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MRRE n > 4 WU EAGAHRIATHADT 1. HRER (o} Z0
M3 5 TR P BERE Y. TR ML 1 AT R, ARAREER
B9 B E TR B A AE R PR

lim Yn=a2 1

T REES o > 1 BRATHR. ARIEE HH a=1+hA4>0, 1% n TS
KETFEMWSL ¢ > 14+ h, ATTRE]

n(n — 1)
2
X RATIREY. FLAHge: in Va=1 O

SR RSP 2 AT LR T A — 7 ik, PR T 4R

OURE 2.0.3 B (on} A i [ ] et W ) RES IR

n>(1+h)" > 2.

2y
B Be=(1-¢)/2, 8N, 4n>NB0, BT
Oyt+1 1—C__1+C
o < Cc+ 5T Ty < 1,

FEIHAE n > N B {la.]} BFHEREAEA. BFER 08T H, Bl io
R a. ERFA

l+¢
Jonsi] < —5—lan (2.6)

Bill% n— oo, RBFI0<a<a(l+0)/2 AR O<(1+0)/2 <1, THEIHK
a=0. M {lan|} WHTF 0 714 {a.} AT 0. O

E XMET B TRREN A ARREE RN NSUE B R
i ffm, EERFAER (26) &, 3IART a = (L +0/2, RFIEHFER
¥ M >0, FERERX lanl < Mc} FEn > N BRI BT o € (0,1), THHE
Tim jan| = 0. B, X —RBFAPRIRIFTGERL LR A RE L.

PUE2.3.4 Ban=— —+ -+ o € Ny SEBSY {an) WK

ik HEBFIEEHTZ £, R AR
1 1 1 1 1

dpg1 = O =

— b :}2.
2n+1+2n+2 41 n 4 2 n+1 k

TR R, 1 F a0 < — <1 TR LR ER, Ege. O
T LUERH SRR MR In2 (LI 254, 11.4.1).

T AT, FREHHIERES, AMEHERY 1976 FEA
SERE A RRAT T (LB B ).
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HINE 2.3.5 HEFATES af b, HEO<b<a S ap=a, bo=5b, ¥
R

Gn = On-1 -2]_ bﬂ;l 1 bn =V a’n—lbn—h " e N—I—:-
T XHF| {an}, {bn}. WEFAXHAFFINCE T F]— T H .

iE A 0 < by < ap MFHERFX, AJLIBE b < b < a1 < ao. FEF
8350 LLER R B n B RLSE
bp<bh < <bhy <ap < <a1 < ap.
B35 {a.} F1 {b.} BRERIHE KA, CBIRA A # B, MEAEH EHD
ERAPER—, S n— oo, HBH A=B. O

& B R RS E o F b MARTUEIESME, T AG(e,b). MR
SEITIHAETTLIBE AG(e,b) MR (I [14] S8 H7 303 /HF9):

dz

VaZeos2z + BPsin’ ¢

/
MG = 55, Feh G= [

HA UV EMN B AR RA R AR K Gauss 12 14 % (1791 ) BRI
f1, FLE R BRI TR TEEAER. BXTEREMEREHE R
WA, HPI 1976 474 th Salamin F0 Brent % A LI HERN R R H —FHAL
S E R, B BRI B A R o SR R 307
g — BT o S, ZRHEE GRS T = RO i —
FE (RHF 8.7.2). XT n EEERMFZHYEMTUSE ).

T B RATE A B 2.2.4, (HIPE 5 S IGETER2 AR

BB 2.3.6 REF {an} BURRIE, Bk an =~ 2T N

nl

IR vl R

anpy U+ 24 b m+1)1 3+34+---+ (n+ 1)
g, (m+DU+2+ - +n)  m+D+m+DA+ - {n+ 1)

I n o> 2 RS WA TET S TR, FH {an} 7 n > 2 S RIERK
P BT 0 RT R, EBFE L RBRBAT G A MR RAN

O
n+1'

Int1 = 1+

EFHA n— oo, B R 1. O
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10.

1.

12.

2.3.2 &34

CEH: FF {za) I, W {|zal} ZOARIAFEE R XH: FL2 {7
- B {an} SR, {0} WD, BA Ln (05 —ba) = 0. WEW: BF) {an}

1 {ba} EHLRL, HEFRAESE
o AR BB Ay E SCIERR: B I3 b R BT R R/ D TR —
I, B AH T R ABITRRRAR T R T — .

. 2 3 1
ﬁxn="3_'_5“"'_£,%l"an6N+: Ekﬁ.mj {311} H{]ﬁﬁﬂ

Wan= 1w e 0 € Ny, REGY {aa} B4R

. FEIRE 2.2.6 RERE EAERE: 24 p> 1 B3R {Sn} B,

1 1 1
5n21+§*+"3';+'“+ﬁs nEN-I-'

BO<xm< —g—, Ty, =SinTnoy, 7 € Ny, JEB: {z.} S0, IR EARE.
(&N 2.6 FHME 8.1.10)

2
B an = {%;—,?'—*—] Jne Ny, JEY: {an} KT O

e = (37) (55) - (o) (G )
‘ @t 717 1 _
B an = [(2n—1)!!]' g1 ™€ N SRR {an} HTSK-

(Orik 5 E—BA. TR TR ERHTRE 1141 $RE LA
By L. R Wallis As)

TR, BRI RY:

(1) {-1_+1n_3} : (2) {sinn}; (3) { Vnl}.

IEH: BEB {on} MU BREEFRER —TRETF.

METBRE n B o BRFTB z+ 22+ +2™ =1 EHKE [0,1] F
. R lim an.
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§2.4 Cauchy 485 Stolz FHE

RERREREEETLERER. AT FAEHIL GERELE

Gyl —g— HH A TR BB A EREETHEE IR RER

WA, X THNESRRARENRSGERTR. A E M
B, AVHERNT B S TR AU RERANER SO HXR. HHEiE
bt ] ) 2 HE_E A ROCH) RISHE. XU FEAETRENSHE IHES.

2.4.1 RAHE

B F T IUA- B A e A R R R, TR SR R s
RIERS, AR E RS fE— st IR E 2%,

%8 2.4.1 (Cauchy §1f) % {z.} WHT [, WEHH » TR TNE
(B Be3) e 0, Bl

. $I+m2+"'+xn
lim

R—00 Frs

S T RS ML S e, RFE IR SE S, X
LR E AR A A L BRRERFHFH T
BERERAR

=1,

I1+Tg+ -+ Xy

(2.7)

n
LR, MRS THE—TS | BRAE, WENHEARFEnLS |5
HBIE BT lm o, =1, AES e > 0 340, WA (B4 V) ZEfE—
(B n > N G o) e | fREHE, WRREEEN o, — 1| < e BT
PRLARE SUS s AL

g TpF o F Ty Tat o IN + IN{1+ + T
n n n ]

FEoAAATATHE—TS | ERMNEE BT —3A n - N I, WRSHAR
R n, i n - N, WBE_AANERES | THELT. HXEHFEEHEE
Hohh s R ERRE—NF LMET (n - N)/n, B N BER, XTET
% n— oo B RIHRARLH L.

T (2.8) HFAMBE 2K TUEL, dFRITYGTBHGDTEE
AegiEH, FHit REKED 8 n — oo

FRE (2.8) POBRET SRR ZEAE. EIE N FRER n 2K,
B—Tae S o RAHEE, MBS | Bo&iE.

(2.8)
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{HREA AT N B! XEXFEEIERBA SN RNME N &
BHAR ¢ MRY H—BRIRES c XA ME « BGRRR/N, W—8k
MR N R MG EN—1 s, HERBHRI— N g
T ATIERFER (2.7) MR Y [, BEREE X, REMTEA, >0, 8BF
—A N, {#BY n> N WZERERS | Z220EHEDT ¢ BIA. G40 A,
LFECEHA N BAEAR. T2 RITUE N Q8 EERERNY M, #
B4 n> N1 B (2.7) 5 1 EAHEIE

FRXBERZRBEEEEMTE EX40TES, B N 2EHR, 7R
BEM(2.7) B (2.8) B4, hRBREHE W R B e A, S
LR & FERA N REHE

RAELL Lo, BN B HERIF.

W REEA im 2= THUREERN € >0 BE N, E#BY n> N
¥z, - I <e. BRIFEHAHOT (HF n>N):

m1+a:2+...+mn_1 R R G e e et 2
n N n
s_:|(3=1—U+"'+($N-5)l+I$N+1—I|-i-~--+|a:n—l|
n n
<cHMiro¥, (2.9)
n n

XBH M= |1 -+ + (v - D] B—TRESHE AR, HER

-l [ £])

HARIEY n > Ny BRI AERX

T1+zz+ -+ 2
n

F 1 Cauchy@r@HaiEH LN HHE, RERERPHEF L —
(61 _L- 8y AT A0NEER, ETRLE B B, 4 (27) 2 B BURE B P Ra Rk
B (2.8) FRB_AGRE n— oo (1 N BE) HARRER |, HETLHRE
“EEIA”, T (2.8) PHIH A REXNH T AR, BT R RER
4. FJk, A L TR AR, TR ATES ABRS
HETER TR, HERM < > 0Bl N, M5ea T (2.9) 9B it H1
HHERUE N g8 ERRGE Ny A RREIX (2.9) BB AR

2 Cauchy RUEI7ERF (o} AHREFFH LT KRR MRBIIK (X
R RAE LRy [ K +oo B —co). HHE WK ENIEA 2 —EHIE
W, BLREE A CRERL¥ ST Canchy @B PHEE .

—Ii—f:?s. O
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& 3 SR MBN AR B T R B Cauchy 8T E X KRR {za}
HRME Y — MR, BE R, B e o0, 25— EFAE » TEA
FH{H. Cauchy frBTRER N 24—, WIS 23y, HER
HE. ERREIRPH L Toeplitz E&F (WE_HRSHE 10) HARHG—RF M
B, TS LA E B2 Cauchy MiRBRINE, B A — PRI M A — MR, 2%
BT ENZ RN SEPEX R, XOFETE 47 85 L 3E g hFEEabhs,
A &% [59] B8 5 B [55] 2. AR BEF _ASEE P AL EENEGR.

S 242 (5 Y Stols SE) B {an} M (b0} EFRTIT/ME, 2t {an)

i fE PR R R A, SUFE (BT L AR +oo)
. bﬂ+1 - bﬂ
lim ——— =1,

oS dna) — Gn

W
lim -E’-}— =[.
n—oo (A
I RAARA RS BERE e > 0FEN, MY n> N HHEL
E..__b":tl_ —_ [‘ < £,
n — Qpt,

HFRED n BH an > a1, EHFHE

(I — e)lan — @p1) < bn = by < (T4 e}(an — Gpyr)-
ER m > n, FHHEERTEXFR n @B n+ 1, -, H¥l m~ 1, RIEWHITE
XA ERH W, B2

(I —e)an — am) < by — b < ({ +&}an — am),

LR
by — by ‘
-l <e.
Qp — G
E'L-—E'S-:E. (1
Oy

S 2.4.3 (— 76 Stols FH) BHA {a,} T4 SIBAAIE HITK
B HEE R AR E o)

lim --—-~——ub“+1‘ — b =
n—=0 Oyt — Gy
il
by

lim — ={.
A0 [y
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(A AR Y —— R Stols AL H NIRRT BL R BLIERR L3¢

FERST LOHO (b} RESKE, FHIXERY — i Stolz 278 X
MR SRR AL

EOEX I HARMESES EEH. & >0 FEN, FBY% n> N abmliz

bn _hbﬂ-
_..._...'.!-.1__1 < £

{n+1 — Qg

BTFXHEN 7 F tars > an, XERH
U’ - E}(an+l - a") < bn+1 — by < (I + 5)(“’“+1 - G'n}
BE N, EMERTSERPH n Bl N, N+ 1, -, HBl n -1, RIEWHA
X BRI, KB
(i', — E}(an - GN) < by ~ by < (I + E){a“ - an},

LR

o by
Qn — OGN

ffg3T, TR RIS

b :(1_ aN)'(bn—bN -I)+ bN;IfIN‘ 2.11)

Oy L4 dn — QN n

— I| < €. (2.10)

AT HE-FBEXT

b_"_;
@n

WF lim a, = +oo, FEIE N, BERH n > N1 B, BliL

bN — I(IN

D<1——a£-<2 Hl ' |<.=:,
O,

1t

AFE » > max{N, N1} IR 3

b—"~£1<3e. 0

by

E1 EUE=EMEHTRAR T TANFEE A

a< P o<h M og>0,i=12-,n

g

o I3
PPttt
atat o tan

7r Canchy VAP EH ¢ = 1.

E2 WFEE-RARESR 211) HUSKESSE CRERELX
f7 ERRIE S, o AR SETAMAC L/ M H X (210) HEx

< b
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fit |2 - s|. BT SRR an — ay, TIE—REHER an.

%X (2.11) BAA TELXFEAMHERE RS X ZEREKE. 4 HTRR, B
REEENT 3/5 F1 2/7 Z RIMERR? BUFEER (2.11) (PR LR R 5B 2]
3 7 2 1

55 715
3 EHFTLUBESR (211) 5 Cauchy frEIEH PR 2IFIFILE. W
FE (2.11) P4 by = o1+ » + T,y 0n =10 RN, TTLT2—FF.
F 4 X TAGERY SRR AL L Cauchy i, £ {a.} B
# (HEARERESSNEITAR) 0, |R

] L+ Ta+ -+ Tn
lim

n—oc T
(RTREARTE. SRR R (D 1), Xt LiRRRR N O.

REBE FEX=ARB A PRRRE | BB ST R oo,
Rl R BSE. A 248t Bl

2.4.2 B
BRI ERAE 2.24 (MFIE 2.3.6). TREAECLERTILHNET.

. U424+ nl
B 2.4.1 ¥ an = ———n € N, R {on} B,
B HizH Stolz EETHEMT:
1 ! ! ! 1
- U+2t+--+al (n+1} i (n+ 1)! =1 0O
n— 0 nl N=r00 (n + 1)’ —n! n—oo nln

Ay, 1.

1 . .
HIE 2.4.2 i a1 > 0, Gny1 =ap + —,n € Ny, JEH{ lim
iy 13 2mb O n

i HETES {an) P RHEIEM I EHF. HRAERRHTE R
EHBR o, EBRELR

1
Opt1 = On -+ —
+ n U,

WA 1 — oo, 188] 0 = e+ L/a, EAMERTAIRE o SR THEALL. s
{a.} HEEREXLFXE.
R 2.1.5 /NS TE 2, REH Stolz ERITHNT:

2 2 2
: Oy . Gpp1 — 4y | . 1
e A St —2n 2t g =
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ZE AEEUTLATAARANE (1) & {o) HEXHRENHSE ER
FIEREBRAVEE R an ~ Vn; (2) TEER Stolz ERHE — B HIHHE. MER

- %
lim ——

A HEEH Stolz BEEEAIH (2 ILHIRE 8.1.10 %)

n
B 2.4.3 BEH im a, = a, EH: Jim QLRZ (:)a;k = a.
k=0

—{x

T

iE MA=01+1)"= Z (:)1 B AT R

k=0

n

2% Z (:) (ar — a)

k=0

1 < 1 —
L FE-n
SFte>0, FEN, Y k>N BRI lar — a <& 3 n>NBEE—-RESIE

2 (et > (Der-al @2.12)

k=0 k=N41

MEFH BT AT RE B

n e

zin 3 (:)|ak—a|<s-2% > (:)c:s.

k=N+1 k=N+1

% (2.12) PHE—F AT S Cauchy Sl H AR, HAX BN E—08
SGFRE n 7K BETURAER EHAE d1T {on} Y88 F7E M > 0, #5

lon —a] < M WA k B, TR (:) < %, BT F

N
L n M(+n+- - +n¥ Mn¥+l o1y mMaNt?
Fz(k)lak#aw ( n < 2(“(71—1) < o
=0 (2.13)

m¥ N BEGE, B —XPBERA 0, BRFE N > N, 4 n > N BEGE
—ln— 3 (n)mk—al < E.
2n = \k

zinz(:)ak_a

k=0
A1 EXMEFRERT Cauchy Rrfit LM ik, WA RGEMHE
. WA E—FHRAH 2" = 1+ 1)" IR, BERIEHMRESAE

B IBEAGIT WATY n > Ny BARAL <2. 0O
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A o “HHERMERSENHRAXFFHUNES, TRIEANEEF
B s L, X RTERF T — R R R OTE, AR AR

F2 FEfT (2.13) HERIMET B ELMEBR, EEESf LRET (n-1)
MAET. XREHXRBET LA TR LFREEY 2°, o T FRE n {5
Hitgf#ER-ERITH MR Kt —IHRRKERE. o RERIE
FEH M HERER. BRKEBRETEE L TRREME M e >0 FEN W
RERAF, HABEREMERE N

2.4.3 #%>IH
1. % lim z, = +oo, #EHH: nango -

2. % {za} BN, fim T2 T

Tt

3. % {am_1} T e, {aan} WHT b, Ha#b,3K 11
(R BRYF {an} RE HIET n W%ﬁﬁ#ﬂfﬁﬂfﬂﬁ‘]ﬁﬂ%j'b{ﬁ
R — e R {(-1)"))

4, F nan;o(aﬂ —a,_1)=d, JE¥: hm —aéfr = d.

GBI A3 Couchy frBiy 5—FIBR, LARATE)
5.8 {on} HEHF, HUGHT A TEF: lim (o -a) ™ = A
(&5 Cauchy frEHI LA RBER.)
6. i {on} HEHFY, AAFERM lim —0 = 1 E lim Y@, =1
(B 3AE { ) mmﬁamﬁfﬁﬁm AR 212 f9— R
B. XA R RS A T R EE)
7. % Im (20— n2) =0, WEH: lim — =0.
8. # lim (zn — Tn-2) =0, {8 lim ‘”“—:f’i —0.
0. I {an} BEEM 0 < a1 < L ans1 = an(l —an) (n > 1), FFHE:

Iim na, =1
00

T1+x2+---+Ts

= +00.

= o, EW: {z.} BT .

ﬂ.1+ﬂ-2+ -+ ap

10. % Lim a, = o, lim b, = §, jEB: lim Slnf bt daab g

7 —t 00 1o 0 L= OO0 T

§2.5 HHAMBBIE e 70 Euler BH

FESF AT e RABNEFRR T 51300 — MR E SIRMEN e =~ 2.718 28.
e ERFEUR—RBETHEERRATL TREAR 1.
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2.5.1 5% e HxuIMW/MG)E
BERY e FMRAEE n 085 DAR BNRHF S o BUHXMEEM T

P 2.5.1 MB—ERESTEGFAMNE T SRE—F FAMR T2 5
BO{E 50%, FEABNZ R IR T RS A EEEASRITETFARE 7/2, BB
&, BEARR T/2, REBRMERFRN 1.52 = 2.25 {&, BIIM{E 125%. Bi&
W R i — AR A, 8T FI RN AE A B B4 4 T O8E, BIZE AR [R] T/3 3
{8 33.33%, FE AN T/4 W 25%, fKub268. (A AL LSS AREF LR
BTN T BEAINEAHERE /7

A% T =1 HEfaE. B o &, BIWFEARED I 21, 22, -+,
o, WEFAE Y 2 =1 (BIESAY T). NFSEASRF

i=1

2 h
(1+x1}(1+xz)---(1+xn)a(””1+H “’“) =(1+§1_),

H¥% 2y = = 2, WIS, X3 T7EE & R B0 B AT T LSS e 22 HE
BOAER. TRMEBRSE AMRES] .

()
Y. XAEEEES PRV FE o MTHMDHFE e~ 2.718 28 A A,
B E N S48 R H SR e 171.83%.

U8 2.5.2 DHLER o, WEDRETHY, MBRMEENNRFAE RAX,
WEEREIME? BRHE, ¥ o S BBNHETHIRNER, X2 FHELF
RN~ H. BFHEREFRRE TR o RIS BT
Ll e = 10 Jofl, FLAGCR M DUR L4 R:

10 \2 10 V3 10 y? 10 \°
— — _— . ——— e} . H—— =32-
(2) 25,(3)%37037,(4) 390625,(5)

4 BT RARERE: %43 R E— A M E S o BEEHMHE, EITRHRREX.
3t o =10 i, BARE S BIUEAT BRI R

F UEMESMATRE FLZTEEREY B RITEFERR 8.3.2
rRRER LA b5, BRELRMREL Y S PR B — M RIRE, BIARAY o LR ST
A — ALY B R B, I B A IR R R?

252 XTFH o WERLR
#8250 an= (145 ) o0 e Ny, WO {on) Pl HMELHCRL
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WL 35 {e.} MBETRRE—MHER K, WHERKE L RTEES n+l
A HAER. AR EASA ®E

1 nt1
13\" n{1+—1-1-)+1 n+t2 n+1
an:1+(1+z) < n+1 :(n+1) = Onl-

BT () PRI
SABZALR b, = 14+ P, 0 € Ny, BAFEAE, B3]

n 42
n 1} | —— 1
L, (n N (n+ )(n+1)+ a1\
bn - ﬂ+1 ﬂ+2 - ﬂ.+2 bﬂ_+1.

X FX A n HAER an < bn, W, {an} FEREERMN, LS4 b 5 1
R, I {be} FERE RIEED, LI an BT, BHEPITHFIRHESR A
8n (1+1/n) = ba, FILEIHIREME. O

TER 2.3 4% {a.} 1 {bn} WRIEXENR » R, A F/DRSFELE
frIBYAT 10 2. B (IR R AR o, TEB PRI AN R R

41 {bn}1gngi0

{ﬂ-n}’lsng 10

oy

o 5 10 T
A 2.3

FFREFEFE IR —MUS, BB RE A (2.16).
EREIE {e.} H LR, WHRZHMITE. M, TEHHOHER 4] BF

( 1) 2 1 nt2

n nl+—)+2-—

1+1 .1.1.( n 9 =1,
n 2 2 -+ 2

T {a.} W 4 B L5
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i 2 WEFIEEN e Bl AR, BF
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HL¥E an #l anp WRPBFR, WUFEHEHTAIE, MRS =E, o BB
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ek oz, EHASCRPERAFICH logz . RUBRZEIRIUESR, BRER
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T—REREH ¢ XE2F MR HRRE, TRl e WTHBEMRIT.
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252 I e =) S =ltlt gttt ot
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(2% 32— Bl 1ol BETHEFEL Kb 0 = L SEEME LR
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1
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NETRTPL Y PRI DRSNSy SIS I PRI IOY SRS int
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1
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X 1 1
& 2.5.3 Iﬁgn:e—(1+1+—+ -+ - ) e lim en(n4+ 1) =1,

2! n—o0

i B

£
i '= 1 “
s el = i, —

(n+ 1)
R —g~ R Stolz 5278 (I GE 2.4.2), X8

y

B 1 1 1 1
THTERTTRIN mt2)! (et nl(n+2)’
Al AR R 1. O

AR LA T E s 4n E‘Jfﬁﬁ‘fﬁﬂi
HH 2.5.4 T Rk e BIEFHX ——

< Ep <

(n+ 1) +1) nln

s o]

E Men= Y o AR en>

k=n+1 (

i L RS m > o, g

1 1 1 1 1 1
mitl Ty Tt (n+1}!( TR TS )

1 1
B (2 -+ L) 1— 1
n+2

_ n+ 2 < 1
 (n+DY{n+1) nln

Be m— oo, MBBRMEATRERX O
MR XTI e B —PMEELER, THE Euler HEB3H.

W 2.5.5 BANEH e RIEHI

W HARIERE. MR e BRABY, MVHXN e =p/q, X8 p fl ¢ BEHRE
M BB RRSEIE, X F B R ¢ LUK e M FRBBIFRE R W2 1,
B R EAUSB—DRE] 1/q! o BB—85, R TR &g AEH4

p 1 1 1 1
o= = (1+—+—+?+ ) e (2.14)

AR, e —ER 1/ fBHAR. BN E— MRS ¢ BMTHAE, &

U{E’q'(-q—!a,



42 E-¥% HKAHMR

EHXREA TR O
F1 HB—THE HAEFX

P i 1 1 1
0 — |14+ —+ —F—+--+— —
<q (+1!+2!+ +q!)<q!q

fy &AL ¢ g, MW ek /ey —MEREEA T 08 1 20, 51T E.

2 7 1873 SE¥F R Hermite jH—ERA ¢ RERY, LRAH ¢ N2
BT — A SEOy BAR. X MEB ] LIAE [52, 54] PRF.

ANFERBE GBS T U e HRRABEAEI. EHH e BIELMEY
ATHEFEERFARGIERTZAERSN A HEHE, R XHR

FMEE T MER o= (1+ %) KiFH e 003, WRRF—t. B4

by, =€ — (1+i) ,
n

AMANTHIRE 2.5.1 H3E 1 WA

rnti n v
1 1
T T T T n T

H—p T LB E

RN A
B~ —, (2.15)

FLIE B8 L 451RE 8.1.4.

A {an} 18 e BIHECMER ZERAF ER » = 100 B, @100 = 2.70--, HF
FANERTRE. XB n=10% WF ep = 2718 14, L HFELH TR
EWR. XEMRESAR (2.15) ff5iFe—80. B—HE, FH

Sn:]."l‘-l‘:ll'!—‘l"‘le-l-';—!‘!‘“"i‘%
3k e BRAME, M n = 10 BYEEH sw0 = 2.718 281 8-+, FFE Hif /A%
= HMBIEREY. XE5AR (2.14) B HEiREG TR — B, X TR RBem
H R R RS S Gt 5. B iRt 7 2.

ME ¥ e WM RR—TEEES XFREENRBRERTLUANR
EHI%. RIAE N, B T SR A B R R LAY, STE NI RRBRAE S
EXHE RS FSERIVIATHGEN, 55 EHHE i RRCSEH
T e f @ SR TIMEFERY, Hi545 R IEE R EIEH e +n RTEE
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2.5.3 Euler ## ~
&l 2.5.6 LR {on} B B o =1+
i XEFEAAEFR

1 1 1
In{1l+ — —, 2.16
n+1{n(+n)<n (2.16)

1 n 1 n-1
ol p i 250 gy (142 ) << (149) BEmARAE
AT AR () MHETINZ 2. 1 (216) BB A SRR

1 1
nt1 1 —lﬂ(l-l-"'f"l—){[],
B {c.} PR AR ME). DT HBIERX A% TR

£ (2.16) FPEBAERTE » B 1,2, -, n A, RERREAEAM
b, BBE ‘

1

1
g —Inn,n e N,.
o bt n,ne Ny

Cntl —Cn =

—In(n+1}+Inn= "

1 1
1+%+*--+?>1n(n+1):]nn+ln(1+ ?) >Inn+

n+1"
E i H

1 i 1
n=1+—+--+——Inn> > 0,
2 n n+1
Wl REF {cn} HIEEF, FHitbiidh. O
AR THE {c.) FRERD 2 G, e L i 2.5.1 53R 1 FR
B BIAE A1 E| {d.}, B d, =1+ % +ot _17? —In{n+1},n € N,. iX#}

i dn < cn Vr € Ny FIREAT e (2.16) 458 ~ AR BE

1 1
1 —ln(1+ n-t—l) > 0.
If’_EUJ.‘EZ {d.} E}mﬁﬁﬁfﬁﬁﬂﬁﬂs HE d < ---<d, <6 < - <eg¥ne Ny
@iﬂiﬁﬂ {cﬂ} If:}\ﬁ/r dr: %J‘F‘W'-J E.]Fu {dﬂ} l‘lﬁ[ﬁ:‘]:lﬁ]"ﬁmﬁﬁ.

FRUA B {cn)} HIERFR A Buler ¥ % (2 Euler-Mascheroni ¥ %0, 4

1
dﬂ+1 -d :m—ln(n+2)+ln(ﬂ+l)— -

1 1
v = lim (1+-—+---+?—mn) ~ 0.577 2.

TL—+ XD 2

H T+ bRy iE, #0153

1 1
1+ —+---+— =Inn+7vy+o(l).
2 n
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A XA Enter B BT CMER T LUL RIS A 2.2.6 o9 28 {S.)
% n HKEHEE. B4, 78 n = 10% B3, A
108
S106 = 271{ 2 61n 10 + 7.
k=1
¥EABE| Sige = 14.392726. ] Mathematica I{FEHE, HEX 8 AL f-EHE®E.
Ml gt Pl M EAS

1 1 1
tg ottty

MR EFEFRE. XTI FEREE A IZ% [63].

— A AR RAYERD R Buler W v RTRTEE? R HIEAREF
EHRE. AARR Euler ¥WHRHA “BoRayig” (W [9] 78y 260 f1 262 TT).

2.5.4 @M
i, T =
\/— MAFILHEBRRET 1. 288577
i n _ nlnpn—(In2+1Wn3+.--+Inn) _ by,
a nn!)_ : =B

W Cauchy frifiI% (tREE 2.4.3 /MRS 4 B):

lim (bay1 — by) =1 => lim by,

n—00 T

HHEBE bty — b =nln (1 + —1—) =In (1 + i) ARHRA L O

\/_ { VT } RATLLA 2.4.3 /MY 6 PR
Sefl. XAE @, = _:?1T’ H it R8RS S R 2 AR R

n+1l | n
lim Ontl _ lim (nt+1) L (1+%) =e O

noo Gy a—oo (0 + 1)! n®  nooo

& MAT—ATE 7 PRAFA LIS RF SN X ML b, A
RERIF L (PR 11.4.2).
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\ . 1 1 1
i 2.5.4 frﬁif&ﬁan]ﬂ%ﬂ(nﬂ ey ot 2n)‘

¥ M Euler ¥EHTTHRAEL
1

1
cn=14+—+--+-——lnn
2 n

%ﬁlﬁﬂqﬁ;ﬂ lﬁﬁ E.ﬂtﬁiﬂiﬁ ﬂlﬂ(cﬂn - Cﬂ) = 0; Rjﬁ.

- _! + : + +-1—-ln2
== T T ¥ 2 I ’

P REAR

) 1 1 1 ) .
n]me(n+1 + —— +"'+ﬁ) —nlingo(qn—cn)ﬂ-an_an. 0

& EE BT R 2.8.3 /N PG 4. BAMREES T RA0F
R AR AT (WA 11.4.1).

2.5.5 38
L iR TR R
) Jim, (1 - %)ﬂi (2) lim (1 ¥ —;;)
(8) fim, (1 + %) : (4) lim (1 + %) :
6 Jim (1) ® Jim (1)

FEFRATLUNMA 2.1.5 NHE b b XEERNER. HREHES
R, EHE B T M R T RIEE (BUE (3) )

= 2
2 \" 2 \7%
lim (1+—) = lim [(14———) ] = e%.)
17— Tl n—o0 T
| L AP
2. i k e Ny, jEBE: oy <1n(1+ n){ -

. 1 2 n
3. Sknli’rtéo (l-l-?) (1-4-?“)"'(14-—”? .

)
b B (pn) RESY BLpa — 4oc. 95 tim (14 )

n
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" i+l
T.imliﬁ:(n:l) <nl<e :1) ,

s

= {3,)

(UL X RTASE] lim v
8. WS, =14+224+3+-- +n", neNy. iEM: 3 n22 BIFRER

n“(1+z{-ﬁ1717)g3n<n”(1+ e(ng—l))'

n

9. &ﬁ ay =1, ap = 'n(a'n—l + 1}? n = 2135"'3 R& T = H (1+_)1
- k=1
n € Ny, REF) {z.} HRE

§2.6 BERERMEI

R RARERMERD RIREAREGINE e 5, RIEREL
R o1 = flan) (n € Ny) BB AR XERRRE f 5 n X8
. XREMBFEREN SRS E S, FRERFRMEANE 7
g, K BRI RO AR AR A 2R (— R TR R4 §8.7
W RRRA L. FRSEEFHRBHIEREAR, X5 20 fit4l 70 £
$ & BREAEET RIS 6 AR RN 4, BRI

FEF—%% T Cauchy WHHERIE, Hrift— P AR BEAA R HIE H—
Ry i —— R AT E A, 3 H AR T —/ M i B A B 2 T
k. dhah, BT LET, L. TREGRLHXAE BRI EHILE.

2.6.1 BIE
GIRE 2.6.1 & o1 =v2, anq1 =v2 T ap, n € N WREF {an} BB
BUGURI IR BN —HERBRRR m 2+ /25 + 3
- &

13 A S — P R A B S TR AL )

W ETLRARIE R A SR PR B Y, JRELRL 2 B B R R L,
WB ARG E A ER MR FIN ST E A



§2.6 @3tk Ak R84 5] ar

&12\/5'51'\,"2‘{-\/@“—"&2,

On—1 < @p = 8 = 2+ Op-1 < V2 +8n = @n41,
AL R BB, X a1 < 2 H0
G <2 =2 0p41 =V2+a, < v2+2=2,
ATLEAIYL 2 B ER. ERERRSEF. CHBRRE o ERELAR ann =
VZ2+a, T4 n— oo, BFET o HIHE
a=+2+a.

He>0, ZFRAETERe=2 FHREFERMEE. O

A XENFUESR {e.}] FERMB AT EELE o PHH » HR
AR En st F . FA

V2+v/2<V2+2=2,

BT an f9FRER \/z+ St ot o PRI, K AR
Bids, B an < 2.

15 Qb A eL S e el P % £ S 0B S g b K
., XM BEIIRGTREREN? £F 2 SERHAFRRTARKT RGBT
EREMBME? BEE 2, EWREEREFNRSAREENESTHE
BIERMATE? ET /D FRINEEEEX LR E EiZ 6, BE T8
ERAERERNER R —E R HXENRETHER

LR

BUEE 2.6.2 H (3o} 1 b1 = LRI buas = 14— (n € No) A i
{ba} 9 BOBEHE, FC AR HI SR

B REREED) (b} W ol b MBS AaAELA RS n — o,
RBE LV -b-1=0. EHEM: Qxv5)/2 HTEREHNHE AR
b > 0, PR AR R, B HBER b= (1 + v5)/2 ~ L618.

EB¥H (b} T by F buya HXE. TUAEBHEARZIE bue =
2—-1/(bn +1). A F EFERKEHN b WHRERX=2-1/}0+1), KF

by — b
TN

AT by, — b F bya — b BRESH. FAH OREMME 1618/ b =1, b, =2, &
HGEITEA k B box—1 < b < bay. HIEWIREHE

b — b = bﬂ - bn—ﬂ
T+2 n = (bn i 1)(bn—2 + 1) 1

busz — b (2.17)
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HHRHEBFIRETILI b = Lby = 2,b3 = 1.5,by = 1.666..., AT W, {ba-1} 4G
BRI, (b} PHE R, WHE

by < by < ---<h< - <y < By,
S E TR 803, B ENHRFERELR baye = 2—
AT LE NS R AR b FH) {b.} s F b O
A EMELE B A5 Fibonacel HAH K. il Fibonacci #34, 12k
Fi=1,F=1F=F,;+F,ncN,
BEMEF| {F.). EMRr+mmg 1,1,2,3,5,8,13,21,34,55,89, 144, B8R
T A AR T 1T e e ZE AR IR, HIY Jm (Fayi/Fn), UL

1
by 4+ 1

H14 n — oo,

Fn+1 _ Fn+Fn—1 _ 1
- i =14 7
Fn-—l

AT, AR E— B R g Ot~ 1618...

RERESFEXHFAME: L RR B RELRET A A% BE5 b
b AT

LEr L SREHMAE - BEDF LHBESERN BB Exe
AR AL — B R e M8 (6] ML, RAECTH Bl
PUFRYRDR &

by < bg < b < --- < bg < by < ba,
RIE (FTRBHEH) FEM: {bor-o} WTAREEIRIEIN, {6} WTREEATRIMAL. UEEH
FYRL, SR b, BICRERIRYIR bnio — b H byyo — b HEE, BB L REIE
BFAMrEEERETRD (MULERSE D) HRRAMNBAE. E3XAE
oAy P RgNLEARIER S B REEXNNE Pln) BALHEE
ek, W T2 IARE. — BIEN R, raER s T . (H B BRAY IR
Bt mE, EERLE TR R — RS A A ILTRRRLE 5 diskns A
RATTARAT, BT RS, BME BRI AE 2 HE. £X—4 iR, BT A m
¥reenaks. (HER EHee R e FURIE I R — R AR Tk, BT
BT AR R, (TEERIRLZh 2 B Al SCLi s e e, JnasEat it
RILHEH . AR ESRER H R RS R A R E R, 7 Pdlya i [45]
R REREE. RHH 44, 46) —k, BERXBFBEM =BT TS E
FEIX 7T B T A 225 Jrift h R (48]
Lhr b, FERMEPHRAEE T 2R R REONR S E A Mtk
BT, S TR E A0 A R R RE 2SR (AL
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2.6.2 BRESNLEHE
FFEEREPH ST AR AEEE T a8

ﬁiﬂ 2.6.1 (%“E} et {-Tn} i ERIR AT, In+l = f(mﬂ)! ne Ny, =
ﬁ n].—uv:go Tn =&, Iﬁﬂd‘RﬁRj

lim f(za) = f(€) (2.18)
IR € —ERIR [(2) = 2 B CXRIFF & HEY J WREN).

XA AEERERRR AL, AR RIERAR zon = fe.) WHH
& n— oo ME. S LEFAPEPHEXRUGT. AEPEAE 218) £4
T REEE SIS THRY f 4 ¢ SERRETANHE gy
Kfk. (WBEREEFHPY Heine L FAME, BY £ 5 o LESH T
S UERHERBMEABHT o B¥O) (o), BT Im f(an) = £(a))

AR FAD IR 0. BRI 7E T A O B SRR, 2 BT, BT
DUEERIIE [(2) = o Rty R B R U S 2 SR
Bk, B0, MEHE F(o) = o ERBRBEE TR, WA ETTAR T
Wi S AR O R R (RATTHIAO PR 2.2.8). SUAEE -1
B 2.6.2 1, —FFHERERHE b, SRR EW ERRN. RN SEREERD b
BB,

KFERERETINE A RRE TN REE nREEEREL TS
¥ F RRAEY, MARA B R AW RE RN (1) T EARAEA, (2)
AT A PUTFRIRRECH T2 4 ) 2 R 8aY, T AR BHRABIRE F
%k, RS AR REFI AR E RIS FX R ZHRET 1
. HEEHPRAEREFIM S, wABRETHR (XE T 7fLUGH).

@ 2.6.2 (F) & {za} MEXR znp1 = f(Ta),n € Ny, HAHBH
FHERE T B, R {c.} ME—SHERE I, WEHRRAFRE: (1)
W f R e, {o,} HRIBEFL (2) & f ABERR, {z.} TR
{Tak-1} FI {zox} F10 REEF, BB H A 2IHH

W 4B e Y R R

(1) i flz) ERE I LRFMN BI\EE H 2. € Ln € Ny EEF
GRTFN. W 1 < 22 = flo), WEH 72 = flm) < flza) = 23. A¥FH
gy, 3P {z.} SR, TR ATLUEN, 1 21 > 22 B B
{zn} BB
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(2) ¥ flz) 7ERA I EHEERD. B8 EaE8 f(f(o) HRRFH M.
FERg iR, R a,bc 1, a < b T H fla), f(B) € I, RAE f(f(a)) < F(F(D))-

MEE oy 5 zs. MR o1 = 23, WFF {zo 1} AEERED. WMFAL 21 < 23,
M f BERYRE 22 2 24, RIEHEY 23 < 2. UTFTHITREXEE B
P R THE X T {za—1) RIERI. BTEH f 2EHES W
Top = flTok—1 ) k € Ny, T F {x2n} BPFERED. X+ 21 > 23 WiTiRTERR
fel, MABE. O

E OREMAIERAPES, M AR E R — A BRI, (D P
B {zn} H R R IR EN, QAR REYE: BUE R AL 5 0 (HBF, =
FrRE - SR .

PAMFRLRER, MRERERET {z.} BB S 09508 X R AT EH
ARG (KA T A LG ), MRS (1) B A, THERSOL (2) B3
AJREWCRL ATRE R, EFEANTH {zon—1) F {zae} W—REW HILFBR
B P XA T3 SRR R AR, 2T 3O TS (AR 0L AT LA R i R i

W F Bk (Al R, A A PR B I R AR . R SR AR
T bR R v = f(2) MER R 261 PRAFHERR™ER y = f(2)
MBS y =« E. M PREMESRH FPEREEREERE. X7 MmER
otk I BRI, EEARERREIHE, T BRI T4
Bl EE—MRERAM B —BkR (cobweb) TAFE:.

¥ Y

I

1

1

|

b

1

1 T
1 1 1
1 | |
1 4
L ]
7]

o ——

O i1 2 3 I O ai a3 a 04 ﬂlz €Z
(a) (b)
E 24

SEEE 24(2). EHPHHERERR v = o). EREL y =« SN
BT o BB £ ARSI B « B ERRWGEHE o R EEFTT v
M EL, B EHE v = f(2) MNP RIFRE 6 = fla). KB —TH
HRM ERZEETTF « INERSER v = ¢ X XPXARBERS
BRABR ax. FEERRXN L SE—RERSHMTT, HFHES « BOZSH
B oz KGR, T Bk LAERLRT S —2.




§2.6 Wk AERHEF 51

TEF 2.4(a) DX AT IR ARSEEULS, RILLE B, BrB e SR 2R I
XEME 26.2 —2 EHREU o HHRE. LAEIHRSLXUHERIISIEESE
FrortriE . BEL 8 LT EE 7 R LAV R 1 BBk LR AR R Y.

HE 24() ey, BT BRLTEN 6. =X R8T, T f
S o WESEN R RGN 2.6.1 fyEERRER.

S8 2.6.3 % o & flz) ARSI E, BE f F o HELE EE o HEE
{(a—ra+r) PREREAEEE FAEREA (0 —re) 17 flz) >z EXH
(a,0+7) BH fz) <z, WLEEAREROEFIABEE—FE (e —ratr) H,
HARET o, MLUSREA S0 4 R, W ERLL o o3 R A PR B TSR

W AFAFTR, f 78 o WFRNEE f(z) # «, Bt f £#EH (e-rae+r)
L ATREE M AEE o RETEABE e € (e —ra). A F BIPHERIANYE
fMa <aBF a = fla) < fla) = o XEHERF (2~ ra) LHFHLRMEF
flz) >z, WA o2 = flar) > a1 EHEFREHF w1 <02 <a.

¥ AR ET LRSS {an)} TEEERKE (@—ra) P, H PR
W BT e e B R, EHS TRRBN%ERE (ana) € (e —ra] /.
MTFEXE o BYE—ASE, HRERR o NPT LEWH, £Min{E
a1 € (a,a+r) B, BF| {an} UL o BB H PR RBERAEN. O

— T, MBREERE (o —rae) b “flz) > 2" WEHUH “flz) < 2" T
REH AN S AT, R SFT{E o1 € (a - r.a) B, A 02 = fa1) < o1 XH—
¥ LIGERZ R AT 2 (o - r, ), (HEEX Z BT R R B 18 MDY,

B, YR [ EE o BHLPRIEE R, BT R E MRS, B
EEE RN UTE . XHREE 240)F R REHL. ZIEEF {e.} 8
FoH -3 AR B R 1 B, T RO TR R R A YR T SR R
AR f AR EFERT ARG o KW R f WREIN—EHRGA
17 (iIF 7] B O 5 B B A0 g ).

BT LR - — /P RB M RAITROE 2.6.2 M RREE—F
ROITE 2.4(b) BREEAERE, By fo) = L+ (/). BiE7ERE SR &kmL
YERE. XEER RS S IE 2 ST BB ERERED — e RFE &P
piES (2). MTFRRREIACHERESHIEATE. XTRENBEERN
¥ HaE— R, PEIE & BAEE 2 g B 77 BB 3,

L AR B0 6 T i A A B Y — S B R T B B S K R R Y,
e RSN AT IR . KB, BEAZSREXEN R NS
HAHEBWRE. 7520 A 70 FA8HR, FFHE A ERBPWEREE
R, TREEHEEBHIAREZ — EXEEEE, YEH v=fz) BEEX
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Fo¥ Ry

i IR MR, SR AN BP RPN AR S E R R A E R XA
SMHL, REREREAXNRA DA E L AR ERGTH. &
MAAHRE T UREASER R M. May fRWESCE [39]. BOCRIET BR4E
REFNEEWF ., FrFfMit St ERE, RTETREPrRER
RBEISFREaiREb L EAasiRlei kR LREERNER.

1.

A

2.6.3 #38
FELAT B R R LT O i, S AT .

(1) Wa>0, 2 =a, tny = m: ne N+, K Ji_)ﬂclﬂmni

(2) a>0,21=+v0a, Tn = V6T, n € Ny, * n]j_}ngexn-
(XFRAMEARLL, B AT FERR. HE (2) FERRNEERE.)
B A>0,0< by < A7, buyy = bu(2~Aby), n € Nop. JER: lim b= 472
WBH b >4 2y = 3, Tar = bra(l — ), € N FEB: {z,} BEL.
Bz = b, o1 = 3 (22 +1). [8): b BTERNED) {2} Yok, HRERR.
B 70 = a, Tn = 1+ bpn_y, n € Ny R ZEF WS o,b WIFEHE
(A B AR, MRS

(W FEREERN2ETHR) RS ERRE 2., RIS AZRERE f(2) = ax+b
& RIEREF {zn)s B Tagy = 02n + b R EZFRCT

(1) BEFEREEY, EXFIEMPGRE 21, {zn) SRR

(2) —REFERESH, EXFEAMRIBRE 21, {2n} BREHE?

