 127
Tauber ~ ccrvrvriiiiiiniy, 62
VISSED Av e e rerirenienns 47
Weierstrass i~ (LA E3)

BB~ RS, 142
R¥EA~ 329
e 395
TR EMR R e~ 37
RE¥HEE~ 193

EHEFE~ e 317, 334



T EEEST

BEPEA e 141
Bk~ &7
SESrpiy: Iy ¥ T 196
BRI — e 66
RSP E~ e 1R3
WG 202 203
BB~ 141
BB~ o 71
BB TEE~ - 188
R X AR~ e 192
Bhew o IR

¥
............................. 137
Cauchy-Riemann r - - vvees 238
chler B 4 r bt s 188
¥~ (Parseval Zg) - 94
FHroe®r 2192
............................. 131

G
Binet-Lucas ~ -:-r-rerevren- 380
Catalan me «ocrevirmemenennns 7R
Cauchy-Hadamard ~ -«.-0one 59
Euler-Fourier ~ ---vvvvrrvnvs 79
Fuler-3anss c cccrerrrsraeces 13
(CAUSS v rrerrrrrennsaeanin . 347
COTQEN Ao v o votrernaraernrens 318
Legendre fIfF~ -0 - 207, 302
Poisson A o or s 381
Stirling ~ --- et 34, 303
Stokes ~ cvv i i 352
—REEY ~ e 363-364
TaYlOr me o v 215
VIGte nv ceremercmme e iiiaan e 20
WAl ~e cvrvrrrenreeeeaneean 29
WWelerSErass v «rrrrrrrrerenon. 33

403
BT R~ o 173
FETOrs cr e 33, 297, 302
HSEIEATE e 26
Vel 500
H
R¥
< T 64
& 206
T~ (WA ES])
Riemann f zeta-~ - 75, 112, 300
Stekloy s c e 389
van der Waerden ~ - -+ -- - 132
Weierstrass ~ - -rerevern, 13
fbab gL A AT~ 131, 136
| VI T 121
FFUR e oo 180
HE R oo vrerereee e 78R
s o 133
EER o <o 128
Bk~ (SRR D
PBHIA v 375
= N R L L RTEEEEEERE 188
A I P 136
FHE AW AR~ 136
JRms e 128, 135
EAFER e 82
23
de la Vallée Pousgin ~ -+ -+ 105
Dirichlet, v veovvvaeaenanns 87, B8
Fejér s «orererereennunenas 92, 03
Landau ~ --------vvv e v 121-123
~ERET R 120
fEER
Vandermonde ~ .. vvrian 78
F— Green ~ - vovionen 377378
B Green ~ -voveeveeennnn 382



404 i SA5L &

J Leibniz &~ »coooorieneann 20
£ Maclaurin ~ -ceerrriiiranaen 65
B o 55, 138 Taylor ~ - orvvieeii 65
W%~ A~ 55 Hedias oo 6
e 137 A 19
B 139 FRJLfR e o 60
Ffrs vt 138 s 20
A o 139 AR~ e 20
TR o 139 B~ (RERE)
Tl e 1949 B 1
*ﬂﬂ %{#Lﬁ[ﬁ[m ................... 20
Dirichlet ~ - cvvveeeennn. 87, 201 A e 3,13
Frler av ccvvrmrvunrneneraneins 109 p IR R~ (p B¥ --- 3,13
Euler-Poisson ~ «+econtenarens 291 GE~ e 3
Fejér mv «voveriviiininn.. 91-99 FeBFrw cvorrere e 1-2
Poisson ~ZF ovoeaeenn 381 Ry B~ e 80
v o 299 A v 3,6
e R T 239 AR BY TR - 3
[l -, VR 251 W IR G~ - 8,0
R~ e 256 R
To R B e 958 ) (VAT 147
ﬁ'iﬁ:@ﬁ"‘ e Pri') Efi"‘ ....................... 150
EHTRUE N~ 270 AR 380
EBTR U~ 285, 107 AT (RFEEE) - 153
Ef~ (R RS) HH oo o856
i 2~ (2R RIS
o =S ] | A 108 Hesse ~v «veneveinannn o 216
ﬁ%w _______________________ 121 E.E%‘ ............................. 137
BT~ (SRR 113 FR oo 1921
(7 )~ e 358 I
(FoXHE) ~FB e 258 TEE 153
H|ME - 1-9 o R R R 164
~ER 2276 T 164
ATRA 111 ~EEE e 327
~ BELTAE T 112 SRR 175
~ B9 Abel ik -oooeen 112 Ramsgig (REEFM)
Dirichlet ~ - vvvneivarenn 75 ﬂgﬂi ............................. 137
Fourier ~ (i.#F30&5) B e 240



¥ AHEE G 405

FHMR (REH)