(3) REMFELERY, XM T AEMIGHE =, {z.} BEBREER?

(4) BEFERERE, FFRERGE o1, {zn) Bik, X FH A3
Wil 1, {zn} RHO

Bt {2} HIEROL LR 2+ <2, e Ny G99 {on} W8 363K

HARR.

A
. &A}O, H | }U,$ﬂ+1=-l_ (£En+-$—*),ﬂ€N+,ﬁEHﬂI lim z, = VA.
o

2 n
(XRRTARGTER S L6 LA LURRX Tl saE R fhin:

Zo1 — VA= ——(an - VA < j_ﬁ (0n — VA,
1

FIAEAE [2n - VA| = & B8 n RiRE, WEn ROKHEG cap » —\/—E-Eﬁ-
HEAK, BB TR I—F)
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. zn(22 + 34 )
9. TﬁA}Ga :I!1>D, Tntl = é$2+A },HEN.Q_,TiEﬁﬁ: {xn}qﬁﬁ:f. \/;i

(XRRFITHREY B—TRERE. FEE SRR EMIT)

§2.7 MTHFAYEIN

ABIER—ANTREE T2IREMEN—EER, R TP EHTIL
TR S, RAE A XM BEEAIRE EE = PEH TRAS S

2.7.1 BIEH

HFEMEHER R ZH R AR, BREEROETHARE, BU IR
SRR BT B A TR 8. A & — TR, W RBIRR 5
RSB ELER T &P U TAEEERN ETERY FE IR AR
%, BEMEAEE B B SENHE.

L OFIRBARE X TR B B I AR S IR R AR R R
WEYIERY E, B AT SR TR R 5 X R R HE . SRIE
o, SO € — N YARRANSER, RERE LEET,
EHFLBERBE - LHANE LFEXRERAETHAS By
UM BT B T A ERTE BUR AR B, H— MR IR BB
SR 6). ERRITRES TR, W RS T R4 B e ey
SRR 5 AT R ST FOE e i T BN, A B — e AT
FIE Y TR0 T A, I 1L 7825 B AR I B IE 8 S0 P 2.

2. FeL HAHEHEN ERAUARE {an} REETE X, B AT (2.} THA
FRTWH o HEXL. ER-FRR—FF. 55 {o.) TURAFY o B,
AT RO, TR RS, ERETRR o

3. MTHAREWES (an) Tl o, FHHPMCRE T LRIE Yim an = 0. XEE
TR T E M. REGULXA BB, B — W E R T %
R BB AALE R, BT AR R R AL, R T
2 PRSI AE R, XS 2 A R e G P AL BT R 4 .

4. FEFR AU TE R A A A A, R T A &

Inn&«n <a® <ol €n® (a>1e>0)
XBEEFRITRRZFOILG < R on < b, TR {an} 7 {ba)
RN AR ARLEE lm > =0,

n
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5. Cauchy frf (H] i 2.4.1) BGRAIE R IER P BT RS Jr e B 24 fE 9 4
BB R ERER. e SRS E LEIMR 5
REF ARG SER R (MRER S RRANEREETX), Bt
FEBT [FIAY %3 o] LLRAD. dnea ) Stolz FH 4 IEAT.

6. RTHE e, v MU EBBFI AT AR T B BRI E MATEH.

2.7.2  HEHEE

LA JLABIRE R R - ST B R e E .

B PERRE REEE . ERESR T RFERTERE [ HRRY
£ FREXREA, EREEEMRNGTE (SRS LINRER GEH
M)

I 2.7.1 FHF {0} BT ER o > 0. EB: METER ce 0,a), FF
FEN, HBY n>Nf B e >c LA A[HFRe=0fc=a?

THXR—ESHNAA, T HEPRELNS N TFE M TEERE.

1
2.7.2 iE# lim

B OIS RE RN TR (R RESRATERA):

1. AR (AR TESE Vel > VA Vo, B EATLEE LK.
2 FREFRMETERE Vol > = Vn, dBEIELHK

= 0.

1’1

3 % e < oo TEL <o mERACABER In T =0
(¢ > 0).
4. 2T Cauchy iR (A 24 WH&HE DZJE, ATHUEAFRL
1

1
Tttt —
mfg 2 .
\,-" T n

X R— DR

n 1

5 W Jim o =T { vl
FESE T RIS AR ERT S T B iR S o) B R X E .

. 1 1 1 a1 )
$IEE 273 Wan=1——+———=—+-+(-1) 1?,nEN+,ﬁEHﬂﬁ

2 "3 4
5 {an} Hr

b tesas it () B0



§2.7 MTH#HEHER 55

X B HEH T LA

L ATEASGIR SR g i LI, SRR

2. WlEg SR LIERR: S AT X RO R R 15 5 S RO F A R R

3. WL SHRAEEBEKEA ELECRERFBXA 2B, waTkd
FESTRR DR e — 0 F RN BE P

4 TUNB-TIERRIMKAR (Catalan HEA):

oy =1 2L 11
n = 2 "3 4 m—1  2n

(1. L ! of 1 RS
_(+2+”'+E)_ (?+4+”'+2n)
Y S I W T IR T 3
o gerred)- (e

1 1 L1
ntl T mx2 T o

XEERR AT DA E ISR 2.3.4 F1 254 BEEEN, BERHBRE.
5. FH[ S THEE S EP R R AR E.

KT B AR AR BT R BT AR TR
PIRE 2.7.4 ¥ {z.} 3 re N BHRE 2-24)2er =1 iE8H: lim z,=1.

A SRR ROR B BrA ] AR S A (E R DL TR (20 = 2 RATTHERY).
HEAERE, X B RN U TILH BB E2 AR M, HaRERFihe.
L. 7E 2.6 T4 Fe LT AR SE B A IR XA TTRINIE, WH—2
ReAEtH BEL f() = 1/(2 - =} MIEIR.
2 ERB gn = 1/(1 — ) ERIBA B R v BIFAA, RES n - o0 KHY
{yn} BIRRRR, FERH {zn] #IHRER.
3. R EW LI o1 HERE 7. HFEER, BFL n - o KRR

2.7.3 SEH

H—H &
L. & {ak-1}, {azs} F {aze} FRUCRL, EEA: {a.} WL

2. % {an} HH, HERFM an < tnyz, 0n € Gnyas, 1 € Ny, TE0: {an}
.

3. -& {an + if-'5n+.‘|.} fT'c" {a'ﬂ + an+2} %Bqﬁ:ﬁs ﬁEaﬂ {an} I{;{Iﬁ



56

Fo% AR

10.

11.

12,

13.

14,

15.

16.

17.

18.

Gn41

B {an} ST 0, WFERM fim |2 ) = o R < 1.

e f k CLa 1
'&ﬂr;:Z( 1+F—‘1),HEN+,T1‘%.“]LE&3G“-

k=1

B pln) FRAESEHE n BRACH MG NS T 2 o

W ag 01,7 yap EPp+1 A ERY, HE R aotar+---+ap =0.
ﬁnl;l{lgo(ag\/ﬁ+a1y’n+1+---+ap\,fn+p).

.ﬁ%:§0<k<1mhgam+ﬂﬁ—nﬂ=ﬂ

(1) 8 {zn} WAL 2 yn = n(2a — Tn-1), 1 € Ny, 7] {pn} BEEHT
(2) FEE—/DEP, #F {wm} B ﬁE%ﬁ {ynt WK T 0.
(1) BEHF {on} WEKM lim - =0, JER: {an} RIETLHFKE.

(2) R EHF) {an} BREME lim On 0, E8: {an} -

o0 Gpt] + Gnp2

B () <nl< (5) BRI ERY 0> 6 R

ik BE: (-E—) <l <e (%)ﬂt
(A 2.5.4 BB SEW:

(1) n > 2 WAL

1 L]
SRR TH +-;1!_+n!n—3_ 211 -2 nlin —1)n’

n

1
fE&E: TEDITENCED

HEY e e BRI LR TS,
k=0 ) :

(2) e=3—

, 1 1 I - N '
&a“zl+ﬁ+7‘3—+“'+ﬁ 2v/n, n € Ny, JEHE: {an} W8

a1+ @g+ o+ an

B E R lim
ﬁm:mmmwﬁz1

*E%HE&%?=&
BHEMnH Tn < LH (1 - 20)8nt1 = —, VEBA {2} S8 SRR

An—1+ Q-2
Ba=ba=cEnz3haed a.= *]2 T2 EN. R 11m -




§2.7 M THFHEH 57

19.

20

1.

2.

3.

4.

#oobe REMAEHER. 4 o =ab =be =c, FUBHELTE X
br, + + @y @n + b
Qnt1 = ﬂgcn :bﬂ.+1: fn 5 a1 = 2 ,ﬂ.EN+.

REZAHHN B

, 265,bn .
(Y i ar > b >0, 4541 = Wabn-i-l = y/ant1bn,n € N, JERR:
T T

{an} F1 {bn} W BT R —RIR.

(2) 7 ar = 2v3,by = 3 B, {EA LR E T R AR AR o (XE
AR AR lim nsin L =mn)

(EEREESHIE 2.3.5 TR Jh LXEE R R 389 Archimedes-

N RMEARER (BR 4). £ (2) PRFENEE) {o.} M {0} BER
i B g SR R IE B I A S (R REEES n KIkR).)

F_@eEH

iﬁﬂn=\/1+1a’2+~-+ 1€ Ny, it {an} WL

B 3t s R (14 1) >3 - o
AHE R lim nsin (2nn!e).

1 1 . ~
LS =1+5++_—,n€NL i K, #rfl S 2 n MR/ TIR K

- Kn-!—l
B Iim ———

\ 1 >, fm .
: &zn:ﬁzm(k),neN%ﬁéﬂomn.
k=0

Ammaw (p) (1) (1) mscrwshoumes s ey

Ay F G, W8S (1) Bm $/A, =2;(2) lim /G = Ve

D3 A=) ap, ne Ny, BH {Aa} He SCF — DR I IE B3O
k=1

(pn}, BN ERFTKE. iEWH: ,}Ln;c pia1 + Pzﬂzp-i- ot Pela 0.

& {ﬂ-n} iﬁ}i T}Lﬂg‘:(anza’?) =1, 'HEHE: lim ‘\‘IV:;“T;G{“ = 1.

1 T 0
BHF {unfnpo M FER n WEKMF

x 2 2 2
Un = mhflm(u'nﬂ +ap gt i),



58 Fo¥ HARm
SER: BAEERERE I (u g+ ), RBRE v =0.
10. (Toeplitz EM) {EX n,k e Ny H o 2 0. ¥F itnk =1, nan;ﬂ tni = 0.
k=1
FOA m o =0, BX @0 = ) takax. B Jim zn = a.
k=1
ULEERY: (1) REE D toe = L BN Jim D = 35 (2) FER tus 3
k=1 k=1
i, 3 (1) PRIRERHTFE M > 0, FEMEDS n, REAFR [ta] +
11. B Toeplitz FHF 4 Stolz FEHE.
12. 0 <X <1, {an} WAT a. IEAH:
ﬂlingo(an +Man_1 + Aap_g+ -+ A ) = i fi R
13, @ lim oo = O, SEEFFEERE K, (518 ] + lwal + - + lval < K XA
n AL % 2n = 21+ T2¥n-1 o0+ T, n € Ny, BB lim 2, =0,
(WA R BT lim gy = 0. (BT H AT R UL 244
Jim x,, = nlLH;D yn =0 REERE
nl;i-»nr}.g(zlyn + Tt + 0+ znyl) = 0)
] 14, ]‘,i Yn = In -+ 25'3”,4.1,‘?1 = N+ ﬁfﬁ % {yn} L&ﬁ{a ,[[IIJ {xn} &&ﬁ
15. EHANEATE a0 Fl an = 271 — Bap_1, n € Ny, TREHF {an}. K oo IFHE
AGRIE, EBEI {an )} BIoH R INE.
16. ERAEF ﬁ,\/?—ﬁ,\/'r— \/7+~ﬁ,\/7— \/7+ VT -7, B8 9
KERR. 1 \
17. % 40 2 2, ¥ :yﬁ_l _-Z,nze N+ B S = —y;"‘_ o1 o Yoli " "Yn
NI -y — 4
JIERA: nlﬂ:goS = 5 D .
18. 3 7, = ¢, Zner = o®(a > 0,6 # 1),n € Ny. WETHREN R

f(=) =a® f f(f(2)) RBER TR SRR, THREG (=} BSGHTE.
(1) 7 o > 1 BAEREK f(z) = o™ SLIFHMN,

1
(i) Wa>e®, W f AL EH: AR c I, 85 {z.} BRH
I DA SE 2T KR’



§2.7 F-FHFdiptil 59

1
(ii) fa=e® B FIOFH -TASE EW: X c<e R {za)} B
T BT e, T2 ¢ < e B, {x.} REFHMGELT R
1

(i) W1 <ae<e®, W fFARNAEA BIE 5 = c WA, LY
B {wn} BySEA:

(2) O <e <) WEHM flz) =a” BEFD, FEME-FHA.

() e <e<l, MESHY F(fl2) = HE~TFEE. E
BY: 35 {z.} W, ERFH {z2x-1} 1 {zar} BHAEEFIH
A9 IR

(i) W10 < e <e®, MEERYE Ffx) = H=MAREE. EW:
Bk z1 = c thIFR f MUARSE, BWFH {zon-1} F1 {zan} 25
YRR T AE AR IR, 5 {z.} K

(X RXFRAERBF —EHE A Euler FHBHFE AT C LR
R (ARFEZEEEN), ELEKF A 7 87 # (1981) 235-252 AR
MAG, FPE EFH R HENEHENAERE, EOELHREN
T Re, BEEARRLRAFERN, EASEBRT YRR f(z) = o
F(f(2)) = o MEEM ARSI R ABHITE. XEEEAEZE T M EEN
AR (I 882 /NI A 17, 18). Hhoh, MARIR e ]
PN EALERARR &, A —RERBI )

19, BEM b >0, 2y = —;- Tn = b (1 — 22),m € Nop IEBEBA R4 G4 F
WL b > 4 BB R 2.6.3 A EHEE 3):

(1) 4 0<b< LA, {2} BRI RHT O,

(2) % 1<b< 20, {z.} BiFRANF L - %

(3) HL2<b<3 Elﬂ'l, FH {zok—1} T {xox} BAHME AR, BT
A—HR -

(4) % 3<b<1+VE ot FF {zor_ } B {20} HAME MG, HIL
HFA[FIR R

(GXBER 20 e 70 SEATHURERMEPHERREZH UM — B
& flz) = bx(1 — 2) B FH Logistic BL, MPRIRATE. HX BT iE
R UBR IR EEWE ARG T (Bl [39, 21, 38]), MHFIF
LB R~ EEERAE. BRAXT ENLAMRELFTRATHE
iy, (B0 B4 MR R AR TR, ENRSRMFN. i B
5 RFAREBRD, SI=FHHR T 21 = 05 HrdBuE B3 {2.})



60 F-¥ EAMR

WEEIARS AL WEE —fFRERRA 21 =05 RENBEEWHE—
ARMR 2 AL R b1+ V50 F

1 1+ +5

Lop—1 = '2—=$2k = 2

W RN FHEAR SR — TR 2 HE.)

Ty + By :
20. %EE Ty, 3 En, é} 351) = t—i—‘:'i} = 11 + 1y EEF Tp1 = Zy. Uﬂ
(k~1) (k-1)

,kEN+,

Ly + & _ N
QHZH{_].E)\{_ xEk] = 1 2 — , 8= L n, ﬁqj mf’tk-}—ll) = ﬂ:g‘k 1)5
k=2}3!..._ -EEﬁﬂ
lim zt® = Tyt F Ty
koo ¢ n )

(RRESHME, ATAEiE n = 2,3, 4 RN AR SRS BELHH
& TR RBE ROy LRAYEE)

§2.8 % FHIURMI—E IMBHE

R E a8 AL EERRERSE, RN IERIEAE, Bt
o 42] BYE R (MFRR). BRI RIIRR A T IR 4
R, B 3 e BT RIFRRF RE R #HTH R2HEmENiTie
HEAG g RAXRER, £XFETRAERERE, HXERR s
FHEHAM. FWRRIERT E R EHRREE B 42] frfeHEmi. # AT
IHEK ] IR B R B R e A RS T . R T TR R
WAREARNE-ETLMHT , FHEE BN UREE ENEFE
i fE RIR 4.

2.8.1 HE—RIER
IR 5 Ny SRBRAY e-N 2 3 WS (1), frRaE R Sk,
—\ BFIRMRET e-N EX
L. nl}&zn —aBIEN
REUTRGR: Ye> 0, IN, VR 2 N F |#n —e| <&
ELW A (R 30 E ).
JURE S Xt Ve > 0, 4K Ocle) ZSBE RE (2.} PRHRM.
2. X4 X #iTie:
(1) & R/ R T, B T2 BTN FMIER o L. HW
‘e 0" AR[Erl “Je> 0" “Yn 2 N RU[ECH “3n 2 N7,



§2.8 % RPN — 0 MR RE 61

(2) H4E « MELHY N R aRM—p st E RITHEHE N =N, R
Rk N IR Y o Fka, BHFAFRIERR L 2 P HER%E
AHBD AN N=Ne) FREEER.
(3) FHRAEE X “on —af <" BN “lan —al < ke, B k5 e TR
BIEEED, il “YmeN,INHEVYn2 N, F iz, —a| < 1/m”.
3. MOy — R
FERBORTERN A, BT o, —al < f(n) <e Pl f(n) <e BEFFE
Rety V.
P11 s-N EHIEY i Ya=1(a>0)
Bl 12 ®e,>0(n=12) 0 mo,=a>0,b>1 i N FHF
] n],El;GlOgb Tn = log, a. nm

—L g AR 0
1. AR PR ME—4E.

2. lim 2, =2 &= z, - a=06{1) (n = 00).

Ti— OO

3 WAL ER. (BWEASLET)

4. MMES.
BIEE 21 FURSHFIIHTR lim {22 V2 (0 BRE).
=, REGIE

ﬂ.ﬂ

= 0 (RS @ #0, 0= 0).
nC

—=0,Hfc>20,a>1

1. J e-NiFFIEW lim

2. Al e-NiEHIEW lim -

3. 4% lim 2, = a, REHA N FEREEHR, TR N 5 < T,
BRSO {20} RE—ERWEHON MBTFR, LR ERAIHE

4. (1) EEEHGE {zo} PRI MR (AR EREL).
(2) FEAE Ve>0,IN,Va,m2 N H |n - Tnl <" HENE

5. HEBE: 458 EE o BRI Os(e) hulbie R TEA A S

M., RRAIERES i
B 41 & lim 2, =a >0, iEBFEN, €02 NN, 2. >0.

WA 4.2 # {z.} HEHF, B lim 2, =0, FAREF e > 07



62 % HFMIR

(GRiE: FE T —TEe, WESDEN. MEE - MERUARELE TR
. ERHEHCE: R A AR, R, FR RN, RS

BlEE 4.3 i A B RF T EEHE, AUB =R, XL ANE—ATREH
F B iy I0E, i sup A = inf B (H BATRIEM LR

2.8.2 #-x>ER
MGE &0 BIRBE =N FF GEXIEIHTETIE), $3EFR
R E N, SRR FRATH TS,
- JHE
1. 2, >0,0>0,a#1, EH: nlingomn =1 & ﬂllnéolongﬁ =0.
(FEtb— - RANEE T BAR b, BE A A E, DULTNGRFE EAFRIARE T, i
FIRESCEASRTANZEERLA.)

2. % A B HIETHERE C={s+y |z Aye B} ik supl =
sup A + sup B.

s A TEARE
HRE KR, AR (TR 57, REAR, B5 /MR, W3, Xais
TR, B E L RS, W LR ST E  URRE L,
BOZE ST S R SEAE TR B R . (UM TS BN R R
By, B IR R R R R A
=, BSERIa R (I0)
1. JeiE g
2. RSk
/Y., Cauchy iy Stolz EH

5 FRE AN B, WA, IEHEABTE Y, EXEIEHTERS
BAKE TR IR, X R RENSREA, BEEEn .

. 8

1. i lim z, =a, 1r11111.3@@;,3 =b, ME lim max{z,,y,} = max{a,b}.

(R max(zn, g} = 222 + Z2 W ngEg)

2
2 Wax>0,k=12-,m i (BB EH):
nli_.ngo(a’f+a’2‘+---+a§)% = max{a1, 4z, ,Gm}.

1
14z,

V5 -1

3. (1) iﬁ: Ip— 1, Tntl = 9

ik lim z, =
L — o0



§2.8 R THAMIL i MRKE 63

(2) & {F.} & Fibonacci #F|, Bl Fo=F1 =1, Fyp1 = Fo + Fayy

n=1,2. M lim — 2 = V-1 o6s
n—oo Fni1 2
13y" . F,
(e (1) AU 0 < o —al < (5 )l — ol £ (PE L 20 = 77—)
4 (2.5
) n—rngo 5 4 16 20

\ 3 5 17 2211' -+ 1 1 241'1- -1

= —_— raa | e — )
(1‘& In ( 5 4 16 92n )5- ﬁl] (1 5 ) T 24n )

5 i 2o =01+ a2 +---+ an, .E_ﬁ-n]i_’ﬂolnmn:as ﬁEH,E

. ai + 2a3 + - +ndy,
lim

=00 1

={,

6 wO0<A<la, >0 (nzl,Z,---),H_nliﬂéoan=ﬂ,,iEFﬁ:

lim (an + Adn-1 + A2Gn_g + -+ Aag) = 159‘., .

(FTHE%1R o = 0 HITHTE.)

F RSN —ERNY. EHESED, EEERL. M. B
B BT SEE BRMBE. B EA TR I E SR N R
EERY.

75 BRESR

1. 3% hm (A+ 207 4+ nd™), B A < 1,

n—o0
1 1
23K lim | ——+""+ .
jiﬂ-—-bm( vni+1 vnﬁ—i—n)

3. i® b, >0, lim b’:_l =b. §EHR: lim b

i Te— o

(b= 0}, I %E; b > 0 B}, FHE)
4. JEBH XM T JLH{:JLO Zn = +oo B Cauchy il

=b.

283 H=HITA i
WSR2 Cauchy MBS T7iE, M T, R lim (14 ) =
—. I

L f5i TR AR 4



¥ BIMIR

(1) BRitR
" 1 1 1
nl?éa((ml}z T 7T (zn)z)
= fim e+ lim fim e
S TmrIE et 2E Tl Ty
=040+---+0=0.
(B PR Wi sy I i SRR )
(2) @ fim b =b, W lim 2= =1 (%A b=0 HATHAME)
3 lim o | 1 I - =0
()nﬂF_nﬂ“Eyrnﬂo s pramil
(nk (n+ 1)  nk
(K] Stolz ERELMRRFMARTHRL.)
o A L 1

(4) ] Stolz I, Jim-

nk+1 =

ik
lim. [(n+ -n (H%)
WEM nfin+1) — 1 HEFISERBS 1, FHERGE 1
CRABR AT “FMmRZ".)

2. JEEFRRE (MK ¥ RITHKBERADE GREFEZ ).
3. BMEHIM R (BB LERG, p- Y JUFTIE, Buler £1).

=, B
x +x + - x
1% lim z,=a, lim ¥, = 3, iE 1 LYn T T2¥n—1 ~t Znlh = af.
=0 Fi—e o —

(GEEIR o= 5 =0 KIHH, #Abk?ﬁﬂ‘iiﬁlﬁfﬁﬁi ?Fﬁﬁ e W N, BEM
PR TIR R R, — AT ¢ 2 Me (M 5 ¢ oK) . Ao d
nfl N, MBEEN N, ik REX RAEXELEN)

2. ®0<zg < —gr,:cﬂzsin:zn_l,nzl,z--- , 3K lim zy,.

(JGiE zn RLEH R, H#® o = lim 2. RIFIEY lim sinz, = sine, FIF
i a:sina,ogagzu<l2“-,ﬁqga=o_}
1 1\"

n—+o T

(H (1+—i—) <(1+%+—;T) c:(1+ nil) BEATEE.)




§2.8 (R THIMMA -0 JMELE 65

1 1 1
4. K K - NI
jzr&-l—vnc}c(ﬂ+n+1+ +2ﬂ)

: 1 1 1 1 1 1
Bo= by bt g ARARSR oy <h1(1+‘;) s
Ao, 38, BE
] (1+-1—)+---+111(1+-1— < In{1+ ! J+-4+In(1+ }
& n QTL) fn <20 n—1 2n—1"
& 2n+1

In ot <y, < In .

n-—1

W BRI SBT3 {0} MR n2)

5. 1% A, B RFA-GEE HERHZREE £ AUB =0, 1), RSFEE € (0,1],
FBY>0,F Os() PIRAR AWENER B HIA.

=, REHEIE
1. BO<zp <, 2y =1— 1T —xp, n€Ng, K lim z,.
300
2. R

© im (1 57) @ m (1457
3. IEEH: {a.} I < {aza} # {0201} W S ] — R R
s R lim (1- %Jr-—;— ——}1—+---+(-1}“_1%).
2.8.4 FHmXxIER
FENEN: TR, EARENG, HEITRICHE.
—. T
LS {an) C {on), ROTAEE. HIRMF o < - <ne < i <00,
B {nae} — BB L INR IE AT AR lim n = +o0.
2. HRHE:
(1) lim z, =a <= {zn} KE-TFIELH o
(2) M (v} EE—TAEEF o, 8 {z.} B#, 0 lm 7, =a.
(3) {zn} dzft += {zo} MHBHFH {z20_1} MBBIFFH {220} W
SR — 4R
(4) HF {za} B W {2} FHBTH
(5) MF {zn} XF, WFETH (2.} ATFKE.
(AT P TR D LAE )



66

Fo% KPIMrR

Z. ARNE (BE)
=. BTl (49— E)

L HAMBREERE, EX A+B={ec+y|z€ A yc B} iEH
sup(A + B) = sup A + sup B.

2. @ lim x, =a>0,{EM: FEN, FY n> N K, 2, > 0. FFERGLHE

o= 00

R AL

: 1 i 1
S o e )
4 FUEIER + ARERN Stolus .

5. {ERAIRE ry;ngo\/1+ 2+---+ 0 (n RS WFER.



F=ERE THENEREE

BB EMAENANEREA. -8R E P oMM RS
AR EERRH A 2 — BEBFRUHEMARIENE, TRETE
AEMAERARHEA 5 AT, B ER Y ERY ERHOTE UR
ENERIIRBRELTHNA. £ §36 TR LERATRE. FE8P8TE
HESBSBEIIRR A X, EN58 &, AT RORBE RN L gR
HEENMA. BF—TRERZIESNHASEE.

§3.1 WROBMSHUBAGETIE

3.1.1 EERZ

X BB EANRER, @ CNERMT i LR MR Rk = o)

L =P E¥BReR LR A —EFEKRE F THA R —EF R/

2. B3 (D) MR AR—MH ERMEEE WK ARR/DERA Al LR
(2 MFAR—DMHTROTHE WHRANBRKTRY ANTRA

3. ig%: B AR LBACH sup A, $R A TRRICY inf 4,

4 MRHE A BRI WX ROCHEER A 6 LR F; mRHE A FHD
B, XA BN A O TRR

5 MAFEEE EXHAT, FLANBE - EF LHA FTANEE—
EH TS

6. MELFRHBE A AF supA = +oo; AT REEE A #45¢ infA =
— 0.

7. B EBARECRE: 5 RS AW ERA, mRBEUTEMRE
(1) 8 Apy 15 Bia—P 8 z € A, BOL 2 < 6; (2) K B8 /DRECR 2
RPRBAK LR, WG <BFhT €A iR >0,

8. M WA E HLE: R o BEE A 0 TR, MRENE U TH &
MaBRAWTHR NG M A B2 o2 Ko XKBRFS
REUBANTH PHE—H o >0 FE e A FH 2 <o

9. W& b (T) #A-RATE, W BiErE—.

3.1.2 O

HRFFEE BT LEH SIEE AR SER. V¥ EEEREXT
B FR BB AR R T HERA R E.



68 BEIE EHELOEERH

B0 3.1.1 oS e BRI SO R —E WL
W AR RIERFRES. W {an} B— XN, BFE

Q1 20z 2 20 20y
B REEH, ZTHAFTTF (ERR o1 LR

AEBPR A={an[neNy | BTFHEAEFTR BEELAFTH X
ANHWAFEEE B A H AR X THAY a=inf A

RIETHARNENL « BEE AWBRTHR B—H, S nH e 2 o
F—HE, BT e>0, Lo KPI% o+ e WIRBRER AWTH, AHE
¥F|P—EH M o + ¢ TEND, FX—TCH av, HEBF

a+eE>ay.
B TR R R, % n > N BPRSE
a4£>anN 2t 2 a.
HEHIKAE n > N 8B
lon —a| < |lay —o| <&
BCRERETERA T RAR A RS, THENBRBHRERE ANTHRR. O

DR, ARTEERETETHE R 4 WAL

U 3.1.2 B FLRANFEEEE Q PHURFLBR. ATH
WA BHEE Q PR LIRT THA,

B HEAREI BT, APREE R, SRR AR
RN W RER V2 3 » MERAREREREN o0 a1 =1, 02 = 14,
a3 = 1.41, -- -, BB P A N H FEHEF {0}, BERSF V2. AE—1
R, XA A= {an [ne Ny } LK. T LBFME— Al
& AT RPREE LA O

£ BerE: AEEREE Q PR REEREYIE Q PALIBARRE.

T~ R 7 RO 2 R Vi &

U 3.1.3 % A RELRABA 4 = sup A EH: 4 {an), 1 an €
AneNy, TR Sm an=F. 8 5 ¢ A W {an} TR R ST558 huiy.

i R AR ERREREENRKRY B 8 =supd € A, W HERPK
an = f (n € Ny ) B0, XEEFY {an} RWEEF. LI 6 € A BTG

BT O R A MB/DLER, METERY R -1/ AXERR ANL
K EAE A hELTFE—PEE 8- 1/n K BEILH a0 W8 2 #EH
fif, BB HI] {a.}. AFERX

1
- —<a.<B neNy,
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FI R, B {an} BCECF 6.

HTEBEF {an} M4 REBI X E RHEHS) & — I K AL —
WAKE), ML i AR — S gt Zhs b, EREF—W, 8 -1<
a1 <5 HBTF 8 FRTEE A HKER2HT . XHEREE

B—1<a <.

BF o A0 B — 5 AEL B /0 B max(on, 8~ —} < 8, FHFTLAZEYA A K3
oo, BT

1
,8—-7")-{&2{,5 M a1 < as.

R R ERERN S, CHRERX 00 <8 800 a2 < 8. XHRHMET
%, WE LIRS {a.}, @HRME— n BEBEZHNAEFR

B <an<f M ap <an

HpFE—PMREXE (o0} WHT 8. F - TAEARLE - HEEM. D

3.1.3 &8
LSRR
2. W s c AR <o [ £ sup A < a # sup A € a HERRATHY?
3. ﬁﬁ%fi Lo ﬂﬂtﬁ-, R’ﬁﬁﬁ] {mn} CAf n]j_,:[%gz“ = . iIEHH B3 = sup A.
4. ST AIRCRN ERAA T HE:
1) {zeQlo>0) @) {yly=a2ze (-5 D}
@{(1+5) IneNydi @ (meneNy )

(5) {arctenz |2 € (o0, 400) i (6) { ()" + (-1 [neNy ks
(7) { 1+nsin-%£- inEe Ny}
5. 1EHA:
(1) sup{zn + ¥n} < sup{za} +sup{ya},
(2) iﬂ-f{mn + yn} 2 in-f{mn} + in'f{yn}'
6. WHETHE AR B, AXBE A A —M » ¥ B FREM
—A¥ y B AR © <y EHE: sup A < inf B.

T HBEABTLER BEB={z+clzc A} B c B—PHIE EW:
supB=supA+c¢ infB=infA+e
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FIE RBAGEERR

8. W A,BRWAHEFNER XFYECC{2+ylzcdye B LT

supC < sup A + sup B. ZEH BT /S 5 B-A0 ) -

9. | A B REAFEFWER XERECO{z+ylzcAyeBL M

1.

2.

supC 3 sup A +sup B. i ML RS SH M T

(BHULEREAR: HEHNY C={z+y|x € Ay € B} WHL
supC = sup A + sup B.)

§3.2 HMREETE

3.2.1 XFEAR

¥ I} AR ELE, mEGA L 2 XIE, LR M EE
¥R LOLy,neNL WRERELOLD DL, D,

R EEEHE o {L} ABREME WL #0 XML MkE
(] — 0, MGy Tn HRAR

. MR EEE W B —MER BHEAREF {{on, ba]}, WL R

an € Ongt S bpy1 € buyn € Ny,

WMHEELER an <ECh, ne NG X nILHgQ b — an| =0, I
ME—fy. XETEP {an} F {0} M € HITIMBLTAW TR —RIR £.
X A1 A A URER. WEFEA S — OB, BN LI RERE th, XA
R ZEE 3 5 0 B R i s B AT B {an} BRI DD, 24
A b N B TARCFHTSRAET (6.} 8REA, BN e HTH-
FHE T T {an) WHBRMRR o {5} BEBR 8. AAEFX an < bn
PR, BH o < 8. WHMEA n Bl e, <o <8 <ha AHE
8 ZRELE BT, I |bn — an| — O 0, MR a= 5, Hik § HE—

CBE ERE DA, 580 FERINGEsE B T, MR EEEF

BEZVHEHEE. BHEANIREEWRAI T —EXAMRRRPIME.
EEER E3Emt. XBETREHAR: (1) AREZEE EF AR TN
%, G hdRE RN ER, A EENA, TR SR AT
BHES LHAFXER Q) SHRKRIEEHARER, AWEAREENTE M
miAE R A PR LA AT BB R L (R TENET).

L —EPEE BSOS, R TR T R R R A B R

EaEiEFA. JehiieXmgh g sl THARKEE (FFE %
BAIER 2.3.5, 2.6.2, 2.7.3 Fé&riE 2.5.1 §U5E 1, &ifi 2.5.6, 2.6.2 45).
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3.2.2 (il

HI8E 3.2.1 A1 X MZEE EE AR SRR R A A4

iE ARGER. # R W, NFE R 5ERWE Ny ZRE——3 R, B
SEATLAR SRR R 9T H 7T, BN B3 ﬁFﬁ‘ B 75

R={ 21,22, %}

REAEHEARRE. BT o, HRI‘?H]Z‘.I‘"] L CR—{n}. REHRE L M,
WA 12 C I — {e2}. —fH, BHT Iy 26, ALRE 2., UARR
I, C Iy — {m}. EEBTARS AR — MK EE {1} A EREE
B, HE-MER G ERTFEAHRE L, BRAE—Tn HF { £ o0 X
FESRE T — T E R PR, ST g O

RIEMLFIFABR (Bolzano) ety it i R H 2500 17 i
GIE 3.2.2 AIAXEZEEEIEY: HFREPLHWETH CIERER).

E R {z ) BR BRFa<hbifa<a, <bHBTMn B G2 a =a
by =5, & L = oy, b AH-MAKE REFGXMEEBTE a1 = (a1 +h)/2.
XA AAFRE: lo,a] 8 (o, b TUES, EXHASTREFESR
—MEFEH {z.} PHEFER REAFXMERN—NTEEN L, 2%
[az,bz] (MEFH TR EEHFEAER WEREE M L) BRER L HPS

= (ao+b2)/2, FIREET AT IEM [0, ca) # [e2, bo] FEUE—HER Is = lag, by,
bﬁ"ﬁﬁ?ﬁ‘ {zn} FRITLI B, AR T X, WTUBMBD —MAR [E]
£ {[an. b0} ERXEEEME, EME—AHREAE, W EERAFHELRK
BTN (1) H\%:’T‘I‘ﬂ"lﬁﬂﬁ, FA-H KRR ERT—THAR
EAY 1 B, WREHA (] = Ll n e Ny ) BRTMHRERE
FHHF {2n} PHTF S

R AR EERRT bk (L.}, 77 (M) € € oy In. BRI IERLF
SRR BT AT T. (2 ROIAERER — T

MR E L PR 20, (MRTEL = 1), TITE &2 T ETHEI {2}
eh i 095 20, XREIERETE L2 LR 2, R KM ne > nu. XEERSUEM
T, mBR—FN {zn, ) BRFER: o0, € ke Ny T

£, — £ < 11kl = e 1l = e (- ),
RN FIMRT & O

F OFVEEER LERAME, EER T AR R MEN SRR
WA . R MELREFER (1), XRET & § — EEREANERY
A AR (2) M REEE.
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R BIBEE, X T AR E, B e R — e B AR R
1 LA BE S, RBERED [an,be) BAEEHF (2.} PR LH. HiE
R R E R AME RS T 2 B R MR M R
A & R RE ¢ EM— MBS EER {o.) RS B

S ABERX RS EE (e, b B X AERTT AR H 2%
7 X FE BRI ER IR R0 E M RESNSTH. BFH 48
By K AR T — £, BRI REE b A K [ok, bi] PRETFRIRY S
k S, SRARIE T FRA. TR AR B TR T R TR

HE—T, WRELHE T T kB 2oy, s BITH TARE S
73] < Mg << e N %TEB‘}E‘] [ﬂk+1,bk+1] P@ﬁﬁfﬁﬁ?ﬂﬂ‘]?*‘@ii Eﬂ’lﬁ‘ﬁ[ﬂ
B —ITHE N Tnpyrs TR e < npg1, HRBEERA KRR ERFITH L L
TR L i .

P EE e TE SR AEAAFERTREN S ERH— SR
AT K R B, X ER DRI, (BT 5 R A SEAEERY. X T
W BEAFR TEMNB—14%IE

BVFERERS TN AX e T HF RaEwEm s,
MAR LA BT i X R A A BAR R 5 X B ik M.

g 2 RO R S AR A A AR, SRR I A R A 2. Ak

=, MR BN R RN B 2 BRI, e R R X A
MWE— AR TG 8 AB RN, BAE AHRER “EH 4%
EARE M, R, ERX A R BB SR
MSE. MR AR E R R IR . BB G (AR B LR
BHIEA. fRR RIS S, BB B AR RS T, PR

3.2.3 %38

L ARER {(-1)°), i RER [-1,1]. HBHME 3.2.2 fi s R G
4 — A A R RN AR ST A RREE R A
¥ e 3 TR

2. A KA R AR EEICY R EE {(an, b)) HARERE, 0
B A2 ) TR PR A e AN AL

3. 40 {(an, bn)} HFFRIEE, B3 {0} P8 LRI, 5 {bn} FoHE LI
M, AR S o <bp.m€ Ny, kAR nrzl(ambn) # .

4. BAREEEHIERBRATEERE.

5. P P IX [ 28 o 2R L B B0 R P Wi S B
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§3.3 BEEE

3.3.1 REAR

1. 3% FH (Bolzano-Weierstrass FH): 75 4H KEF7.

2. BEEREXRREPHLL EREYE Q AR (B VBRI

3. WE MEPIRRREIRME, B HPF—EFH HEREIN A —EIL
;. FE—RPFERERREDIN R B, BT B LR,
Bl—FF i E—4E 58P, RENECRERSHEBINE TP EXE
B XM HRAERER ARERALEEE R IDENBE PR T &7

3.3.2 #E

R ERMIEAEE. BT HIE 3.22 KBNS REM F—TEHIES.
ERBT—MEE R AR EPREERRETR (TUS% (7,41, 54). &
Efd: IR ESERATR FERTHAES, B HREA R
S, WRPER . HIHERASER B, R RFEN TAE®.

i 3.3.1 BAHPNHELETH

M B EREHRES, WK ik {an} §F HEDPWT o FHRE
(M): ZAEA i > n ROL 0 2 o KRR, an BES {alizn } EAE

SFRFERHE. (1) 85 {e.} FLFEAEFEE M) BKEMTE TR
WEFEREEN, 12K @nyy Cngy oy Ongr - BRFHF ns <mg < < <00 A
wk OSB3 — - RIEE S F {an, }

(2) ¥F {an} PHEEREFTEEEHE M). BAFE N, HHFEH
an{n > N) SFBAEHR (M). ARER—THER a.,. FHAEARFHE M),
FFLBERRE na > ny, 18 an, < Gn,. WREEN ¢, REFEE (M), FFRAXE
ng > Nz, {15 an, < an,. LEERTEGHZ B R RE M 75 {e. ;. O

T BEEH—STR AL LEHF R F, 953 (1988), 44-45 0.

e mER 2 H— A, B R R ER— AR, U T HE.
BifE 3.3.2 — I MEFRLFTRE, B—2H BT

T & {an)} B—4EF, EAREF AR BHAFKEWEX I
YG>0,3N,Yn> N, BT |an] > G,

WRIER §14 WHRHEEN, BH “RRIES AR IEHEBRE:
3Gy > 0,YN,In> N, BT |aa| € Go.
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BEN N =1, B n > 1 fF |ag,] < Go. X N =ny, B ne > ny, §58
lan,| < Go. EFEPTLUANHBAES {en} BI—PHRAFH {an.} HERE
B, ET {on ) —MHETH. HFEHR {a.} BFF (— PRI T
Pl T3 MRR BT 7)), R T {an} 9—MiR&F5. D

3.3.3 £34

L M THEER (2.} MY o, IERE: 7E o BEBMPEPEET {za} X
35 2N TS L BERRE, o BEF {z.} BRDTFIIHRE.

2. B A RPN R B 7D B AR R M T A R R R T3,

3. WEH]: A {z.} R, EARTHF AR, WIFER T, HP— 1Tk,
AT LT RE.

4. FER SR R E R P K 8.

§3.4 Cauchy Watfm

3.4.1 HEEXNR
Cauchy BCARENIR S A 7550 DB &M, Krt i B RLEb T

1. B3 T {z.} HEAREF| (5 Cauchy 8H), MAXEA e > 0, T
N, FExE - RE nm> N, R |en — anl <&
2. AN B — M E R e >0, FEN, HETFER/ >N
4 HRE o, BT [antp — aa| <&
W B3 — 8 REARET.
EAYH e RFRES.
Cauchy Wt $ER]: W3 — HAEF.
Cauchy W SHEMAFEEE Q PR (E Y BEMm).
HE
(1) S¥sdrd| i & XA, Canchy WHCEMZ 2 NERIEGHE, AT
ERERBATEE, XM RBAMHE. £, RARSHEAEH
FRILGES R SRR, G B X (G NYHOE) BiF B
(2} TEF—BERMNE T FSHE LHF M &4, ERFRNRRE &
H A i A R A e R R ) T4 A R AT R
EEAEENE, HELRKRTREE EtiinseE R T W
(7o A4, 2R BB RPRVESER. S RS S BB &1,

ST ;o
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HERTHERIRE F M5 FPHEXOBFR S LR &
i, PRSI P E M — RIS BFEFIHR e ZH0T5,
FrUA AR I FEAM IR BT T Atk

(3) TR L 3R, Cauchy WHERRHFRBAMRHHT A LR,
HEFNE R R NI REE TS .

(4) HMFEMFRSTAE, ERERS SHREEHF S RTBRR T, 8
F AR Cauchy WCRYHER], To H AR R K MBS RARERE. B
i, B R A R A B TR A 1R .

3.4.2 BIFGE

S 3.4.1 W HEF — e AR

B (o} BOCF o, WA & > 0, FF4E N, > N B, B Jon—al < -
EitY n,m> N, REAER

Jan = am| < Jas = al + fa — ol < 5+

BY {e.} HEAREF. O

Wl 3.4.2 XN —2FHA

ﬁE i& {aﬂ} ﬁ%ﬂiﬁ'ﬂ x‘j‘ g=1, WN‘! g‘ L, 1 > NE‘T: ﬁij]an_ﬂmk <
1. BE m=N+1, Y n> N, BE |aa] € lon—anval|+loyeal <lovi|+1.
i Eal

=E‘

|an| € M = max{jai|, jaal,--- ,lanl. lans1] +1} ¥VreN4. O
PLUF# i Cauchy Wi S50 N B PIERR.
& 3.4.3 (Cauchy WaHEND RN TELAERIZEFpEERI.

i (HEREE) SEETRTEAME 3.4.1 REFINER, X B TR
W S HEBY FEAMERR Sy 1R {an) REFRFF. AME 3.4.2 HEXAEPH .
FAEREE, 57 {a.} T — BT, iCH {2} EXTTFINRRH o
B8, HBEIEEH) {e.) WHTF

T {a.} BEEAES), X e> 0, FEN, 4 n,m > N B, /L |a, — an| <
£/2. LA {on } WTHREE e 2k B &> N BEE n >N, H
o8 m, BEEn > N Fl k> N HBAAFRE jan — o, | <e/2. TEHPE £k — 0,
BB

1an—ak£{%<s ¥n> N O
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2 (H=sawERKIaE, L 41 120 51) HEEEHETEHERS 3
{zn} HEREH, ARAER. DHHEEL 01, b, FEEM 01 < 20 <bne Ny,

AR [E] (o1, b1] =S4 4 o1 = (2a1 + 1) /3, c2 = (81 + 2b1) /3, BF| =4
KEHFERFEIE [ar, 1], [er,e2) | [e2, 1], REH Ji, Jo 71 Js. BB E1E
FEMH A, P G EMEREAIMNE LR AR mAR L AT
RS Js 1, BB —-AFRERSEES (2.} PHEREM.

T L ERBERN. MR J B b PEBEEFIRN LS L5, ey

HFE Jy BB o0, T J3 FEL T, BB n,m WU LHERX, R ERER
b—a

|0 — Zm| 2

XE {zn} AEBREIKRETE

FRWTLUUMN a1, b)) PERREH {z.) PERBIFRE Jo8% Js (R
- K E R m e L2 E ), SR AR K ERCH (e, ba).

HE X, SEE A AKEE {{ok 0]} ERFRTIFRER: (1) H
R EPEARIE KR — M EEREH =222 =, 2) F—1 (e, b
EHEF) {xn} WEBEA AT, R (1) FHIERLE & FRAREENRST
¥l {ax} F1 {bx} MFRIS 5 LB R T &, BI Jim a = lim by =¢.

MIERNTER: X4 € WEERYF (2.} BB HEEKR >0, F N,
R an FI by BEANE £ B & S0, WRLERA lon,bn] C{€ —&.& +2). BTH
R M (an,bn] XREHER 2), BIEFHA {on] FRAEZ G287, HF
TE Ny, F8Y 0> Ny B, YRR |z - €l <e. O

BEE HHEGIE 3.2.2 KiE, HE BRIENSHE 3.2.2 #1572 AL.

3.4.3 P
b1 b bn

Bl 3.4.1 BEF (b} BR S an =75 +5 g+t At D)
n € Ny, B {an} B

EOBEB M >0, 7 b <M, ne Ny REWER p e Ny EAIT

< u 1 L .
|@n4p — @n| < ((n+1)(n+2)+ midntd T (n+p)(n+p+1))

M 1 1 + +( 1 1 )]
B n+1 n+2 n+p n+p+l

~ 1 L ). M
B [n+l_n+p+l] n+l’

HIRE € > 0, BL N = [M/e], RATHE n > N fl p € Ny i, BIL (@nsp — anl <&
EHERGIER T {an} AEAHFL B4E Cauchy BHAEMALE {on} st O
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E BT {b) BT ARMEZINEFETEME MR, B {oa} A LF
WIEE, TS — B0 EETE, REE RN SCEE, EX B2 RRL
AP L Cauchy W HERIR—IRH T A1ps LR

T—AHEERE _ETELE I 3 MEs S0 2.2.6). AT
) Cauchy WSEENILS AR, (b m] LU RA R S MER M SS.

BUE 3.4.2 ¥ 5. =1+ o + 5+ + —, ne Ny, il {S.) B
T S

1 1 1 1 1
S — 5, = + 4+ =20 — =
qn n 1 2 n =T 3 2':

WA € = - AUER N, 2 nym > N B, B m = 20, R [Sa— Sl <

BRARTTRERLT. XRERA (5.} TRERKT, Hig# O :
HAEREF I 2.2.7 ATLUR] Canchy W SRS 4 5 5 TR,

ik 3.4.3 JEHREF] {sinn} K.

iEXAERE SO0 2.2.7 FaY (BULMTRE S HMEY) F— kRS,
ARE M 2.2 U1, XEA k€ Ny, T RIRRI B R¥ n), 1 nyl, #F sinnj, 2 v2/2,
sinny < 0. EM sinn} —sinn} > 0.5. fF n}, §l nf WEEKX, B {sinn} &
TR RERRF, H4E Cavchy WSHENMEE - XHES. O

3.4.4 HFEHRSFHE

EHE—EPNHE THTFEREREPIR Uk X, LTIrERe
BT LB (RS LA ), W RRE REEHT —ERE. &
HEA B EARIS FELL Cauchy B SUHEN A0, B e MR R0
BAR, WAL RS AR E TG LE LR ERMRAFEE
F LR RS R, T A B IR B AR

EARBRATRIE Y, HRE S ERMH [o.5] X f((a.8) C [a, 0], FFEE—T
W R ERO <k < 1,3,y € [0, 8] BOLAERK [flz)—F (@) < kla—yl,
WIFR f 7 [o,b] A —AEEERS, FREP & A EBHE

SRR 3.4.4 (FEHRMAFEE) & f 2 (o0 Li9— B, 0

(1) f 7 [o,b] PHEEME—HAIE £ = F(Eh

(2) BAEfIRIIEE o € [o,b] FBIEAR ant1 = flan), n € Ny, BRI
F {an} —EWECTF €.

(3) WALAL IR |an — £ €
(RN 51T SR MET)-

i)

k
1-k

la1 ~ apf

l_kmn“ﬂm—llﬁmn“&ig



78 F2¥% ZEASHERAH

U (EEEXMEBETAFTERL S OREEES) BT f((e.b) Cla,b),
F {a-} HFF {6, b} . HIE Cauchy WSHERIfETTH

|an — Gapl S Klan—1 — @nip-1| < K lan—3 — tnip-2]

<o < KMag — ap] < Kb — a).

AN € > 0, HEE N = [ln(e/(b— a)) /Ink], % n > N #i p ¢ Ny B, 308
@n = Bnap| < & B {an} REARF), MR THBEY £ € [o,8. XTI
KA € B BREE, BERRE A {Flaa)} JRER f(a.) - FE)] <
Flon ~ €] 71 T a, = £ ATRHU {F(an)} BT F(E)

1E anpr = flan) FlLA 7 — oo, RBH € = F(6). FM ¢ R f OFFA.

IR £ 7E (o, 0] LBAARE A n, B 7 = F(n), WRE 16—l = 176~ F(m)] <
RlE—nl. BF 0 <k <1, REEH € —n. FI f 7 o, 8] ARSI SRM—E. X
BERLIET T @Ry (1) A0 (2).

iz (3) RT—R AR

@0 — €1 = |f(@n—1) = FE) < klan_s — €] € k{lan_1 — @a| + |an — £])

5|

k
Ja‘ﬂ_néi"‘{h l#klmﬁ_aﬂ-—‘if'

X i ERXR, FA la; — aj-1] < klaj-1 — a0 RATLITRE (3) Hfg—30

2 n
1_ki'ﬂ"ﬂ—1"aﬂ—2t"“<-'“"‘<- 1~ k

|aﬂ—£[£ }al——ag|. d

F IE Q) BT ASRELR T EDRA ML AR
AMPR TR MERE, KAEREET BT AFRE— TR,
{EA LB FREH R Z A RE RS R A 8RB BB RN L, #op il kit

T A G e AR IR A T §2.6 WAy AR ET]RYRRE
GIE LS e N

B 3.4.4 B a1 = V2, 0uq1 = VZ T+ @n, n € Ny FHBEH {a.) BIRK
P, A S5O0 3R A HoAR bR

B X fr) = V2o BEREE [0,2), WATEER (0,2 C[0,2]. M

_ N _ lz =y
|f(z) — f) = V2 + 2 \/2+yl—v/2+x+v,2+y

EFE k= 1/(2v2) HESEER. TR {en} B E Dy REMN R
FRRRIEE, T HARRR F ME—Fghe 2. O
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BB 3.4.5 351 {0} B3 by = LR bus = 1+ 5~ (n € N) AR 03K
) {bu} ) SUCHE, FAC SO 1 SRR

B X EMEN f{m)=1+%. T

1 _1_| _ jz—yl

z oy lzyl
FERTRARE. XEERHEBY f 7 2 > 0 WRIEMD, UEREFEET
JUE by =1, by =2,ba = 15,---. MEAHL b =1 by = 2 HRAWHARN
[1,2], WIWTLA3ERR £([1,2]) = [1.5,2] C (1,2} HAXKF [1,2] EARERIE O
1 2 EB RSB el b =2 it by = 1.5 3w S8 IXIH] (1.5, 2], ALK
£{11.5,2]) € [1.5,2], ReFa] LU

|f(z) — fw)l =

_ lz—4l 1
BT {b.) AEE IR [1.5,2), B i SR R RIE T 5 AU
Y BBRRE S 2 > 0 PRPE—RER b= (1+V5)/2. O

F U EFAMFENSEEEERIIESMS EERAEWNE. HERL
AT A B B R ) BAR . B, FEAIR 3.4.5 el LUSEIERH M n =2
#, b, € [1.5,2] M. REBE RAAR (2.14)

b, — b | 4
(ba + )b+ 1) | 25

4
[z —y| = ~§~l$ —-yl Vr,ye[l5,2.

by — b = | (b — b,

k=1
AT o~ 8 < o= b1 () EVAOE (b} BT b FOATE {bacn)

BHET b

3.4.5 #>3H

L BRUTHRANEF {z.) BE—EREFYI? FEE R, Bk
o; E R R—E R, R

(1) #EA >0, FEN, Y n> N B, 3 e, — 28] <5
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=
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AR B A S S ABEEE 20.)



EOE MR

FER—TRYAR R, REGVRBOHET. S TPERIEHRERRLIE

B Ny O R — TR, FRLARNAE, £ E LR —LER Y,
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A IR, ¥ 7E §8.1 A1 §8.2 Firh b 4.
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§4.1 FHARRIIEN

4.1.1 FHERHEFLER

B BRR A R, A4 40T 2 S R PR R Bk 2R,

R f T o R (B e R TN A HREY f2) E
#T o8l A HHR (R XA T—%H).

¥ f2) FEx BT a BFLL A AR (HBRY f £ o LHEHRR A) 952
N e, Ac R, BY f ES o MR EEX HHE—IRE
R e>0, FES >0, HBY x e Os{a) — {a} (B 0 < Iz —e| < §) B, BiSE
|f(z} — Al <e.

c BidE X HZEASY M3 ARE N Ve > 0,36 > 0,Vz € Osla) - {a},

B |f(x) - A <e.

HEY f2) 2 BT o WEARR A, WHER lim flz) = A B fz) —
A(z — a). EE: B0 {on} BT o TRIEN an — o, HERTRRH
i8S f(z) - A {z — o) 7 (z — o) ~BAREER BREDBLUE)

B f(2) o BT o BRTE, ERBERREMN 4, X5ehBPE
A o BHE (BARGHEA o ERTE R REYEE o B RETER.
WM E PR A S TR P 916 A, I s o2 SR AR FR A9 62 5L
M B EREHI AL m f(2) = fla). Thx LXRER f() E

o ARG X, ER T—HNANA. BT HFYCERHA, FRmh
FRAELEX T 4 UIB R B AR B2 B T1 e 2 40 B4
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7. ¥ Osla) - fa} HA e —P RO (RE L), HE 2 € Osla) -

{e} = 0<|z—a|<de=azc(a—056)U(a+4d).

4.1.2 HMEMOR LR

B5E, e Ry E IR, S lim f(z) = A ®fz)- Az~
a} Ky A BERTLLRA R, X ATLLE: oo, +00 HI —co.

HX, #1LT lim f(z) = A iy a WAL A REEES oo, +oo fl —co
IR AL BT — . FESIETTRICS floo), f(+00), f(—00) FmiX Z .

AE, o HARNN, HFER x BT o WXALUER z <o F x> IR
1, DUEE—3 S P RO MR R, B A DR IR SR MR R, AhEh

m]_jﬁl— flz} 5 zl_l;I}zlJr f(=).

LAk, BMREEE H CHEHRILS: flem) 5 fleh).

PRk A R MR PR Y 2R 26

lim f(z)= A (4.1}

r—f

HE BEfz—e fJ#E s > 00, 2 — +00, T~ ~00, 2 — a~ H o —a*, I
A 6 B—H, £ (4.1) PAAEN (BRE) A TR oo, +oo Ml -0, IEH
4 7. ZHASRTLUAT 24 #OREMIRE. £ A FRARBET#HL T R
B (RIFEHRR). MREB W LB TCHF S, R—IA 28 #.

4.1.3 RBEE

1 T ILHSURRE T A BRI lim £(2) = A 952 X7
(1) Ve > 0,38 > 0,Vz € Og(a) — {a}, BIF |f(z)— Al €5
(D) Ve > 0,36 >0, Yz € Os(a) - {a}, BT |f(x) — Al < ke (k HE30;
(3) Vn e Ny, 36> 0, Ve € Osa) — {a}, BT |£(z) — Al < 1/n;
(4) Ve >0,3n, Vo € Ox (a) - (a}, W3L |f(2) - Al <e.

2. AT SURGUARET /BB Yim £(z) = A 955 X7
(1} 3§ > 0,Ve >0, Yz € Os(a) - {a}, BAL |f(x) - Al <&

(2) ¥&>0,3e > 0,V € Os(a) - {a}, WL |f(z)— 4] <5
(3) ¥ x EATIRIE o B, f(z) BARBEL A

3. FINHERRR 4 h: (1)“f(2) #E8 o FRT A” BIERBUE; (2) “f(z) R
o b BHBR" HIEEIE.
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4. EFERIEEDFABGRL T & E RS

(1) lim f(z) # 4 (2) lim f(z}# 4;
(3) lim f(z) # co; (4) lim f(z)# A;

(5) ]jm+ f(z) # +oo.

=t

4.1.4 GG

W EEU FTRETER: LERHRRP T ESHPIRRAR, BT
HHEM A RITARM R GIIT6, 248 mE k.

G 4.1.1 JEF lim ““::11 =2
2
AR X REER S0) = S fE e = | REEX, (L
BEAERAMRR. B £ — | WRRET o # 1, EMAERK S 195 FH
S RTHET o - | UL KRR

2 _
fay -2 = | S

We>0Hé=c BMATLIEO < |z~ 1] <é8f, B |fle)~2|<e. O
P 4.1.2 REW lim (2° + 5).

B B2+ BR2+5=(x— 1% +2(x-1)+6, o LEB SR 6. ¥
22+ 5 =6l =|(z~1)2+2z-1)| =iz -1 |z + 1],
A —Fr AR 6 < 1, BRI « MERBHE 2 -1 <1 ({@0<z<2)
205 HEF o +1] <3, EHATIRA ¢ > 0, NI S = min {1, 3¢ ). B
AT 0 < |2 — 1] < & 53|
|22+ 5 -6 =|z+1]- 1z -1 €3z - 1] <3 L,
EU AR R pRER 6 O

% BAKEREL BBEAER TR 2 — 1, BlREET
REBT (- 1). SHAEINE B—AEF |2+ 1| RdkR, AEAET 0
TR AT AR R R T e R R, ORRRT I RF A § 3%
HI— A, RS RS T et ARG RITTIR, 63T € > 0
BN B, TTEURIERLE SR N EATFRAME, REEREREN N, EHE
Brig A (DA tin f(z) B, M TRIERY /£ o WERHESHEL
L T LURE WA o B4R, Hi i R A SR

BHE MEWR pal2) = aoz” +015" 4 +an JEH: im po(a) = pula).

-2~ -1
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48 4.1.3 JERS lim sinz = 0.
0 e

E1 MBS, We>0, EBALGE -c <sing <e. RGBREH < L
M AR IEZ R, EARFHFRE T

—arcsing < & < arcsiné&.

I A BE § = arcsing, FAFIEY |z| < § BPRSL [sinz| <e. O

iE2 AE-EPRH=ARNAFA (e 1.3.6) TLUEAFR |sinz|<
|z| 3—4) = ML B, MEER c >0, RER=c B0l O

& RTETRPRER, EERERM. IE 1 BREAFR, IR
T Of AR A E 2 — R (B R 203 MR EPIRTR). IE2 M T —
AEARER |sinz] < |z|, BRI HH X RE LB AL T
Biim, FRIRERT O, JLF IR R g s ] LU A

hma:sm—l——ﬁﬂ

GUEE 4.1.4 JES: lim (1/ 1} )

iE EXRERR

1
1—=z

RBEER BT z 1 +=y— +oo, Ht REEH
Jim (Vy+1-Vy-1)=
BF ¥ — +oo, FJLUMESE ¥ > | BBAL IXRP B TR X

2 9
0 < +1- -1= < .
V1= Vy s (TR T BV T |

FXECEREL, RES v> M =1+4/¢%, RAEHE

'y=

0< Vy+l-yy—1< \/;TI <e O
GIME 4.1.5 BEM Lm (o) =a WER: Nm I:cfix)] _

iE FEXTEHEMES ] HERATRSXREFENHE RS N
xf(z) —1 < [zf(2)] < zf(2),
AE(Kz>0)
zf(?— — fz) - [:vf(m)l < £(z)

WL & z — +oo, AREEH, T Thﬁﬁﬁﬁ%%%ﬁti- 0
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RMNEW RN RERKRBEEELSHERABREENTHOFER XEH
— PR RAAFAR AR S LRI, BB, R
lim F(z),

T—+

e F(z) = f(o(2), XE Jim g(z) = A7 lim f(y) = B. [ RERL
lim F(z) = lim f(g(z)) = lim, f(y) = B. (4.2)

TR H AR TAEBLAE, LN AR T AL
LR b, (4.2) FARIKAFHSLE. B, B a=0,4=0, &¥ g(z) =0,

11 y:[]a
HMZ{
0, y#0,

W flglz)=1. BT limg fly) =0, lim f{g(=)) = 1, FHUHFK (4.2) FHLIL
FETF— B i (4.2) B =m0 &4, BRAROERME

M 4.1.1 § lim g(z) = 4, lim, f(y) = B R WEBRDTEEZ —
1. FEE o f—PF0R Os,(a) — {a}, EHF g(z) # 4,
2. lim fly}y = f(A),
3. A=oo, H lim f{y) HEX,
DU RE AL
lim f(g(z)) = lim, fly) = 5.

W (1) %fe >0, 776 > 0, 8% 0 <ly—A| < 61 B, Bz |f(y)- Bl <«
AYHBRELH 6 < 6o HOL X@AH Iim g(z) = A, X L& 6 FH n > 0, 1§
0 < |z —al <nbf, ML g(z) — A < & RBEEHELHE 0 < |g(z) — A KL B
HRESLSE | fg(e)) — Bl <. EHR lim f(g(z)) = B.

(2) X8y lim f(y} = f(4) = B. M HREX 4 € > 0, TF&E & > 0, fER
ly — Al < 61 B, B3 | fy) — F(A)) <& RBFKMHF lim g(z) = A, W EEHFH
n > 0, 80 < |z—a| < n B, BIL |g(x)—A] < &, WATRERLSL. | flg(x))— FA) <e.
ZREH lim fg(z) = f(A) = B.

(8) Hitig lim f(y) = B HARBIOTE. ZNHET 2 >0, 7F1E M >0,
{78 ly| > M ut, B |f () — Bl < e XAt lim g(z) = oo, 3 L3R M >0H
n>0, 8% 0<|e—af <n & B3 lg)| > M, AT |f(g(z)) - Bl <«
XHRBE lim f(g(z))=B. O
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BAE i lim g(2) = A, lim, () = B, i lim f(o(=)) FH 3 FATRETE:
(1) lim f(g(2) = B; (2) lim f(g(=)) = F(A); (3) kMR Lim f(g(z)) FRAFLE
(FFERE LB %% E 7, 82 3 (1975), 63-64 .

T—M B A RS LR ERR T E .

GU 4.1.6 # lim f(z) = A > 0, lim g(z) = B, RFH lim f(2)¢) = 47
BLAL?

M BEMH liminz =Ina (a>0) fl lim e” = e ML (BfRATHE). EX
AL, BT THES (R e B exp [u]):

lim f(2)°®) = lim exp [g(2) In f(z)] = exp [lim (g(z) In f{z))]
= exp [(lim ¢(z))(lim In f{z))] = exp[BIn 4] = A”.
ELETRA
lim (In f(2))(9(}) = (lim In f(z))(lim g{z)) {4.3)
E—al fEH (TR LEF b, R =Migoi s (4.3) A—E RS AL R
B()A=0B=0;(2) A=-+00,B=0;(3) A=1,B = co. BNTHE (43)

EHH 0 o MAER, B TATENREER ENBRER (43). &R
HEX = FRR LRI 00,00 F1 1= ABIREA. O

S NHEURIRIFG BT HRE T, -, 000 i oo — oo S, EEHIAT)
wapREa o {(14) }R1~ BREK (v R o WA
¥ A IR, B 00 AT R,

4.1.5 #HIM

LT AR o e P R AT PR B SR
1R tim L EE—VI—Z

x—+0 &

24z —2
. HR: 1i =-3.
2 WER ;1—% z(z? — 3z + 2) >

1.

z+1
. ERH:  lim
3. W] x—too x2 — 2

—az? -
4 % o Buft 23, tim T 22D ey gnimmR

=0.

224 ar+b _

5. ﬁa,b,{ﬁiﬂ R =2,
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10.
11.

12,

13.
14.

o1
@ + slh —

A A8 lim —— T = oo FBHK o SRHHL7
iEW: lim oz = Ina, Jef o > 0.

UERE: E.Iﬁ & = e,

VWS lim f(2) &5 I £(2®) RTEERRALEE, T4 IAEAER AR
] im f(x) & lim £(z?) B — IR AT

{iERA: 10T S Y Dirichlet B¥

- | T REER
0, zRFTHEH,

EE— RS RE

A LRI ESERE X A e S FoRBAE LR, SER T
1) Cauchy Y ENFI Heine 1055 RHE.)

WA U —AFERL ] (—oo, +o0) b M EE, BREER « =1 DERRE,
(R IR ) B Rt o 0 5 BB

EW: & £ WEMER B lim_f(2) =0, f@) =0
TERE: (BT A PO BOR TR AT R B

§4.2 RYBRIOHERMER

4.2.1 XX
BOPARER #— RV EA PR AT 7 LU SR R S B RORMR (R 3XRR) £

£ AMFEANRE lim f(2) = 0, YT ERRRERERP B EHIEY:

1.
2.

3.

R POR B I RATAE, —EME—.

RYORENREA e, HHFERES o ik, NEPFER o JE
A (TLIESR o TEX).

FEREN AT LR EN A RTRSEER.

4. BRI NEH.

R AR SR LA B AR I, AR R R R R (S SR}, Heine

V%S FRER Cauchy WTHENI S, N1 T T 15y 2 2111 4.
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4.2.2 REHE

e AR S 3 B R (e BB R (RS AR ):

S8 421 % o WHREL W lim f(2) = A MRS BEAAER fo7) =
Fla*) = A Fob A T BHRE, BATLREITRR

5B AR A, H BRSO RRIPE S (AT R ).

S8 4.2.2 CRERHH S WSIRFERE) 8 [ AR (o.b) L3, 1
f0) = Jim flz) —EERK % HREA, W f 4 (00) H LR W
Fm) SRS, T ) = +oo. W £ AR R GRS

i ARV F VRN B R f B, BIE
S={y| HEze(ab), Hy=r(}
S ARG VHE.
(1) {88 S HER. MWAFESH FETRY 8=—sups. HLIEILH

lim f(z) =

B B R AL X Ve > 0, B B—¢ REKE S LR, BIFTE 20 € (a,b),
flzg) >B—ec B éd=b—zo, MBO<b—z<§=b—ao B, WFR 2o <z <
i, Bar
B—e< flzo) € flz) € ﬁ

Bl if(z) - 8] < &. ERE 11111 flzy=f(b7) =

(2) M4 S T EF X SuPS = +o00. R‘ﬂfﬁ‘i‘&%ﬂﬂﬁ G > 0, BFLE
T € (a,b),ﬁ Fle)> G B e=b—a, WL O<b-—z <d=b—x B, HEE
T < z < b B, AL

f(2) 2 flz1) > G,

AIAS) lm (o) = [(b7) = +o0. O

Heine §5345 [ 1250 30 MR L0 IR, B R MIE s A0 IR S5 iR
FRESHFIR. FIR XA RHE, BTLORR 4 o R BRI 12 45 0 MO IR R (TR = AR
B L B A M B L. BN ERIE S R R AL PR AN E.

&% 4.2.3 (Heine R%EH) o, A c R FEERR hm flz) = AMES
W S AR Xj‘ﬁﬂ%ﬁ: Tn #oYn €Ny, lim z, =a H@%"’i‘ﬁ?ﬁ {za}, WHE
lim f(z,) =

{ SEAELEHE BEARIRIR i £(z) = A 4545, B Ve > 0, 8> 0, fi
B 0 < |o —a] < 6 B, B3 F(@) — Al <o MRBF o) WRERHHTHINY
ik, WA RS>0, FFEN, ¥ n> N B, BL0 < |2, —a < 6. FHMEH
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|f{za) — Al <e.
XHEH T 5 {f(za)} WHTF A

BIEFtE ZEENEMER (2.}, REEWERE 2. # a Vn € Ny,
lim 7 = o, 309 {/(2)} B—RUCHTF A ARAER. MALH lin f(2) - A
AHE, M3 EEm (U §14 7)) AFE— e >0, M FE—46>0, =
AT EEE O < |z —a| <&M |f(z) — 4| 2 e0.

B 8 = 1/n, # R 2 8 H 20, FHHTFE—4 » e Ny SR EA%
N {zn}, B R &M

1
O<|$n-~al<;, 1 f(xn) — Al 2 €0 > 0.

AHEEWA: (1) XTEF {2} #5E EEPHEHRSTER; (2) 83 {f(2.)}
AT A QRS @Bl AHFE. O

& FEEIMEBAAF 5 Heine BRI @E: PPWRSHRESR
HREFMTIIRETHERE. TS« GeRE— 75, B8
Foortk HEZE. BHROERMIENR SRR IEA B ALz 4

Heine H%4 R E — T2, Ao wiRA A

A 4.2.4 (Heine [EFBIGRD) HH / £/ o FARNE lim /(2) f
RSP LB P MR KR 20 # aVn € Ny, lim 2, = a G {zn),
L RIES {f(zn)} —RUH.

it DEETRNEE, IR i HEHEM, R BRRE T, FRe
FNE {f(x.)} FUWETFR—RE, REHRTH Heine HE5RH.

RARIEE. BREFEFENET! (2.} B {1}, S BIBERE KM 2. £ aVn e Ny,
nlinéomn =aflly, £aVneN,, nangoyn =a, MHAH

Jim flon) = Al,nl'_l{lgo f(um) = Az, A # Az,
XA A E— AR {2}, HES 2001 = 26, 226 =t (K € Ny ) R
FILIE B R A o # 0 Vn € Ny, Tim 2o = a, (RB (f(e0)} K. R
EMHFRTATHAEEA T RETFAERER. X5F0F&4FE. D

B R PR e e AR B, MR RR A i R B IY Mz R, — s it 2 /D
AR TTEREIERE. F—MInEs 27 BETIRRRe TR BN FiL, £
TITER R A Heine V355 B M R L A B A B I R e, DA T 46—
A0 F AL AR T — N

BIE 4.2.1 (BHRROBUEHEN) MEH Im /) = 4 lim glz) =
B, H B # 0, MAAL
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 flz)  Emfle) 4
M@ T Tme) | B

T—

iE 48 Heine [FEEMLLEAE, SHEBES) {a.}, FEME R an £ aVn e
Ni 1 lm a, = o, BH
Jm flan) =AM lim g(an) = B.
R AT RS W RE H R, JEE

b flan) _ am Flen) 4

a—oa g(a,) lim_g(an) B’

PR Heine [FRRN 401, BEMRXTIER ER R ERES] {0n} &

lim flan) A

e gla.) B’

ARRL1E3

iim f(z
. f(x)_i(: I—»a'f(})* ]

lim = -
s=s glz) B lim g(z)

S¥ARERELL, TR f #5 o B SEA B RS CES a B F
WS X B R R LR BRAY Cauchy WrSER]. LI TFIERAFRITETLIE R Heine
5145 R R Infe]E 4E R

il 4.2.5 (BRI Cauchy WHHEN) X f #£5 o HHREBEHNTL
DERMR: MR- MEER e > 0, 777 § > 0, [ERXNTE Os(a) — {a} THIE
—M s 2’2", HWREAFX |f(2) - fa") <=

W SGILAELE. R S ER o HRRA FE A E lim f(2) = A B
HEBLEW >0, FEI>0, K0 < |z—a < B, B [flz) - Al < Fe. F
Y 21,22 € O5{a) — {a} B, BH.

1F(z1) = Fl@2)| < |flz1) — Al + 1A — f(zg)| < _; + g —c.

Bk R Heine HEFER ERNED, HEESE, LELER o, #
a¥ne Ny, n]J—in{}Q zn = a WHF| {z.}, BX NP {f(x.)} SRR

A ER £ > 0, RIBGEN &4 FH 6> 0, 4 2',2" € Os{a) — {a} B, BIL
7)) = F@)| < e.

BT 2, #ZaV¥n e Ny, ﬂli_.nggxnza, FrAST ER 6 >0, FAE N, ¥n > N
B, B 0 < {ap —a| < 6. ALY n,m > N HE ©n, om € Os(e) — {a}, I,
3 [ flzn) — flzm)| <e
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R {f(z.)} BT POTFURSEFH Cauchy {SHER] 40,
{f{zn)} K. DO

£ WLUEH, SESHRSMIEHSIIIEROIEHEE—F (ZRL0E
3.4.3). HEFTMERIAESRF R Heine B FBRL HUFNTE, RS
R M S Y Cauchy W SGHER, B L PFIEOLAIEHAF BB L.

4.2.3 BX%B

LR lim f(z)= AR lim f(z) = A PIRCHRAURBRN M —
REARERE, BRI, HEeEE, RBREH. Heine N5
H Cauchy U SIHEN.

2. [T R A e Rt 1 U3 B U 7 T 4 )

(1) # Lim[f(z) + o)) FE, W2 2 BT o IAE f(z) I o(z) M HE
FAGIERLE T Y
(2) % lim f(z) F77, lim go) FHFAE W Lim f(o)gle) RAETHAE?
3. LT B PR R
lim (z — 2)

-9 g 0
(1) lim —> — =2 - =0.
72 8in 1 Jim sin lim sin 1
r—2 =2 I —2 z—2 z—2

sSin.T

, N o
(2) Hm = lim — - lim sinz =0+ lim sinx = 0.
T—0 xr F=—0 T 0 T+

4. JEFRBRAY b E Rk IR B ERE: (1) AR URMRE G (2) M Heine
SE=7 8L

5. M FHFERNRERBYT A = co HRHERHEHFSHIHF XRIEL
JEEBAMAL. RTAT 4 .
4.2.4 i
AR 4.2.2 UERH: MR FERER mal—i:ﬁlm(a sinz+bcosx), M RfER a=5b=0.

iE 1 id flz) = asinz + beosz. 4 2, =nm,n € Ny, F flz,) = o(-1)".
SIS, (o)} O, BIE b = 0. & o) = (4 I € Ny, BREHIHL
HBFe=0 DO

iE2 HRIEHk. #F o f b R4 0, Mal LU R REE N

asinz + beosz = v a? 4 b sin(z + ¢},
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$oh o HEWH W o = 2+ R 1 2, = 2m— g SHIURA, 34 — oo,
4 Heine SRR A BAFE LTS, K& VAT 7 =0, 5I4FE. O

BB 4.2.3 EBD Y sin % ez = 0 b AR

il 1 (F Heine S RE) B REANYATE /NEED)

1
Ty = , = ,neN,.
" ammy T U +

lEC]

.1 : 1
sin — = sin{2nx + %):1, sin— =sin2nt =0, n € N,.

Tn ¥n

FMHE) {sin ) A1 {sin ;; } 4rFIMCECF 1 0 0. 48 Heine (955 IR, 3

sin- 76 2 =0 FAIMEARE O

iE 2 () Conchy WSRR) FIRIEY:. HHY sin— 7 = = 0 AL, W
% e = % AE 6 > 0, M8 0 < |o/], o) < & i, BT

1
|sinz’ —sinz”} < - (4.4}

WES
! 1 L 1

T = , = —-—,
2m|:+—g— 2nn

HAEERE n 00K LHEEM 0 < |&), |27 < § AL XA sing’ =
Lsina” =0 g7, B (4.4) ANEEASL, 5 HF K. O

F—A-BIRRE Heine PETFEARM lim flz) = A BFRT FRA—
BEENRS BESERIRBSTSNE-ENRL.

IR 424 % A HERH FARR ln /(@) = A WIS BERER
XHEA TR I ERFFRHF) {2}, BH Jim [(za) = 4.

EEELEE BB lm fle) = A FFE FHX > 0,5 M >0, 4
z> M B BOL | f(e) — Al < e & {2} WEBMBAM F lim 2, = -+oo, WX
FE#RM>0 FEN, % n>NBf, BT 2, > M. BIRE |f(e.) - 4] <e
HRGER TEA {f{za)} WET A (X0 {o.} #I7H IR AR EA).
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FHEFEME X RSN RSO ES {z.) B {z.} H=HKE
WM L5 K/R), ML Jim fz,) = A RIRER:. MRS Lim f(z) =
AE, Ml EEN (L §1.4 %) MEE— 0 > 0, WFE—1 M >0, EIE =,
EIbt R R x> M M |f(z) ~ A| > eo.

R M 2 1, B8 20 > M, BER |Flz)— Al 2 0. BRIFW M2 = max{2,,},
BE| m2 > Mo, R 1f(z2) — Al 2 0. RPHIFT T EE T 20 B Mupa =
max{n +1,%n}, BH Znr1 > Mas1, R |f(Zne1) — A] 2 20. TRIE S, XHFER
HEEF {z.} BRI ET S CE. EMVAER {f(z.)} Aol
T A B S e &FEMHTE. O

BHFW Heine NFFEMNHEISEX ZWRY. WKIEZ.

4.2.5 #I8B
1. {EBA:

k
W) tim Z-=0@>Lk>0; (2 o

T—400 (1 r—too gk

(3) Mm fa=1{a>0) (4} lm ¢z=1

T—too
2. % lim "1“’3
v—too Syl k¥ 4y

xz—1

3. 3% lim (‘” _1)“"*2.

r—toc \ 22+ 1

4. 3 lim m“l""”

x—0

=0 (k > 0);

s B n N BAE
5. WEM lim f{“’) =1,b#0, % lim f(b‘”)

6. EH: i‘ﬂ}) «/1 + smn;i;;/l —sinz _ L

7. iERH: ZEX[A] (0, +o0) FRIFH F R f —EFERE Jm f(z).

8. % f(x) ZEX ] (o,b) AR MBE, BFE YA {za] C (a,b), F
B lim 2, =0b, lim f{z,) = A £ (1) fERE (@b) Bl AN B
(2) lim f(x} =

9. & lim f(z)=A>0 kW XGtce(0.4), FEM>0,Zs>M
B, BL f(z) > e

GRRMFRERAY lmf(o) HHERE)
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10. # fla™) < flo™). {9 FEI>0, Yz (a—b,a) My € (a,a+3) AT,
WAL flx) < f(y).

11. {# A Heine 555 5 HEUEHH SLH o6 $06) B0 PR 77 e 2 B2,

(X BB Z A Heine IHE5IFAR (ApAK 4.2.3) # BIRMBE. EEXR7EX
e e 33 AT IR T R EN.)

§4.3 BWIREER

A ERIEE N EERE. #EWE B RRFER
FR A 13 1A) B, i) I BT 1R R 1 & T DA S5 Y 4 2 P 4 40 S5 ol 30 B P
RS (W [48)), B MR AR e 2 BT B HE &

431 lim SB%

z—{ T

FERF R A (@ [14]) P H=AEMREZ FRETRE AR
FMEAEX

=1

sing < z < tanz Vz € ([},—Tzi),
R M TE R B — 1 E SRR, X (41, 42] XX AR T AlE
FALER . THEMIEER&F 5% 5inir, 4 (1987), 79-81 . HPARE
il 1.3.6, (AF/EMM 4.1.3 WH5sit :Li_n’:}}sinx = 0. (FREMHE 1| AFHEMH G
1.3.6.)

&M 4.31 (F—-TEEHRE) Llm

=0 I
i FERCENARLS 22 0 << ) S8, FHEN— RS,
Mt n/s = n WELH, RBSINEE » 2. HIHE

- [2]
£
AT LIRS —A P n + 1 308, HPE » KB RA O AR 2. F
T — RIS R B O AL h 0., AT HE B
n

0€9m=2n—2nx:2n—2m[-g-] :2.?:(%—{?]) < 21

N4 0, =0 FMRTF n/z HIEBRBHFEO. ¥ LERE » Ko+ 1 HEHBRKIE
H Sz, WA HE
L 2

f
S, =2nsine + 28in — =2 [—] sinx + 2s8in —
2 T 2

= 21 - S + 2 ([E] — i) sin:r+2sin—‘?—m—.
x T x 2

gin T

=1.




§4.3 ANEEKUR 111

A lim sinz = 0 (LU 4.1.3), AT

sinx

S, =2x- - +o(1) (z — 0t).
% o~ 0F 0, LR BPEEREAERAERET 0, RERA lim 5, =20
XEERBE o )
lim S = lim (-2% + 0(1)) -1
bF 2T ymw HHRBRNERENSER O

T
sinx

# RN AR (BNE AR FESREE, LAY
B mEH T T > 0 MERILE 42 () (URE 87 (b). ZEWE 852
PR TS MR 75 7 = 0 AbANEE M ERRUEY 1 S, FTLIVERS BsIE R
TS, T8 MacLaurin 24 A 7.2.3 (2 RAE 8.19 (LR 3). BH
Ao <s—BFHA O#E 11.3.1, 11.3.2, 12.3.6 %5).

1
z

4.3.2 lim{(l+z)" =e
z—0

525 Bohi Jim (144 ) = e HARRS

1

S 432 (B-ABERR)  Im(+a)” e
i 578 o — OF A RIS (I 4.1).

#z € (0,1), TH n € Ny, f# 1/(n+ ¥
1) <z <1/n BE ThHEEHIMRER sl N
WE—T, 2 ¢ y=(01+z)"
. 2\ (1}2]
ng-—<n+l, |
§ !
AL n 2y LU ARXHER: 1r :
1 :
" [?] ' (45) 0.5 T
X ET R AT A B At A 4.1
i 1, n+1
(1+ nil) <(i+2)* <(1+%) , (4.6)

Hiyyn AR 45 5 « HRAR. FH n FRML TR, ME

1 n 1 n+1
nlLrgﬂ(I-b— n+1) =e¢ FN nli_.nc}o(l-f-?) = @
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B3, HHA Ve > 0FFEfE N, & n > N B, [[BdHsE

) n+1
(o) e m |0e5)
A (45), TRHER 0<2<b=—— 0 — >N+ 1, ALY

n=[il>—1-—1>N
x z

<e F

< E. {4.7)

ST, M (4.6) R (4.7) BF J(1+12)° —ef <o NHRITHT

1

im (1+z) " =e.
0+

KT 207 TR 2= —v, W 2 — 07 B 2 - 07, B
A L z
im (1+2z)* = lim (1-2) z=]jm( ! )

T—0— 20+ z—0+ 1—=2
1 1—z

- () = (i) -
EHEH T RUREREPIRENZER. O

F 1 X (4.6) PHAWREZERNLEERENZXE. HFZEATFERE
B, MARAT A RRG R R MU E RO R B, I (4.6) M
PR 2 ARORET A AENERBEHRSET e?

LR LA HEERS (FE), TR« MR EfESXE
[k, k+1) (k € Ny) LECEE HRHE430Ek 7 A g, MEEIERY « - 0t
BT TR R4 e, ZEXVUBA T LLB B PR A 3GE 2 3. 28T RIEEA4
tHk 5 1T M BRI e—d & ARV IEEIfE LR

H2 BMEK (+)Y =0 AIERE XEEELES, RATLEHER
BRI RER SRR T ©#) MacLaurin 202 AR 7.2.4.

U EFHAEEREEAUSHU T A EFE R T RBEHBPES
EIRE, X BEAREN. BREARILE, k.

. tanx . ., l—eosz 1

{1) iﬂ:ﬂ] - - 1& (2} 3:% 72 — 9 !

(3) lim 1“(1;”"') = 1; (4) lim ¢ —lna(a>0).
4.3.3 GlE

THEE 3 R, FH LSRR ETE BERRHRE (SR
B 4.11), TR ERAE R EHEE GEAME).
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P8 4.3.1 % lim o(t) = 0, FL t # 8o B 6{t) £ 0, ) Jim singlt) _ .

—to g(t)
_ _ 1 98
FE 4.3.2 & 315% g(t) = +o0 {—oc), N tlﬂ:ntn (1 + m) =e.
Fi 4.3.3 ix tl'l'r& 9(f) =0, H t # to 0 g{t) # 0, W tllngo EH(ITB?{E& = 1.

1

FigE 4.3.4 K lin:h(cos:r)_‘“r.
Ir—

B EHEBHXARER 1> MM AER, B LRS- EER
B, 25 IR i

1
T
1im(cosx)? = lim (1 — 2sin® _:.:_)
z— o—0 2
1 i —2sin® &
—2sgin* % T2
:ﬁm(l—zaﬁii)
z—0 2

Z

25i112 ,..;;,._ sin-é— i 1
B F :EI__H}) P = lim = o= EaREe1/2. O

r—0 2

2
1 e o
e 4.3.5 3K lim (sin — +cos —E—)
T—3D T

T

M 5L—FRTEEARTZOT:
Il_lqrrgo ll + (siné— —I—oos—i— - l)r

1 1 fin —i‘-{-cos %—
= lim [14— (sin——+c06——1)]
I x

T (sin L +cos2--1)

L=t
H R HE R H
i 1
1 1 gin — 2gin® ——
lim z|{sin—4cos— —1) = lim £ 2z | =1,
I A S
x 2z

BB ER e U

F UEFEAENRBESE EFUMA o =P MHE 433 95
W (K5 dE—#E):
1

lim zIn (sin% +cos-1—) = lim zln [1+(sin% +cos——1)]

T— 00 i T—ro T

1 1
= lim :c(sin?+cos—+1),

r—o0 ey
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PITRE L XmR T v = 1/z, WESS LEFE—Lk

4.3.4 %38\

1o L T AR bR
2 ® tan »
1) lim | — . : : .
(1) lm ( - a:rctam:) ; (2} m_i:n_;_{smz} ;
; 2 —1\" . - —=x
(3) lim ( :r:2+1) ; (4) DLm_(cosz) L
. sin2r—2sinz ) ) n
5) tiy S ©) byt - a)ten (-c).

2 EEUTHA N R IERE:

. A
(1) lim T %1 @) lm (1+2)°

P—s 400 T T

#e.

3. iﬁa:,o,b:,o,mmmn@;c( VE; ‘/E) .
(2 3R 203 A B ), {EL P v LA S o AR R ke )
1

af+af+-af
T

B a0 NER 032, f0) = | | i o)

n 1
5. HHARME Tim ] cos -, FHERE Viete AR
k=1

T _ L
L .
Jro gL g1 gt gt /1
2 Vo T2V N2 "3V 2"2V2

(X RBPER Vitte TE 1503 LEFN. ERHZE R LB RATHRPE
£r— ¥ FEEEXMFRAR o AR R EXRE)

§4.4 Tz, FRE. THAKBHHRHILLE

AEFITE, RE BRI/ ME, FREMEFKBOEDS. EX TR
MR T AT EERA R, RSB ARSI R R T
REER T
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441 g5 o0, 05~
W flz) 1 gz} A o WEPTZOM Oe) ~ {a} EEI, FHH gle) #0

(4 F @ 3055 JCH i 1 OL AT SRR PR S840 050 P 268 )

1.

f(@) = ofg(2)) & — ) iy X lim f; — 0. RN ¢ —a bl SR g

RIS N, WA £ R o ERME T M.

f#) = o1) {z — ) MR XR: lim f(z) = 0. BULSHIINE—H, TS
o) BFRFAT ML RY KM

F(@) = Ola(@)) (= — a) B3 ks FRTEMBL M >0, 17
o IS OA8 E ST, BSR4 (£(2)] < Mlg(a)l

flz} = 0Q) (z — a) B X FRIE o BYFEA-ZOA0, F F EH EER. &
HRAMEE R A—RE EHRE O(l) A A&, MEXEILS O() (z — a)
HFRRTEAL a HEANSEOME M —MF R E, HILH S REE 7.
i QE § =A£0,fiHY z—-al f 1 g BEIXHNE (XF

KIE), WFF f 1 g BREBT5/ME (R KR).

Ficia
glz)

<M

. 1(2) ~ 9(a) (2 — o) HREXR: Tm L 1 B o ant A g R

g(x)
Fo5 NR (TR KE), WFR f iFH g E%fﬁ?ﬁ%‘fl\ﬂ (oA H).

SRERITEEEH o, O Ml ~ HEAMUNEFR, 34 flz} ~ golz) (z
a) VR REE flz) 7 g(z) Y z — o HEFHEHIEES. BIEY
z — oo (EFEHFIBRM A n — o) BXBFRBERETHBRIIZ.

UL BB A CBr B R A LI AL, Hr R A e R R R 26
BRG] (RAHFKE) FouinkE. TEHEd AR e

@) = o) (o — ). HHE o> 0, 1@ | L) = 1> 0. s
F(&) # = - a B o BRI IR

EFAXRESH, AREHAXNRELE RTHEFIBATH
(n — co) #b, HR RSB Aol B8 (SRAE7 mites). mel FXF x4
008 o) =M B SRR S AR R AR PR B A BT S I

ing=0(l) {z — 1), lnz=o(z)(x— +x), lnm—o(l) (z — 07).
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9. THRE/LTERMBRERXR GEHE (7) BRTHEAHRE 414.4):

1) e -1~z (z— 0); (2) sinz ~x (z — 0);
1
3) In(l+z) ~ z (z — 0); {4)1—cosa:~?s:2(x—rﬂ);

(
(
(5) nz =o{z™®) {z = 0" (@ >0} (6) z* = 0o(a®) (z = +x)} (a > 1);
(M (1+2)* -1~ ax (z—0); (8) arctanz ~ z (x — 0).