M
ERY
~EIEB -+ 58
N 65
~BIEeE—tEE 66
(i
T AR v evm v 239
PR 230
s 1 R 264
N
PR e 58, 137
P
pIEE S
Abel v cvriiiiii 21, 42, 286
Bendixom v rveveree i A4
Bertrand ~ ««--cceveeieeneeine. 8
Canchy #{E ~ «-rroreveen . 8
Cauchy (" XERR) ~ - 250
Cauchy BlAPr oreereoenarnn. 9
Cauchy BEBn oo oreeeennnnnn e 9
d'Alembert ~ v ieriiiii 8 19
Dedekind ~ - i v
du Bois Reymond ~ ---------- 27
Dirichlet ~ -+v+. oo 21, 42, 286
DHIL rv - covrrmeereenneanarnen 492
Ermakof mv vceeeevnreneeneenan 38
Frink ro cccoveeneeanenanennens 38
(JAUSE Ao s rrer cr it R
KUIMIET ~v = v cararermrarannns 11
LelbRiz ~ +rrrevriraririnins 0
Lobatchevski ~ + o vovvviiian 38
1Y, SR 42 286
RAADE ~ v« verernnearananeaes 8
Sapagof me cc e 10, 30
Weierstrass ~ - --.. .. 42 28f
Hﬁﬁ” ......................... 6
~HHWEEE e 7

~ERTEA e 6
~BARBRIGE e 7
Bl oo 8
i O 7
g.j-ﬁw ......................... ]
AR 43
FEEH~ 42
REBE REED) ~ e 42
Pt o 42
TR 167
ALY e 167
Bafrme, T~ e 168
¥
s e 200
s oo 10
Q
FRAFE - 284, 305
BEAE cveverrormrneener e, 139
Bl gy Bl e 245
P 139
i R 139
B A~ e 392
BE e e 355
iz
.y ﬁ{,} ....................... 309
BT 309
Rl e 313
~EBBRE - 322, 355
AR o 309
ML 309
B~ 316
7= PR 313
Peano ~ -vvvirraienn 134, 165
iific]
~ o R (R )
mfﬁﬁ.} ....................... 3136
B 336



406 L & 2oL &

Ffflne cvereeeee 240
S
BURE - 371
PER e e 372
o R TR R 176
TR (/3 B HE) e 50}
SRR 79
ik Fourier ¥~ ---------- 100
ERERE - 7=

Cesaro & L FRAM (~) 39,77, N
EHeo (M~ Fhi~) oo 40, 87, 88

L s | VO 94
—H~ (BN
HE—F~ (W —FsD)
T
PERREEL - 206
B 213
BB e 176
~HTEE 316
I 2, 28
BRI <o 328
1 02
i1
~FHC IR - - 108-109
H R e~Er (W)
W
FRER e 157
Y (BEAMD %
Pl
B 361
B 171
~HL RS - 171
TR 358
Bl e 323
TR 183
BETEHE - e 262

O EBIF e 38
TBIBTE - 29
ESXREAI~RIFA o veveee e 31

X

EZE
FRH~ (LR
Fourier ~ (ILANLEBI)

B IR6

BEA IR0

|
o L P 900
Fhre e 210

BRI 7o
B 376

BB o 327

TEERBEL ovvoorrreninernnenes 394

Y

FEGERGE, ~BHE e 161

—B e 40, 79, 95, 107, 286
Cauchy ~#ER] -----vqn o e 42, 286
FTF~H) Fejér g oovvevnns 93
PN 41
B oo 41
P 53

511
LeWwill m -+rtierinaranianin.. 57
Riemann ~ ----c-vhvs 81, 84, 129

BRAAER - 141-142

%Iﬂi ............................ 2, 28
Lagrange ~ +««+-cosrerearien 215
Peano ~ «cvvvrrnenrninenns 215

R EE 2, 4-5, 29
~HIERARSE e 118

Z

W - 159

ERFBEE oo g2

BRI T AERE e 48

BT 290



X BFRS|] GTFRF)

Abel
o BRPR 3|
~ F—EH, ~ BTER 59
~ER 12
~ B e 21, 42, 286
BECRAE ~ T 112
Abel-Pringsheim #E# ..o ovees 36
Archilles 23 < ov e e 1,5
Arzela FEHUCSERE -0 54
Arzela-Borel 5B <o orieiierenennn 54
Basel [GJ5 «»-rerverrrienniines 32, 113
Bendixon |83 -0 44
Bernoulli [ -«ovoovoien - 71, 115-116
Bernstein B -« 280
Bessel EEF o veerreenii 83
Bessel BREL - 64
BRAMr -coorervrr e 206

Binet-Lucas 2% (. Fibonacci ¥F1)
Bohr-Mollerup 3 (K I B

Brouwer AR EHH -0 oo 328-320
Cantor SEH «-cvvivvirinnens 101, 158
Carleman RZER .o 16
Catalan ZAF - - vvve i 378
Cauchy Fef?