LS —2C %, Bl 0,0, ~ T B0 e o r80 a3 TE AR F o SAR PR B
FARA A TR, EX B8 il E it 5 S BB, RA 5 ths
B 0,0, ~ i, BT L AE WA R b, EEMEM TR
B &F o0 %R, INESA, SHEENFAXA—H ENHFFARE
B, WRAFRERBERPHXR. HK B BRRENEESLE AR
MWHEELE. Fim
o(1) = O(1) (¢ — a),
EHME R % o) BHER lim f(2) =0, W flz) T ¢ BRTZ08M L
AR T RERREN—FEA LTRSS R A MELRREEFE.
T X—rE ISR
O(1) = o(1) (x = a)
R, BTN o BELH R RBHEA o LURF—ZRAT 0, HHR R/
WHEFRLYRARLRIH/NE

IR 4.4.1 iE8 O(z?) = o(z) (= — 0).

i RBEE, i L2 R 00 - (0} LAR, WA M > 06> 0,
W0 < |z < 8B, BT ([flz)) € Mx? FRY0 < |z < I 8HH

CINE..
M

< Mzl

A4 = — 0 B ERAHRB A 0. ZRE f(z) = o(z) (z — 0} XER(THERH
TY f(z) = 0(®) (z — 0) b}, —HE flz) =o(z) (x—0). C

GIRE 4.4.2 JERH cosz = 1 + O(2?) (& — 0) HLaL.

COSII:

= - BAFAE 6 > O, G5 0 < fof < 6
L HR KRN cosz— 1=0(?) (z - 0). HEHNE O

Uk E‘&ﬂjﬁh

cos T —




§4.4 AFIE. HERE. AT A ERHHLR 11T

XF T/ DB A LANRTE 52 0 PR 8 AR fm, %z — 0, sinz
BB EF /MR, 1 —cosz RIS /PR, sine — tanz BEREF/PNESF
(5 WA 4.4.5). LHKF R sinz = O(z), 1 —cosz = O{z?), sing —tanc =
O(2%) (z — 0). HHABAX=AARHEEXTFHHEL.

R e, 3T/ME (LB FITK ) R,
BIBE 4.4.3 JEH: 2 = — O WFEF/IE 2sin — B

TF X HENE
I sin i
T

lim

T o

HIET. 3B o > 1, W R R A HER o <1, M ERRRSY 0, HREH
B HESTLLUREHBHEM o<1/ O

W :r:siné = O{x), :.:sin% =o(2%) Va<l(z—0).

BREHEDEHFNLS ~ 2@ EEELR.
1. RFErIkAYy Stirling AR

nl ~ (%)" NG
THIEB SRS S Rl (G 11.4.2).

2. M ABE « MERIEOLH nlz), MARMEER:

w(z) ~ —

- (z — +o0).

EYEFRYLE P B E . Legendre f1 Causs it 558 i T HH.
Hadamard 1 de la Vallée F 1896 £ 43 BPsr it T R H— 4
{EE. 1049 47, Selberg A1 Erdos X4t T EATRISIER. (MIATL545
Bl (% 30).)

4.4.2 RBEH

1, 10~10000 o—10'° 4 gin 2 FLABLFEAT VT 1010000 o10% gn o7(g 5 1) BT
RILGFRE?
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2. MEUTHRBRETEE SHEMETHA7 (WEE 42 PrEKR)

. ginzx sin T
(1) tim S22 @) tm 0T
) | 1
{3) il_l:’t%):rsul—a-:—, (4) El_].}gczsm e
{(5) ]im rsinr; (6) mliﬂgﬁxsiﬂm;
1 i | 1
(7} lim — sin — (8) lim — sin—.
z—=0 T E T—oa L xr
Y y
A
1h---f cmmmm—————-—— -
: L‘__k FZ
O T O
sinz . I 1
(a) y= P d (b) y = zsin —
//
rd
v .7 Y
I

i
A
Y
Y
e

. ~ | |
(¢} y = zrsinz N [d)-y—-—;:—aln—x-

& 4.2

3. %z — 00, TREXPHETLIHLT

(1) o(2) = O(1); (2) O(1) = of1);
(3) o(z?) = olz); (4) O(a?) = ofx);
(5) z - o{z?}) = o(z®); (6) { =) = olz).
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A

1 i
4 ffhy=e” HEE W e® 5 +oo(z—>0")fe™ =0(1) (2 —07).

4.4.3 FHEAERE
ERBR TR PSR ] RBRERELTE.

U 4.4.4 # o £0. R lim (I+2)*—1
I— .

@
B Sy=0+2 -1, MLz 08y -0 FHELI+y=(1+2)*F
In{l +9) =aln(l + ). i{tEWOT:

1 R | 1 “—1
]jm(+m} =1im( +2) :im—a-y—"= .mf_y_
_— @ 0 In(l+z) y—0 In(1+ y) y—0 Y

1 B EFEARASMRARFEATESSHRER T R BiTR
5 H In(l 4+ z) ~ z {z = 0), B8y = #2h (1l + 2) ERABREER),
ERXFE m(1+y}~y (y—0), ¥ In(l+y) #X y.

2 RGP EE o PRI 0 WfEM . AL ZRITRER
IR B AL o HEBBAEN. S5 U EEN B RES

B 4.4.5 R i‘ﬂﬁ-} sinm;stanm '
%1 R AGET R, MR B AR BRI TR

. sinx-—-tanx . sinx 1 cost — 1 1
lim = lim =—.
z—D z3 z—0 T CosS X x2 2

W2 ERAREREE ITESS sina:—atanm _ gin z({cosz — 1) BE

x 3 eos T

FF sinz ~z (x = 0), 1 —cosz ~ 522 (z - 0), cosz ~ 1, ¥ LK FERD
G sinz ek z, cosz ek 1, cosz —~ 1 3 — 32 A

1
- - x __......_xz
. sinz-tanz . sinz(cosz — 1) ) 2 1
lim = lim — lim —— = O
£—0 3 z—0 3 cos 2—0 z3 2

NG SR RE A UERDT.
WERARR lim wy, P w0 2 2 BRE MBI w~uy (z— a), AL
¥ EAPHETF v« B uw A% SRATRE

=¢q 0O

lim uy = lim (i) wiv = lim w9, (4.8}
T=—+q

£—Q T— 3 (15}
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RV AT v B i (P RETE o FE w1 # 0). BAXMETUEE
e, MR 445 PRl T =ZMEF, FRBRRIZKRKML.

X BERIEE L X TERXN v+ v B (v + v)w MEBORRRE, B4
A weou ARG v A w1 WITEHIRE 4.4.5 1, LU Bk # iy

sinx — tan sinz — sinx

1. MH sinz ~ tanz (z — 0) 153 ili% 3 = 31:1_% 3 =0,
. . . sinz—tanx . x—tanxr 1
2. ¥|H sinz ~ z (z — 0} 183 ilﬂ]ﬁ =3 o }:1_1’1}] e =-3"
. . sinz—tanz , Bnx—z 1
3. ¥ tanz ~z (z — 0) §F ;11_1% o _mhfb o =

REABFHHRE —SERES (HPERMAIEE -+ 70 5 it EEET
M AT LR, HERBESEE. HRERE S ERBREERE.

fHaZf T A e R A b i BT
BEFBHRRELEY 2 — o M—NESIERR ST R4

ey, U, limu+v#E0 = utv~u 4. (4.9)
=¥l

THEEHEY, A HHEM BN MERRERE T Y RERRE
ST BTN 26T (4.9) BYTERE ARE. XN TEHIFEHIR, RS EE L
2% [56] UL R H A ETE [ #SCER.

Lhr LM BAS (ERT/DREL) O3 EEBRAIMRN T/ NE
RELBRERMEE /MR, THRATE /DR AERER T 48, XNE
MNMELMREEBHP TS DR —RE2NHEERERESELE DR, A
RAPRH RS WTF— M T LR 20X R A e THY.

DB 4.4.6 1 flz) = —— — ———, m,n € Ny, BB lim f(2).

1—gm l—=x
B Sy=r—-1LMlz—1le=y—=0.EIMT:

m n
f@y=f1+y) = 1=(1+y™ 1-(1+y™

_mil—(1+y" -nli— (1 +y)"]
+y)™-1]- [0+ -1
m;ﬁ + o(yz)] -m [n'y +
nm(y + o(y)) - (v + o(y))
(m - n)y® + ol(y?)
mn(y? + o(y?))

n{n — 1}
2

n |my + i +o(y?)

mn
2

1
= ?{m— n) + o(1),




§44 AFIE.ARE. AF KT AUkt 121

S8 ofy?),ofy).o(1) R y - 0 TWE Y, 7R +(m—n). O

ZE UEHAMNFEESHER TSR NR8E0 B —F
(1+y)"=1+ny+oly) (y — )
17

n(ﬂéz— 1) + 0@,2) (y — 0)

T o(y) M oly”) AKRM. TEE—AHEHHAKE T RARBRIERETTH 5
KRR, TES IG5 T o 1F Peano IR Taylor 245 (MM 7.2.2), 7]
RO BHEPR E  RR E —AR Ok (W 88.1 ¥ S BRRAT ).

(I+y)"=1+ny+

4.4.4 %3\
L WLl T 55 M ERB:

(1) Vi+tanz —v1—tanz (2 —0); (2) Inz—Ilne (z — a),a > 0
3)a® -1 (z—0), Hfra>0; (@) & b (2 >0), KA a,b> 0
(5) In(z + cos %:1:) (z — 1); (6) Inzln{x — 1) {z — 1F).

2 s lim L 9 f0) - 7 () = ola) (= — 0), 9 fia) =
o(z) (x — 0).

3. GHFIFHILA%REEFAEZ HHER hn < n° < o <l <
n" (a > 1,6 > 0) HIFA, JEBY 2 — +oo BHAT

lnzr & z® a® €z {a>1¢e> 0}

HP v v BELE lim% = 0.
4. BB ERETETTE L THRER:

In{sin’z +e) -z

: : 2 _ .
) Jim T ges (@) i @+ Din (e +2) ~2In (e + 1)
. AVl+z—Yl+z . y/eosz — §fcosx
3 1 ; 41 1 ;
() b ——m=—" ) lim S 7
(3 +2sinz)* — 3 t *
. +2sinz)* —3° . arcsin
6) b —— s lﬂ%( ; )
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§4.5 ATHEHFNEIN
4.5.1 w3@Es

L S REERGERE T RARRO I EREX - ETHEREAE. BN
T ES I F PSR RMT T RS XESEAFSERNELRT
FAET HhRT S S REEE SRk JUE T R S0
WRIRAFTEE A Cauchy BBHENST, EHFEHH TR SRERSZF
Bl F AR 2 EE AN, BERAERFSERFTIIEARE
A ke TRAFFE ERAY ETENSEETHAE AT

2. FEERIERI TR RN AR, AR I REHI S AR R
TIRARER (B SORKR) PR, (HXF 2R E KRB LR R
WEE #—R=ERANE, EEREES LR, 0ME L1
FEA, B ERH L REFOFER M, — Ry SR HEFES
EARNNRIRE (BARE W), £8 T AR5 B IR, e
PR SRR BRI~ R aab s, IR LT & ABA L.

A B RRIRE 50 REARMRAE S Heine INEIRHL T3 AN RE)
W MGt RE IR AEH-RESREE $ KL Heine HEFA
MRARPR TS (%M B B8, WP EERRF) o

4.5.2 &%

| EEY f ERE (a,b) LR, BRI {2 BB 50 — o A
lim f(,) = A WEREENERORE XEEESR: lm f(@) =4
2. BB S ERE (0,6 LEEREMN, B M ERE (0,5 REE
{za} 78 f(zn) — f(o). iEM: Jim 7n=a.
3. 2 Heine AR (I 4.2.3) B fFH,
(1) 4 HAE {2.)" B AR (2], HAERFE, W
LR T (VAR LT
(2) B “GAYR (2] BT [2nsr — ol < |2n —al,n € Ny, Fofl
A5, B i
TEATHRR (G 4.2.4) THEXLAE, SR AT PRRL?
4, FEW sinv/E T -~ siny/E % = — +oo WKLY 0, 4TI

1 a*-1\*
5 3K lim (-— ¢ ) JHfra>0,a#1

T—400 T a—1
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o

(1) B f(x) = arsinz + azsin2r + -+ - + a,sinnz, HXHH = M50
|f{z)] < |sinz}. JEHR: ja1 + 202 + -+ +nag) € 1.

(2) IREE F(2) =arIn{l1+2)+axIn{1+22)+ -+ a, In{l +nz), BX¥F
FiA = > 0 AL | ()] < |zl WPERS (1) HIBIRY AR 2RI 0 LUERE.

7. MR E A 7 R lim SN - Asing

10.

11.

12.

13.

14.

15.

a3

. UFAH Dirichlet ¥y ( 4.1.5 f]\qﬁ% 4 1) ﬁu—Fﬁ*ﬁ%ﬁﬁ

D(z) = lim { lim [cos (1t m! :c)]z“} .

mM=—+20 \R—+00

(1) &R f EXE 0, +o0) EHRER f(27) = f(z), BFEFRER
fltoo}. WERA: f RHEE R
@ WHtEa> 0,0 # 1, ERES [ ERE (0, +o0) EREER flas) =
flz). IEHE: EFEAEHRBRM f{+o00) B F07), W f HEHEBH
WEE FAEREEX Fz=04EFF, XHa>1,b> 1, {FRTEA
z € R @ flax) = bf{z). 1ERA: ij__l}}] flz) =0.

B S A2 (0,+0c) LM, B lm TP 1 i g

a>0, 3L 1 Lom f(g;;) = 1.

B 7 4 (0, 400) BEX, BERPHEMHRFRELEAR. EHSR
im LDt (72 1) - @)

e s ]

FeA A A R AR PR BY, oo BFANAL.
B F 2 (0, +00) BEX BERTHEME R TRELFR. EH: FX
lim flo) _ 1 lim flz+1) - f(z)

z—too ZMT1 T m+ 1 a—too zn

FEATIR 0 HER R PR B, Loo BYALAL.
% T AEE HEY f9 & [0, +00) BHRFEM
(1) g{z +T) > g(z), 2 € [a,+00);
(2) x}ing[x) = +o0, f(z), g(z) 7E e, +oo) MEATHHFFEE LFHN
fla+T) - f(z)
®  Jm, gEﬂr + T; —g(z)
f(=z)

= .

BRI lim fe) = 0, f5) - F(S) = ofe) (@ — 0} WEH: f(@) =
o) (z - Q). (AHIK 444 A HEOHEIE 2 BE—H)



FLE EZHRH

EER PRI E MO ERR IR — AREERYN—RAEE

BEWRIFYFETTEMEAN R AN EENFENBEERFHELX
. TR RSN ESEA TR E UEF TR A, SRIE R, B
REEFERIERERANTR, BRAR AR R BEER. RIEBPER

¥ 851 THBRABME Z G, BEAE B R4, BYNET 1187 RME

. §5.5 AR REL 7 §5.6 oA REERBERIE P A, X §2.6 7
EREREF) HARER BE—THFIELANTHAS SR,

1.

§5.1 IEGEMIRE

5.1.1 RERE

B S T o BRI () B U lim £(2) = fla); (2) BT
7 U SFHHT o WEAED (za} B lim f(zn) = £(0). FARX
{185 VT R Ak Y Hine AU 331

B S 54 o TS GRS B SUR: F(a7) = f(@) (f(a¥) = f(a). @
8 f A28 o BEMNEABERIE f00) = f(0) = fo).

R o RT R S WSO S E o EBE W ey f HESES, TN

B o RS f S, IEW . ER SR SFEERA AN
R, WA H—2E, HAE T GRER: SR TR S0 E XA
TeAME.)

KA R m¥a e 3 R f XKW T ey GERESE (BIabahES),
MFFeEE F ERXA T LES. ERAEESHS, MES LM ESEERE
FESSAEERXE Y. ABLRRBILE f e C(I) FREYE f AR
(8] I b pEEss ¥

. ARBE— R REE A EESE R RREITER. RENT. X T

& o W Ose) & X f R TS LFRIBA
wr(e,d) = sup {f(E )}~ inf {f(x)},

Z-'Eﬁﬂ IEO{)

Rig%
wela) = al,i..'& we(a, d),

FRER f A o BRIE. BRI, B f R o EENTETLERMSF
R wela) =0 (B1EST).
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5.1.2 Bl

& f FE o BEE, BRSNS TER o REHES? B2

2. WHRE £, o TEN o HRELE M f+g Ml f-9 FER o BEEL

3. R f ERA (¢,5) EEX EXTEANHARNE [c,d C {a,b), B f 1E
[c,d] LS, LR f 4 (a,b) LS

4. PHiR TR BB SYE, R R e B R R E:

—

1

= 1
(Ufw0=Jem’EE(“””L (mfua_{ex,$ERﬁ{mj

h:.5'2, z € [0, +o0); 0, z =1
(In(1+2%) 1oL

@@= = "ECHOUAD
2, x=10.

.

5. FRH TR BAER A, iR

(1) f(x) = sgnz; (2) glx) == - [z];

(3) Flolz)) (ff g |1 (1) (2) 8558);  (4) g(f(@) (F g A (3))
1 1

(5) hiz) = 2 I $+i i (6)y(z) = ——i——
r—1 =z l:__m._]

9.1.3 Hi&E

GURE 5.1.1 EFE [ T o =0 LS, WE—1 2 e R RAL fz) = f(22).
IEM: f A HEERL

iE Rt zeR, M
o=1(a-5)=1(3) -1 () =15,
FiFA flz) £ = = 0 382, BEH (REESEERNE )
Jim £ () =10
XEERMER 4 2 € R AL f(z) = f(0). O

P 5.1.2 EE f, g B —oo,+oo LHESERY, XNEFEFFELAL
flz) =g(z), JEHH: f=g
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iE HEX R PHESMTEEE 2 EH f(2) = g(o) BILBE. BRG]
{re}, 8 Um rn =z $m, BURH ¢ A RELME rn = [1072]/10%, WH

0"zl W0z —98,,
L 10» ’

Hp 0, <1 FEHEE rm — z(n— ).
HF flr) =g(ra),n € Ny, f0 TE5 o B8, MAEEENT 2 0T

fl@) = lim f(ra) = lim g{ra) =g(z). O

i 5.3.3 (— R T BIESERE WERE S F o =038, B 2,y
Hfz+y) = flo)+ fly). L8 fER FEE H fle) = f(D)z.

i EHR fle+y) = o)+ fy) B4 y=04N, T8 f(0)=0. BHLH
iiiﬁ{l} flz)=0.
fERA 2o € R, M = Bl « = 20 + Az, HHHRER
fim f(z) = Jlim f(zo+Az)= lim [F(zo) + f(Aa)
= flao) + Jim_ f(Az)= f(zo)

T —

B WL f abAbEgE.

BF flo)+ f—2) = fle+ (-2} = f{O) =0, Ay RE f(-z) = —flz). Hik
AFiTit « HEHRHER. MEGTEH « = m/n, K m,n € Ny, ¥R
AT ELAHE T E SR m € Ny AL

flmz) = mf(z).
M

B £ () = —f(o). BBORA

&z =14A, BE " -

o) =1
FHHESE flo) = f(Dz N—HFEH 2 c Q BRI &5, FBGE 5.1.2 fy45
i, BAE f(z) = f(Dz —EFlr. O
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& FHIFEE 511 BRRPOTERE (ZR (14, 8). ERERERANE
HROE R A B AR L. M TR BT BN RME, KBRS HE
REMNE. 15 [63] BI5E 48-50 TAX T AVELHATRL Bosb, 2TETR B0 2%
R R EER. TR L, X RBOTERH TEEMR. Bl BT, XA
IR R — 4 s R, BB FIATRN A EER— RN
EERRR FNBEIEE LSS [57) 5955 68-70 .

1 5.1.4 (Riemann R¥PHFLEYE) Riemann REHTE XN

{;, r= %: ﬁl:':l p.q %Eggﬁ’q - 0"

0, = RicH¥
s RO R . (4 F = =0, TTBl 0= ., B RO) = 1)
W T EEREENES 20 € R R
m R(z) = 0. (5.1)

T—T

WX — R EARFIERA, WM % R(x) 0y e SCRBV] LAKIE, TEATA B s L Rix)
FEE, BEFE RS R(x) FEs, BT 5MEE A
BUSE 0. BF (5.1) 5 R{mo) Jo3k, HHAFRE Z 2o BRFASTHA.
SHAER € > 0, RNEFEIEHART 6 > 0, FBY 0 < [z — z0] < § B, B2
{0 QR(z) < e FHBELE, EEXNTFAEXABL (B R(z) 2 ¢) 1§ = BH47
Wekr HEERFHY BEER e =pfe. HP p,¢ HE, ¢> 0, WF

R(E) :i;zs.
q q
1 1

B 2L HT RN, FTRASER 61 = 1, RS RE 50208
(g — 1)U (g + 1)

har BN g € {1,2,---, [L/e]} BIFTEHBY p/o ML BT XREOTERE
ﬁﬁﬂﬁﬁm’i\r Wu’ﬁ"ﬁfﬂiﬂﬂﬂ T, X2y Ty ?&EHR

§ = min{1, [x1 — zg|, |22 — =ol,- - , |Tx — 20|},

WY 0 < |z — zo| < 6 BFEEARAL 0 € Rlz) <e. UL (5.1) iz, O
T OWEA & =228 & =1, WFLIERTE (z0 — 61) U (w0 + 1) 43
&g <1/e BEFEY p/g TERF A (I [42)).

Riz) =

EEMT
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FE¥E HeHH

1.

10.

51.4 &I

(1) ¥R RZENE T EEENF B ONE EL BHEHR f 8 o &b
AELERT P IERAR. (2) RSN & U ME.

T el Y TR R AR
f es'm:r: -1
(1} f(z) = [z]; (2) flz) = - , &€& (—00,0)U(0,+00),
1, x =
(=T g4
(3) fz) = 2] + [-ak (4) f(z) =4 lzll@® ~1)" »+1,
L, r=10,=xl

%

BN S € Clo,b]. MDY {2a} C [o,b], 68 lim flza) = A, iEW: 7
e £ € [o, 8], 78 /() = A

BRHL 1 (~oo,+o0) LY, # = = 0,1 BAESE, AR fl2) =
fla?), = € R EM: f RHEEY

B f,9 € C(D), \EW): max{f, g}, min{f,6} € C(D).

(T EE S5 S, BT A max(a, b} = 30 + 2P 45

WHZAERY f1, 203 € Clo,b], WA 2 € [0,8], BX f(z) B=1 B
8 fi(z), f2), fala) FREF o EE—MME, IEM: f € Cla,b).

R f ORGSR T DERR: MEAERE n, B

—n, f(:l?} & —n,
falz) = { f(z), -r<flz)<n,
1y Jz) > n
EEE.
(T H fulz) = max{-n,min{f(z),n}} 1A% K L —8E, LW 4 fI e L)

ERA Dirichlet ¥ D(z) (ForE X WARME 4.L5 P 1L ) sbibAE
2, JFoh e A

. Wit —ATE (—o0, +oo) EHE XAEY, BEHUERITBEALESE B

ERA R A AT

B f € C(—c0,+00), HMEE 2,y e R F flz +y) = f(z}f(y). WM X
MRBTROFGRT f=0 25N MR f(z) =a", P a= (1) > 0.
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11 8 f € C(=00,+00), AR 2,y e R ( e ) = 1) + F).
W £(w) = [£(1) - FO))x + F(0).

12, 448 511 NP 5 AN, B 3 £ 7K o BN TEAMLE
AR ER AR IRIEY 0, B wy(a) = 0.

§5.2 |aEFERESLSAEEE

EEEREETMLR MAELE BECSTHE. HERLH—
BERE G, AE R TSR UG E — TR AT f HF SR
RITE f(z) =0 W, BROEHHRIFEEERIRNTFESE:

SH 5.2 (TATERE) # f € Cla,b], IWREM ) f(b) < 0, W
TR € € (a,b) 7B £(6) = 0.

F dFERGNAFTHENIUTEN (BRHE 5.1, I EM, EHR R
BRE W AP F AR AT AR (W [35]). Bhs LEMxSoEi @i
X%, i, FEEEBFENEY f(=) =27 -2 TR M [0,2] LIRE SRR E
RERAT SR ILa] R, T aE O SR R R AR XA B B e

5.2.1 EIKiEeA

RTESFESRYIEAE R O B R PHE, KU ENLBREE
—AXEA ER (EESENSFNHE 8 $RETLAEME. LTRSS
RYTERNEE LR, EATR S T ERAEA 2R TR

SIRE 5.2.1 A XEEEEM Bolzano "M iriE S FEEH.

W a=a,b=b. HEEAPL e = (01 +b)/2 R [ay, 5] BRIFAH]
FIXME (a1, e1] B [e1, 1] FR flor) IS BIFEREF f(c) =0, et KR S
M, WIREHR BY BF fla) # f(b) S, HP—2&F—MENEFSH
flo) MFFHR. BEESHTFERPOE—THTFERE, ZEER F B
EHRT. FXAHFRRECH (o2, b2), XEHHREARE fla)f(b) < 0.

H¥rp Bes ] LR, REEFHRTER ARG RERBT f i— %
A, BE e R LR T %, B — X {{an, bal}- B TFXAEE
BB LR RS B, B EREFEMTREA: (1) beyt o =
(b — an)/2; (2) F(an)f(Ba) <0V € N,.
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XA {lan, bal} AR EEEHE, MAEFE—TH ¢ FH

lim a, = lim &, = §.

EE F6) BIFS. R f(6) £ 0, WHESERWHRPRSEEE RE EH—
DRI O), 7 f WK OF¢) LRSS B n B0 KA, an M1 b ¥R B 2E
AREA-RIH, ATTRESHES flen)f(bn) <0 FE. HERER ) =0 O

£ 1 XTEHRAXEEEEMRBNA. MES =1, HEFE
XE HR FY LR ROR A PR A (B S P e B R — 1 YR £ L IERX
REMEY. BE Bolzano —5r¥k, ERHL [ TEXM [a,b] PR S X MERSFERE
f FEBNXE [n, ba] MFRRES, THEX T EE B—E ENEES
UL, AT £(E) 5 0 Bid, w550 e R R ST g

2 RMEHETER RS B LA T RGEAAR. (RIS SGEN T
EFRIR A IERE.) i, % F EEE [0,1] gL F0)F(1) <0, HRF—
AR € R E a8 9 K, B3 (a0, bio). BUXATRE MBS ¢ R UE, [
mEAfEA

le — €] < 2719 = 0.001.
L8R, BB LR, R BRI §8.7 .

EHE-EPYEE, FERER 1 WEXE BReBRF SHRAEZER
FELRIFE 80, BOATRL A R R B Y B . ARIBFRAA IR =, PTLIRESE
BN YRR 4B B TFRAGRERRY, MHrEERNLEE, BE—TR
F ¥R 0, R BN, XS5 REENTEMER. dILTR, & RS EEIE
SRS, SIS B R,

il 5.2.2 PEREEILYE AFEERE

W M. WEERY f X [o,b] FEH F(e)f() <0, (HERMHE
T . AT & zo € [0,8], HH f(mo) # 0, MESERMIN HRRSEER 7
£ & > 0, fEARH f TEAE, Os(zo) N [a,b] ERS. MR [a,b] FHIG—F A
X, SAARIX [0, 8] B — P HE R EX DT ESPHE—FEE H
K1) [a, 8] HYZZER) PN, B3 S RS-

FRABERAFEREE WARSRERMFAI L SKHF fe)fb) <0
BF)E CHEERIRE) AR E el (ME=0ME 3.5.3), FE
Lebesgue 6 > 0, A [a,] PREMES o/, 2", RE |o’ - 2" < §, WHH
BRPHE-PRAEEHEH A o, 2" BEE HEEHF RN, L
T o — 2" < & B, f(&) F (") {9, BT f2) (") > 0.
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F X4~ Lebesgue ¥ § £ X 10 e, b) FH/A— RTINS, FF RS 8, LK
a=Tp <P < Tg < < Ty = b,
R 2 — 21| < 4,4 € {1,2,--+ ,n}. BF flwe—1)f(z) > 0,i€ {1,2,--- ,n}, T
R fla)f(d) > 0. F[HFFE O
# SHAXEZESRAUERA K, fTRXAEEAREEEN EWET
R AFETE, B3R F R 2R R, X HIER#R O IEREHEIE A, AT
TEVEIERE. Feit 3 E MR S XAUERH. Gl ROIE R A JE AHER R k.

BIRE 5.2.3 FHRAFEEEM Lebesgue WIHEWF AT EEHE.

i (HS%ET Lebesgue JFEMPIRE 3.5.2 7 3.7.1 {5/ MER.)
RN, B fle) >0, f(b) <0. EXHE

S={zciab|fle)20} (5.2)

M fla) >0 acs B S HEEHRAE ARATFERA LE M SME
WA mT FO) <0, FAHE 5 7 b BHERE AE (RS, HHARAL
{=sups < b

BWE: f(£) =0

P R SR EE, BT 0, % 0 f/NF O (BRasiy i), B
HESER f(£) > 0 f(E) < 0 AATHE

WA >0, MEeS. HFE<bMESRRMRTRSYE FELEHE
4FERREME X5 £ RER S W EFHFE.

& F(&) <0, MR FBAGE f 764 £ MG HRAME X5 RHR S W
BhERFE. O

EOBMER L RE
RO EKRSRBR G E, HAF
B EEFAME GAREHHEE
TRAG TLie & . i 5.1 Frm,

y
(a, f(a))

[ ==IF

By = f(o) % ot HHE =R,
A B (5.2) B 0 c\ %
% S 758 il F MBS R \ / (b F)
& S B FRR &R f(z) Mk §

KEE . /5.1

BESS HAEE R E AR, XA ERMRE T AT H S, JREAF
XA (RFEAEREE. TREE., FXE., XELREFEAREF) (3
Ak, AT LDEAEE B RIA M T:
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W 5.2.2 (MEERE) KiHl b5 R ¥ (IR RIX [ (R] 48 20— ).

WO feC), Hb I R E. ATEW f() 2BRA, REEN: 5H
o' 2" € I, B (=) # fla"), R f RFIE f(o') 70 f(=") ZEHE—AE.

HRERN, HEY o <", fle) < e < f(z") RRYIE. RINEEY, FE
Mnef(e,z") CLER fn)=c.

UL TE B R R

Fi{z) = f(z)~c.
EEH
PV F (") = (fz") — ) (f(z") - ) < 0.

FER RN (2, 2") Lx ¥ Fz) B AESERPZ STFEEE, RRBTEES
n€ (¢, "), B F(n) = 0. XHE f(n)=c. O

El MMERENELERNY: & fcCleb,e<a <za<b H flzn) #
Flza), W F TTERENFE f(z1) M flz2) ZEEEAME RIFLIFRSAEEE

B B0 K 8B EMEL RS, A LB HMEER.

2 MEECHEATEERNAFTERRRER, RiERTAKRE. #T
— LR 7E A KA _E A R - E R XK. BE e LR AR
UG X, 4045 ToRR IR R, Thiode 45 SR 30 (L35 T 1A P VT B % b X .

5.2.2 I

i 5.2.4 % f € Cla,b), BF flla,)) C [a,b]. MM FFEE £ € [o,8)], R
SE) =€ (B) f X [0, 8] FHEASH)-

iE SIANMBRY F(r) = f(z) - z. W& fla,B]) C lo,b] WTLLRS]
Fla)= fla)~a 20, F{)=fb)-b<g<0,

Bt Flo)F(b) < 0. MERRETE, WU f o 5 6 NSl AN, 57 ATESE
BRI ZRTFECHE, NiE f € o) PRASE. O

¥ OEAPIERE LR Brouwer A3 EEFFrl. Brouwer 13l B MR
i, A n BEEEAYIR

DP={zcR* |23 +xi+ -+22<1}

F) 8 SayEm st U E R A E¥Eh B X DR RE 4R KT Brouwer
Ao A B — A RS o B A R L [40].

| B 525 # /€ Clo,t) HAH—t 2 € o FE v € [0, 8 1S(0)] <
U@ B ] o b) RS,
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T AERC 20 € [ab], MUFFHE 24 € (o8], B £(z)] < 1 F(ao)| EREAK
ST %, MATLUSSMHT M (o}, BB

Fan)] < 1@ < - < ool

AME lim flza) =0, BIEH {f(za)} HFH /M.

WHF {2} FEERGER, AT S {2n ). BHRRR Y

Al Ty = 10
Wt 0 €labl. &F F7E 0 L8 BA
Jim f(zn,) = fn).

B (fl@n)) & (foa)) BFF, Bt fny =0 O

& EMEES) (2. 0 AR o 18R f 6RS. R RTRR
DT % (T S Y AOTE AR B XX B R AL N A R AR,

5.2.3 HE
L% feClab,a<m <z2 < - <n < b WL FFTE £ € [21, 2}, HESL
£(6) = fla) + fEd+ -+ flan)

n
B f REXE R ERGEERE Y FE—&EHE #8 f £ 1
TR St A Tl A9

n n—1
3. BERWEMRK Culz) = Y arcosks ¥ RFHREKHF Y lax| < an, IEWH:

k=0 k=1
Cr(z) FERIF [0, 2m) R DH 2n NE L
4. -& ay, as, a3 > 01 H bl < bﬂ < b3' iﬂfﬂﬂi ﬁﬁ
a1 o ag

=10
E-—bl + .’E—bg + 1‘——-_‘)3

TERE] (b, 8) # (Ba,ba) HIGEF&E — .

5, iEEH: (1) AWRSHRNTE f(z) =22 +aa?™ + - +age +azn41 =0
B H LR
2) EEKBMRNE flz) =™ +a12” '+ + aga-17+ a2n = 0 AL
SR, (BY a, < 0 BT EAH LR

6. JEAH: 217 4 215/(1 + cos® 3z) = 18 7 LR

7. % f € Cla, b, A f(z) AECEEE. B f HrER?

.| e Cla,b), AA—%F—BLa. IERE:

| o]

oo
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(1) # fla) < £(b), W £ FRAGELRMY f;
(2) # fla) > £(5), M f PR S 3mmR /D

9. % f € C{-00,400), BE f(-) = A < B = f(+oo), iEfH: HE
c € (4,B), FrE ¢, 15 flg) =c

10. & fe C[a, b], ﬁﬁj ‘[Cl.-"n}; {yn} C Iﬂ;,b), Eﬁn

lim x; =5, ¥m y, =b, lim f(z.)=A4, lim f{y.}= B,
o=+ 00 L=+ n— 00 oo

{8 A# B E#: Xrg—1 n e (4, B), FEHEF {2} Clo,b), HEER

lim z, =b, im f(z,) =n.
Fl=—+ 30 TI—+ {0

§5.3 HHMEFNRETE
Al 5.3.1 (7 RAERIE) HRAKE LAEEEy—2 AR

WE 5.3.2 (REEE) MR M LR — SRR ROCEER ME.

E BRENBEeEERE FEE Bitn R BT s EE RN
i, ST B e B T A R

2 AN UL RE, AR B K R A R, X
FAERLL FIHE A ERA A X LR R ERRER. b FAR
WX SR EMNRERA SRER -S4 XE R R, B
PLE Y, BRI SRR B E R AN S e

X3 mELEFRTEFEEEN, Y f e Cl.b] o, f EEH [o.b] L
8 — S — 4R R BEAF 372 AW NS, FIARIESHER
e AR T AP AR KAER. {ERATEREAE b XA E B AT BT .

4 BREE R E I LA e B B R A X A ol O B
— R R EH S, REREEREKERER & f€Cla.b, M,m E f 1
B fER/ME, E

f (e, bf) = [m, M.

(% m = M THESE [m, M] BE—, [ NHETE)
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5.3.1 EIBKYIFES

R (8 E BRI A TR A A B A, (5 TR A S — MEN AL AR
M, HCER N DR R A A B R EHE R (L [42)).

IR 5.3.1 FIH R R AR P B SR R B M R
W TR £l b)) 37, AR
M = sup f([a,B), m = inf f(ja,B]).

EEIAMEE Mm RERE KITWEHORER M,m € f([o,8). UTHEH
M € f([a,b]) RIIEHT, ‘EFRTIEME f 7E [0, ] EH EF-

M EBFHVER, TP {2n} C [0,0], 73 lim flza) = M. IF M Jy
FREAFHR, 2 REHE 3.1.3; X M = +oo, FIRHT) X {2} HEEREH,
HBRTH {2n, ). EXANFRIRBRE Y ¢ W f 1E § DO 0

(&) = lim flzn,) =M.
FHER M € flo,b]). O
F THEEAEEEREXNRAEEREAAERNENE e 5RHE
R XREREERCHENRTOSGIE FHiERZ.
TR A e BRI REE R IR —H2ZE

PIEE 5.3.2 AFRCE MERER T LLER B E, R@RE T —TEY
Wy B R (I (14])-

i EHERRRAEES MEREERAE, & FcClb, M FH
. B ERR M = sup f([e, b)) RABE. RIME M € f{[a,b]).

i & M ¢ f([a,b]), ME flz) < M Yz o, bl HEHaEHK

1
9(%) = w5 )

BTF f € Cla,b], H f WEEBE/NT M, FM M EE RN BREEEEN 5
i, WY o 1E [a. 6] CALALES:, BIHBE g € Cla,b). W HH g(z) > 0,2 € [a,b],

% g B A AR, AT R B EIEs M, WE

1 ,
glx) = m <M V¥Yzé€la,bl.
RS

fiz) < M - % Yz & [a,b].

Rl M ~ o R f(jo ) B EF- 35 M REANRN PR O
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5.3.2 i@
BINE 5.8.3 §% f € Cla,b), fla™) M f(07) HW. WEB: f 1% (o) EHR.

UE FEFAZJE] fa, b] LA 4 B R 3K

fiz), =z¢€(ab),
F(I): f(a+)r T = dq,
f7), z=b.
MATREY FeClo,b. 3 F HEERNNEFETE T F £ [0t bF
AN fF (@b kbFR O

if? WESFERBNREATERETHE, FE >0, FREN f £ (e,a+4)
F(b—6b) FHER XBEEEHF a+0<b—5 B REEHKR [o+6,5— 4]
M EE R SHERBIREMNSR. O

EOEE E 2% a= —oo M b= +oo BIFARERL
FR IR RE 7 T A e T T AP, A DA
GifE 5.3.4 1§ f € Cla,b), ]I Fl™) M F7) HR HiFEL € (0,0)

F(€) z max{f(a*), f(b7)},
LA f FE (2,0) EHEAE

R AE S R ] LARY FIR8 5.2.5 45 4 1R S5 & RYTE Y.

1 ) 5.3.5 & f € Cla,b], BXfg—1 = € [o,b] FFE ¥ € [a, b), (T ()] €
S 1@ B S AE o, B HHE A

i XA |f] € Clo,b], 3 |f] FARERE, EERFA T Ra/MER
Bl 0 IXFTHIRUMESRE |f| E S, SRR FES. O

5.3.3 %38

LORER fAERN [o,b b RA SRR, Y f % (08 EHR

2. % f € Cla,+o0), ELFFEAIRER lim f(z). SEW: f 7 [0, +00) LHR-

5. [ REFEM (1) (0,1), (2) [0,1], (3) (0,1] B EHE R B
W (R AT, WY AT MR EERIEE, #ERAT .

4, [ B R (o8] RS AEE, 0 f BB o8] g
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5 [ € Cla,+oo), HAFERMRERE lim_ f(o). WM £ € o, +o0) LS

AT PARRE R (H R MEL A R
(FTLLSHE 2-2.1 fEREL)

. % f€Cla,b), H fla*}=f(b") = +oo, iLM: f 7 {a, b} LHE/ME

& feClab), H fla™) = F(b7), k8 f7E (o, b) L EAWLIREBXE
B MEFE—T

& f € C(—o0,+x}, IEIEN f(z) = +oo, H flz) WE/ME fla) < a. uEH:
E&5EE f(Ho) EXEFHEAS S ERIIERE/NME.

sk i Dirichlet B ¥ Riemann RBE M B RAE S HBHE A

§5.4 —BESME Cantor FH
B —BCESER— T B A TR SR T

SHATELZBRNEEN AN BRENETEEN XS HELS &
LA B, RIGHE I Cantor EHEAEMR, FHEHNA.

L.

541 ARERE

KT R — B E S F.

By el Bla -2 <8 B, BUSE |f(2) — F(z7)] < &

& fERE T E-B0Ee, W fE T E—REs

fERE T E—-BobE, NERE JC LW f & J Eh—E0ES
i F RN T EESR R 1 E— S, FhiXR B (point-
wise) B X EEE. WARLE, SRR REES AR LEERT b
I —SoR RS [ # T ZERFEREN BRI, S5 la R R
PR H LA F1E S8

Cantor EHE: 75 PR M) X [0] 1 52 o 00 4 X X JB] . — B 4.

AR (a,b) ERESERE f 1 (a.0) P —FHEEM TS LERFR

FRER AR EMRE fat) A0 £(07) (LT EA P 5.4.5).

HRER (R M) b —BESSR =75 (BEF
7).
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5.4.2 BHHE

1. B EY f ERE I ER—S0ESN ERAE

2. FINTxTEkss: f FEXIE] (o, b) FEE W f 7E [o,b) E—BGESE.

3. HWxEs: S EXE (a,b) PIRE ARG LESE, U f % (o,b) b
BuEsE.

4. FWFTEsE: F FERM (o,b) B#EE N e<c<d<b W fFEKH (c,d)
E—FEs.

5.4.3 Cantor FHEMNITH
IR 5.4.1 B % EHIEAR Cantor F 1.

E X Ve > 0 M 30 € [a,b)] EIT‘leIo B FE >0, Z e
Os, (%) N [a, 8] B, BLIL | £(2) — flzo)l < 5 E M o', 2" € Osy(z0) Nle, b] B,
wE

1) = 1) < ) — Flaoll + 1f(a0) = S < e+ e =e.
WEA R = € [o,b] AR SBSIKH] (o8] 09— PR, XEHAT 1
. B R AU 2 A, DU SR SRS (3%
BT, FEERAE) TRLIAE 353 GELRNERED),
{1y Lobesgue B2 7. % o,2” € lo,8), B/ —='| < 7 B, EFBRP

BE—AFEE, EEEH o o f T LB, L
|f(z") — fl=")] <.
TEERESIERAT f 7 [o,0] E—Bugg. D
U 5.4.2 R EHIER Cantor E .

i AEiE® # f € Clod), B (o8] ER-BURSE WA §14 T
A, TTLBR A BN EEAR: e > 0, VE > 0, 322" € [a,3),
o' — 2| < 8, R |f(2") — fa"} = €0 BOL.

B 6p = 1/n, BERIAY A 2/, 2" 8K 2o I 2. X n € Ny IR
5, BRIE W (o, 8] FRFENEF {zo} W {23}, HB

(2 — &l < s L @a) = Flah)] > &0 ¥n € Ny,
XD (o0} IR IR, SUEFAEMCRTI {2, ). ZEHBIRY & BVA

lim 2, = £
k— oo
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¥

1 p 1
Eﬂk—n—k<$“k{$nk+_ﬂk,

AR ng 2 k, BILEF {2} WIRFF) {2, } T & BIF

. o
i, 7y = &

BT f B 6 BE BRI co HE 7 > 0, 2 2,27 € 0y(8) W, WAL
|f(') — f(z")] < e0. B2 k TR, BT Zn,, 77, € On(§). AR
|f($m¢) - f(wih}i Z Eq

FiE O

0.4.4 Qi

BilE 5.4.3 SEW: (1) HFWE 0 <o <1 MBS0, fo) = — E D) E
—Fiss. (2) BREATFRA 0,1) RSk

W e e"enl),F
|f(z') — Fla")| =
WX e > 0, AER

1

1 et -t
! ' -

-
:L..-‘ :B” nﬂ

§ =n’e,

RTLEE 2" € (1) B |2/ — 2| < 8 B, R ]mi -
FXIE [n,1) = —BESE. .

XF (2) FIRIER. & f(z) = — EXF ©0,1) b—Bokg. W e=1, %
FE 6> 0, /Y 22" c(0,1) H |2’ —2”| < § &}, B

<e ERW -

1 1 |&" — z"|
|f($r} - f(a"")l = o - P = it <L
Ttz ¥He
= _1_ 1 = L

n on’

lE=) )
¢~} = o @)~ ) =n 32> 1

A I HEHy

> ﬁ’

BAIBF R, B S(2) = - £ 0,) ER—Bogsg. O
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&1 HFWEEN SRR ETEE BICEHAREORBERE.
v =1/z #JEFE, TRk S N —SuE e SR R AR AL T
&S ARTRNEEEEEEES « = 0 WEMEE.

2 FRIRH: F—P R fz) =1/ 7 (0,1) RS, BE 0,1) A&
—AARRLEFR. deTT R, HREN SRR E T — 2R, B
B, BRRRSEEEE N K B RS Mg, RBNFESE
SRBWVER, B RSB SRR B R R

BT 5.4.4 Y f ERXIE (a,b] 1 [b,e) LR —BOELL, iEMH: f 1E
(a'} C) _t_‘ﬁ:‘l%?ﬁ

E A e > 0, BAAAHGEETE 6: > 0, (824 2',2" € (a,b] H |+' —2"| < &
B, BEAr | f{2 ) - fe")] < g/2. NIFfEd > 0, fBY o' 2" € [b,e) H [¢'—2"] < &
o, BEa |f(z) — flz") <ef2.

B 5 = min{d), 85} F{IMTE: Y4 2',2" € (a,¢) H |2 — "] < & B, @iSL
(') — F(a)] <&

e 2 < b < 2 BIEN. XM 272" < S HEWR 12°-b] < 81, {" b} < &2
WL, E I

1) = S < LG — O+ 10 - FE < 5+ 5 =,

M HARR, W o, " FRER (a,0] K (b.c), RRAHEM. FWRKIERT f
TE (a,0) LRE—E0ELEy. O

F HT-THENGETLNSEAENEE. HEEmuEd R k3
—EEEENE L TERMFE. [T — TR EANRE MR Cantor 2
A Cauchy WHHEN, B “BH° 8.

BIRE 5.4.5 WERR: FIRFFXE] (a,b) LHIFELEREL f 1F (o, b) E—BEEN
FooT L E SRR ET A FFR A AR F(e®) #1 F(7).

i SEEFEAHE TERIK(E [0, 6] L1 ERE B R

fa*), z=q,
Flz)=qf(z), z¢c(ab),
f(b‘}, z=b

WAL F € Clo,b). % F A Cantor EH, TR F 1 [o,8) F—BUEL.
A f 7 (a,0) Lth—BOELE. (XSPIE 5.3.3 A H— ML 2HRE.)
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FOELEW. R RATHTE fof) #HEW. Xt ¢ > 0, BIF f 7 (o)
L—F0ESE, Rt FEES > 0, §BY /,2" ¢ (a,b), H |2 — 2"| < § 8¢, R3L
|f(&) — ")) < e

HILS 2/, 2" € (a,a+6) B, JAH | f{") — fl2")| <e QISL. WRXTHMR
FRAY Cauchy YrUAEN (Fpk8 4.2.5), 7] WAFEWRMR fle¥). O

UFRHETE AR X ) e — B et HoRA

SUHE 5.4.6 i f € Cla, +o0), HFEH MMM f(+o0) = A EH: f 3
o, +o0) E—30EEE.

T % e > 0, fHE M > 0, % 2 > M PRI f(m) - A| < e LA

Cantor EHHAIE f 7 [0, M + 1) B—FuEE. FHM LB e FEI > 0, [HiF2Y
o, z" €la, M +1] H |2 — 2| < § &, B |f(2") — f(2")| <e.

FyEE Lk 6 < L BIIHE: Y 2’2" € [e,+oo) H |¢' — 2" < § B, i,
S f(2) - flz") <e.

Yhr b, 02 2" € o, M + 1], MEEME. XE& «,2" > M, NH

If(a) = F@)| < [F(2') — Al + |A - f(2")] < g + g =

T |2’ — 2| <6 <1, AEERAEU EFHAMER. O

BT FALRKE iy R —BE R, LaRRR f(+oc) RYTFAE
FAELE BENHHFERRRUES. Bl flz) =ax+b T (—oo,+o0) L
R mE—T R

i 5.4.7 WERH: % VT ERE (0, +0c) L—FiELE.

M 5.4.5 8R7E [0,1] LB Cantor EHSEMIE = 7 (0,1] L —FoksE.
TEX ] [1, +00) k, TTELA

Vi — V3| = |z — 2| {1 T
Ve e ST

¥ V7T IE (1, +oo) E—FOES
RIET LA BT 544 PHITEEIFFA KM, BRRERALE (AB). O

iE 2 MA—ALERBIENAEL Y 0<b<a BRIL
Va-b<Va-b,
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AL ', 2" > 0 RO ASR
Vo' — Vo' < e = "],

B« >0 HER 6 =<, MWL EREARHENER. O
FERR KN LA R R LA—BoEs. TaRE— M

b
y = sin &’

A S

BIRE 5.4.8 {E: ¥ sinz? 7E (~oo0, +oo) LA—BELE.

E FBREREE. 3 sina® (0@ 5.2 fifR) & (—oo, +oo) E—FUELE, WH
Ves>0, FEES>0, Y 2,2 R 21 — 22| < & B, BSF

[sinz? — sinz3| < ¢. (5.3)

By = VAR, Tz = 4 /R + —g-,

M sinz? = 0, sinz3 = £1. FEY ¢ < 1 1, A%% (5.3) REEHL
BXH

'&HEN+,'$*

|n/2]

1/mt+1i:rm+ %

BT LAE ), % n KRNI |21 — 22l < 6 WOL BFHFE. O

1 — 2o =

5.4.5 %38

125 fERBE I BEX BAEE L >0, ERWER 21,22 € T BOL |f(z1) -
Flz2)| € Llay — zof, WiHR f #E T LHEE Lipschitz ¢ L% fEXE [ B
#% & Lipschitz %& (FRIBEUE—BOESR R

2. MIE—BOEEEA E LEHBHEW: & f & (o b) L—B0ESE W f FH-
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o

- (1) B fg ERMA T E¥h—FEL, B: EIIRKIENLS of + by FIRMA
fo & I LEB-BES?
(2) & f ERM L L8, g ERE [ L-8EE BRE LGS
T S [ A& 9o f ERA L ERTHEER?
. Bt f € C(~o00,+00), B NEHIEH. WEH: f 7E (—o0, +oo) L—BELE.
. (1) | f €00, +o0), BA lim [f(z) — (ez +8)] =0, &8 f 1 [0, +o0)
g
(2} 4 (1) PE oz + b el as® + bz + ¢, HILRFHL?

(3) XEW ax + b MAFEANHY 9(z), W 4 g(z) RHHLAERE (1) F
Hgs e a7
CEER: % no> 1B 2™ 72 0, +oo) LA—RELE
R f(z) = Ine £ (1, +oo) —HELE, HTE (0,1) LA—FELE.
(1) iEHR: ¥ F(z) = |sinz|/z FER[A (-1,0) 1 (0,1) B y—8ELE, H
£ (—1,0)0(0,1) EAR—BESE. (ER (-1,00u(0,1) RAg—R[H.)
(2) HEY f ERIE {a,b) Fl b,e) LAFIH—BOEE, [[: f 7 (0,0) LR
H—BES?
e T B R | LR — B s (WE%E 4.2)

(1) ZEEKIT (0.1) B zsin—

(2) FEW ] (0, +00) LA o
(3) ZEXJH] [0, +o0) L ¥ zsinz.

oL B 8

go-qm

w

§5.5 HEERH

5.5.1 BEME

BA P B WO AR ST P R SR R 7 S L R R A S
Hi 6T iR e EBAR
B, MERTE R e SR PR A T e F (A 4.2.2) T LUAIE:

&8 5.5.1 B a0 IR T AR BRER ST, BT F R A LR R

i ARG HITE f & (o) Lo REHNREHHERL Rz @b B0
6] 187 £, FEBR wo BAMIBY AT 2 < mo < o', MUARSL

f(z) € flzo) < f2). (5.4)



144 Fr¥ #H85&K

4 r— x5, o - oy, ABHERMANRREEEE B
flzg) < flwo) < flad),
FBHAFRTRA LM RR A GREL H oo BB —KFEEA.
BT zo BIFANA, BIE LRHHNFES < FERRRLES. X
W HBEF B AEA
flzg) < flzg),
R o B KEET A PRYBER S O

SR 5.5.2 HLHR P EW S E L B A1

R RitE [ BFEE (0.b) TERIESMER, BHIE 21 F S

2o € (a,b) B f BY—F 1AW, B f(xp) < Flad)- XA f TEST xo BTN
Pl RASR F25) < flzo) < flzg). BF (flag), flzg)) HTMBEA xo MK
1 —4 SRR X 1.

%t f A S HR TSR — BB X ). RATEREM, R A ARE
Py Ve B AT % 7 Y IR X ] s S AH .

Wz 2 F B —PEEE, B oo <o RTERY

(f(za), flag ) N (Fla1), f(2])) = D (5.5)
RUTE zo M 21 ZHHEA =, W

Ty < x < I < &y,
MHEAEX
fz) < f=').
B o, 4 z - zf, BR BB PMER S BMENRBEHLEREE, §
2

flad) € fio').
B4 o — 2y, X837
flzd) < fl27).
FRET
Slag) < f&g) < flaT) < fla7).
R BrEERERARY (5.5).

RS TR E M S ——3 N BRER X [, BF P A NFER
PER X ] R — M R, TR R P A EEE, EEMRR I SEEN——
7. M THERE Q WAL ENERTRURTFIR, FHBERR E%e
JTIF 4. XN T R &g TR AR S WS AT O
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&8 5.5.3 i f R I EiRiERY, RESR () IR SER
i f € CI)-

W SEIERME # f € O, W F(I) AXE. XEKREECHRNHER
o XEAmEREERS

FAELEAE REnk f REm, 28 f() HXE. I f LaEss
EREARER & f ARMS o, EEHEMMERFE S = 1 <, W SarEw L
A (5.4) —HH[LIEH]

f(2) < flzg) < flzo) < flxg) < f(=@)-

T zo £ F RIEINTS, BFAE flzg) < flzg) ML VL EARSHXF/F 20 1)
g v AT zo MR o B XH—RERZFREE (fleg), f20)) FE
& RAREA —A SRR £ b, TR F) AR KE. IFERY f A
RER NS O

& 5.5.4 1% fRKXE I by RigEsmy B f RENEE
W) bty RiEEsRY, BRAS f AREHEEE

ARG RS FoyRKE I BRI IR RERER. AT f <
C(n), Bk FIN REJE. B F P Rigsin, A o < o2 8F flz) < fla),
B T B £ MR Rt —RY. XERARIET A F(D Bl T BB AEAE, B
f BRES, 0 f KRS E SCEo KR (D, ERA F e SO 1

OB f Ry = f(2),z € I, IECHMME f~! K= r"y),y € fI).

PHE f1 R R IEL. ®FH e U, Hn <y WE

1= 22 = f ().
EiRS
y1 = f(21), 52 = flz2)
BEN. BT f PR, TRY n <w i o =22 Mo > o HAER
3, HIROFH 2 < o RATRERY. XEHE f AR R

BT o RREE A _EraiEem s, T ERE 1 RXF, FHiEh E—4ma

Hig T Rk O

B 554 MBIl T 4k

e 5.5.1 [ = % arcsin z, arccos z, arctan z, arccot = FiH R LT
LR

fE 3.45 IO T Pl B Kepler 7R FHXAHFE ¢ - ¢sinz =
a(0 < g<1) fiy o BRER %Lk v WHLTER
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FIE 5.5.2 iEWT: i Kepler i y = = — gsinz (0 < g < 1) F[RAME—HLIH
RN = fly), TR EREXFE (—oo, +oo) L& BN MESE B EL

i My = z—gsine SEERENLE (—oo, +oo) LHEERT BT
|sinz| < 1, B RAEEHR (—oo, +o0). HPFFRIE, B o1 < 2o, WH

¥~ y2 = (21 — gsinz1) — (22 — gsinzy) = (&1 — 22) — ¢(sinz; — sinzy).

HFAHK {sinz) < fzf, A

I — Ig
2

|sinzy —sinzy| = 2 jsin

] SE1+$2
2

< |z — 22

f0<g<1, A4
lg(sin zy — sinzs)| < |z — Z2/,
Bt v — v 5 21 — 22 A5 XHEH y =z~ ¢sina BIHEFH IR H
AT R 5.5.4 @AFEMNER. O
* SREREREUELHEAREERNE AREERTELHN
A RIER IR 2 CAREN SRR RERRR. i TFRIBHMRA S
ANAEREZRY. ARENZETSE (14 HEBH 5 BRLY

5.5.2 %38

1 iGE f EFEE {e,b) L& X BEXE—4E ¢ € (a,b), FEAR O),
18 F 4 O(z) LRiEssh, R [ & (o,b) BTN,

2. ¥ f € Cla,b), AR [a,b) LAEBRAFERE ri,re, 11 < 12, O fln) <
Flrz), VERH: E ¥ f 72 (o, b) £SR3,

3. B f B (o0, +o0) FEyRIARY, EE—HEX o) = f(=), iEH: g B
1E (—o0, +o0) IALALATIE LM AL

4. % f 3 (00,400} FHGRIERY, BHX—W 2.y eRWE flz+y) = fle) +
fly). &R f(z) = f(1)=.

5. 8 f € Cla,bl. T8E: f % (e b) PRERBESH RS LERMER [ [0.b)
b P LT,

§5.6 R 3 @EREM

A HATEER 5 (34) B8 H “Period implies chaos”. FEATHRITH
A-BIZICHE PRy 55 — 52 B, SXPERCH LR
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L iR RIELBHF A 7L, SREREG KRS, BERFERE BT
et BB ZR M EN R AR AR TR EREE Y

2. BCEREARMIE LE T HRAEENER ALV, BEARRZ
— A, TRAERTREHNFN—PREER T

3. BXWRERERERERPIIFHHHEA FENEEHELERNS
HIPIZE (§2.6 910 344 /NYT) HEERI X E.

4. HEOCHE BB T IR S — e X, B Li-Yorke 2 X 31N
BATEHE S BAIEHR, BEE SRS REE -4 TR B
AEARCRETISH R §36 Tha L, THRER.

T 1998 G REBEFE B [7] PELFSETREAL N AEERA
B, R RBA RS- ENBRE —W. ERFELROBEEITSES [63] F
AT EL B8l Li-Yorke g3 [34] B TME B —EEFERERT
RIEHH— RSO LATES F 1F 40 AT 1989 58 3 MAHRF.

5.6.1 THRGAERET

FAERESEPINRIARER A CERBM AR, LR LREREN
RSB AL, BITMFTUHER—SIN AR BRI, Frg bt
(64 B R NS TR UAEEERRE — BN E MR TR
O LA R RS BRI T . iR BRI, P TRV R R
A, AR REEED. SEREEHRTERE. —E%NA, mah
REPHREHRMENEERE 20 A, L HERZ BB, BERRES
o 7 3% 4 b Y —

XFRBMX R EEE R FTUE 6], X _—FH L. ERE
ERAABHRACE, RHR T HARMMENIFENER REAZ2ERN
BE 5 R H.

X EBMNEEMFERERTERN BB DAL, EH—REXRRTESH
O HABRERELR

T+l = fl2n), n € N4,

EFARERIRFHZ H— AN RLE REBEHNRYL)-
K REPHILAEE. AIIHE 2o HEBERER—EB] {20 Hnzo,
BB ATE wo BRI, TEHLE P o R BRALALRT A 3 R0 R B BE.
MBEMFHE n 2 0 F Tayr = Tn, WA 2o, AR B ERERPE AR
SRS XSRS SR B
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R —BUE {o.} FEERYE D, M Tnap = 2z M~ n 2 0 B3E, MK
XABUERL p SABEEY. AP SEOVEE S BR RaEEE
A 1 ey R, X AEEokU, RE U ERr & p FROTHE R/
LR LER CERERCSEETRLRT A 2 9.

RA1EE, ARE y = flo) WLAEERTUERERRG L. 2 EER
AL LR RRETE R 2 1 (REEEROEEL). EEALMERAR
BHEBAT 2 EEHNEE RS

#F EXREETUENR, BRSNS RERIFBA TR _RHENE
WP RHEARHA RS, B3k LR R EXTAHRE 7 §2.6 FWULE
FEHTE 3.4.4 N AR IR R B B AT B 0 Ui R E R R BRI H K5
RE WS, W R R 4. AL ERSRI RN AP LB, B 28
SR (RS ENEBRMET. BN, BRPNEEHER
HRHNERLEAVNERBEMERTS. ZE FESFT R Li-Yorke £ X
EReHA.

5.6.2 Li-Yorke p9y@4A &

TEZER S Yorke i3 [34] PEBHAR 2R RIVESBF—

&8 5.6.1 (Li-Yorke 85— &) i I HKXF, K¥ f e C(I), HF f() C
I8 E e b o, d BTREA L, WERE
fl@y=bfB)=c flc}=d, d<a<b<c(Bdza>b>c),
W) F A R/NERYET B AR AT AL

BLEER ()R A RS, I e — o HE4 AR, B UL 5 E. ’od
BV 5 A R o0 T S e i A B 45 2 L

FIlE 5.6.1 (33 1) 1% I HERARNE, f e CU). MRE S OL W F
I I PR

iE i I =[a, 8], F(T) = [e.d), iAKE ¥R EMEREAE f() 1
RAEWHARE, IE c<a<b<d HESERMNMEEE FEL0E o b],
B fl&) =a, fln) =b RGH £ <n WEMERY

F{z) = f(z) —=,
FoyZ A0 f RS, UFE
Fl&)y=f(€)—E=a~£0, Fip)=f(n)~n=b-n2=0.
B i 2
F(&)F(n) <0.
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HCHn N FES WhESFEEEATRNE En) Clo b FF FH
e, 0 fAgE. O

X SHERLNRES B HIE 5.2.4, B EITHERHE R A .

PR 5.6.2 (3|3 2) & LJ EAPMHBRARE, f € CU). WRH f(1) D J,
MAE I PHE—TATER I, #148 fI) =J.

MBI = (0,8, = [cd. BF flleb]) O led, B EEENES &9 €
[a,b], BB F() = ¢, f(n) = d.
KA £ <n HER BEX
u=sup{ s| f(s)=c, €< <}
v=inf{t| f) =du<t<n)

RITME: flw) =, flv)=d L L v BPER A={s|fls)=c{<s<n}
B LR IH ve A MHR flu) =c T, ZELEES A PEERFIRETF
uw (ZENAE 3.1.3), B f WESVETHHE flu) =c [EF flv)=d

Howy BRI ¢ < v, TTETE (v,v) REEE f(x) RTEERE c M 4,
Wi~ H f((u,v) C (e, d). XEEHKABT

f(lu,v]) = [Crd] = J,

B I = [u, 0] BCRAR. 33F € > n fidiRREEMN. O

E=SIEETIHE 2 At — R R, WAMSIE 1 E5REXT. BREXE
B EERHHREHRTEAN —MEELS, ITFCoMERE 6
B F(F(2) BHEN =), $8 FUF(fl=) Midh ), -, —iRHT

@)= {0 F@) ) = (folo o P2, (5.6)
" & o A

ﬁ]ﬁ 5.6.3 (glﬁ 3) i’ﬁ f %E;ﬁﬁmzﬁﬂ Iﬂ) Ilu B | Iﬂ—l iﬁ%imﬁ
SE R W RIF

FI) 2 I, R o Iy f{dn—a) D Inq, F{dn—i) O fo,
MFETE & 2o € Io, H1B f™{xo) = xo, HWE filzo) €L, i=1,- ,n—1

i SASE2F f(h) 2 L, MEFEBEE I3 C Lo, 8 f(I5) = 1.
WA F(R) D I, UF (1) o L BRASIE 2 TRE I LeE$ 2
HHRM 1§ C I C Lo, 18 f4(5) =L TRE
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fUH ch, f2}) = L.
XEEHT FRRAR 5 C b, #8

f(IErI-l) C Ilﬁfz(Ig—l) - IQ:" ' }fﬂ-Q(Ig_l) C In—?afn_l{Igrl} = Iu—]- (57)

ARG 48 fl-) D I, B A5 o Lo 7 WFRER ™" Ef f
MBIIE 1, HEERELE ™ AEE 2o I C Lo, 8 ™ (z0) = %o
E]'HE?EH‘]:‘ {57)1 m‘ﬂ f(mﬂ) = Ilafz{mﬂ) € I2}"' 1fn—1($0) € I —1n |

ﬁﬁ 6.1 (Li—-YOrk'B ﬁ“ﬁﬂ) H{]'EEHH EREFETJ L= [a'= b]a K = [b! C], FITJ
MEHE) FE R

flay=bf(b)=c flc)=d, d€a<bec(Hdza>b>ec),

WLLERA
fIL)D K, f(K) D L, f(K) D K.

SAEXHEA 3 0 n SR NERY o BRI 4Bl T LR A M.

() n=1. \ f(K)D K fI5[3 1 Bp{8.

(i) n =2 W fIL) O K, f{K} O L, M3 3, F1EL 20 € L, HA
flzo) € K 1 f2(zo) = z0. MBS w0 HR/DEHAR 2, W 20 MR f PHABA,
B 2o = f(zo). BN 2o € L0 f(zo) € K, T LN K = {b}, HIL RBER z0 = b.
BEH f(b) =c> b b FAERAZR, FIHFE.

(r23 $h=L h=hL= =1 =K, XHBEnNE 53 FFRHE
T—4E BAPFENREsI — JER D DOJ WNFL)DK, f(K)DK
M F(K) D L 7] WX R A A, RT3 3 AR {FHR.

L K K ...... n—-—-—i—K

. )

R » ARETHSIE 3, MEFES zo € L, WE

f(z) = @0, fH{zo) € K,i=1,---,n—1. (5.8)

oo RS o BRI, UE p, 1 <p <, @8 Plzo) = z0. HFXN
fPlxp) € K, T 2o € L, AMG (i) —FE, HEEH 2o = b BAKMHFn =3
FPzo)= PO =FFB) =flo)=d< e MW fzo) ¢ K, 5 (5.8} HFFE. O
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P 5.6.4 FEXF [0,1] BE LB RrERY LEGER 54 LRARY

TERFZR): 1
Fa) = {x+—2—, 0z g F;

2(l-z), =<zl

W £ %51 n € Ny FAERA m S/ MY AN
W Ra=0b-F, o= 1, WA O =5 £(5) =L A =0 B

M Li-Yorke S—EHMELHRML. O

B AR S4TILIRRAE Y, K,
AR B0, 5 L EHRHE S R (1.1}

B (5o ) SRETNA 2 1, oA
2 SUERFH DRI ASF . 54
PR R 2.6 AR
WL AR . R 5.6, 70
RS B A AR LT
K35 A KRR — 0 L ABH
Wi, wRAEN T LW L ERER O
7 3] %R2BYRSH NSRBI

RO £ ML A BT EEAE

REEAMA [34] PRy ENEE BARITEX BHAER, HT# - TEN
NAGRREE. AN FREWMEARRRES =P L. THRE

8 5.6.2 (Li-Yorke 5 7528) 75 5.6 MEMAHT, %X 1
FHIE—ATRAPIE 5, R S FRIERRIA 2, (@ # v) FERERER
B {12} M ()} BALTF =R

m B 1@ - 1wl > (@) lim |/}~ @) =0,

(3 Jm \f"(2) - ()] >0,
St p 2 £ SHERT— AR,

RBRIT L. FREGER FTUED, & S PEEFSEREFTHE
(REFAEARERYT) WL AR, LRSI SRR RAESEE
Tit&89A R B4 Li-Yorke B #)5€ X

T B f RXE T REERE, REEAMN F() C 1. MEWELT &

w|p—-——--—
Hl‘l—l-‘-u—————
ool ----

—

bl

-4

.{J‘ m!u-____..-s_____

B
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(1) f B9 R R BB 5
(2) TE I IATHFRS, M5 PHEERA 2.y, z # y, IEUTER:

() T (7(z) — ()] >0 (i) lim 1f(=) - £} =0,
AR £ 35 fR A B B ARG,

R 246, RPN E H AT A AR E . T i) Li-Yorke X
R BB AT RARRIRMUE X SHEM AR E T CAM (21, 34, 38, 39]
FREIHX R ER BB

§5.7 XTHFHIEIN
5.7.1 $IEXN

AR R AR AER bR EERY (U RRERY) (A ER X2
NS (U RRTF) e REHEE TR

1. EHRSENNEARETENN B EMNRBRRETNEAR—EE. ZRF L,
Ay I R S T R R T RS A SO R A AR, R T T RS ey E
ETR. &F& A ETREA iz X TRRBEENZ2E.

2. BIERNERSE S PEE HE. FEN BB ERRET M. %
EW S EETIMEMR L--ZEdia 4.2.2.

3. B FEHA 3 AEN NREH T I LMERIRNESME. B TEREA
BRI HTHI B BN T B EE B H) 8, EILAE (39] B
H, AR A REM MR FRE AR, EAENIE. Mg
ZRENW—-THRSEIIEBRFLAAESWEINEEYRE ERE S
B —A~G 8 (AP 5.6.1) DS MY B 3E AR

4. HIERHRIN FPEREVEEERENETRERES. JHRE
PR AT AR B B AR TN AT S e R s X RO T X SR
LR SR ESYE: (ERE &SRB RAEE REERE 2%
B 4R 5.1.2, 5.1.4 #1 5.1.4 /MY (BRI PRASBIEERSEM L

AEFRESETESREEELR. AUENERFLRE, F4EX
FIH SRR, MECH. EREEAMBEE BB HER. XEE
HUREM FABHPENNC T ARR IR TER k-
By, NEEHER R IERNINGR N A5 §5.4 FHHE TS
RS WA s B ME, —BoEael MR, — BB
B R = RUORE .
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1.

10.

11.

572 #4H
B-asEM

WINARI f € C0,Y, B f(0) = F(1) = 0. B M{E—EW e € (0,1),
FrEE o € [0,1], 18 zo + @ € [0,1], XIHRBER fzo) = flzo + ). X[,
MEBEY f ERHRA NEGRIENLE?

B F O, FO) = FU). EW: Vi€ Ny, #72 €, (8 F(E+ ) = F0)
S €001, £0,10) € [0.1) E: v = f(2) ERRIESEL v =2 4

ZE MHESEZ y=1-z HZH.

% f € C0,+o0), NEMEFETER ¢, TR flz) =c EZHFER TR R
pom i d :1114100 flz) & wlithrf (=) FEMTTLERM:, FmLEH.
# f € O(—oce, +oo), X FER z, 9, HR | f(2)-F)| < klr-y| (0 <k <1).
HERH:

(1) ¥ kx — f(z) SRIFHDI,

. B falz) =2 +2,n € Ny, iERH:

(1) XA n> 1L, TR fule) = 1 (1/2,1) AEHRE MR,
(2) # en € (1/2,1) & fulz) = LHORR, TUFFE lim cn. AR BRI

B ENEAY n, BR A C 0] RFRE MH And; =@Vije

Ny, i# j. LR

f(z) = 1/n, 75 € Ag;
0, 7 € € [0, ] {EARFEALT A

&t 0 € (0,1, R lim (o)

. REH fERE T ERETEEMA 2 X o(2) = lim £, 2 € 1, W

g € C(I.

{EH: o f X [0, +o0) DGR R, MM EBB M A, FE—
YD {2n}, WRER: (1) lim 2o = +o0; (2) lim [f(A4+24)—f(za)] = 0.
RS f R T R Lipschitz 2, BIFFE M > 0,6 > 0,
MEY 2y e 1 B, BOE |f(2) - F0)) € Mz — g™ EBS: Ea>1, 0 f
15 I FREETRL

B — TR S EREEN 0.1], AR ES, HENESNER.
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FE2¥ ZERK

12,

13.
14.

15.

16.

17.

18.

19.

20.

1.

% £ € Cla, b, iEW: MEMREN € > 0, FHERR (o8] LA95BARHR
5 L(z) 48 |£(2) ~ L(z)| < & FEIXH) (o, EARALRIL

# f € O(-o0,+00), B lim £(f(x) = oo, iEBH: Jim f(a) = co.

B f € C(—o0,+0), HEFE k> 0, HEHWEH 21,22 € R, MIL {f(z1) -
Flea)| 2 Mo — 2ol 9 £ AU ELELIRY (—o0, +o0).

W ST H RS ARRE e AR ERN. X A
JHEE, G

SEH f EEKH [0, +00) EWR Lipsehita %fF, 3 o > 0. i L)
15 [o, +o0) E—BCESE

W R S A [ E—BGEE RA SE AR HETE R
i (2 — ) = 0 89 {2} C TH {3} C 1, 854 Jim [(20) — f3n)] =0
N Bl S EHRKE [ E—BOe S s DA 4 (o) B
KHFU, (/(za)} B—RRBALO

BRY f FEIKR [0,+oo) E—BOESE, ERHEM < & (0,114 Jim fa+n) =
0. iEW: lim f(z) =0

% f 4 (~o0,+00) E—BCESE, EN: FEETRIER o A1 b, BEIRALT
F() < ala] +b.

B eNE

RIS R BN E S EEERRLT “KheHE:

(1) — R BRI, LA—T], EER RS

(2) FARUBE RRTE R, SRR, SRl H—J], FEE IR E AR
e — 30 (MR ER).-

(3) ZABUBE, AR TR, BN B, RS YI—JT, HENTHER
ol g

(4) — RS AT R T, REGUMEEERTAF, EEtil
Fa7

(5) RAHESRA 10 #hEISE 100 K. IEH: HPESH-BILH 10 K
RBER A 1 PR

(6) M HRgE SR TR M LA SR R BinE S, —E
RERFH EAMERE LA,

(7) ETH b —RARNHAEE BEF-TE8ERMAHRMNE
7, 3 BT R IRER S MR
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(BB RS, QK. SR, R, SIS,
SRR RSB b A, B B HeT LURBAN R
WS R RER A, FRERFIEES, FENTARRES
e, BmiRrERA)

Rt f R [0,n]) LiELE HF £(0) = f(n), HF n 2—THRE i
B: ELF n WA (z.), #8 f(2) = fv), AN ¢ -y BETER

. WY ST o, 8] BEX, BARGHRR. E:

(1) ¥ e > 0, 72 [a, 6] HE |lim f(2) - f(2)] > e HRRZERHHR
qK
(2) 1 0,0 EF RA TN KT A

ERE: X [R] Lo B A T B LA X T8 fry 4 A O e T 2 W

5. REFIEERE T (—o0,+o0) HHELRY f, X THAT c€R,

(1) H fz) = c EHRT R Y
(2) T8 f(z) = c BHH AR

B n FARK RERRYHTE fz+y™) = flo)+ (f»)" (z,yeR) &
B #%

7. 8 £ €Cl0, 1, £(0) = 0, F(1) = L, f{f(=) = &W: fla) ==.
8. MEWBEIOTE F(F(x)) = ka® 7 (o0, +00) LA ELMABYL b i

10.

11.

12.

13.

14.

R AT B R
B f BN RE R A—I—EEMG, AAshE, X

f(2z - flx)Y =z Vx €R,

ikl flz) ==

WEH S € Clab, X M) = max 1), m(a) = mex f). EH: &
¥ M, m € Cla, b].

& f RN [o,b) LRI, f(a) > o, f(b) <b. UWHH: f I (e, b) AR
HAEH.

B f R [0,1] EHRUTHRH: (1) £0) >0, f(1) <0 (2) FE—T&
¥gecCl1), £% f+o [0, LRWMI E9: f & 0,1 PHFFL
B f1, fo BRI T, T BERMEEEY BYENERE E0: 5/
B T, T2 AA[A40, W fiL+ fr ARFMIEEK

i% .0 REWEE, BF _lim [f2) - o(z)] =0, EY: (x) = 9(2). (GE:
FPEHATE [ # g HESLRBEIERMT)
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15

16.

17.

18.

19.

20.

. ERE: B f ERE T E-BESEN RS UERER: MG >0,
EEH N, @S zyelz#y B

f(w)—f(y)‘ SN
r—y

f, B [£(2) - F(w)i <e.

W fEFRE I LEg BTFEE o e I RIBRKE (@EFTEARIR
AME). EM: F O T ERYRERE

(RN LB hnR) # f EFER I LEg BTFE-Roel
MBI, WEH: £ O T ERYHEAE

# zo HEY F HHRKRES BUMER), BFE—PEE Ozo), ERH
z € Ozo) RERRHR f(2) < f(zo) (Fl2) > flzo)), WIFF 20 2 f /T
BB A (PR /MBS0, ERA: fEAT8R BN PR R ES (U iR/ ME
) EEAF), 32 R A TR AT R E S MR R MELS AT

(TEEA R B R E AR MERE S R TEr. WAE
¥ A 30, 90 % (1983), 281-282 TIF0 92 35 (1985), 209-211 T1.)

B f € C(0,+00), XA 20 > 0, lim flnao) = 0. UEHH: lim f(z)=10.

(ABEFLAE Heine HEFHEX L, lm flx) =0 A FE A LB AR
AR IE LT KEF (2o}, BOL lim f(zn) =0. FEEM, 4
f € C(0,+00) B}, Bk &M LB FEEME {z.} RLBPE])

& f BN [a, b BN G BEEGEME. N [0 HE—H s R B
2y = &, Tugt = F(Ta) (n € Ny ) ERGEREF {z.}. B {2} WHH R
SHLEEFR m (2041 —2a) =0.

GXA A BB R 1976 4570 £ B o A #) LAY (83 % 273 RD).
TECHFHHEOESC Q) £H T —ERAEPEH — T LR R
. X REEEAREESE 5SE-EREBTREENILEFERE
. SR 5E= RN ERRSFETE (2) XAERE Cauchy KK
HE ) 7 — AR SR e R ERAL, BRE B RESREF P T AR R KR PR
2 B A ER/D, B RERBRAZ 2R/
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§6.3

1.

FHITIE. BE—FHEIRIHEHAZ L.

§6.1 SHEBHIN

6.1.1 HHEE

X EL A R

SURMBERAGERE. EEIUTEREFmTE MR T2k,
ez g% L N5 2 Yy 38 b iy et 8 B e 8 O A 2 R

ISt 52 ST LR, T3 SHRRER o MR E XM RERR. X

MRS I 2 AR T RRERYEH 2 — 4 43 THE
BEERRL RS QS AEHX.

 BYPER - SEETS, RS BRYEX SMEMESEX BSE

BB AR SRR, BRI T R R AR
EPAE— BTG, W —EERRUEEE. R AL

BT ST R 2 4, EEE AN P HAULAE X, URERE—S/
4 BB 3 O B 5T KR LR

FRPEEE. ZEHEFHRN ISP

SEMHE VERRWIERPENERY ZEATTRTDERS
RERRIHT. WP rREXWRY, ERRA LEATHELE
HEITH.

B & RYCR S HEAENRIICGHEPHES TR

A FREYC ASMORE A B B RO R AT R R RN EL
23, FEFETEITHARFENFTHE

VERPWRFLAEYRESWOEBPHF, AR FERL. BNEE

AR REBRYCESWTFRES TR TR M KR
S AEA Y S THERFARFITHAE BHETAHBETR
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6.1.2 RB#E
L. &% feCla,b), XTEH =0 € (a,b) T[T TE = # o WE X EY
g{m) _ f(i;): : iiﬂcu} .

10.

[6]: S xo £hFMIERE X g(z) A BEIER g € Clo,b)7
R fi(z0) F f'(z3) (ARFR N, 2t B TRR R EM 8T
f'(zo) 0 (F(z0)) HERAF? Hft24r

 RIEFAISAERY f(2) = sin’ 2, g(x) = — cos? 3, h(z) = —= cos 20 HIF

2
BRI, B AHF?

# Pleo) Bk Jim L2022 2 o)

Az
@) = o)), uE: &®F £(1) =1, ]F f(1)=0.
(1) ZEEARARX S(r) = or® HEABKLAR ) = 200 ZHH BT EH
K 8'(r) = (). iﬁiﬂtté’ﬁﬂiﬁﬁ;
(2) FR ERHBAR V() = oo ERERAR A(r) = dnr® ZEH
K& V() = A(r), HF LR
(3) BEEMANNTEILTH R LA PER M RPN T AT
B f(=) E (a,d) AH[R-
() & lim f(z} = oo, REFLIEH lim f(z)=oco?
@) # lim, f(z)= oo, RETLUHEL m, f(z) = oo?

. ARTLL T AR EAR, S R

() F fEz=00% H f0) =0, W £(0) =0 FZHER;
(2) & f % 2o 15, BFEK O(z0) P fiz) > 0, W f'(z0) > G
(3) #F A (-L,1) LRBER F=047% 1 f(0)=0
(4) & f R (-1,1) LFHEYE, Fz=04205 R f(0)=0;
(5) & f #E zo T[T, M |f] HYE 2o M B K Z AL

(6) HFERR

lim flzo + Az) — flzo — Az) ,
Ap—( Azx

W f(z) F 2o AR RZEREEL

(1) MR f(=) T vo BASESE, NAEE, W fz) & = REEST
(2) MR f(z) A 2o MEMT T, XEMF, [ fz) 7E 70 BETF?
Rfta?
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6.1.3 G

LTS PR AR & SR SRR EAR LR,
I 6.1.1 E: RETER AT, WEKE—EEE.
1 o) T 2o IS RIBRE X HIERR

Aim %;— = f'(za).
i)k N
A = f'(z0) +0(1) (Az ~ 0).
MaFEL Az, 18]
Ay = f'(zo)Az + o(Az) (Az — D). (6.1)

MT Az =z~ 20, Ay =y — yo = f(z) ~ f(zo), ERFLUIET N
f(z) = f(za) + f'(zo)(x — 20} + o(T ~ 20) (T — T0)-
% = — 20, WBF lim f(z) = f(zo). T

FE 6D hERMEAK CEBSEPHEETLRZ —
2 ARy EE Ay B (Az £0):
_ Ay
&y = -EB_ - Az,
HTFEHRERY Ar — 0 BHHEE, BAEFRIS /DR, FHEHEs
Ay =o(1) (bz — 0).

XMWY = — 2o BF flo) - flze), B} f FE zo % O

T3 EEFEEEA o8 B SORIETIEN. BT FERR

tm J@ @) pe

TEY T —Ip
R REAE R RE M > 0,9> 0, 5% 0 <ir - zof <9 &, M3z
f(x) — flzo) < M.
T~ g
M ER £ > 0, B

5——-min{f],-1%—}.
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W% 0 < |z~ zo| < & BY, AEIL

T - 2o| <« Mz — 20| < &

r—

RERIERA T f 75 zo 4biESE. O

E SRXTERGRERNEBATS: () F flo) BER o FELMLNY
FH W flz) 1F 2o BEHMRMELEM; (2) F fle) £ 20 FEFH AN
FHFRENREHE), W f(2) 7 =0 EE (BEHTY f(2) =lz],20 =0)

U 6.1.2 3447 L AA R EHE 3 5 PI S, {H7EX S A B8 B PT LA R AL,
W EXE¥SmT:
2
=15 R Y,
0, =RIIEH

M z =04 £{0) = 0, ¥R\ T H B HEHN o # 0 LB F IHHH
e GEHMTFRE R O

#Fy=fz) FEE zo O[T, MR v = f(z) FEH (20, flzo)) IbEH VI
Uz) = flwa) + f'(zo) (2 — 20).
F—MolERE T XAEERNELFEFNRERRE (R 127).

BIME 6.1.3 WRH flz) A oo W5, Uz) EXIMLE. HTFRET i(z) B
FAMAERT L(z) = az + b, FFE 5> 0, B 0 <z — 2ol <6 B, WAFRER

|f(z} — Uz}l < |fz) — L{z)|. (6.2)
i ME 6.1 FraamMEEiTie.

Y Uz) y I(z)

(0, o L{z) (o, yo

H - ——

& 6.1

(1) L(zo) # flzo). JL{T LIXREELR L(z) = az + b AT K (20,00), B
H1 g0 = f(xo) = i(xo). HF L{zo) # yo, HH
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xlj_lgu |f{z) — (=) = |f(zo) — Uz} =0 < | f{za) — L{zo)}| = mli:go |#{z) — L(=z)|,
FEZ BRI RRETE, FE 5> 0, fF8Y o - x| < 6 I, BOLHIEMRAS
® (6.2). FE: XN ¢ =z BRIFH.
(2) Lza) = f(zo), JLTLXBAEL L(z) = oo +b BH & (20, 10), BVH
L{wo) = f(zo) = U{zo) = azo + b.
HE L(z) N
L{z) = a(z — o} + f(z0),
T Lix) # i), BFLLDH a # f'(zo). WIEL F/{zo) T7HE, IIH GBI H R
BAH (6.1)
f{z) = flzo) + f(xo)(& — 20} + o{x — x0) (z — Tq)-
B H
flz) — l(z) = olz — 2¢) (& — 20).

%_'jjﬁﬁr E.%#E a# f!(:rﬂ)i Elﬂfn:ﬁ‘

flo) - Uz) _ o(x — xo)
flz) - L{z)  (f'(z0) — a)(z — To} + o(z — 20)

MTIHHE 6 > 0, fEBY 0 < |z — 20| < 6 B, HOL

flz) ~ =)
f{z) = L(z)

EBRRFRERERAFR (62). O
RN EAR (6.1) FTRUIGE & T — MMy 7 REER. (BtE 7],
XENFEF—~HSHE 14)

FIE 6.1.4 & f(z) R zo 7B, MBLHUTLR,

=o(l) (z — zp).

H

Ay = F'{20) Az +w(z)Ag, (6.3)
ST w(c) BEKE m w(z) = w(a) =0,
" I flae), @
wiz) = { Az ! ’
0, 2 = 1y.

TLIE h wiz) #5 zo oS BRAK (63) L. O
AR (6.3 BA-ITERE

f(z) = fzo) + f{zo)(z — z0) + wiz){z — 20).
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& 4K (6.1) HANWB THE /D o L5, FHFARTENEX, XE
BEMERAD (6.3) 7 L L, £ (6.3) FiL# —RFERB LA, £{]
HEEER 2T EEIT. fEA6F, R EXIEH L& RS o B3R
SR XWAAAREAM YIS EETEE FERNRRE FILER

o 6.1.1 (KRPORFAR) # = = p(y) 7EX yo HIFATI L AFRHIE
EZERY BH ¢'(0) #0. Fy = fla) Bz = oy) ARER W f() £R
zo = (o) 47T %, MHA

1

flao) = ey

% M 62 PRRTRERRIL y
A AU RS, HAFE— & ART & tana = f'{xn)
By ZAMMTESE My HEE  tanf= ¢ (o) -
B o HEBRHEBRKEY = = o(y), T N~ |
Moz HEER y EE RN AR R & !
¥y = flz). ENER (zo,p0) HHIZR / :,
FA—& B, TSP &L ITME X B E . o 2%
YR EIEE . KRR EEHRS AR 6.2
JLAe & .

i HBEME 554 (A RAEEERNLHEPER), fz) B 20 BIPIL
R HEPEEZER M o= o(y) £ o TIHE, KHAK (6.3) B8

Az =z -0 = [ (y0) + w¥)] (¥ — wo) = [¢' (30) + wiy)| Ay, (6.4)

HA wly) WREMN

lim w{y) = w(ya) = 0.
Y—+o

AR y = f(2) RAFRX (8.4) PH wy) N BT f(2) 7 <o L, T wly) E
wo = flzo) TS, WH & KWW ESEIEERIE w(f(z)) 7 x0 EH, BH

m‘i{gﬂw(f(m)) = W(mli.ﬂzln f(z)) = w(f{zo)) = wlyo) = 0.

FEH A %A ' (v0) £ 0, FEAER @0 AR Olwo), ¥ 2 € Olzo) B,
' (o) +w(f(z)) # 0.
FE s = € O(zo) B, AILAN (6.4) BH
Ay 1

Ar ¢ (yo) +w(fz)
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% 2 - z0, B Az — 0, WA ENER

) Ay 1
lim = .
Azx-s0 Anx @ (yo)

A XGRS

Ay 1
Ar =~ Az
Ay
B PR, AT LA A
dy 1
dzx = Tdz
dy

ARG —FE KBGO ER P LR, BRERAERNEF TS S WE LT
FIEERAH RER AR (6.3) #THR.

S 6.1.2 (M4 HARS RPN & v = o) F 20 TR,y = F(u)

[fle(2)]omz, = F'(0)¢ (z0).

i AAEHBERAR (6.3) AT v =) (I 20} fl y = f(u) (£ w),
B

p(x) — plzo) = [¢(z0) + wi(z)] Az, (6.5)
Hoet wi(z) 7 o HEEE, ARE 0, XF
flu) = fluo) = [f (o) + wa(u)l A, (6.6)

oo wa(u) 7F wo #4282, HRE 0.
REHBESEBYW v = fle(z). TE (6.6) T2 u = plz), FAEMHF w =

p(xo), AR Au = o(z) — ¢(zo). RIFFEH (6.5) A, B

Ay = flio(x)) — fle(z0)) = f ()¢’ (z0) Az + w(z) A,
Hrp

w(z) = f'(uo)w1(2) + ¢'(Zo)wa(p(z)) + wn{z)wa(p(2))
B wn(z) B walu) FRITE zo 1 uo = w(zo) EEHRE 0, XLHE () T o
TS, BT LUE H B3 w(z) 7F zo EEE ARE 0. XHAEF

rll.nxln w(z) =0

AERESHER

A = (w0} (20) + (a)



1684 Ex¥ k58

B4 2 — zo, VBRI FFERIEH AR
Floleeee, = F'(2o)¢ (20). O

& XTESEPORFEMEAN—ME LSRR

zl'y_&y_&u
Ar  Au Az

(6.7)

H &, 4 Az — 0, §F
dy dy du

dx du dx’

By 3k B T ol AR B A AR A SRR BT B, B LR

15 (6.7) ByZeits, BERE LHF Av # 0, NI HERH

Au = u — vy = () — ¢(zq)

A TTHEEE 0 {8 EEATHRAE Az — 0 AR TRKEE 0 (), W%
2 (6.7) BTG HA. XBA du BFASE u = olz) (MR, TROETR
R E Ar BER, REEBRMLE Au # 0 FIFR .