BBMPT ~o vcvrr e 29
Cauchy HAEHBE - g
Cauchy FEIBIEE - cvvveens 9
Cauchy BEEH[HIE - - U 9
Cauchy PISiEE (™ XLBRE) - 239
Cauchy WeHER - oo vrereeens ()
Cauchy —BRUCHAER] - 12, 286
Cauchy-Hadamard 237 - -+ 549
Cauchy-Riemann g oo+ 23R8
Cesaro ZKF <o vrvrvrrrereeenes 39, 77

Fourier By ~ +orvrereneees 91

d’Alembert ¥R -0 8, 19
Dedekind BB oo oorrireeen 27
de la Vallée Poussin #% --+«---v - 105
Dini SEF8 «ovoveimr 286, 291
Dind BBIEE - oo 42
Dirichlet #% - - ooeieieee s BT, B
Dirichlet FA4T ~«c v rvvrvvnenes 87, 201
Dirichlet 228 - ovvereieeea 75
Dirichlet #|F|% -------- - 21, 42, 286
du Bois Reymond gH# ---..-- 12, 100
du Bois Reymond 3518 .- 0oove - 37
e BUARFERMBIFA - oren 18
Ermakof ¥|BE oo ovoieireee 38
Euler FAF oo 109
Fuler # ---ooovvviin e 71

Euler-Fourier 243 (I, Fourier %)
Euler-Gauss />3 (AL T BE¥)

Euler-Poisson 4T -« voovveens 291
Fejér SR oo 91, 93
Fefér FF - ovovrereneeaeeenns 92,93
Fejér FRAY - vororri g91-92
Fibonacci 41 - -vmvviviereinnnn 37
~ {Y Binet-Lucas 733, «++--- 380
~ W T8
Fourier #R¥r - oorvvv v 0
~ B Cesaro SfEFT - oo eenns 91
~ S e 87, 88
~ B e 94
~ I 03
~ W —Fe et - 79, 95
~ BB 96
~BBESRSE e 97
E~ B =FRE e 100
ERHIAR ~ o 99

Fourier % ﬁ ....................... 70



408 L AL L &

~ ] Euler-Fourier 237, ------ 79
o IR e 81
o BITLREY ee 82
~ BTERTHE 83
Frink 808 i 38
| T 32, 297

~ 1] Bohr-Mollerup 78 ... 301
~ i Euler-Gauss A7 ------+ 33
~ i Legendre AT 297, 302

~ B Weierstrass 2528 « -+ .- 33

~ PP LR - 110

~ EIRITAF 33, 297, 302
Ganss 2270 oo 347
Gauss FTIE -+ ovre e )
Gibbs W& .- - 29
Green

SR 318

o~ HEL 377-378

B~ fESEL 382
Hadamard g8 - vl 203
Hadamard A% - oooovinnnl, 237
Hardy R - oievenn 17
Hesse HifE - -ooviorinniiininn, 216
Holder A& ... ovveveiont 270, 276
Kepler H8 - oot 188
Kummer 8|3 oo 11
Landau # ---- . eeevii oot 121-193
Legendre MIfE 202 (M T HHK)
Leibniz ¥[8l ool 0
Leibniz RYZB¥r - oo 20
Lewin B|E8 - vvvvvveiirnnenn.. 57
Lobatchevski #[B8E - oivnvnt. 38
M-BBIEE 42, 286
Maclaurin 8 ------ - ool 85
Mertens @3 - - i 23
Minkowski & ... 276
Osgood EIE - - ovvvviiiiiann.. 54

PMS@V&I %ﬁ ........... ey 04

~ BIHENT g5
Peano &g - .- 133, 165
P (p WHFIIIHIRED - - 3,13
Poincaré A& .. 275276
Poisson FRAFATE ooovieieiinn 381
Raabe FBIE -« ovvvrereneninnnns, g
Riemann EHEEM -0 oo .. .. 22, 25
Riemann ] zeta-2f ¥ ---- 75, 112, 300
Riemann G[Ff --.......... 81, &4, 129
Rolle 3 - o 239
Sanderson FEET - cceveinnn.- 937
Sapagof FBE - oo, 10, 30
Steklov A& ..o 104
Steklov (&L v et 389
Stirling 25 - ool 34, 363
Stone-Weierstrass EBH ----v-- - 127
Stokes 263 - 352
— B o e 363-364
Tauber EF - v e 62
Taylor BEr ool 65
Taylor 237 o oeovia L 015
Vandermonde fH2 % oo 78
van der Waerden ¥ - .0 132
Vigte 253 - oo 29
Visser iFHE - oo A7
Viviani ﬁg .............. 274, 314: 139
Wallis 252 - oo, 29
Welerstrass i /@ # 47, 103, 105, 119
~ B Bernstein §LHE -« -. ... 123
~ {1 Cohen {EHHY -+ vnvvnn . 1725
~ 9 Korovkin tEB§ + - .. 195
~ i Landau EA] - .- 121, 123
~ B Lebesgue 1EBH 0o n . 127
AR PR ~ 328
Welerstrass 2>, (I [ &%)
Weierstrass JR¥r - i 13]
Welerstrass ¥jgs ... ... 42, 286
Wirtinger R&83% ... ... 104, 276