(HAEGrE 6.1.2 { LOREERR P R IETE (BT S LR N, FRA SR
FEIFATE. THRAFRBEAX (6.3) A& (6.1) pibA.

f5I8E 6.1.5 SKeE%L
A |
fa) = {xzsm?, i ox # 0,
0, =0,
A9 SRR HiTiEEHE (B RE 6.3). ,

B %o A0 BTURHSERMR 5l ,
ST, (B4 © = 0 MLTETHN .
ﬁ}‘(;rﬁgﬁﬁﬁy PR BE f e o P
TR FO) = 0 (REHENBAR). TS0
X B RS T RR &R A N
#(z) 29:sin—;1?—cos-;—, Mz#0,

Ir) = £y
0, e =0. 6.3

ST, Y F@) AT, BB £ (2) A 7 =0 AFER. TR
im f'(x) A, Bl « =0 R KAWL O
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A ERECER A S S O G RO R R SRR R R AR R A S 5
EFER A LA BERERE. MR, BRA F0) =0, AltE =0
A F BN SEE R 0, B £.(0) = £1(0) = 0. HM F(z) 7 = # 0 BRI RIE
RFA LA, SFREES « =0 FARRAHRR, B F07) M £(07) HATFE.
(ENT—ErmE 7.1.7)

fiED 6.1.6 WEEHRK

f(z) = {a:H- b, a>1,

.’I.'z, T 1&
T a. b, FARE f(z) =1 407

B HERYE - SFESHYRS LEAFRFA RN SROTE EARS,
AVEDFIHE L) 7 71.30).
S FLQY) TR E R T

f 1 (l+azx)?-1 20+ A%z
fL)=  lim Ao = lim ———— =2

A WS EHHEREARR. X E—FEH RN o, b, F—I7HE Xib
MRERPAES o = 1 HEEE HEH F E o> 1 WREK ex+b 8 (1) =1
AR a,b BAIRRER e +b=1, M fL(1) RATHEFEE 2b=1-0 KRR
AT

a(l+Az)+(1—-a)—-1 ez

! 1 = i == ].l
£ .cx:%ﬁ%w AT Aortt Az

AN =701),BMe=2, NfTb=-1. O

O H TR ES S RO SRR R R R R R, AR RY % 3 L
SHAESGHE. BRER () SR RERT (RN) EE

SHO TR FE— B RRIER R ulz) @ B R S
ey

Bl 6.1.7 Y flo) =z MBRM.

W AR SR SO EE)

% Inx
Inflzg)=In(z" )= ;

x
RIERSG. £ AE A RTCRFEMES

,_ I'w)
I f@) = 75

= .
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EhHLERITHRHBR
[é— ln:c] = —% Inz ?12- = ——1-2-—{1 —Inz)
XEERT RS
fiz) = f(z)- _3:-15_(1 ~nz) ::x:_{ - 2(1 —Ingz). O

FE AYCRFRENRRE AN SECR FHHEE L. finkESmA
plz) = (z -z }(z — 22) - - (2 — Zn);
BEA 2,i = 1,2, n, RS, WHT K p 6953 LR E, BR
L R
Injp(z)) =Inlz — z1) + Injzr —za| +--- +1In|z — 2],
Xt = R BAR A E G
$e) =) (2 + o+t o)

T - T T — Ty T — Tn

6.1.4 I

1L AEFR LT A
(1) WT5A 8 R KA S R RO A7 B 5L
(2) AR R 3 RV R R
(3) AT A4 R MR 2 3 o6 RO R AR L

2. CHBRE f(z) A = =0 LA, R f(0).

3. WE o BY{H, HPAMR y =02’ 5 y=Inz ML

4. WEM fz),9(x) FEAL 20 B[R AL flx) — g(&) = o(z — 2o} (& — o)
B LEAGRFRME y = f(2) 5 y=g(z) £ z = xo BAFY].

5. R fz) 9%, H flz) TFH EW: BFEHMZy = flz) My =
fz) sinz ZEAHZEALAH L.

6. % p(z) BRE n MEBH n REFR, ICEHHERR €, - 2p, HPR
o WEBH n, i =1,2,- ,n, m + na + -+ ng = n. IERR: BAE

k
P(e) = p() (Z —— ) :

i=1

7. WERK

£
flz)=( L+el/e’ 270,
g, xr =10,
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BE%E (=) BTS¢
8. W n HERY, T AKGFT, &Y

x™ sin -—1-—, z#0,
fl=) = z
0, x =0,

(1) #£ = = 0 4, (2) £ 2 =0 W5, (3) ££ = = 0 b FeEHOES
9. KeREK fz) WRERPOTR flz+y) = f@) fv), ATH f(0) = 1. iEH:
fz) ReAEF R, BAGL f'(2) = f2)-

10. 47 %L
0, zHEEH, 0, = RTEY,
fz) = glz) =
z, © NHHEY, ?, ¢ RARY,
W ENMEZE S S
H_&ﬂm={n = HHBY,
z?+x, = NTLEH

(1) §EHH = # 0 B, f A& (2) 1R F(0).
12. AR FARARE O(0) EF |F(=)l < lg(z)], A ¢(0) = ¢'(0) = 0. 3R F/(0}.

§6.2 EMSHUEHEHMmXRSED
A A A T . B ERBOR SRR SRR t B
RS

6.2.1 HEHSHITH

ESEATHE, AR« R RERRN R EELSAER X8
Leibniz 222+ 8T A:

(u)™ = (3) u®ol™ 4 (T)U’U("'” + (g)u"vtn_z) et (2) ul™y(®
-5 (’“) NONCTY
k=0 k

BFINARESHEHB PRI SETBHE.
1E Leibniz AFRATHBA n+ L W, MRAE v FH P EERBREHL,
W) R B BLA TR AR . I T RABR AT
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GIEE 8.2.1 i1 (x? sin )39,

8 5 Leibniz A3 (sinz) = sinzx, (cos2)® = cosz, BH

(2 sin )8 = 12(sin 2)5Y + (810) (z?Y (sin 2)\™ + (820) (22)"(sinz)™®

= {z? — 6320)sinz — 160z cosz. [J

BISE 6.2.2 B f(z) = r——r, Kk f)(a)
B AENEEAREERT. A f 05

XA

f(n)(:ﬂ):(113:){“}—(113)(“).

BRI AT UEOR LR s B, I AT R ARBE M (4019 AR ):

(12—3::’:)(“):”![(1—1)““ - (1(;3:“]' -

I8 6.2.3 %t y = arcsinz & ™(0).

# ERITRRESS M ME XERIHBHERR. BWILH
- 1
¥ = .r—"-—l — 3:2 1

BENRE RN
yvl-z2=1

fERS, 83|

VEEERA
(1-a%)y' —zy =0,

MR JG R Leibniz 273
-1

RASER
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(1 o :L.Z)y(n-ivz} _ (2‘!’1 + 1)$y(n+1) _ n'Zy(n) =,
AEA o =0 A, REFIERELAR
y+B(0) < iy (0) = 0.

A y(0) = 0 HIFT4E y(z) 7 = = 0 METE BEM SBHSTE: 490 =
0,k € Ny A ¢(0) =1 HRABELAR HHHEE v(0) =1, 49(0) = &,
¥ (0) =52+ 32, -, BIRILLEEE L yB0(0) = [(2k - )P ke Ny O

F EREJET Taylor AFXETLHRE — M- BB S 8000 R %
RECRN W 7.2.1 §8 1 Jo %A E R Bl B,

G 6.2.4 % f(z) =<4 " Toow 0 FO(0)=0,neNy (WLIE 6.4).
0, x =0,
¥
OO ISR Jivst S
\ G /
M 6.4

WX R AR RS AR o ML

uﬂ!

Iim — =10,
u—+too @t

SEHH 0. el y =1/ BiRESGHR fF

1
0y = m — e =~ lim ye ¥ = 0.
I —

Y=o
MERY = # 0 WA SR FEX
—
@)= o
W tHE
" L fay-f0 .2 —3
pry =i LEOIO gy 2 TF

RIGRE = # 0 iR IS BB RERX
_1
f{z) = (_4_ _ .,_6__) e T

26 44
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LR, ENEY S 8 0 WRHE 2 # 0 WAL TR
1
@ =p ()7

st P (1) WRUEERR y WETR Pao) T v = A

FRATHBERR F0), UABTE BRI R T LU, RITRSERCEIN
A Pa(y) ) RAKE, AEEBHEX A,

PR HAEGE XA EN. A » = 1,2 BERRAL # MY ) B
BRARMER, it F& (@), B M) RS, BE

F* @) = ()
(r()7)
cr (L) (L) T an (L) (2)
= (B + Pw)@®)| _ e

V==

¥R — AT Pega(1/2) BT

85, BEERMERERAM TEENARI ~ & ™) =0 Bar. &
n=12REBRRT ¥En=FHEHF fO0) =0, WHFr=t+1 TUHA
n=Fk fl x #0 i f*(z) i LR AU TR

R @) — {90 _
x—0 T xr—0

f* ()
T

A XRERCEMTPOEERR T (1) TR ER R LR
S LAEMTRHFT 0, () MR 2" (n22) 2 =0 24HPI n - LETH
FEHHO, L o — 00 n BrRE /DR Bt o™ WERERSREHEE n 8
DR T (B S4APM B, WAAF W B X EX A n AL

lim e
z—0

M 6.4 T XA ERBE @ = 0 MREME R ETHE. (3) 4 Taylor A3 (§7.2
) 1 Taylor & (R TH) BERE A F K RECHEENNA.

= o(z") (z — 0).
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F—A-ElEn e ERfF A R B R, EFER EME
HT MBS 2R T EH.

1 6.2.5 4 (00,0} EIYHEREL ulz) = 0 A [L, +oo) LHYHEKE
v(z) = 1 B AE (—o0, +oo) R TERLK FIRRY, AFHEEY [0,1].

B REX
0, r <0,
9{$)={ -
e T, x>0,
R4 @)
_ g(z
1@ = @ oo

m flz) MBEER. (FiEREE) O

6.2.2 BRERSE

M E—ERHE 5.54 MESHHHETRICLEDR, RYRSEN %
B SR T i Fm B0k, W LUR A RRrs. Rk, B8R B Kepler
JrE R, B A — 1R

y=x—gsinz {0 <g¢g<1)

HE X —NEE x = 2(y). HEZ. ZEPaEAEREI 0 FETRHTRX
A ERE (RSELUE), & E—ERAITEEAS T ERX 1B SRR R &L, T
FENMEBPCRFEL (A6 6.1.1) LB TS, A HFE «'(y) i
Rk (B THEAEE).

ANV RESR SRS E THRBERSYTEE R, El—RERE
A TERRAMY B B A 8. 5 A T B, SR —
S Ay T L (A8

ZENESR: MR- EE y =yl HEFE

F(z,y) =0,

N ERABERBIMESR Flo,y(e) =0 REX =z RT3, 5G] 6H-SAL
¥ (z) itR %

T RLA N KR SR S E MR K EECR Sy -~ ER. T LR ERE
TS B i A R T

oy =yle) Mz =cly) EARELH Wy =) RARE, 57

x = z{y(z)).
itz KT, A
1 = 2'{y(z))y'(2),
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PR ET LD R R 2K
1

y(ﬂ?):ﬁg,

Kty =y(e) B o= 2(y) 1E. (XAEREME 6.1.1. B4

FIH 6.2.6 BEEY = 2(y) W2 Kepler B y =2 —g¢sina(0<g< 1),k
z' ().

Bl BHy=z—gsinz(0<qg<l)RE (oo, +oo) HiE SIBFEIHA 2
SERRR MR, WFE v =1 - geosx # O BTT LAN AR 6.1.1, HiE R
x(y) Al 5, HBF| 5%

, 1 1

#l) = y(@  1—qcosa(y) | 5

W2 HWE = o) RAFE y— 2+ gsing = 0 o, BELL y HATR
AR
y - 2(y) + gsins{y) = 0.

Xty R5, 53
1-2'(y)+qeosz(y) - 2'{y) = 0.
XHFEROT LLRE]
2'(y) = L [
1 - qeosz{y)

WX OTHREAT . SRR R TR, R TFERHME
5.5.4 {RERY, TR B T S5 BT R A 6.1.1 iR ERHRNR
A RE R B — A0 KR R FOA TR E RN R B AT

B Mgt S BT AT R REERS R BEX—E4R
R SRR A T SRR AT BRI iR M H e B, XA ER £ T
B AR, ERESFRX BN EFERERS. i BE—RiTHEP
ERESANE R EENER.

B RRHT, APATUE L BRER STEN— LS

i 6.2.7 HEMK v =y(o) BRAMNEFE 22+ = 1, HBAMRAR
FOTER o (2), IELLEC.
B Mg AETLAREA-BEYC itk

m=vi-z2My=-vi-22 -1z (6.8)
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EAE -1 <z <1 LA BHITHR L

£ £

yi=—miﬁ$yé=m. (6.9)
B—HT, HREHCR SN, 1 v =y(x) RAFTE FHSFA
22+ 2 z) = 1.
iz KF, B3 2z + 2y(x)y (2) =0, A
Y (z) = —— (6.10)

y(z)

THBESX A RREM A B WIEITRY R, 58 2° +4° = | BEN RS
E—A~ bR b, BIEREE X, RS REE UEAE, BME A
B, L ERERRNHEY BRIXAMEENS, 7R 2+ = 1 7k
EHNENERRIERES, MREARTHEET. XIERNREE T REH
R BAREET AR, WE A RRNAR (6.10) T/
y'(2) RAEWE— ¥ v(z) W0

XA AR AR FAREYCR SEMNFERENSRARY (BHERHEMN)
G-t EREREGY BTHRE Y HEAAR (6.10) PHLAK (6.8) F
B 1 (z) F ye(e) BN, FEATEA BIER A B — DA BT E L RS » A ),
B (6.9). EFHEMEFBHENKMBELYE SN 8 -1, W
FHRE, Bk REAS, AKX (6.10) AR O

Bl 6.2.8 i v =ylx) ATF, HBEFE L +ay+ =1, Ry, " "
B Oy +y? = L BEET ¢ HHESR, By = ylx), Wz RSBEH

2w+ y+ay + 2y =0, (6.11)

wEH
, 22ty
T x4y
BEX T RERXTUEEE S, £ (@) TSHNRBRET, REM o+ # 0,
ZHSE Y B
¥ (6.11) (EER ERXET o fEHER) 3 2 KT, 7H
24+ % + 2y’ +2¢° + 2y =0.

R LT R GREEH T ELE)

v __ 6
T (23

Y



174 FxE HHEHH

ARALAX—KIEH, HE 2+ 2y # 0, B v(o) MSH=F I ¥ v" &

AXFRS, RBF »
" &£

yo=- (z+2y)°

PP R ILATH K
B ER I TN, JREE 6.5 Bin,
z+2 =0 R ER— RS 0K

HAIR, (LR S AR R R S,
XMHE S B o+ 2y = 0 5

S | REMIRTAT v, s
FaT. MR ATLL TR

\ ) y(z) B B, (HiXeHag B
KRB A, AR T

RITH A EEETH vio) £
B—A. TR Bk S ek NI

I 6.5 fEAERER H R B B AL
HEMRA.

6.2.3 BEABEXRTE

RZ¥oTRG L FHK 2 E i e kbR E A BT LT & B,
FERELRE AR EM MR—EEA v=yl2) Hr =20 %k
FoRENRESBATE XBMEMTH LA ELRM. EhrEES¥diHn
BIRTRA o = p(f) RFARMME. H5

x = p{8)cos B,y = p(8)sin b,
HBAT L 0 AU BRI

PSR TR

z=p(t),y=v(tha<t<bh,
E—ER G T LR R R y = y(2) (@ z = 2(y). XHIER y = y(x)
TR AT ASE TR E £ K#T, MA—EFTE v = y(z) B BARER,
B AR B RER B R—E e MiEFELA—EFH. XBH
BHS E—haedel

&8 6.2.1 |z =p),y=v1t) EBEMA (a,b) LALTS H'(t) #£0 Vte
((1, b): ﬂﬂﬁlﬂ?%iﬁ‘ﬁii
(1) z = @(t) XA (e, b) b #)EFEERL, HMFERLEL ¢ = t(2);
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(2) 2= (t) M y = 9(t) ZEFERTCR v = ¢(t(x)), BidR y = yz);
(3) B y=y(z) A[S HELRN
v ()
v(z) = o' (t)
iF T () S99EEA R 2 a9EEE, FEX B BAAAINE. (2) 2 (1) Mkl
TE HF (3) 4 HiEs.
@'t # 08 (), TRHEREKSEN (FParE 6.1.1) 4HE t =t(z) 1]
%1 H%‘

t=t(z) '

1
‘-Pr(t) 1=£(m)'

3ty = $(t(e) A A BHORG AR, hE

¥'(t) ‘

(Pj(t) t=t(m)'

t'(z) =

y{z) = ' {tz) t'{z) =
F1 L EENELEY

1 r g !a‘.t
Y ity LL"; ¥

FitRE &Rk S AR S R ROk OGS

2 AT (1) WEEERE R b FERE (o,b) RA4H () #0,
Rl F— 20 SR A (A FE (Darboux 2, IR 714, TRSEW »'(1)
EXE (a,b) HREE. REHEHBAR §8.2 WhXTREERTHERI AT

DI 6-2.9 Y5 BEE 6.2.8 IR B BOIERRN

_ 1
T = ——cost, ¥ = sinf - ——= cost,

V3 e

itE y &tz BRI o v )
¥ BLhmErEs TR AT:
Yy, = (sint — %cost); = (sint — —\% cost)y
= (cost + %Sint)- ;; = - ‘f cot t — %,
= (W) = (W)t e = -@mﬂzt-é’—
_ 93 cost

8 ' gin®t

3
=-7T csct t,

o = (Y = (Wa)e -t
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RS R ¢ TR Y ¢ = (o) — avocos 0. I 5L
4 4y BEThGY sint £ O BHATER, W 2 = —% sint T KRR AERE SR
Bk, SRR B o+ 2y = 2sint, EHILSHE 6.2.8 —8. O

6.2.4 #ZFE
1. % y = arctanz H& y™(0).
2. %} y = (arctanz)? & y™(0).
3. %t y = (aresinz)? 18 ¥™(0).
1

L 1y
4, B y=zr"te®  iEH: g = L) e

1
T

LI'H'-H'
5. R TFFIREAY n i FeREL
(1} y =sin®x; (2) y = e sinz;
(3) y =" 'inz; (4) y = 2%
)y = —o—; ©)y = ——

-z BCE

(7) y = sinax sin bz,

6. FERE: y = C1eM™ 4 Cre® BERMAHR ¢ — (i + M)y + Mgy = 0.
7. JE88: y = Oy sin(wt + @) + Cacos(wt + 0) WEMAFTR Y +uly=0.
8. HHA MBI p= F9) BR, WA BRBHHE v = f(f)cosd, y =
f(8)sind, K y'(z).
9. iFHH: Archimedes BR4E p = af SAHERE p = a0~ AL VILEL.
10. FFIBHHRR '(2) M y"(2) (E (9 FRE f B

1) {3:=\/1 +t, () {w:atc‘ost,
y=v1-t y = atsint;
— 3 —
@) .ﬂz—acioe;3 t, @ (e,
y = asin” & y=tf'{t) — f(t).

1L R EHHTE 2° +1° - Szy = 0 @ AEE EFHKTHILRM S
12. REVLIFHER v = sinz sin3z sin 5o QY FBIEHHE " (0)7
13. BSTURBFRM y = (6+52)(4+ 3022+ 2)° FoR it y©(0)7
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14.

i

W R TRETA H fo) + 1M (= - D B8R, @) -1 8% (=+1)°
B A HSHT AR £

§6.3 —MREAREBAREM

6.3.1 XX|E

W RMBETHEAETE. Bk, FE v= fz) 5 20 B EERINHE
B Az JEMELRMAE Ay HHER o, #1R
Ay = gz + o(Az) (Az — 0),

W#F Ay HEAET Az, XEF v = f(z) 74 zo T, FH¥X M4
EMHRN y = flz) A x0 BB

Ry = flz) TH zo THNRTBERGR y= flz) o T[S TH
X SRR ST AR HEERPHER o B f(20) = o

H AR ET AR AR FIEETRREE AN RN R BB AN
.

ERAEHESE dy = f(zo) dr, HPHEEEIINE Ar By do. X2
B, M TRAENZHEY v = =, BLH dy =dz = Ar,
MERHREEEREANE oo LR v = flz) 595057, MR BRI
y = f(z) By, My dy = fo)de B ER TR BUBETH
TRz WEANRE Az EZ S, #4 dy RERENE WF « @, W
dy R de BIERMER

- BT REE, FESR RS ERR RAMR/NTE, NP REMTE E R

B BE MYUEHIRRRFERE. £ dy = f/(2)dr P de ARG E—1{
HAER, % f'zo) # 0 b, RE Az = dr B EBK, o dy BEMTTLL
REMERRHIE

B E A 7o, ¥ dy = f(zo)dz iy dy BEH v — f(zo), dx KB A
T — Zo, BLBHIMER v = F(z) . (zo, flon)) BYVIEFHE

y = f(zo} + f (zo)(z — T0).

6.3.2 fMaSatitR
BT R BENRETE, B4 Ay = dy +o{Az) (Az — 0), ALY Az

Fesr isaet, BT LA PE R I B MNE. SORR PR —IGL R, XA
AR R AR, BRREIRRE . HRE BN fRE LE R A R LA,
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B8 6.3.1 E&ﬁﬁ%ﬁ%ﬁﬁﬁﬁIﬂﬁﬁmF , R V2 B RUE.
B OER f(2)= Y= NE f(=) = 3\/— L IE )
¥z~ Hzo+di,
HApSgEIRER ¥z £ vo B

49z = 3\3};%
AW 2o =1, M Az =1, THEARM A, B
V2 1+-;—- = 1.333.
(BRI RUERZ. MEHLE Ar = 1 KKT. AT ABEHT.
B MUERIRTRIAL 1.3, M8 L3 A3 Tr, 8% 1.3° = 2.197. FIATLAR
xg = 2.197, Ax = —0.197.

- Az,

BRI R T

s 1 197 2

= 1. = - =13-—/ = - =
V2=13+ 50 (- 197) = 13- —=- = 13- — = 13- 04=126.

Lhr LA V2~ 1.25092. B RS REST. FEEIWHHE Ac B/ O

E RSB E RREETREEAK Ay = f(z0)Az + o(Az) (A —
0) FOHERIN o(Az) Fiba. XML MRE B, BRAURI T oA RAYIRZ TR MR
HE BT /A R A S R — .

T BRI A P — s A A R B — 2 BRI R MR i R El R
R XA A B TR B A IRENAIHREERAG T

#ikE 6.3.2 (K AMERMEREBARERN. AT BrigayRERN
WRETRT 1%, AR E R ARHRZR T 4477

¥ HESZ D IHHERERV HARE

i
V = -G—Da.
B E
dv = —T;—ngD.
RNBD, hFETHSCBRE ARNWBRNA, WH—-ERZEN. XHEEE
dv__,dD
% D’

B T B RR R R AR E A ET 1%, e R E SafpyfRHE 2 Y 2
BHENND ZH. O
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6.3.3 —MRASPEAREN

RR-PMEEAEHBEROFE. TR IVEEE—-THIETAR
HEMEH, B EAHAN BESTMIETORAA—& —BiaaT
ANEEEREA L Byepitn, EXENY T —HEONERR
BHARIEXRMT AT Btam B Ve ESHT AT

AT R ERNE, SRERFEMBTHNE.

#y=yle) WE, MEHS

dy = ' (z) d:r.‘ (6.12)

XEFE y = yle) 787 = FFARR WMREPHER, IF 2 =20), LBt
AREMEER INERE «() BT WHT &Ry = yl=() Hir

dy = [y(=(ENidt = gL (z(£))2'(t) dt. (6.13)

Az = o(t) XTUE RS do = 2/(Hdt. FFERA (6.13), WATLUFRX 23K
WEN
dy = y(z(t))dz = y/(z} da. (6.14)

BEILMEA LE, AR (6.14) FAK (6.12) B—RE. AW FE vy = y(z) F
&z REREK AR, —-Ws (6.12) ®EA LRAZER.

Fs &L ERIER BRI AT, XHAEE HEE A B, MHERE
RAREE. XEFEATLIRH T L

1. # (6.12) £/ dz = Az, MPFLARXER dy = f(e)dr HEEHSN. H
£ (6.14) FEY dz = 2/(t) dt —FARFETF Az. RIVNBEENZHHEE
o(At) (AL — 0).

9. 7E (6.12) g dy 55 Az RIH, e (6.14) (B (6.13) i dy 5 At it
#l. Eh5 dz iLH, BEHF A —ES Az RIH, BN dr —BAFET Az

3. E (6.12) 1K) dy & = I dz (= Az) #) ZCE, HAE (6.14) (H} (6.13))
By dy & ¢ il dt (= A WS RY R (6.14) PRITMEHKETE
5t 0 dt EIERBOCR, MNTER T B EAAEE

BERBRITAET IR B RVEE T XREH Hil, WAZ XA
T 28 R EUE—-1HF.

HiM 6.3.3 IFREH y = Ot H8s
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M1 RE dy = y'(2) dz, REGHRH S/ (z). BIET SRBMRSHM,
Cif7e tl
[eain(m:+b)]-' — esin(m:+b) . [sin(a:c + b)]r
= "=} oos(az 4+ b) - [(az + b))
= (=) L cos(ax 4+ b) - @

= acos(ax + b) e¥in(az+t)

HIEH dy = acos(ax + b efinlestildy. O
2 HE-BMMERFEE TLLitEmT:

d(esin[ua:+b)) — esin{az+b) d(sin(az + b)J
— es'm(a:v'Hﬂ . ((-Dg(ﬂm + b)) - d{ﬂ&? + b)
= gfin{ez+b) | cos(az + b) - adz

= gcos(az + b) ™ bdy. [

A -E, TP RERE R RTEZEF. A (6.13) B (6.14)
HHES AT LLAE, R EE TRRRE AR B R TN B MG —ERE,
P fisZ RM BRI R R, HERRAEE—HN.

FHE, —B AR AR E R M O HR Y T —FER
% EMRERAES ST RNALEERIEN g ERRE 4 AFHIE
XREBRIENBERIMBIT R EHERYRPORETR Mt LdE—
FRLE L A HN B

6.3.4 %I
1. 3EBE: # Flzo) # 0, 0 ali%% =1
2. | u,v,w ¥ = WATTREE, SR v 898
(1) y = vow; 2 y= “5%";

i
4) y = :
@y Vut +17 +u?

(4) y = arctan %;
3. WEHH: £ z/a” ~ 0 FFIEALARA:
Yar +z~a+ na.i—l (a > 0).
FRTFHE: (DY (2) ¥80;  (3) V100;  (4) V1000
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4 BB RBRANER, ALK g= 4T RENIEE o 2FIP 5
(a) MR 1, (b) WESARE T 0FRMIRRERT g KR,
5. WMERM B = 80 AR M 2 R RESR G R ENS 28m?

§6.4 MTEFHEIN

6.4.1 HIJFEN

AEMESGE: (1) BEMESHEE, 2) RSHHRES

- TR BHSD, EEMAEIRE XL (1) EBARFHRMEAME, (2) 8.0,
(3) BESAH. BT A4 O mE R RATNAEN, B ASEX—
BEPMAAFTERBE SRR, ik LTEEH ERECRIFEUNE
B RPCK FENUHEBHIREERY FREMEUH AR IEERE.

- FE—TCHS T, BRI A — R S A SR & R i A B AR TR
I S¥a T8 XX B IES TR 14 BB B,

- BRARLSY dy BRI Ay A2 E RS, FIKTE Ax FEIHDIT AT LRI ES
WEAAUE X BRRREENERA T Bl BT EHR N
W I E, TRAELUS S Y Taylor 23AYER

R ET B R — R E R BB (R X S, X T
Bcsr LA B SE TR AG SRS R, AAFER A EMAR .

DR RIN FEAASEER NGESNYRERREENER
EHEN b EIER EENRSEEAZE DR ERGES. R,
TSR X — R AR RRLRE R ES, TR
T LU X B R A B — BT E A IR . A H A M AT
B, RTINS ERN BENTRBELL
BREHA T B R,

6.4.2 $£EE
B— S
1 s St L (IR0 L sina)T
2. 8 1(5) = oy P FOO0), BRAHEETEN 1%

2+ 3z + 2
_‘_L_ T
i S FER o T, £ #0197 Jim [HET) )

f(a)
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F¥ SHhmy

10.

11.

12.

13.

B a#0 HR fla) = SREFENETE) bt m e i

cosz — cos(x + a)

- B F(0) =0, F1(0) 774 B XHF

2
mn=f(£%)+f(;;)+~41(i%yneN%

K lim z,.
R oD

- R AR R

. .1 .2 )
(1) lim (Sln?ﬂ—+sm?+---+smi),

n—oo n2

(2) “li_r& [(1+ %) (1+ %) (1+%)].
By= S R Y e N,
& fER LEERN I % MESERT » 25

mﬂil s (%) ={-1)" [a:"‘—l f (%)](n}-

FA 1 +z+2% +- -+ 2™ B, REUTERZH:

(1) 1+2x+32z%+--- +nz""1,
(2) 12+ 222 4+ 3%2% 4 ... 4 022",
Xim: FHEBSEFEEERY (1) &5 (2) f
B S4ES:
l}nk11=nT”meN,
{ g ( k) +
@ S ") = nn+1)2"%ne N,
>#(3) :
IERR: hdnaent 8t AN HRSRAR § 5 — S F T FRMRA
#rih.
B hiEM SR ENSRERERME -SSR 5—r R
R R 2 = o (Intan -+ cost ).y = asint 09— ROIA LA

2
RIS = MR KES R
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14.

15.

16.

17.
18,

19.

1.

2.

bR B f A 2o ARSI SR RGR f 1 no A PBEATIUE
R f(x) = fl2o} + (@) (x — za), HH o(z) F zo ELE.

(LR FEEF RN FHAY Carathéodory X EEBZFI—FHRAE
ERFEHEL MEAPHRA. ZHEAUSH XDHE A 7 PR
CEE (1991) 40-44 TT, (1994) 332-338 B, L LA 23 B0kt [69] TRy Y
WA AESUHHOIRE 6.1.4 PATHFREE A (6.3) AL S MWL)

B e 22, B f(z) = f(zo) + p(z}z — %0), (=) TR O(zo) F -1
BreTig, H " D(z) F 2o &L W T SN 20).

® f(z) ERR) (a,0) LF n HrRY HFEEAEZN 0B 2+ 1 T HE a,
Q1 -ty Opy ﬁﬁ

aof(x) + ar f' (@) + - + anfM(2) = 0.

WERR: flx} % (e.b) EFEEEHSE
BETR p(z) REEEA. EH: (@) - plz)p"(z) 20V € R.

w0, 1] kol HER {2€(0,1]) fl2) =0=f(2) } =@ WH: f
7 [0t P REERIF S

%F y = arctanz, WM (1) y™(z) = (n — 1)lcos™ ysinn(y + %); (2)
V) = A H Pact(o) BREUOTALRE ()"0l n 1
KE M.

EX fole) =1, fani(@) = zfule) - frla)h, n=0,1,--. JEW: (1) fole) R
n REBMA; (2) fulz) FH o PHARER, ARTREGHK.

E_HEBH
(1} Kk isinkm 1 iooska:;
k=1 k=1
(2) 3k stinkn: il cho&km.
k=1 k=1

SER: (68 5.1.4 i) Riemann ¥ B AMLRTTE.

3. FA (20, 30) MBI y = az? + bz + c EBEHPIRYIE, RHREELY

—#& IR, ARGV, [ TEX =B PRy (2o, 50) ML E SHY
gHttaRR?
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. #ERH: Legendre £MMA: P,(z) = 2n 1 i:; (z* - )" WEFE

Pri(@) — Py (z) = (2n + 1) Po(z).

e

o

. UEAH: Legendre £ A0 2 2
(1— 22 PY(2) - 22P.,(z} + n(n + D) Py(z} = 0.

(=

AHTEHR (u+ v+ w)” RIFHREHAE, BISHEN (www)™ #—iit
HAT

B fl) = ez’ +ba+o |zl < 1B If()| < 1 EH: X |z < 1H
|f'(z)] < 4.

. JEM: XA E R B

Z( 1)"() _{ﬂ 0€LmEn—1,

(=1)*nl, m=n.

~

oo

o (1/n)
7i! '

o

i flzy=x"lnz,n e Ny, K nli_}ngﬂ

10. 4 £t 2= 0 4k, BpzemR i LED ) 4 e r(0) =
1t. #y =1+ v2)>"*2 ne Ny, R yfnl(l)

12 #t f(z) FEXE I EZETS, f(z) # 0, WAL X f(z) B Schwarz 33
W

=) I () f(@) F(x) \°
SUE) = ) ( 5) ) ( ) ) ( 2) ) ‘
AERH:
(1) 2 f(@) = (az +b)/(cx + d), HISREBEREEL, N S(f,2) = O;
(2) ¥ plz) B = WEWR, H r() = 0 #RHRERESM LR 0
S{p,x) < 0;
(3) £ f, 9 BHHRAEV S, W S(f o9,2)=5(f, 9(x))(g'{2))*+5(g, 7);
(4) #F S(f,z) <0, S(g,z) <0, M| §(feog,2) <O
(5) & S(fiz) <0, M3 fr=fofo---of, W S(f" z) <0.
n s




FLE ROFENEFERE

RERMAFHEOTLS, EFRENEFRMIEPEERM Taylor B, ¥ia
AERPF T PITR. BF—WAF I RIMRASER.

AEMNEREAER, XTNABET -HEP RS

MABEF G, FRFIREERNSHER EETH HHE KRR
ZREGFAEEENFRE. ATRRRE FHRE “EEFRW. L9
feC¥a,b) FRBY fERNE [ Lk Brisealtl, BIF & Bk 3 88

R H S AT fa,b] LA MIEMEREN f £ (0.b) WE— ST
5. A AR RN T £ () 71 FL(b).

§7.1 WoA¥PETHE

X BN A A E R Fermat F3, Rolle @, Lagrange FEEHM
Cauchy HHEE . LR EE=TR—MH—TE-RiGFHEEHE PHEES
oy R E SRR AT Rl & RARIIXPE ¢ RO TH,
{B—f e T R o {H S Y )2 A

7.1.1 RETH

i F Fermat EHRXT RERENEAER, HEER M ERZE), &
BT T Rt 2R R A R AR B

EX BEH (@) EE zo B Olzo) NEEXL WRMTFEN
x € Ozo) LA

RIFE f(x) A zo BPIRAM (BRDE), ELFRA 20 B f(z) H—TRK
i (AR/MER). BRI MEGERRRE, SO E AR/ ME RS RIE A

EF EXEHATRERNREAMBREINEINRE AREANE
AT LE BRI EHERTRE S LRE AR, WGk
MBS 48 RESF—ERRMES NEREARRANRS, MARRES
(F B AR S BB )

T HEDES, EXEF—-REBFPHRNGEXEE T # S AR
P —AIEE AR R e S H SHAR MRFER = H— TR O@) C S
W FHFREKE, FXE (0,b) P SHBRXENAS. o b REHRS, BF
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BT {(a.b). AIXH [a,b] §7H AR PR o b EMNARIAREEAL, £
Fr R oAt SR IR 6] [a, B) B9 PR R AT X TR0 0 PR X ] AT R ML 6 4.

XERREZHURABPAR % KR~ PHEERNER B
A LUIER] Fermat SEH, 7 EOA 6] LA B S — My [ RE. TRy IER (AR R RS, X
BRMAER. RITHLERFZ— NSOy ERMEEL (208 7.1).

&E 7.1.1 FRY f FS o BFELANFE f(20).

(1) #F fi(zo) > 0, MAFHES > 0, B w0 < & < 20+ 8§ M, W flz) >
f(zo);

(2)EFF >0, FBY zy <z < xo+6 B, AL f(x) 2 flze), M filzo) 2 0.

e (1) EREANSHHEX |

fjr(m(}]= lim f(&.")—f(-fg)‘

:E*":Eg T —Ip

RIEEEAR A BT RSER, RAEY fi(z) > 08, T > 0, HHH
o< <29+ i, ﬁj
(=) = f(=o)
X —2ZXg

B 2 > wo, FIRARABE f(z) > flzo). X (2) MHEMTELAEM. O

EAEE R BRILAEN. ETENE 7.1 PERT BMIBPCCT 0
AF 0 4 FTTRERESL. HopBol () MEME 7.1.1 PHHA (1). MR,
P 7.1.1 PEF EMET b Fermat R E —RHIEIR.

> 0.

L / 4 4 Y \
O .’L"u r O :cl.:] x I g & O :BI-:] T
(a) (b) (c) (d)
M 7.1

FE 4 Hf Fermat ZIRAFMEM. 55— MEH LA 7.1.1 RS $4
EHRELTHE, CRH LSRN EAR Y LA,

& 7.1.2 (Fermat &) ¥ 70 REH f RIS, BFESH F/(z),
Hl—# f(eo) = 0.

1 Rl RS xo AR /ME SRR, MBEX, FES> O, ERY
|z — xo| < & W, BAE

f(zx) = f(za)- (7.1)
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B FHRERYE M (zo), IR BN SRFEHEAS, B
f'(@o) = f_{zo} = f1.(x0)- (7.2)

Mar 7.1.1 2 (2) MEMT fL(x) BIFITER, K7
filmo) 20, fl(zo) 0.
5 (1.2) 83 RBF fl(z0)=0. O
i 2 FIAHREERAK (6.1), ATLUEH
fla} — f(zo) = f'(z0) (& — 20) + o(z — 20) (& — 20)
= [f'(20) + o{1)](z — Zo} (& — z0)-

MBLER:. & f(zo) # 0, WK = & zo TEAEIEM, (F'(20) +0(1)] & f(z0) [
& AR SR o 31 w0 B, f(2) — fzo) BF. X5 o0 M|ESFE. O

&£ 1 UEMMERIESRER F—MEANERETR (Bl 7.1.1)
& HELAE T E AR 7.1.6 (Darboux 2 #E) Wik A 585 _AERRpY 7k a] A
FLEE R —RERE R (Ll 8.3.1).

& 2 M Fermat FHME, & zo 2 flo) BHRE S WHFFRARER: (1
Flz) TR 2o R (2} fllzo) FEASTE. HRHEIREY f HES
B, B f BRI S REOP TR RGOy “RETSER. MR HR A5,
P A% BEGRBRAE £/(x0) = 0 BSZRY, B f(z) A~ ETE 2o BIRMA.

F3 # f{ze) =0, W o HEEA (stationary point), BT &, XBHF
MERRBEX MR RHL, AR fo) WELEFRE st AFREE
A3 (6.1) MEME f{zo) = 0 BT BH

Ay = f(z} - f(zo) = o{Az) (Az — 0).
Bl Ar — 0 B, Ay & Az BEPFILS /D FHE— 4 BER FREMZEMT
LBR Ry=2"+1, Wz =0 R, »(0) = 1. X z=01 5, y= 1001, ]
34 z = 0.01 f¢, T = 1.000 001.

B AR EER Rolle 5, WH[#14 Rolle e .

&M 7.1.3 (Rolle £ 72) % f 7¢ [o, b FI£4E 7 (a,b) LATHY, HE f(o) =
F(b), MIFFZE € € (a,b), f£48 F'(€) =0.

i & fREM (0.6 EHEEEY WE @b ME—FLF f@)=0
WATBATE (e, b) APAER—AAEN £

F, AR R EESERR A EEERA, fE o8 ERFIECHERX
HMABMEm HE m <M. BFHEN fle) = f(b), Bl m M M
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ELE - EREER SHEAR. XHRR E0F —MBERTE (0,b) PEHL
AE. X NBEER £ € (a,b). BTFERXRER NS RE R E DR R,
T 8L f X (e, b) AT, BEHeT IR Fermat 38, W5 F/(6) =0. O

£ 1 RATEF, Fermat FIEHIER AFER UM REERBE MR, HEE
Rolle & S AIER H I FEHEL R BN — 2R B — BHeE Ffzat
FEAEHMUE T, AT ERIFLIR, 7TRIANE Rolle FELUR 5,
Lhr R T2 NAENE S THXEERIATFG TEMEMFEERERE
ey A e B IN7E Rolle EIEyEM 2 FAY.

7 2 £ Rolle =P HRHPEEEE I, EEMERRAE
B XSGR T HMR Rolle FHMBELE, E—REMN BT LTS ZEF
HEH.

#Z 3 Rolle £ A EARUEIERR -~ E B B RHAMSMIESR. EUAR
] R4 R 3 B A Fermat @A FETH. HEBEER E Rolle £XEH
ERTERHTURER. B — S FEFE—HRITLIE, 2 M Rolle g B
B EMA AT Fermat BRI MBVER. AT SAHER
#& Rolle EHEMFIEH. KA TERESRENE S FE SRR
EER (K £B3H% A 7, 86 5 (1979), 484486 31). AL AE RSB
Dedekind 3¢ #EEA] Rolle i FER)L{E (& R {56]).

ik 2 (Rolle ZFRR) Samuleson 4FEE) {EREIEEL

F(J:)=f(:{:)—f($+ b;“’).
MIET L MR fa) = £(B) BN
F(a)=f(a)—f(“;b), ﬂlF(“”’) =f-( “”’) — §(b) = ~F(a).

2 2

€K [0, (0 +0)] EAES F R SAERE, DU o1 € 2, 5 (b))
B Fla) =032 b1 = a1 + (b~ @), Wak# (SR 7.

fla1) = f{b1), a1, b1] C [a,b], b1 — @y = %(b—a}.
WL PSR T £, BRI —1THAREE {on. b}, EREER:

br — G = ziﬂ(b—ﬂ,), f(a'ﬂ-) :f(bn)s n< N+-

WHMREEEE FEE - ERTE MR [an, ba], tiakR
A%,

a, SEC b, Ve Ny, (7.3)
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%)
lim a, = i mbnzg. (7.4}

N— 0 n—

REREIE R, BETLER £ € (a.b). ARAEHESR {a) B (b} FRE
R ITLAT . b b, F5H a = a1 = ag, 1

£(a) = far) = flaa) = f(b1) = f(ba),
AT [ba,bu] REF oz, ba] AT 35, FRERTELEESE {6n) Sy (HEEF.
0T FAER € € (a0) TS, EMAH
i ) = flan) _

n— bn. - g

AL NEENEREEARX
F(ba) = £(E) + f(€)(bn — £) + 0(bn — §) (b — €),
flan) = F(€) + F'(€)an — §) + olan — ) (an — £),

A (7.5) ZEAf 57, IERIA (7.3) f (7.4) By
HT flae) = f(ba) Ve Ny, HIEN (7.5) 7T (€} =0. O

F(&) (7.5)

E U ESR A B AL (1)
B—HRA ar, b REFRAREHS o

e b, — BRSP4 L Ay Bt
HI4F, 7 TG 2 1 4 B

Tk CEFR—HTUSEE 5 BH—

g i \ MEHE 2 %) U FRRFBES,
—— RIR Bl AR — 5 €. (2) FI

B (7.5), ALERE £/(6) = 0. £/ 7.2
R ATRR T H R A R T L
2, BF flar) = fb), bi—a1 = +-{b—a),
T2 Flaz) = f(ba), by — a2 = +(by —a1). ZEH
72 EMFRIEHBIN N ¢ B f RES

{EIERR L VT 2L 4 ), {8487 Samuleson iEHH FREIR € WILUTRIRELE (fF
HBARRE). 1 X IR A 5 BT 42 S B 08 3 R S e R R .

H Rolle ZHPHIFMN: f(a) = f(b) RIS, BT FiHI Lagrange
FEEH BRTLHE Rolle EH ¥ 44, HEAMN N Lagrange By
HAEBEXBRE, BHERET REHFE M — MR ME — s 5 8N
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o B b WEFSIEMERERNHES FERAER. N Lagrange PHERNWAE
¥, LB ET Rolle @ENHFH. LT RAS S HHEMA P L RIEH
7 1 Y T B P .

0 7.1.4 (Lagrange "P{HERMFBIEY) & f 7 {0.b] DL % (0,0)

AT, WFHE € € (o,0), A
7=

S SRR 7.8 PR f KB
R EER—R (= f@), REHE
[’ (2, fa)), (b, f(b)) ZERRL—N
=AE ERREX). iZENER
A Alz). WRILXAN=REMTH
# (=, f(z)) FTER LB (B
B 73 4%l —FHK), M=
AR EBAE. XA B REE
(a, f(a)) 0 (b, f(0)) W E LB B
il W, TR L RER Ale) MBS
(W Fermat FHIEH ISR 3),
W f WERER (€ F(O) B
MREEIX R ELRFAT. WX EBRFXA € WER. R LTH T
LA AR ERS.

W AT R i B 4

1 1 1
a b

fla) fb) fz)

(3EFs EXA A(z) WESTHE 7.3 T = AR ERWKE) FH Ae) =A0) =
0, Rolle FRRFIER £ € (a,b), 8 A'(§) =0. B

1 1 0
a b

fla} Fb) fiz)

WAL A'(6) = 0 EBRRERIENLER. O

#1 Rolle EAM Lagrange F{EE B MA HIHAY LML #£E 7.3 piE
T y = f(z) A € F(6) UL E5ERA (o fla)) f1 &, 7)) WEH

f(b) - f(a)
b—a

|73

b—a Tr—a
Alz) = - f@) -l Y

b—a 1
f0) - f@) =)

ANl{z) =
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HELTAT. Logrange {252 TR 2 HE R R XA JLATH 42, 4% [ 1R
B W bR ERBNEEIEY. TR AT, A
THES. -H RS R LS 5 S, FREH A TR AR
FREE. b F = AR ER TGRSR, ATIEEY S E SR
. KRR IR AT F LR F I A9 Couchy F{EZ T (6 BA5HE).

R % B, SR RRRE E, MEKEEE RRE M, B 72 8 7
BIPRRRITRE ¢ B%—8. TR ER—Rl FETUEES, E2 757
4 WA, S EFHEIN TS BT A LT R R T
%, BT 2D FRRINE TR AN SRR LTS
i 5 5 P —

o WA NE R AR B . P, AR o R,
EA Ry B A ERES R AR R B 1 o T b fE NI E R A
g, M) Rolle e, 2% 5 &U70H2 AR £ o ) G0 BRI, T — 52 A A LA
AR XA Rolle FHE (B—1) WP RRIR & SR Rt
%), [EI4E, Lagrange chr{f S IBAYIE 3o B MM, TR —REA—4HA
€, B TETER AR BN TR A R IR U2 30 B o B b) ORI

%3 Legrange REEAA FASHER, ARHLANHRMEAR:

fb) = fla} + f'(€)(b~a),a< < (7.7)
f¥)= fla)+ flla+6(b—a))(b—a), 0 < <1 (7.8)
Ay = fl(zo + 8Ax)Az. (7.9)

BENSE—-ERHARPELR (6.1) X (6.3) fELE AU EHIBRES
WHET —kE WSS, RNAET SEEELFENFE HTR, EXBUES
BRI IFE B H R 26 IR TR 1.

4 Lagrauge PEEARRYNHBSRHE T A L FRERRE
¥, XA AN FIRERERE T 0. FEES ISR KREIHAREET]
R (BPEAR) HEEHE.

AVHIRE 1 EER

% 7.1.5 (Cauchy PEEHE) WRL f 9 7 o, 0] LEL, 7 (a,b) L]
B, B e %

g(b) — gla) # 0, R f(z)+9" (z) # 0 Vz € (a,b),

WITFEHE £ € (a,b), fEEF
fd) — fla} _ f'E€)
o) —gla)  ¢'(&)
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W B
p o SO~ Fla)
g{b) —gla)

18 H BB B € € (a,0), (/B
F1E) - M€ =0. (7.10)

BB, I o) = 0, Wk LXTREE F(6) =0, X5 @) +
g () # 0V € (a,b) FE HEAET (7.10) 2J5, R—BH o'(€) #0, \TTAT
DL S R TR S

Hi (7.10) & RAEHEY R

F(z) = f(z) —Ag(z).

REHER
_ f0) - f@) - _ f@)a®) — f(B)ga)
Fla)=1e -5 =g 9= sby-g@)
_ fo)—fla) ..  fla)a(®) — f(B)g(a)
B O A OEF Ol

ARE Fla) = F(b). JRIEX F(z) E£KXH (e, b] LR Rolle £, sUMETE
£ € (a,b), 7B F'(§) = 0. RRBEIEMHER (7.10). O

&1 BBEL RE g(z) = z, M Cauchy P{HFEIRBH Lagrange P
M. FAM Cauchy p{f &R Lagrange F{EE B —FHE. BT EER
LEFHA R, Bika4s B RErEEEREA.

& 2 5 Rolle E## Lagrange
ch{f 5 JE—#%, Cauchy h{ESEBBE v
e LR WA eE | 9@ FE)
b B RRICH { REREE0T

& (g(b), f(B))
z = g{t),y = f(t)

% YAETE Ly — &M% miE 74
B, HRR A R (o(a), () (g(a). f(a))

M (gb), 7). REPETF fofe © - z
0,8 FESEME (o,b) LATHM K
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R, XM AT EES, TAE (RERmAZING) B—AMA MK Ehr L
AEHOTRAR TR (M 6.2.1) XE, X ¢'(t) # 0 B, DIzt

dy _ f'()

dz  ¢'(t)
RAEMY. FRATLIAE, Y ¢ =0 f'(t) # 08f, IRMFTT v 8. &
Cauchy HHEERPH B4R g(b) — g(a} # 0 U, BREMEPI T RAKE
ZBETTATT y 81, R EAHE

f(b) — fla)
g(b) — g{a)

RAREY H-—KBA LA D, Canchy MMEEBMEIERRR (ED) FE—
AEYIE € € (a,b), EBEEZL LA S (96), f8)) I PIRIGHFSERET & T
W (g(a), fla) 7 (g(b), F(B)) M9 ELERBLFAT.

#E3 MEFE Canchy PEEEPHRMBUCH ' (2) # 0V € (a,b), WH
LA g(e) MR EEA TR, N Lagrange *PEEBHEE Couchy P{EEHE. BT
EARAMTHSEORE DR MSKN T LB RS, HEER T HmE 7.4 4
AR a2k, FA S RA TR RS. AETRILUEY, MR b3k
BRI y $FAT, fiZk v LA B 38 A, Cauchy R{EREERMAL

HE4 MBER L€ (a,b) BE () = ¢t) = 0, IR (f(to), (ko))

WHE v = f(t), y= g(t) BB FEFILHAERNEE FHITERNABHN
FlE 8.6.1 PAFHFEPN “RA” (Z0H 8.9).

7.1.2 BEREHENER

AAFIEAATFERNFAEARE A ER (Darboux £} Biji
K ALE S B — e R MEYER, BME SRS REER R mi. B AR
F M SEAR R E R SRR R R, & SRR RN
B XEA SRR RECUESRIER. E AR B A LU
W SRY XFNERESS, BHRERS -, EEREREA.

%8 7.1.6 (Darboux FH) it f ERXE I Lulf, W 5 REAERR

ERiAEENEY TELEPRNCLFERSEHMEEE Bid
7 5.2.2). MESFHFYH /€ C(0), MERLHFT#. o RARBUEET, KH
SRR EES, A MHERR
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Wl ERENEMBTRAMSE ()
T XERERR BETRESHIE \
H[ 5% [14) —3 116 /) N

G718 §5.2 ¥, MBI HAT. A

(1) ABER R, AidH e bela<b,
B8 Fa) < 0.£(0) > 0. WA 75 BT,
RIFIAE 7.1 SUETETE 5 > O, HBML
at+d<b—40, HE

fla+8) < fla), f(b—8) < f(b). (7.11) & 7.5

HWFE [o,6] L 7 IB/MES § —ERNA BIR/MES. FA Fermat 2 SR
B3 f1(§) =0.

(2) MF f(a) # £/(0) B — B HRER N, FHEE f(a) <c < f'b).
A 1 i Bl R

i1

L= o SR R

[ 7 I

d-....._
N

F(z) = f(z) — cx.

ATLUREIEIHSE Y (1) TALE // BRIRE c (W AR). O

it 2 55 Rolle EH#] Samuleson JEHIEAL, Darboux g BHTIEHH A —E
S Fermat . LRHTEREUGEY 1 7858 (1) #. &8 flo) = 7(0), WH
Rolie g BHIT]. F, RYRE fa) > f(b) KRR (MW 75). HFH >0, &
8 f(b-8) < f(b) < f(a), FLRIELERBH MR, RAEFE 7€ (0,0~ 9),
WA f(n) = f(b). 7€ [, 0] LFA Rolle HHIT (R 7.5). O

FE B~ T MR AIE T, BTE R M A ER IR R R 5 87 L
FHEAX SR SRPCELAF MR MR IEF A RGSEE. BEE
R RE FEREETHEG S, NER LXWEEARSHL L
A% P 6.1.6 RN, XEMARERRET —MRBEHNE. REXM
B, AR I 6.1.6 2RI ARE T LUH B

S8 T.LT (BWSPIREERE) W [ F (o) T, NEA o GER TS
e f(z) FER o FAEEAMBRR Fet) =4, W f ES e B—BFFELGN S
Fila), HRL

. fila) = f'(e™) = 4,
Bl f/(z) FE o BIELE. AN XEH) A BR T AHREIN WELLY foo.

W 4 Ar=z-a0, Ay = flz} - flo), GHEY f £H o HMEER

Ay _ fla+48z) - fla)
A o s , B Az > 0.
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FEARE lo,a+ Ac] LR Lagrange PHEHE (7.9), FO0<0< 1, R
Ay = fle + Az) — fla) = f'(ao+ 8Az)Ax.
FBLTE Az > 0 WHE

Ay

A lim (o) = A Bk A BHEE WA € > 0, F 6 > 0,
<z <atd B, R A%ER

|F/(z) — A| <e.
EEUI<Az=z—a<é MEHNKE e <a+Adz <z <a+b BHY
0< Az < 6 8, tHH

Ay e
‘EHA‘—]f(a-i-ﬁ'Aa:)—Mf:s.

XFFRIE T f ER o FREGNEYE BET A X A TRARESE
o, ERRAEN, WA A O

BB 3L THEE, MR E, BT MREE, FEhLET.

1. MBRESEDHER f £4 c FEENAEEIRE, PR EFREML?
2. MEAEGE T A BRTKE MEAEERENTY, Mt R T
FRSE?

3. MRHE fi(e) = A WREEE f'(e%)? AHAa?

B SR R AL, S ATLLES

BUBREE BB FES o WS O(e) ML, 7 Ole) — {a} WTT
5. HRYE o FFERR, WEY S £ o WS, WEH () £ o EEE -

RN, EHREBELESERE WERERSEE XELEHRE

AEEEBPEZ A TS B — R R SRR R L R S A E S,
AT 0 B O R R AR A

G 7.1.1 % f EKE (o, b) LFR WS RE f(e) AaH BRI

i RHRER B c € (o,b) & [/(z) F—REW S, MFEE S £~ c
FEHRYP -2 mERR
Fle)y 1 fi(e*)
NEHTFFE £/(0), B [ 4 c B4, XA T B4 £ - RS,
R 717 AyEE I, AHE AL
fFler)y="1(c) M [flc")=file)
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BT fEc S BEHE
fi{c} = f'(e) = fi(e}.
FHREERAED
F'e) = f{e) = f'(c").
EERHEASEN f(z) £ o B8 5IHFF. O
& EXFE LT EBTUE S ARG ilE 6.1.5.

7.1.3 Him

i FARHL THER T —EM XS HAFHT LA P HEER A, H
WHIER L, RS FLRESARARS T HH Gl AR —/D 7

M Rolle @HME, THREMNFHITZHZEA—EFFHRNT L. UITE
—AMXHE R EEFEEY TEEAT IR %

. Qg (3 N
7-102 e n= 1 H.
B Wt tta 0, JERH: 712

f(m) =z +az" '+ - +a,=0

ZERE (0,1) FEAHF MR
iE HEHRE R

7141 n
F(z)= a:;a;l -+ al: + o ap.

Mm W F(0) = F(1) = 0. X FERF (0,1] LA Rolle £¥, fALE ' (z}) = f(z)
ERE 0.1) dHEEL O

GURE 7.1.3 B f % [o.b] EBATRL fle) = F(b) = 0. #EHE: W&z e
(a,8), 374 € € (a,0), FRMIL

fo) = L (o a)iz - ).

E1 HE € () S A= g

AL (€)= A HIHETE [0, 0] LA EREL

TR RAEIEATFE £ € (a,)),

F(t) = £(8) ~ (¢~ a)(¢ ~b).

fi &4k Fla) = f(b) = 0 B F(a) = F(b) = 0. M X f9s2 3OEA[8Hf Fz) = 0.
FEKIE [a, 2] 7 [z, 0] L4895 F A Rolle BHEBRIFH = m Ml m, HERF
a<m<z<n<bf F(m)=F(p) =0
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ﬁﬁﬁ:&:[ﬁrﬁ] ["'?15‘-’?2] Lxﬂ- F" Jﬁ RO]]E Eﬁ! ﬁﬁﬁ 6 S (??11??2) C (‘ﬂi b)! ﬁ}%%
K FE=0 ZXE =1 0O
iE 2 WATRAAE Cauchy fEEHFIEA. BEIEMANEINE N

i _ Z_f(:l:)
f (5)— (:ﬂ—ﬂ)(x—b) -

ﬁ@ﬂhﬂﬂ#ﬁﬁu—“mw)%f@%mmMHMEmmﬁ%ﬁﬁ&
MBS O, EHATRERXMS fle) = f(b) =0 EFRH [a,2] 1 [z,b]
E45r5H Cauchy H{H e BB
2f{z) _ fm) _ flm) _ Fm) - f)
(x—a)c~b) m-¢ Mm—c) =7
B m fl e RER e <m <z < <b BRFEHLagrange P{EFEE, B3
¢ € (m,ne), (& (7.12) REAL.
HE f'(c) =0, WXTEA 2 € (a,0), HFKE [a,2] # [z,8] PESHF—A
FX[E E{AT A Cauchy {H @I HIn T
2f(z) _ i _ f'im =5
(g—a)z—~-b) n-c n-c
¥ U EFAFET R EXAMNEE. £F EWRFARSHNE B
SEAXFAIFEHTELEXEL, RA3HER IBEAATNE. BPE—1TF
BB FE RS, BB RE — IR H B .

FEREER T, BITH T PEEETHPE EFHEFH TR

GO 7.1.4 EY f M o DB, H £(a) £ 0, WTE h T4/,
I fla+B) - £(a) = F'(a + OR)h, T ELEL AT 0 ELATHERR lim 6(h) = 1/2.

i BT (o), BEESLE o f9—DUIT £ T 2k JEor/D, R
Bh>03 b <0FERXM [0,a+h] B [a+h,a] L Lagrange TEHER, BF]

fla+h) = fla) = f'(a+ 8h)h, (7.13)

(7.12)

1

=f"(¢). O

HFo<o<l.
R

R) - f{a) — f'(a)h
S (CLURY ORF{CLY 7.14)

4 F(z) = fla+z) — fle) — fla)w, G(z) = 2*, M BT F(h) ~ F(0),
483 G(h) - G(0), A Cauchy EERE, 77 n e (0,h), R

- fatn-fa)
- Lerm i),
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H—H W, ¥ (713) BT (71.14) 84T, XA
fla+0R)h=flah _ flatbh)—fa)

h* h
HFEL EPAAERER, HER

flat8h)—fla}\ _ flla+n) ~ f(a)
b ( gk ) - o '

HBTFO<f<L,gfEcMa+h 2, i HE XML f'{0) £ 0, k7 LRXPHLS
h— 0, RATBE Jim 6(h) =1/2. D

BAia i —mR SRR AR, T MBS EEN.

B 7.1.5 & I XM, f e C(I), HFERE I FHy5rH PLE LR SEH A
0,3E8: f R I _ERyH{EAE

W1 AR abel, Hif o <b MALIEARXE {e,b] E%F f H Lagrange

FEEE, MEFE € (a,b)(C D), S
fla) — f(b) = f'{){a —b).

HF F(€) =0, A flo) = f(b). XEFIEM T RE f £RME I FHEEHES
= EEEAS, Hilk F RRE T L% EEY O

& %N, A Lagrange HE AR AT LIHERA B3R5 (i W, [49]).
R T E R = MEl, ey o Lebesgue Ak (AR 3.5.2, 37114
ik 6 F1 5.2.3).

E2 R abel, Hita <b REWEH [ # [ob] B NH{EHEENE.

MEAEM € > 0, WK

I e

W RFEEE 6> 0, 1B z € (a,a + 8) B, I
f(z) - fla)

r—a
FEAFAPGARU (x - a) (> 0), ATLIAEE]
£ (z) — fla)| < elz —af. (7.15)

IXEHREEGM < Bl <<, IILAGER (7.15) 78 « = a IHLRSE. B4, i eR%X
f ST RIANE, (7.15) o = o+ 8 BHEASL. T BEFEe<z<a+d
BRI ASFR (7.15). EHRATEE R

fla) — ez —a) < f(2) < fla) +e(z —a). (7.16)

< &,
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WL EE, TE a0+ 6] Ey= f(z) WREPIFER v= fla) te(z —a) Z[E.

LAF A Lebesgue JPRSiERE A&, (7.15) (R (7.16)) £ KIF [o,8] ERE

B BUR

$={teot]||f(2) - @)l < sl —a| Yo € o, 1]}
B a+des HiL S REESN ERFNEE RERAGFEER F
B =supl.

S IS B R S B/ EF, \TARKIA la, 8) C S (FiREH ). BAF
2 (7.15) B5 2z — 67, FIA f7E 8 HEEEM, AL Be 5.

EEHERE 3 =b. 3EFr b, IR 8 < b, WM F(8) = 0, TTHFFE 0 > 0, 15
Vi<zLPB+y<bit, F

[flz} - f(B) <elz - B
Y <z < B+ n WEE
|Flz) — Fla)] < |f(x) — F(BY + |f(8) - fla)| S e(|lz — B[+ |8 —a) =¢lx —al.

XL 8+0e s, TS 68 S W ERMTE.

FRENESIEPEXTFEE [o,b] R E— o, REX (7.15) B2 BF,
HHE e >0 BERE BEH flz) = fla). Bt f 3 [0 0 DRWESKE &F
a,b B I FEHEEPA, HHL f R T EAHERYE. O

Pl 7.1.6 (RERTMEAEH) & I HEE, f,g € CU), EREBRAR
SABHF f(z) = g'(z), WEFERH C, ERERE I LR f(z) = g(x) +C,
XA fz) M g(z) HERRE I L8 EEH

W fEB 3
F(z} = f(z) — 9{z),
M X A% TR L R RIS A R R BT R, R E—FRE LA
WA F o BIRGIE 705 PRE, Sl F ES-TREEARE BEM
FeC() gl Flo) £EMRKE T EHREKEE O

PR 7.1.7 % I KR, f € C(), BTE I PFHFAHSLTR LRFE
WL >0, HEX J MFERAE « G S/ <L 0 f ERE T EiFER
Lipschitz 2&{%.

iF EW 2,20 €1, A 3y < z2. FFRE) [21,25] 13 f A Lagrange F{HE
AT £ € (2, 22), RS

[f{z1) = flz2)| = |F(E)] - fxy — 22| € Ljzn — 22| O

B 545 NHIE 1 RAENEE Lipschitz Z AP TR — BB 2w H
WHR, FRBE R REEE R A,
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Bl 7.1.8 $ f € C0,1], % (0,1) LAIHL, 3FH £{0} =0, f(1} =1. XK
ki, kg, ook BEWER kit ka0 + ke =1 9 n ANER ERR: E (0,1) PHE
T 4“-_":3:*9'%]'&{]& tl}t!h”' 1tn1 ﬁ%

k1 ka kn
A A (7.17)

i EAHE AT 0,1) PREA 21,22, Tnor, BB

O=xp<x) <xg <+ L AXp1 <2y =1,

Eikag 33
fle) =k, flxe) =k + kg, fl@aa) =kt ke + -+ ka1
X (i1, %] (4=1,2,--+ ,n) L Lagrange ${HEHE, F t1. b, , tn, HF
ki = flas) — flzio) = f'(t)ms — 2ima)si=1,2,---,n.
LA
k1 n ko A ks
Tt}

fi(tz)

F FEHAFENRIENEREH AR F-FHRRNENFENHEE
WA, AR By T AR, T EL ) LAFR B AR A8 VR AR ) B %, SRRR B, e
Lagrange {8 2 55 MR 2 BATR ¥ v = /o) BRRRAEERZ3N
R RS AR, WESR (7.17) PAEL/HE T LERE & &L &
2 R BT R . TR, BN ks BRE B B ERAY R, WA Lagrange "{EE
HEHER Y, EYERE L KT UERIFNESTENENBE. 3T
ky+ ko + -+ ke = 1, XA FIO) =0 F1 f{1) =1, BHEDH-2REERE
ki, kz,-- ke AVEX, RHUANGISHE 21, -, Zo1, )5 A Lagrange {EEEH]
. e ERE SR B 220t w] ML & BOE S IR A RS,

= (#1—2o)+ (22— 21 )+ +(Tp—Tp1) =1 O

71.4 &Z)HE
1. Fi Rolle EEfdil Tim@ (FEHRH i B REI B EYD:
(1) SEB: B oF = ao? + bo + ¢ WRAERTET 34
(2) IERH: & daxd + 3b2? + 2cx =a+ b+ c# (0,1) HELR—MR;

(3) & flx) =apz"™ +an 12" 14 Faz+a=0F n+ 14 (AR 2
8, iERH: fz) =0;

(4) % 20 < 5b, FEHY: R 2° +axt +bed +ex? +drte=0 FAHEA S
A~A B G AR
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| oy

10.
11.

1

(5 EM: Legendre Z|A Pula) = o [(* - )™ FE (-1,1) WH »

ENEIE:
(6) JERE: Laguerre £, Lyn(x) = ¢° (zre =)™ F n PG ER.
(XEFER Rolle EBH—MET, RTHEHME 6.)
% f TE [6,0] LR Rolle EREPAEM, A fi(a)fL() > 0. kW
f'(2) =0 7£ (a,b) FELHBH R
¥ f 7E fa,b] BESE 7 (a.b) BV, HH 0 <o < b 3L BN FEE
£ € (a,b), AL

£(8) — fla) = In - £(€).
% 115 lo,b) LT VEH: 777 € € (a,8), ALY
26[1(8) ~ F(@)] = (7 - )F' (&)

(ERH Cauchy TR, VESHHDE A MR I RAIINL)

U f.g TE [a,b) LEES, % (a,b) LAY, B ole) EXH (a,b) FEF L.
HEA: R € € (0,0), 4G _

19 _ 1§ - )

g'&) — alb)-glé)
i f % [o,+o0) BHEEE, 18 (a,+o0) LHH B lim f(z) = fa). E A
I £ > o, fER f(§) =0
(Rolle j& 38 7F IR K 8] _LM#E)
% fle) 12 [0, +00) T, F.0< fl2) S z/(1+2%). kW FEE> 0, R

1-¢2

(1422
HF (1) fl@) = az? + bz +c(a#0), (2) flz) =1/z (3> 0), FRELX
fa+ Az) - f(@) = £/(z + 0A2) A Fiffy 6, FRIBM Jim 6.
GXAEHERRBFE 7.1.4 Wit B ) SHEZH4SET IFRX)
- = 1
CiERE: % 2 OBEE Vo +l ﬁ_Mzm
HEAFER

1
lim 8(x) = %—, lim #(z)= 5

z—0+ T oo
ERE: TR B] LAY S R R B, I— A

% F R Ja,b) BRI S fle) B F MBKE W flle) <O E
fib) 2 f REKE W fL(0) 2 0.

&)=

Forb o < 0(@) < 7

b2
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12.
13.
4.
13.

16.

17.

18.

19.

20.

ERE: 7E o} < 1/v/2 1, B3E 2arcsinz = arcsin(2zv/1 — 22).

WERE fERE I EFBf, B () 0. W F R AR

iR FEAWARE (o,b) ERRHITRBIN FHREL—ETF-

B 7 7 (0,0) LATH, FO) = +oo. iEBE: f/(z) EH = = 0 HEMETR.

W 1E (o8] L F (0,) WL flo) = f(b), (H F AREHEE IEH:
fFiE € € (a]), £ f/(§) > 0.

®f 0] LES T (01) NIErAE JOREES A0, F(0) A0
B(L f(1)) WAZRBSMER y = fz) BT A Cle, fl)), A1 0 <e < 1.
iERE: 7 (0,1) NFE—R & & 716 = 0.

B 1 Lo b) B4 4E (05) T B F'(0) BFA. W T En € (a,h),
18

rE e

fln) ~ B=a ©

72 (0.1] L3, % 0,) WAH O = ) =0, £ () =L

(1) 2 7 € (1), 6 7n) = 75 (2) SHERTIHON, TFAE € € O, B
FO-MI© -8 =1,

W f AR T LRI R SRR O T ERE RN S B R
B AR i

§7.2 Taylor FH

X—HFE ST Taylor 27 (HN Taylor BFFR), W HIHH Peano 4

IF# Lagrange RITAY Taylor 23X, S#4 Taylor 3. Bk L—FPHHER
WMBARIHE, Mi/E &R Lagrange P{EHEMAHE

Taylor EHMABAEANMEET —EWEE AR LRE R

BRE BH S AHMAR. BRI TR AR i~ B J A
Lfr ik B AR AR R R R B 2 ORI R ERMA T L, IR
RE—VHERSERMTENEE (&R0 7.1.3 Bd-TER)-

TELL E A ER L, AR EMEH Cauchy RITH Taylor 203, FEHIA

Z G N A28 Euler 0/ Bernoulli %, PR 5%



£7.2 Taylor & & 203

7.2.1 EXER

X EEFRA AR R S AR L — R

Lhp L, MRERRT K ZWA, B SR MAERTE S & iadiX T FE.
EIELE 6 EhAERIERAR 6.1), T RERRHEERE f(0)+ S (zo){z—20)
FGRIE f(z). HIEE 6.1.3 M@ T X RBENFRERETE—EEBX
LErRA R R R .

W 722 WERRAR (6.1) MRS @K 7.2.5 WA 6.1.3 MR

W et — W T, BHERA THE X EFHA 2o BHEEE—1 B
flz) M BA I RAE W —E RHE—0.

8 7.2.1 (ME—1E515) # f 7E zo BIFEWE Olze) PHEN, HF
flz) = g + 1z — zo) + - - eulz — T0)™ + 0((& — x0)") {z — Z0),
MEFHER o001, 00 BE—TREN.

i BEESTUE U TRARGRNERBREEN. SURFERRN
ME—YEEH, H] LRI A SRR E R,

Cn = fiimU f{x),

L=
e = lim flz) — ,
=Ty xr — Iy

............

Flx) — [co + cs{x — T0) 4+ » + Cnr (2 — 20)" ')
T30 (z — z6)" '

TERHB—A4 Taylor A=, BIH#H Peano RIA Taylor A2, HiE [ XK
¥ f(z) 8 zo B n PS8t 9 ReE—H5 B & 60 BRI, Bl
W T B8 o, en BIITEAR

S 7.2.2 (# Peano RINAY Taylor 4R) Hl¥ f 755 zo HHEn IR
B (o), M

O

f(z) = flzo) + f{zo)(z — z0) + —fﬂgzﬂ(m — x4
fir (zg)

+ n!

(z — )" + o{{x — 20)") (z — 20).

RN T A AR A AR S EA 2o E n IS BOTHLE
¥ F XSSP k(<) PR&E BR £ () RER 20 FE
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FIAZHA
” ()
Pulz) = f($0)+ff($(})(:v"-mn}+f—éf'i(n:ha:o}2+- : -+—L—T§E)~(m—zn)", (7.18)
Gk
Tn(z) = flz) — pn(z)- (7.18)

SIGFREMR pa(x) X f(z) A zo LbHY n By Taylor B, B ralz) K (Fn
W) &M, A ETR pale) RE flz) FrRIIRED.
ALLEH, EERN EHH RATRERIL U THHRIE A

Hm )
z—we (2 — Zp)”

Hi LA, AT HERS f R BEEER TSR (RETTRAmR),

(7.20)

Pnl{Zo) = f{2a), Palza) = f'(mo)s-+ ,o{ (@) = fM(mo)s  (7.21)
Et%uiﬁﬁ?@i Tn{z) ﬁﬁ.%{*
ralee) = 0, rh{zg) = 0, ,ri™ (z) = 0. (7.22)

B R H E ] Cauchy {E e, B LIAR rB&H &R

ra(x)  _ talz) —malzo) 1)
(z—=zo)»  {(z-z0)" n(&; — xo)m1
_ &) —u(za) _ ni2)

(€ -zt aln—1)(E — z)"

) — i Vo) _, 1(z0)
n!(ﬁn_l - IB(}) n!

X ERRFE T 75 ra(z) FFRAFRER (7.22) PSS EREH
B] Cauchy FEERMNBRR “HE 6,8, - fa1 BIE ¢ 5 zo ZHEHEIE
EF). % o < z B, A FENRSTUERE
Ty < Ep-1<--- <€ <€ <7

kY z — zp B a1 — Zo-

FERERE—SSHEAE. BT REE ra(z) T4 20 H n ¥, B
L I — 5 B P o (R S, T BB PR X, AR, S (o) B ma(@)
n—1BHrB&EY T V) Ea SR O

=0 (z — z0).



§7.2 Taylor X & 305

Z 1 B re(r) = ol{z — z0)") {z — 2o} K Peano () £350. AHAEHY
n =1 B Peano £IMAY Taylor AR L —BHPRPHFREHMEAR 6.1). BT
XM ARIFEEEN SR, TWRR M T HREERMEHESR, FIHFH Peano
ANy Taylor 2R 70K R ERE A 4k, X R LLRAL RS NEAMI R H-
{H g Peano &I A RERMHREZMZ R A Peano £l Taylor 2430H)X
s SHREHEAR (6.1) et BRI ERMRI Taylor 243,

2 Peano &AM Taylor 2:BYEH T ER L, Hilin, A AR,
P E A T —FR/ L'Hospital % AR ] A4S W IEHH.

IR & 4 Taylor AR, PR STHTERRIAL. KR piREAE
THEEE TR RE. YR K PEEAMENE R, PR TES e
BAEWN “PE. BHX SR LI Taylor PEER. #HEATUEN, T
EHARTE n =0, MR Lagrange P{HEHA. MEH Cauchy H1EEEE K
R: Lagrange " {E @ IBAE W - PSS HE, M) Taylor o {f & ¥R H & Lagrange
PEERER I B E

i 7.2.3 (% Lagrange {T{Y Taylor AR} # f IE zo BRI O(20)
o+ 1 BN, Mg = € Ozo), © # o, T zo Ml = ZEITFAE &, (E48

"o (m,
£(@) = Fao)+f o)z z0)+ Lol g gy + LN (o ),
o "

ralz) = %:_%(m — zg)"

i1 W[EASH Peano &7 Taylor 2y Ll B L F—HEK L BIR
8§ ] Cauchy "PEEH, (HIERE —KREA Lagrange PEEH. REREXE
&Y f(2) (BT ralz)) PR Olzo) FH n+ 1 rIEY RHEEHRBET.
EHAEELENT:

ra{z)  _ ra(®) —ralzo) _ r61)
(x — z)™ ! (z — mo)mt? (n+1)(&1 — zo)™
_ rplby) —rnlme) ra(E2)

B (n+ D(&1 — zo)™  {n+1Dn{g; — zp) !

......

e — i (o) | rHD(E)
-z R+
o SRR 7.0.3 RO RO R B RASNE R B R Oy i BB TR, SRR
b, FREE L4 EXFH AT EIEAR FRZ 280, TER 2R
Bl i %y BE1E BR 5 — 4~ Taylor 23

O
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E2 FMAEMzAz EX

- ra(2)(n+ 1)!

{m _ ﬂ:ﬂ)ﬂ'+1 )
TRRABIEATE o M o0 ZEEFE E FR
rip*D(g) =4
BPE]. Ry REER 20 < z MR, HTEREE =, X [z0,2] EHYESERN RS

F(t) = r,(t) —

‘_ n+1 r
1) (t—xo)"" ", zop €L L T

Al | A BIEAEETE £ € (20,2), (5B FUTD() =0.
A (7.22) 1 A B2 UK, MBS F AA R

Flzo) =0, F'(2q) =0,--- , F™{(z0) =0 1 F(x) = 0.

EIZZI‘ETJ [EG:I] J:;’\"T F H§ Rolle %ﬂ} ﬁ &1 = (3:013:): ﬁﬁ FE(EI) = Q. ?\’E&Jﬁ
W ¥ F'(zo) = 0, TERA] [z0,€1] £X F' Al Rolle &, F & € (w0, &), R
F(g) = 0. XEEHAT T2, AT n KA, A

mﬂ{:gn‘:gn—-l{”'{gl{za

PR FONE) = 0. BIBERA F™W (2) = 0, ERH [zo.és] LX F™(z) B
Rolle 5278, BB E € € (20,&) C (zo,x), {18 FOTU(E) = 0. XHFRITRFTR
TiE. O

F 7 BRMETRITER » # so. LR ETE 2 = 20 B Taylor AR HARRK
7, XTPRSRE € ATRVEEER. s, BIERIFTLUE B, HRESR O+ () 4,
WEREI AT § 7 Olwo) 1 n BYEBE, XTE O(zo) — {zo} HETE & (z) HI
). XA TF— A R R .

LA AT R AFER, B Peano RINFT Lagrange RIF. K b
AR 2 R St 40w, Hefoid 4R8O g Cauchy RIURB B4
&R 1143 /M. THEE Cauchy RITE UL

& 7.2.4 (3 Cauchy £ Taylor 23) # f T4 vo AHFAE O(zo)
frn 4+ 1 B[, WA « € Ofzo), = # o, 7E 2o 1 z ZWFTE n, &7

{(n)
flz) = flza) + f(zo)z — o)+ + -f—n(!?ﬂ(:r; — z9)" + ralz),
Hret
Fe () (

ra(z) = (@~ ™z — o).
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W [EE @, R
ra(z) = f(z) — pulz)

(n)
— 1(@) - [fleo) + Fea)la - 20) + -+ L @y
AN 20 BRI ¢ € [o0,2], XM

) £ () "
o(t) = f(z) — O + f Bz~ )+ + (2 — 1)),
AUEHE

P(xq) = raiz), ¢(x) =0.

W HETE LIRS
! f(n+1} (t) |1

X [ro, ) LA €(t) B Logrange #r{ERE, 54 1 € (z,50), B
re(z) = ®(z0) — B(x) = &' (M) (zo — T).

¥ &{n) BERERVARBEHERIER Cauchy #£7F. O
F AEXAFERTUED KT (R [14] MHF-—F 124 /).

Bl HIE RN EAET Taylor LR EERIE. BIED, HHY flo)
B zo B 0 YR, WEHE —4 n KEWR (7.18), B Taylor X, 5 f(2)
92 (BRI (7.19)) 2%« — zo BHREHE (v — 20)" ERMBTH /M KT 721
e T RS B TR B — Y, i 7.2.2 MR T B TE et 4 7.2.3 M1
7.2.4 BB T AW E HRRORER, YRIXA f BHEELHAMLE

TR 6.1.3 H B2 THAS. SWUHZET Taylor ZHAERHH
B T ) AR I,

&H 7.2.5 (Taylor ZIAENTER) REY F A 20 1L F™(20),
po{z) BEAR (7.18) 5 X9 Taylor £, T FH pu(z) FHEBHE—NFE
it n WEZIHA plx), F1E 0 > 0, {82 0 < |£ — =l < 4 B, B AFA

|f(z) — pulz)| < |f(z) - plz)|:
i SR E A ple) HERA (@ - z) WARERNAREIA:
p(x) = ap + @, (z — za) + -+ - + an{T — 20)". (7.23)

WG 7.2.2, LUK pla) BECHIPRM flo), KEHAR (7.21) BEERE
; = p(i)(mﬂ)& t=0,1,-- 1. (%%ﬂwmm{ﬁﬁﬁ%ﬁﬁa ﬂ%\%)
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% (7.23) 5 Taylor ZM=;
f{(2q) 7o)

3] o {z — zo)"

HEITHIE. MR a0 # flzo), MFEHIZA 6.1.3 BIER (1) T2—&E, IEWRE R
TR, RBIF S SHXTHSOREESF WEXHEFRRHLL (- 20) HF
R LT, F—EFE—TBRE L RO <k<n 0

ay = f(mo), - yak—1 = fF U (zg), HRE ax # F¥*z0).
FIF A 7.2.2 (K14 Peano #7if Taylor A), H
f(z) — pulz) = 0 ({2 — 20)") (= — z0),
f(x) - p(x) = [f(z) — pal2)] + [pa(z) — p(z)]
= (F®(zq) — ax))(z — 20)* + 0 ((z — 20)*) {z — z0).
HAPWIm o ({(x —20)*) B THEESHR [pale) ~ p(=)] TIR¥ i > k WFHE

(z — zo)* TFIAD flz) - palz) ZHBG—ARIE.
TRA

f(x) = palz) _ o[z — zp)™) .
F@y—ple) — (F®(zo) - ap))z — z0)* + 0 {{z ~ 20)*) (% = o).

B F*N o) #ar Mk <n, TR

Pr(Z) = flzo) + F'(xo){z — 20) + (z— x4 -+

e = oW )

MITER ¢ > 0, #1854 0 < |z~ 2] < d B, WL

f{z) — pun(z)

OECR R
THRFEREAASR O i Pule)

0 76 PALUEPE e . N\ ;jf)
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BHA f(0) =0, REPIFTEK Maclaurin 203
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 « =0 AAE B FEUE.
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KB AR ER o f1 b BEBE. FH arcsing B sinz fJ L EE XF|H sinz
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i
= (& + az® + bz®) ~ %(I-l-ﬂ-&? ¥4 —z° +o(z%) (z — 0).
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FIl 7.2.2 T8 f(z) = ¥2 — cosz ) Maclaurin A2 EF) «° .
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12 3:4
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=1+ 1';"” - (1_‘;’“’]2 +O{(1 ~ cos2)%) (2 — 0)
=1+(m—2—fm)"§—;+a(m5)(:ﬂ—>0)

=1+————+o{z®)(@—=0). O
M2 FA S AR BRFFEREGARGTERE AT#E A
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BFLURIRR. B, KR sing 0 1n (1 + o) ) Maclaurin 2238 RBRM o,
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HEBY E M =sup{|f'(2)} | 2 € (0, +o0)} HRHRE, HWETFX

-‘LIE Etﬂ i
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PR 7.2.7 1B secz A Maclaurin JB 7=
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A 7.2.8 i1% zcotz B Maclaurin BH R, #F z = 0 L BEEH T E

X1
B LUTEREHTILHAEE, SRR T Euer AR e = cosz +isinz,
HEHEHER TR T BIRE
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I
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10.
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fl(@)=(n+2)z nz {n+2)x (9: — )

FEE f ER
2n

é‘ —
n+2
FSEh 0. W3 f AR A [0,€) LPHE iR, TER M [§,+oo) L HE8H
. X F(0) = -1, BANE f(2) = 0 RT LEKF V2 — P ERAMER
feER. O

fIm 8.2.5 & o > 0, WEH f(2) = az — Inz = O AT ER K&

B M f(x)=a-1/z TRIE 0,7 b f PP, T 7 +00)
T f PR hT

FiOY) = 40, fl4oo) = lim = (a — ]I: ) = 400,

#—r+00

MILHE f(z) =0 EWTERYEGR
f(%) :1—111% < 0.

AL o TR EM 0 < . O
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8.2.2 %31

1. T RMESCETH, IS EIOEE LRI 52 i B

2. VE: gt (1) B (~o0, 1) (0,4+00) EARAEN,

3 4% § 1€ [0, +oo) LRI, S0) = 0 B £ Py, s L g
(0, +o0) L-tu ek iR

4. "[ﬁ f&g %E [U,G] Lﬁﬁs E ([)aﬂ') J:E‘[ﬁa f(ﬂ) = g{{}) = 0, fr}gr > 0, iIEEH
M 7'/ SR, B /g 2R MR

5. 4 f K [0, +o0) EZHTRE SEEMEARE: (1) S(a) > 0 (2) F/(a) <O
(3) 25 @ > o i §7(@) < O, VEW: f(2) T (0, +00) W ELEH—MR.

6. % f € Cla,+oo), A2 2> o BRI () > & > 0, Hoeb & R, {E05:
# £(0) < O, MFRI (0,0~ F@)/8) AR f(2) = 0 A LAH— 5

2
7% a>0, R AR 0o = 142+ HE—FEA.

8. JEMH: HR flz) = (% —1)1nm—1n2+1n(1+:c2}=0Eaﬁz|ﬁj (0,1) p

HE A4~

§8.3 EMIRESHE
ST {8 S R AR

1. RIEE X, B S TR IR B S SO PR X, MR I R R
— A ERETERR E SE

2. EHEEY S TS zo WIR (S0) H iR, BLAE ARSI, W oo ik
A

3. H4E Fermat E 3, MPERENRREFAATE S (EFFELL), 5
RERHIEETEFN A

4. HRY FER v LTHEH F (@) =0, f(zo) # 0, W 2o —FRMRME
A, B (o) > 0, WY o RWR/AME S, TWH f(20) < 0, M zo ReAfEX
fH.

5. HBY F L 2o K 0 BETH, F(20) = f(20) = - = f"D(zo) =0,
B f") (zo) # 0, MELATEW GEHRLFIRE 8.3.1):

(1) & n HFHE W 20 —EFRRES,
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(2) % n HEE W 20 —FR f BBEA. 3 F(x0) > 0, W 2o BH
A F F(zo) < 0, Al = RAKAMEA.

6. Ui b 24,5 =Y E S EREFTES WL EN R HANEAREEE
PHEFRA SRR ER TG ER RS 4.

T HRY S A 2o HREENHSE WARETXESFEETET 0, WHK
HATTREAE & w0 RABITORABURAE. BIFHIFTREIE 6.24 , HHH)
MBS = = 0 BHERIFSECY 0, UERAREMU/ME BEsm
MBI 6.2.4 R RIBIE KUCE R (HFERHE).

8. FHHRPAN ETIRE, NFHAFIRE.

9. AP IX 6] 3 34 e X i s SRR Mo BB < v B R R T RE: (1) 3
i (2) BB XT3 R B (e I A R

8.3.1 A
IR 8.3.1 FEH f EA xo ik n R, BRREAH
Flao) = flxa) =+ = fF U (2g) = 0, F™(zq) # 0,

MiELEw: (1) & n BB W 2o —ERE f BRES (2) F n BRI WS
F (o) > 0(< 0) B, mo RFYY £ BBUMER BAER).

8 £ A 70 B Taylor AR
1(&) = Flz0) + -2 S oo = 20)" +o{(@ ~ 20)") (5 = o).
B
£a) = flao) = - [fV@0) + o)) (-2 (@ o a0),  (83)

HF F™(zg) #0, RIFEFE S > 0, % x € Os(zo) W, AF (8.3) FHHKNFIES /)
FARNFETREH o) BT

oo REE MRTLAMA (8.3) BB Y x ¢ (zo0 — d,x0) Ml = € (z0,20 + 6) W,
F{z) — flzo) B8, WM zo —EREREL.

F n B {EY, MAR (8.3) FBH, & z € Os(zo) — {zo} W, flx) — flzo) G n
B3 £ (mo) RIS —3 LY [ {zo) > 0 B, zo B f MBUMER. K2,
™ (wo) <0, Wz £ FARKES O

F on=1 5N R Fermat SEHE (B 7.1.2), 8T f'(z0) # 0 TIHER =0
AR f BIIR{E A, ERiE R AT A IE 2.
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PIRE 8.3.2 iEHH: z=0 R flz)=e® +e™® + 2cosz By /IME .

i HEBH S0) = £7(0) = f7(0) = 0, fN0) =4 H LB
We=02£ flz) R/PMMES. O

RET LU RLE §2.5 T 3% o BEATHR H B — A

Pl 8.3.3 EHIER o, WESHETH 4T, MBEREW W RBAT &
K, B ERENRT

WU e n 4 RS B EEE ALY, FE n, NS o 4
BNAR%E n BN R X BA R R N

()
RIRRLIMATIR n A B4 A RRLRK.
4 o= — W ERRBY ()", BUHTRN BN R

1

fzx)=z< z>0, (8.4)
MEBREAFETXER.
y
R flz) 5%, BE l .
! (e,e )
f'(2) :f(w}(llx) = @) — -z |
AIRFEY fz) RE—1tFEz=c AT 5 ; .  E——
R FAR T, 72 (0,) b f Fo4RR IR

1, TLE (e,+o0) b F FEiBMmA. itk K 8.3
z = o BEY f BAEE (LE 8.3).

b FLE—FFIEE A 2 = o/n, FIIER o/z HERR. ME o/e RREEEYK,
WIRE4HY n Sy %207

£0<a<e WALEHn =1 WREEFILIE. Fafed Ny H
a> e, MR PBI—4 8 RE n, FH

a
< 8 < —,
n+1 n

a
n+1

it s (5 ) 7 (L) Mo, ekt o AR n SR+ 1t O
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A1 A= SHAXKETER, F o e Ny, AERIF R E—HHEE
R, MW 2 4e 45 74 BB Fe R A K7

XA SRR HAE- BNV YRR2HE 3, WRRIESH « ZA[gE
BT —HAEX MG, U AASRIERE, ¥ATE LRRS %
AR RE, BT 2+2+2=3+3,{H 2 <3, HHREBERK « #EF T
253 2f6t, 2 HERARK IHRETETEHE TR HRIEREREL

BRI NEIT: Wae N (1) & o /23 MUEE, ME—HH & (2)
# a = 1(mod 3), WEFH 2, HAKH 3 (3) F ¢ =2(mod 3), ME—{7 2, K
A% 3.

F2 7E (84 PRREMBXERTYATER

e 21+ u

B8, Rl u =0 FA7 55 XN Lagrange RITH) Taylor 43 (L

0< B <l
Au

e*=14+u+ 821 wWxl4u
M AR RS .
H =
N, B IR, BPA] BRI EX .
JEEEF,

LHRY ¢ =e FELFES

Il 8.3.4 [7: B 8.4 WH ATEN R ISR 07
® EE ERITERIREY o Fb
BT R E A TR AL .
h— A ERE. TEM R R R i
it~ AHAEL LUBIRAVTE 0
RARBRBIBY, 0 < 0 < . 7
SUB L, B B A T A S R B
TR ER S8 AR B 16
19). BFXNET 0 HoL, FREE ) b
AR RIS R 2Rt 5.4

in_1(6).
o550 1)

B}, WA, ER— N E KRBT, REA T E R
{f, A RRAE G B AT, A RURBCHT K 8 PR BSR4 L0)
B R MEIIRE, X R 6 i S (0. ).
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BT AR 10) X

1{8) =asecd +besch,0 <8 < %

KRB

o sin & B beos 8 _ 1
cos? @ sin®@  sin®fcos2#

r(9) =

- (asin® 8 — beos® 8).

B2 0 A O ZEH x MR — AT asin® 6 — beos? 0 I b 5 @ PR
RN, B V(0 R

f, = arctan {f —.
a

MU(8) BIRFSAREAT I Oy R B 10) M/ ME 2.
RSS9 BB AME
o) = (¥ +p¥)F,
XGRS R E AR BRI RE. BT RIS R R Ek

EAR, T RERRLD T ELE ARG RERFSSME HEXN
EREREELHMFREN—TLF O

832 %X

L ® feC{l), I JRIE, EMH: Fzo €l & f WHE—RES, U 20 —ERE
{ES 308 o BBU/MER (BKER), MEwR f E—B/MIS (B—
BAAES).

KA 2° + po +q = 0 HEAFFIARI TS DEAH
RAFE — + 90+ 0= 0 FEAFREIRI TS BERHE
EH: f(2) = 2 + Pe (a,b > 0) B h TRHB/ME
M y = SRR MRS, WS H R

e (VY™ 1 (VAR TV Bk

7. BT ULITREE (BRSO S — A TR
(1) EEENEEG= AT, A=A R

(2) EFEAEEHB=AT P, o= HBHEREX?

) £ S + L = 1 TR N, BRRKH
A KA 507

T W N

&
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2 2
() W 5+ 3 = L, PR T AR R, K Rt
CEZ L P

8. ZBGENFEN RS B
¥+ plz)y + q(2)y = r(z). a <z < b, yla) = 4, y(b) = B,

K pg,r RETEHER A M B RAENY XK oz) <0Vz € (a,b),
HERH: R AW T EERR [0, b EAEER WM —

X HESRERER R ELLE 5.3.3 NTRE 9, 5.5.2 NTEIE 5 0
FEHEE HEHEH 1618,

§8.4 EmMAHIE

CEBERT ENAN - REERY E5OENHR-EBDEI N1
BT — Dot FROREERELE EXTEET W, FrEes
RETHREHE SRS RLERGESHEL 2T H O @B TEFEHE R
FANKEE T —FE 852 DFHME. HSRPFRNOEEERLE+—5+d
) 11.2.1 Vi R MO MRS B

3.4.1 XF&E

M WEH FERA T EEN NG 21,20 € 1, 21 # 22, F1
4 A (0,1}, ALAFR

F(Awy + (1 — Ajze) < Af(za) + (1 - A)f(za), (8.5)

WFs £ AR T ERTFOERE JCEE (8.5) FRELERASFS, WS f HIEKH
I P TR 8% —f AT OER (% T O E%0, ek f bk k
¥ (& ECekR®). TR B0 B e R R

£ FEEEE TOERIEAEONERNSFREREMBESMTEEPIE
HEA, EfN5mTafmENE EREE—, FEST HbERLHBSE
o0l SR (8 P 4 B RN (Y1 SR R e A B, BB T ol RO B R MR S R A
H4 convex function F1 concave function.

IS AR LT, 0 8.5 FRITVEET &0 (55) R,
SRR y = f(z) FAERTS 0 EAR N LA BB oy 75 F
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— TR RIEN R4 (8.5) EHE—FHLE, ATSAFELHSMEE X
TR R R R H .

8 8.4.1 EH f R I LA T RS S ELERITER I FRyE
HoH 2 < 32 < 23, BALAEHR

flza) — flz1) < flzs) — flz) < flaa) — flza)

Iy — I I3 — I Iz — I3
XMERFRPHAF T BT ROREFST <, MR T LTS
DEEF

S EIEZ RIS RS (8.6) IR X
WP 8.5 B, ¥R E =18
(z1, f(x1)), (22, f(22)), (23, Fl2a)) DA A,
B, C, X k(AB),k(BC),k(AC) RFREH
Bt AB,BC,AC MI#E, WL EME (8.6)
HE N
k(AB) < k(AC) < k(BC).  (8.7)

BiX &Lk EEE SRR
k(AB) < k(AC), k(AB) < k(BO), 5)
k(ATY < k(BT). '

(8.6)

4

g g e Q

MBTAX TR AEZRATAIFRA:
1 1 1

z Tz Z3

f(z1) flz2) flz3)

T2 — I Ia—1I

flz2) — flz1)  flza) = flz)

- Xa— I rg — &2
flx2) — flz1)  flzs) —~ flz2)
Tg — Ty xrg — Iz

flzs) = flm)  flms) — flas)|

BT =4 2RI S R0 R A ST BITRE T (8.8) rhéy =Rt B X
SAFEXMELEN T . XA THME 8.4.1 AIEWF REEIEH T L&
458 SOHX A A& By e — S B ]

@ Hrtsrh SR HNE S BT L R4 P AR 5 50 2Rk ) LA LA RK.
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S8 8.41 MEE (HEH T OEBEBAHEHE, TR F R BRHEHE M
%) B ER 2 <2y < 2z MRLTHHEE

Ty — &2

A=

I3 — I ’

EWRERME 0 <A <1 HMER
T2 = Az + (1 — A)zs.
SCIELEE #TF f TO,F
flz2) SAf(z1) + (1 = A) flas).
A PRIRRAA, B, a5
(3 — z1)[F(z2) — f{z1)] € (w2 — 2} f{xa) = F=1)],

AR k(AB) < k(AC).

FHEFESE ER—FERX, #lin 2(AB) < k(AC), HATLIHE X

FAzy + (1 — Was) < Af(w1) + (1 - &) f(za).

BT 21 < 2z < 23, RAETETTRER I PEE=4A BT fEI E
FEOLEH O

WA 8.4.2 FFXMH) LAY B RIE LRI

S EVRILEIE. A R T OB @ F PFFRE T e MR
Hxoel I 8.6 PR, ZEFXE I F zo BWME 21 < 2o < 73, iDL THE
EHIE (@1, F(21), (o, f(0))s (22, F3)) 5 A, B,C. S AJUE_Ear#ranfel w12
iEH f T H 20 BiEEE

cC Fexp <z <z, FHFERE 86 L
FHEAE a,bc, EMNARIRESL
FE LS E (2,0 WETT v 8
a WHSEHLE BC, gy = fla)
é / MELE AB MERENTHE &
A BEY Eroaf B, Saflcil
! | ¢ HES&HBTHE B, SHIFHIOWE
oL L2 a2, MEEREAT. LT
BRI e JUATT RS SEE E P L

a8 HiEs.

'ﬁE R‘T Xg < T < T2 i‘ﬂ L1, To, & ﬁ%ﬂ@ﬁﬂﬁ@ 8.4.1, ﬁﬁ@]

Y

—— ey o - -

k(Bc) < k(Bb) < k(Ba). (8.9)
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BT zo < 2, FFK (8.9) BT o, b, c Z GG Z BN TRFLR:

X — Iy Iz — X r—=I

[f o) = F(z)] + Flzo) < fl=) < flzo) +

o — Iy Ig — o T2 = Ip

%z — g, AREEHE HiEH

F(m2).

lim_f(z) = f(z0).

I—“IU

Xt f B w0 AEEEMIERZEHEM, Mg O
H AR AT, WEs S AL TR, A

1, =101,
flz) = { ¥

0, 0<z<1
EFRER [0,1] ERAT YR BRI ESE

% 8.4.3 & f AFEME I EAITOEE A

(1) f P AR B RE, MEREASR L) < fllz)zel;

(2) MEM 2y el z <y BAEAER fLz) < i@ < L) < 1), B
SEEE FLOF L E A BRI eR 3

Wl HEFHASK (8.6) M 8.5, 8.6 gHET.

(1) #H (8.8) FHIHE—ATHER, £ 86 LA k(Bb) < k(BC), THW LA
Y ¢ — of B, k(Bb) BiFMD, FiT XU K(Be) AT R, Blk—e HRE.
XBIEM T fi{zo) TFFE. 2RI LIHEM £ (z0) MITFEEHE.

(2) MARE 8.5, FfH (8.6), MRS 22 — 27 M 22 > 25, HTFE (1) B
WEE T WA A S B TR, EILEEBE) £ (1) < K(AC) < fL(zs). ¥ 21, 23
itk =z, y BPA. 3

F HTEH 843 MERAREMME 8.42 f5k, HLME MRS

EVEAEAMERER, MATARN FHATEEL . kg 8.4.2 f9iER]
AR, BEIERESEIE NIRRT SR

i 8.4.4 % F EIEXM T £k W
(1} f T EAT MRS LERER F 7 T EOy R R &
(2) F¥E T EHPRT R D ERR £ 1 BRI

i sl (1) FMERAES. FUTAE 841 RITHER TR
EFRY k(AB) < k(BC).
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B EXE I REIEE B 2, € Lo <@, A€ (0,1). FIA
T3 = Axy + (1 — A)zs.
B EE
F(m) — R (@) — (1 — M) fza) = Alf(aa) — Fl)] + (1 = Mf (=) — Flea)]s
HAAWAFTRESPHRERSFNA Lagrange TEHERE, BF

&1 € (z1,21), &2 € (2, 22),

H%

Flz) = flz) = F{&) @ — 21}y = F &)1 - M) (zz — =1},
@) = Flz2) = (&) (za — x2) = F(E2)A(zy — x2).

BT & < &, MR F R, HH
&) < figa).
REEE

Flma) = M(z1) = (1= N f(z2) = Af (€} (on — 71) + (1 — A)zo — 22)
=M1 - A)(xz — 2)[f' (&) — (€] 0. (8.10)

(L) - BEER O] ddn il 8.4.3 2 (2) B4k

¥%TF (2) BIENT AR T FEAMPER AT EHEE &, o T f R
b, EA &1 < & B8 F1(6) < f1(&), ERIET FHRA (810) BOLHAFT.
XE f BRI R R R, WTEX R T EFETER 21 < w2, (1R /() 7E
FRER (o1, 7] LHHEER AT fIERER (21, 72] LREIERY, TWATRER
PR T R R T BERYIERH. O

&M 8.4.5 # [ RXE I LART N EE MEL R (2o, f(zo)) (%0 € )
MIYIER— e y = flz) BT, BIRGLASR

f(’.ﬂ) - f(:I:g) + f’(&?u)(m - :I.'(}) Yrel.
RE FERTO U ERATRSERBLF STV ERGFR z =20

i ¥ ERFER G HBWF AR, RG] Lagrange FHERE, #F
Flz) = flza) — Flxo){x — za) = (f'(€) — f'{zo) )z — 2o},
b £ € (wo,2). iGN 8.4.4 AT R ERIEM, T £ AP TS, f oA
W AR z=a iR 0. O

&M 8.4.6 HEY F FRIA L LB, Al
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(1) F &I EATHERH RS LERFRE I LLRF =) 20,
(2) f &1 B FOMERN RS OBERFRTE [ L% f7(z) 20,
BEA—ERENFRREL /() FESTZ.

EA-RE T LA b — 4@ 8.44 ML EEBE, HERLIERMT.
Wk (REEF (1))
FALDERE. MEMEATPA =, B A > 0 74D, A LA T g FEX

f(@) < 5 [flo - k) + flz+ Bl

ARIET THIRR IR,
i L2 D 2EDEICD <
X ¥t AW B Darboux EH i H.

FHEFCOME EE A 844 M AMERS, X 2 <z M O<A<1H
fay + (1 — Mzg) = Af{z1) — (1= W) f(az) = M1 = Mz — 21)[f' (§0) — £ (&),
Hr 2y <& < & < zp. BR M Lagrange PEEH, F1E n € (61.8), HH
F Ay + (1= Nz} — Af(a) — (1~ M) f(@a) = M1 - M) (@2 - z1)(& - &) () €0,
HEMAT & <L ff(n) 20 U

5 8.4.7 (FELE%Ay Jensen TEFR) M0 f KRR I LB ZBAI#M TG
E, WAHENT 21,22, o0 € T SEEREM +ha+ - +ha =18 n AE
G T VIRRRRY W iy -5

Mmf(zi)+ e fl@) +- +haflzn) 2 Flhaz +haze + -+ Anzy). (8.11)
X F T, B ERTR SRR SN RS L ERR
Ty =g ==Ly, (8.12}

iF B T=hz+Hhezo - F Rty (BI¥K 21,29, , T BYIIRLTFIE), I
B flz) (i =1,2,--- ,n) £ 5 T 193 Lagrange ATAY Taylor LH

f@) = F@) + P @) - 7) + L

WX n AAEAFBITREL Ay, Az, A JEHIIN, R M A+ A =1
B 38k, HBF Jensen FF:

{mi —T]Z, i= 1,2,"' y T



§8.4 HFK AL 249

Mfle) +haf(z) + -+ A flzn) 2 F(Z)+ F(@E - T) = F(T).

LRIt f PR T e, 78 Jensen A& A £ S09 %&1F.

EEFRTERX PSS, U8 M >006=12,---,n), AR EiE
AR UE S RS i= 1,2, ,n AL

flz.) = f@) + f'(@)z; — T).

Fl€nE 845, ML RREH z; =7

R EIE R H&M (8.12) ML, MMEAi=12,- nH 2 =F, Bk
FELETSERPRIFS O

F HEPN M AGFELE EATEMNENE 1). HMALAHE
£, B B S EOoER I S A . X E 8.5.2 ME PR RERE N 2

TR 5MEFVHEXNES, CEFSTET VA

EX R y = fl2) EEA (20, f(z0)) AWA (REBR), MREZS
T A SR B i 2R B R E i k.

XFHENESHERN FTESITNRELE.

8.4.2 #3H

1. ENBEER F i R4T, LA Jensen T (8.11) 1ML

2. 1% f BRJE (e,) Loy EmEd, B f(z) > 0, iE8E: R 1/ f BREME (a,b)
PR RS N BE LR F R BRSO T O R AR
(A SRR f b0 L — B T EE — Wl R 1)

3. 1% f, g B {a,b) LAY T ¥, SEM: max{f(z), g(z)} R (a,0) LAY T
PR

4. 3% F# g ¥R T LeyaiEmnde T Oyl B f o9 ARE T B
AT R

5. 4% f R I LR TR, E8: Fz) = of @ SR T AR

6.8 F Ml g X (—oo,+o0) FRITINEE, W: EE4EY fog BE—RER
(—o0, +00) LHT O eKH0

7. 3% fH (—oco,+00) FRYTMEHE WEH: E f ARBEY RETFER
e, 1878 f £ (—o0,¢] LBEM/, WE [c, +oo) EEREHED.

8. i fTE (—oo,+00) LA, B (=) 20, iERE: [ REERHHEEH

9. % f 7 (2,b) L n BT (n > 2), fO)(z) > 0, LK o € (a,b), EXT
k=12---,n—1K3x Ff* ze) =0, iEAH:

(1) n 24t 4 (a.b) RPN,
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10.

11.

12,

13.

14,

15.

16.

17.

18.

19.

20.

(2) n BB, £ (a,0) LFR Tl
8 S HEFFIKIR () Ly F et W S —SEARPPARY Lipschitz feff. (X
SRR (o,8] C (e, ), 7 M > 0, BFH o1,2 € fa, o],
B |f(@) - f(22)] < Mlo - zal
MW [ TR T LT ER S L E AR e L T o,
AR I LR AR £(@) > alo - o + £(0).
@ f 4 [0 +oo) LT osy, B lm M g

o

% § 1 (~o0,+o0) by Fmis Xa tim L2 < o, {E0: £ A
e

B 7 o8] LA R, MR e € (0) 178 £() = £(0) = F(B), iEW:
(e) £ o8] LH% EEH

Wa<b<c<d, bW #F f 1€ [0, M [b,d] FRTOMEYL W fH#E [ad)
RS T R R

EHE: FHEEZRE =R ERERBHERN (—oc, +oo) BB R

i f ERE (a.b) BT f7ORS, EM: IR EE R R
a < x1 < 1 < b fi Lagrange FEEEBRF flz1) — floa} = f{E){z1 — 2}
of, KPA R € € (z1,22) BREME—RT.

EHR y = f(z) B (20, flwo)) HWA, BFE [(=0), i f"(z0) = 0.

6 R (x0) =0, WA (2o, flz0)) BRE—ERHR v = f(z) 1175
457

i f 7ES zo &b n (n > 2) RATSE, HREREM f7(20) = --- = [0 V(z) =
0, {H f™zo # 0, HHHEAE 831 HH A (zo, f(zo)) BRBRK KN LE
34 UER.

§8.5 FE
THREREP RS, WERNFE. EATTRNASR TEKIL

e St HA ARy TRAMERYTE 8.5.2 MyHHEFIINE S8
AEFHASRN 112 . XHFAREISER/N (2, 22, 30, 47, 59, 60].

8.5.1 M
E— MR Lagranger f{E 8 FHE IR F $ 20y A F. EE 8.7 P&

T TR L
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{0E 8.5.1 EHE: £ ¢ > —1, z # 0 B}, I AFR
I
1+ z

i (o) = In(l+ o), AT EERES

In{l +2) = f(z) - f(0) = 1:’% ,0<8<1.

>0 -1 <z <0 2FiHEHAT LB
z T
l4+2z < 1+ 8z

& ERE_FERHAFA (2.16), B

<ln(l+z) <z

< Z. O

B 8.7

1 1
<:h1(1+-;)--:;—,

41

AUEFE RREREE z = 1/n MR, HEEIRER (2.16) R E THE
e (BFR, EREAAT -1 LR — FHERFA

Cauchy rf{f 5 M AERE B R AF e A T .
&5y 8.5.2 iFEA: A 0<a<bg % AT N N
sing sin
a ~ b
i RSN TFIERES —— ERKIE 0. 7] LPwRiims. (Rai

Bl mE 4.2(a) 71 8.8 (b)) HBEM Cauchy H{EEEFAFLIEH. & flz) =
sinz, g(z) = sin(b/a)z. M Cauchy ${EEMEEFLE £ € (0,a), FL

sing _ fla) — f{O) _ f'(€)
sin b g(a) — 9(0) g€

sing

BT 1) = coné, ¢'(€) = - cos £, T cosu .0 <u < 2 LRI TR
H AT RS

8ing a cost a
b= b b, b -
COE-E'ﬁ

B OXEEREE T RS, XKEFEREA

(1) ZEX 6 (0,n/2) L5 X B EE F{x) = sinz/z, RIFBFFA[.

(2) I 8.2.2 /INTHIE 4, # 0,7/2) LB fle) = z, g{z) = sinz, BT
F () /g (x) = secx SEIHBE N, FBL =/sinz thERIHHE .

) R EH A SR O TRE. PR HERE
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3

88 8.5.3 iFRE: £ & > 0 B, B sinz > 2 — fﬁ—

3

i 4 Flo)=sinz—z+—, WF FO) = 0. FRABEHS 2 > 0 BR
F'{z) > 0, WETLLK F SR AL = > 0 BHOL F(2) > 0. @1 F F/(0) =0,
XEAFEERIES F'(z) > 0 (2> 0). T F'(z) = ~sinz+ o [ REE
WR HEERAT. O

SEF RS R 5 IR R VR E L. TR — /A
(R [30]), ETEABH+FFHA.

BUE 8.5.4 1 0 > 1, iE9: 5 o € [0, o] BB IRER

2

R T
0<e ™ — (1———) < X oo,
& fa

I SEEHARRNAFR (XM RE o 2 0). HPERNFRAAILA fz), W
HZAER f 7EXIA (0,6 EAE/MESEREIE. BF fF0) =0, fla)=e" >0,
A HESERRE [ AR E WEREER

EFREEA NLRE & [ FFA EREERE

a—1
Fle) =—e =+ (1 - %) = 0.
H it BT AT 3

f(€) = e~% — (1_ g)mze_f—'s— = 0.

a a
AR A AR MAANAFR ISR e BiE%. O

& EIEHARNTFR, mREREY o7, ST E—& (B [43). =
X AR EE AT HT.

TR — M R {E A% —MES. ERHE Liouville $2H A
(LHBAZBK “HI).
I8 8.5.5 F] Liouville JPEAEFHEAERX, BIERE 21,22, - 120 H

Titoet - +In .,
£ T2 " Tn,

n

HASSR TR T LERGFR =02 = =2n.

ﬁE %& T1,%2y " 1&g :F'ﬁ Q &}ﬂn mﬂi_‘ﬁ%ﬁﬂﬁﬁiﬁ ﬁﬂﬁﬁmﬁ'&‘uﬁi%
S &G REPEANEON 0. HRETER v1, 22, 2 EHER
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AP B En=2800R T BEFHEAERI » ERIL, 1718
n+ 1 BEX.
PR ) R

+1 ﬂ+l n+1
_(Xiam Yy e
4= n+1 b

i=1

Wz ERNRZRATE, v 2ETE. KFET
dy Sl -
dFnyr ( ﬂ-:l ) _Ezil

AT LR WA BB (Tun B RN IIRN ROENEFR

T ki
snn=—» zi+ @+ 17 ] (8.13)
i=1 i=1

AR y RS R R/ME. EEARMES m, W R R

n A+l
_ Ny
m= x; Tn+1
=1

n+1
=H:1:.g (Hl‘i) ) —1—29:,“(734-1) (Hﬂh) "]

1= ;w‘”(nm)_}

WMERE-RHBEZAETREEE TREMEIm 20 HEER y2m 20,
B B 2BE T AFERIER R F.

FEn+ 1 HEHEASNPR LSS, WEy=0, ATMHF y=m=0 M}
m WBREXMAAEBRAB o1 =ae=- - =2a. XHy=m AL 2ot HEF
(813, NTTH dppr =51 = =2,. O

FEE Jorden FEABET ELRHH— A TERL, [ 8.5(a) REA
SRR ILEE S, 2 E 8.8(b) HEE THE 1 A 5ENR%L sina/z HE.

I 8.5.6 (Jordan X)) HO<z < __g-'_} R SR sing 2 %m
Wl FFr=0WAREXLEMT. I 0 <z <n/2 ARSI ARBRLE

sinx

Fle) = ——.
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BIEE 8.5.2 40 F(z) ¥E (0,7/2] EP™fe s ilmi/l, ITZE 0 < 2 < m/2 B OL

sinx

EEMTHERIEHAER. O
W2 MBI 0
¢(z) =sinz — g
M R EERFE R [0,7/2] R 6(z) R
TER B H P s L

i3
&' (x) = cosx — -
AW ¢ (2) FEEE [0,7/2] EERAIERDS. 6T ¢(0) > 0,¢'(n/2) <0, HKF
TEME—RY € € (0,7/2), {148 ¢(§) =0
KRR 0 < 7 < £ TR H o(x) PSRN, FIH ¢x) 2 ¢(0) =G
TIE € € = < n/2 i o(z) PGB EmE /L, FIRE o(z) 2 &(r/2) = 0. EFFLIEMH
TERE [0,r/2] Fabibiar ¢z) 20 O

Y ¥
1! (w/2,1) y= Bizm
y=sing I: \
: 2/w :r\\
0 1:;’2 ¢ O n}? T
(a) (b)
% 8.8

¥ AE 8.8(s) LR, & y =sinz % [0,%/2] £y bEmeR¥L RIFATL
B3| Jordan A% M ¢ = —sinz T XA HEEBR T Jordan 7%
KM E=AER.

H Taylor AR HLREEFER A —Fior 8. FTF— R
TRTEB (1 +z) HFEFFR

GUEE 8.5.7 ¥ z > 0 &, JEBE: &8 R n BOLAFR

.'172 'J.'3 an < 1 1 . ) < 1:2 . ;I:S N :1:2?1—1
— —— — e 1 B A m e — - e e .
T-g 3 o <t To5m T -1
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W HEHERI In{l +x) f%F Lagrange 47 Y Maclaurin 235
$2 EB a1 " (_ 1)"’ . Z‘ﬂ+1

n(l o B G
n{l+z)=z 2 T 3 +(=1) il + n+1 (1+9m)ﬂ+1’

Hf0<o<l BT z >0, AAMNKRTANFAZH (-1)" RE. L n HBIEZ
AT 0, MY n AHEHEH/PT 0. IHERBRFERENAFAX. O

8.5.2 ABOMEAEFR

EEMFEARTRR Jensen RFX (8.11) (LAE 8.47). EHEELRT, %
R A T MEERIL, THFAER M TR &S BRSBTS
ERIE— A ERERG T E—TREFNTE

ETHENI SN RERERNERAER. A TENERETHERRE
RS . F— P ARFLMFYEAFX (B 1.3.3) B

S 8.5.1 (" XMRAARFHEILMEIERER) BEERE 71, 2n
ﬂ]IE.ﬁ ?‘-'11"' j?l‘ﬂi H.?"l ++?‘-'u =1, mumiz:%ft

ﬁ Ii;k = i?\.kxk, {8.14)
k=1

[

Hoark H{TY 21 =29 = - = = WHILF T

i 4 flu)=—Ilny, u>0 BT fu) =1/4" >0, Bl flu) BTN
MR¥ (el 8.4.6). Al Jensen A%ER (8.11) BE

—ln{z Aazk) € —Zlk Inzg.
k=1 k=1

B3R A R B RiEE, BT ERENAFR. RTEPRALSFS
AR AR 8.4.7 PRFIEH. O

B OERM=1/n10=12, n REIFEHFYERER. W 5F
PSR, FiFEARF R ET LR BT SCF R EASER

HE_AEANRE Holder RFEXREH—F AT Cauchy AHFH (NAE
1.3.5) i, EEEFMFESBTRERERM, AT TS XHF
EHEAFA.

ﬁﬁ 8.5.2 (Hdlder ;ﬁ%ﬁ) 1‘ﬁxlaﬂﬁ':aa"' s n ﬁ Y1.42, " 2 ¥n i’@lfﬂﬂﬁfﬁﬁa
XFp>Lg>1 HER () &+
1 1

—+—=1,
p ¢
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UL l .
Zxkyk < (Z :r:”) p (qu) q , (8.15)
k=1 k=1

k=1

Hp R E SRR N ERREA o7, 25, 2h fol, 0l vl RHBI.

W EHTESEF-TMRAPHENEEACT 0 R IERIER. E
I, REHE vy e PEENERAT O, NIAHEEIT.

BERY fu) =P, u 20 BF f(w) =plp~1)uP"? 20, B fu) &%
TrhERE 4

q
?‘-'i‘ = E_T?kyT‘uk = mkyi—qak = 1':2}"' 1 T3
i=1 #¢
SR Jensen REL (8.11), BA
n Iy n
;mkyk g vi 1 ;ﬁ
= <> (ﬁ Tl q)p) =5 (8.16)
- i—=1 o
Yy | R S
k=1 k=1

HPRHT pg BREZM p+q—pg=0 B p R, FF5 B ENE

n n NV fn \F n \NFT fn \T
Seoe(5) () - 80) ()
k=1 k=1 k=1 k=1 k=1
XK+IE Holder AEA PROLE ST KR M Jensen FEXBF, H w =
up = 0 = U Phoug WIRBRX, X RN FEFE C, ARG
o =Cylk =12, ,n. HAER (8.15) BIFFRME, X 21,22, 2 FEDE
KT 0 SRR 2R, MESFEXFRLEFNRFTH B F
FER AR 0 f9%C A F s, fERRGE

Azl =yl k=1,2,--- ,n. {8.17)

MAEGHEHAEO, BER M A FREECY 0 WA,

EE M EAPREEN O, MAER (8.15) %S, HHEREM u
B —1~28 0, B A] LAEFS (8.17) mEaL.

T FEA-EAEA TAECH 0, (A RAN 0 AR, TREGE nhv2, - 1 ¥ns
KEEA R 0 9% (UL RIESAR 21,02, -, 2 FAIE TARHIE0) BIBR, MATLUESS
AEE B NAEIER. XAAER (8.15) \TEEEH, WHREA w =0, HER
EXFRES, MEEHE—EF o = 0. Bib&H4 817) 38R, 0O
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ZAFREARR THEE Minkowski R&3. LHPHISWp=2HHEn
# Euclid ZEH =g AFR (H=HEAFR).

ﬁﬂ B.5.3 (MinkOWSki Z:%j:) i’% L1, T2y 4 &n *ﬂ Y2, lUn ﬁgjiﬁp
nE XF p 2 1, MELAFERX

1 A 1
(Z(zk + yk)") < (Z zﬁ) + (Z yz) (8.18)
k=1 k=1 k=1
U HA BB @), 22, - T T Y1, W2, - Un B HRIBT RIS

i OB p> LEMITHE & flu)=(1—u P, 0<u <, HHESH

Flu) = —(1—uw P-lys 1
fw) = (1= - PR
Af R flu) BFEH TR 4

r P
Ky, = (:‘L‘k +yk) ug, = ( Ty ) ,

Y@ty Lg + Yk
XEBES), o+ w £0 (k=12 ,n) B XEBE, w BE L FEHR
iE ?Lk > () ,EE"_‘-Jﬂ
8% A Ay ur (B =1,2,---,n) fLA Jensen %X, (8.11), BiE

r

- Th v - (ze +ye)® (., Zx P
{1 - (g_ Yo (@ w)P ) j| S;kzzl 2:;1(:51; + i )P (1 Tr + Yk )
— E:=1 yz .
S k=t (Th 4+ yx)?

L RPHAF p FARIFF AR, B e B9 ER Minkowski AR
LRGN ERAPHOLES, WM Jensen FEXMEH vy =uz =+ = tn.
EH i P 183 AN B B 9 4 34
BIS, B3R (ERRNA) b H o+ =0, Ml T 2 2 00 4 2 0,
B oop = g = 0. FERE NGB L EE5 yBTE %5, fEIFRRW
EES R HFA AR L HIR L. TR H 0 AREERER, &
BB O

H1 O p =2 WEAEE AR R AR ERTTUBUE. EX O LF S
R LT A FETER R E N 0 IR RS L T o, FRHOL
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Axy = P"ykrk =1,2,--+ 1.
EE T LS AR HFETE » 4 Euclid ZAIFAYJLITE XL
# 2 JERA Minkowski REFRH F LR E, FlimHECETMEER Holder &
HAMELHEME.

THAFXEE B Bernoulli FERX (M 1.3.1) fHEr. THA]
AR SRE . A IR LA TN TR, ®ab N TEEES
METET ZEA—AT#

% 8.5.4 (Bernoulli R&X) 7 z > —1 i, MF 0 < a <1 WAEAFRK
(1+2)* <1+ azx,
AT o <0 o> 1 M7 MR AFR
(1+2)* 2 1+ ar,

M HEXERFR ALY v =0 HRILFT.
i TR f(z) = (L+ o)™ HHESE

F(z) = e(l + )%,
F(x) = afa — 1)(1 +2)°%,

BOTLLENE, % 0 < o < LI flz) BFER LEnRE T o < 0 f o > 1 07
ThEY B—FEy=1+ar BER y = flz) £ 0,1) LYI%. PG
K 8.45, RAMEN RSN, BFERLFEHEE D

8.5.3 #4348
2z —-1)

1. JERE: % x> 1B Inx > 1

2. JEHH: Y 0 < a < b WA SR
eina + blnd > (e + b){In{a + b} —In2).

3. JEHH: MR 0 < 21 < 29, BIALAFR

Tz —I

< In 2 < T2 4 .
Hi, I I
4, {ERALL TSR
zy1tazt--fa, 1
(1) a " < —(@™ +a” +-+a™), HPa>0;
m
'

{m(m+m+w+

P 1
: ) S T, K>
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10.

(3] % L1,dL2, " y&n >[}Hij-1

—
zn) Ti+Tot - +Tn
" .

I +$2+"'+.’L‘n
n

< (a]'aZ? -2

CER: WM FO<a<l M>>I W E 2" —ar+o—1<0, % o> 185

SRR E AL

- MEFEH 2.5.1 THINET n € Ny BIrRER

(1+—) £e£(1+—) .
n n

TENE— R ARG, SRR o FIBU/MY 5, 18

1 nex 1 n+d
(1+_i'_]._) éeé(l—}-—ﬁ-) Vn e N,

(R SHIE 8.2.3 HELR.)
CIEER: St 0 < o < b ERSELL T R
2
a<121<\/_<1b—?na<a;rb< a:.lz-b2<b
_.+“
o b

: X‘T:}. 2n ﬁ\ﬂ.':ﬁ L1, L2, 1In*u?k-11123"' raﬂisﬂll+12+"'+7\m= 1;

FEXCHRAR Y ¢ B M (2K ¢ BirAn) O

z,A) = (Xﬂ:hmﬁ) t

B ¢ = -1 AT, ¢ = 1 B RATME, ¢ = 2 YT
& (BT RE). SUETE ¢ = 0, +oo, —oo B FUBBRAEFERE X, THAE ¢ = 0
it R LA, ¢ = +oo B max{a}, t = —oo B % minfe}. EER{E
My(, M) T —00 <t < +oo BAMEHREX. EBH: Mo(e,A) J ¢ B SR
WYL A0 > L E 21,20, 20 RAHISITY ¢ HIPEH AR IR
FEH: #4E Minkowski FE (8.18) HEISHp > L (AN 0 <p < 1,
IR 2R R 1

WEHH Young A& #F 2,y 20, p,9 > 0, % +7=b W R SE AR

m'}i’y% £ -—:F—-b-—q-.
b q
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FA¥E BHOFHER

11.

12,

13.

14, i A

15.

A Young AFHIEN: ()] LEIHARFHE- T FEHEARSEL (2)
Hélder REK.

WM OTEr 2 a WA, fla) = ¢la), BY x 2 ¢ B, B | (2)] £ ¢'(2),
LR Yz 2 a0, BOZ [f(x) — fa)| € ¢(z) — ¢la).

BIBWEI) =1 HE 22 18§ fllz) =
Jim f(z) 77, H/MF 1+ %74,
= (.ﬂ'i-j}]_gi’jgn %ﬁﬁﬁ@jﬂﬁﬁ%ﬂ: 1 B{Jﬂpﬁﬁg‘ﬁ[ﬁ: R%—

()

HpWAmBEe A o R BRERL B9 - vn 2 210 2a.
Fio

1

W, WEHR: HRR

Th(z)=2— _1_33 v — (—1)" AT p2etl i (*Uk p2k+1
" 3! (2n +1)! < (2 + 1)t

Y sing £z = 0 £bAY 2n + 1 3% Taylor I, GERR:

ok
sinz > Zl T(%{i_)ﬁxg“l’ﬁ:qj x >0, n I,

sinz < Z (2(15: j—)l)' 22 B e > 0, n EE

(I 8.6.83 RARH — Bl KM T IR XT cosz g5R.)

16. UEBAGIRE 8.5.4 A HETAEA.

1.
2.

§8.6 H¥FE

TE RIS AR R R v = Flz) BHERI, MERM TEFHA:

BEFWERRHER (PEEFPOEETNE).

B AFE v = aoz” +arz™ + -+ WEER BARRKT n=23K
T E ATRER L, AR n D BT SORHEBBL I 6 5 0 AT RE AR 0L
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3. FIARA B EAEGRSLH AT HRBAFWERN T ZENREF
H, REH y = flz} BIEMR, RKLUT BIETEE:

(1) y = f(~2); (2) y=—fl=);
(38) y=—Ff(-=) (4) =z = f(y);

(8) y = flz +a); (6) y = f(kz);
(T) y = kf(z); (8) y = f(=) + a5
(9) y = [f{z)].

4. BHIFEE v = flz) M1y = glz) VAR, FREE v = flz)+9(z), y =
flz) -~ g(2), y = f(z) - g(x) FHER.

FOAGREY RO TENREMRRER EREEEE) HRAE
B). fEEEMTARERSFMMIR ERERREEEN IR SR NS,
F0L P LA B 3 S HETA 3 £ L o ) P R
TR v = flo) H—REEPRERBEPEAHE SEALER.
WFRHBETBRERMER = = 2(t),y = y(t) HERRE, —BRE35F
z = z(t) 71 y = y(t) HEIR, REEHI—KE (RTEMEE). 3FHIE
F(z,y) = 0 5 MRRRE HAESIASR L Tkl LR,

8.6.1 GIE
S 8.6.1 {EH AR o =2t — 4%, y = ¢* - 3t* HHPEERER

i z(t) fy(t) HE ¢ SRR EHR, A 52 AR E NS EEGnE
8.9(a), 8.9(b) Frm:

\ i x(t) = 2t — 487 b oy(t) = * —3¢*
i3
O 7 @ ¢

(a) (b)
B 8.9

EFERERRL z(t) = 2t - 48° HEEIFMT. 2() BREARL BHY
z,=2—122 £ t = £1/v6 =~ £0.408 2 £t 3% 0, B/ MES AR RES. B/IME
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IR A Y £2v6/9 =~ +£0.544 3. B 2() AL 0F +£/2/2 =~ £0.707 L.
WA 2(=1) =2, {1} = =2

XFEXEBHR v = 2 - 3 WEREIFOT. ) BRAEAIE SEY
yo =26 = 1280 F=AF A 0 F £1/v6 =~ £0.408 2. Hrb ¢ = 0 h/ME S, &
MED 0. AP TEF SR y(t) RIROCE S, HOREM 1/12 2 0.083 3. y(¢) BT
—HEBE O ZINEEHAE A £v3/3 ~ L0577 4.

MBS0 IR Bt & U BRI ERM SO RN E S, XHEE
8.10, b 2% ¢ fA L AL B I —0.95 &ij 0.95.

Bl 8.10 MEEIT. B & v 1t
7 —z b, MM SHE T KT,
y 2t WREEL AT RL7E 2Oy 44
FPHBRRT v WXHE. FHKLTR
BifRSH L > 0 WIFK. BRI 6.23
MRS EOTRRFEN, ®H

dy _ w _ 1— 6t

R e—— = a

dr ) 1-6t2" B 8.10

B ¢ # 1/v6 = +£0.408 2 §F, RBP . = 1.

WETE RS =, A1 ) G0 ESMEY ¢ = 1/v6e SXEMFEH Y 0 RAD
HXBE SRR A A XRAMT PR EEEE B TRT v e, B Ew
A & (£2v6/9,1/12), B2 ReIELUE Y £0.544 3 #1 0.083 3.

%ot O ARAEE 1/V6 B, T ol =t T o(8) A ) Bh t PR R
s H, FHATURE v B o g R R R . X FRER y, R 1
FERE A IR, B v = plz) BT NEE

ERER M LUAREE, % ¢ A L/VE R, ¢ B o B R RIER I
¥, v B bR

AHTE ESBI S B AATLMES

X dy 1
A = v o
I 7E 3 AALFEAEYILR. BRtIAR, £/ & (2v6/9,1/12) WAMNE, FE v =
y(z) WA, ENTE « = 1/V/6 SFEEHRMNZEN SR (KBS U
PR GRE L7, BN ARG EORE SR RITHIHERNA SHARR.
BEMFRERT LB ¢ < 0 HBKRER. i NFEEXTLIHERF
FEAE IR 2
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HBERNER, 28078 ¢ = o(t) My = y(t) BERRMN LI, BE
rOy i LA A AR RS X6 TR =R (Catastrophe
Theory) ] FRIEE (Swallowtail catastrophe) fy4r R A HER (L 51]). H
8.10 EMBRTX RN AR Moh REL TR FFH 1002 F58 4 1]
R EAR TR —SCHRIE 6.

F 1 BEXRFOARMNGERAFEY v. HRIEESSI, BIFH T
B 8.4.4. W LI R

SPIIVINN ¢4 A 1
y:n_(ym)m_ :{:;t _ 2(1—6t2) )
R Fiendl 8.4.6 fE 5L
F2 Yt 0m2(t) M y) WALFDE BT
cooyt) 1
) 2(t) 4

TR 4(0) ~ —-a(t)? (¢ - 0). SRR 811 LAY MEERSBEENNEHA

8.6.2 #84

1. FEFEE—FMBRE v = f(2), RS HE—Fr58 8 2R
RIETE. (A BRE 30 TR M EAR HRER K )

2. SER: Wtk y = o FLFE—ER L=,

3. e LU R R

1Y” 1
Wy=(1+1) >0 @v-grze

2t

@y = o7 (4 y=1+a%)e™;
)y =22 (5> 0) ®) y=zte,
(z—1)° _ z? .
(7)y=m2—1 @ y=y — (a > 0);
L
(9) y =2* (z > 0} (1) y=z% {(z>0),

4. EHR: KR oV = o° EE—FRAMNERE —FELM— R RAN
e I AR
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5 B LI T AR B Him e
(N z=1%-2,y=t{t*-2);
(Da=2—12, y=3t—1%

3t 312

B e=1rm V= 13e

A z=t—-13 y=1-1t4
(5) z = a(t — sint), y = a(1 — cost) (FBER);
(6) z = a{cost + tsint), y = a(sint — tcost) ([ERIBNFFLE).

§8.7 FERBRSECITN

HRRARR— AR R B Y (R, e8] B Ry Ikt B AR .
SRR b, BRI AAE RBFIR SN —RER S B E R XhEr— T EE
ERENRESEBNTATETE. EHE 5.2.1 ek 2 FELEE, AAK
] 2556 LA L 1 — A PR S R I iR 4 T — M RLRAR L. R — R
A48 Newton R BN ARRRFER—FEREITHTE RfE
EMTHECE S THREENES T ERESTEH R T HRERREN
HERRWLIBE [14] SB—B00BEER 4 7, 26] B —&H/\5

8.7.1 BAANEIWREE

EHEEN 252 MHPFERED, R ERMYHIK e FLELHERM, AR
B RN 2R — R XREEAEIR R EOMAT « EEH
B B R BRI e B AR R AR, A DRI T3S
REBHAOIES, BT — T Newton RIBIB{EHHES. FIEAGFITRE
JR R R R B S AU

AT B REA PR L EREMEREEGE o KITBRERN ¢
ERE—PHE o EHRERKMREZ R EARRE T

ke < enp < Ke2, (8.19)
e kK B IERE, MEREEEN o BiE S A2 —2EERB
m — = A0, (8.20)

n—a0 £

BB A o XN 2 BB EI e & Aeg. EMREAF L RAE
AR (8.19) FTHBARFR R L, M LLZREES I MET o
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X F— B PIRR, FH Bm 2, = a, TR €0 = |70 —al (n € N)
W (8.19) 2 (3.20), MABAYRIEE S o i

f o = L IIRER Y B () B FREL— M EEORNEER
BB A, AR, TIEH eors = Cen, € HFAEREL WBF LIHE

£n & Czg. (8.21)

aREEC LT 1, MERNRY. XL, AT WREAR 107" B
RHRRBERE O(n) R

BA—RSRENERER _EFRE. A (8.20) TR, RE {z.} X
AR, HiRe

Intl
L

lim
(BN 273 MYHMF—HSEFPE 4 ), W {z.} BE—FrisT 0 65
F. (LREFE_EPEFIFSWSGEETET W)
MELES — M RENEEAT. KA A M A3 Archimedes-31#
R (MEoE 273 NS —HSEFT PRI 20 &)

—A#£0

{58 8.7.1 & oy > by >0, FHBRELK

2
Uptl = e s bnt1 = Va@nt1bn, R € Ny, (8.22)
an + bn

TEZEAR, AEBH: {an} #1 {bn} LA—BPBR BB TR —HRER.

iE 7ERX R RSO B AT AT, R AT S 2.3.5 sp2Rf By Ir Bk B ATIE
B {an} #0 {ba} BT — IR, DULARMRDYy 4 > 0, B H
A = e = A
Xig
Eq = Qp — bp,n € N4,

RFLAR SR AR T BE#MESERER

3 2 2 —_
as Vo1 =i — Gnp1be = anga{Gntr — bn)

2nbn — bnlon +bn)  @ngibal@n ~ bn)
ty + by B Gn + bn

=dp+1- 3

E IR

n+1 bﬂ
(@n+1 + bn-i'-l)(an + b, )

Entl = ‘En.
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A {an} #1 {b.} WA TR —RR A > 0, A ELLFELT

1
Ent1 ™ Esm

E SN —F. O

H1 ER o =2v3,b =3, BREAMERSMIHRIEIE 6 SUBAERAK, 7
DIYEEARRAR A = = X R A B E R Archimedes—XIEHH. M B

1\

A XA s R 5 KT R 3 (e A AT AT AR
Hik ik BERRITHE RS
%2 Archimedes-J|HHEBEHAEE: 4 Ay = 1/a,, By = 1/b,, HiHER:

An + B, T
Aﬂ+1 = 9 ' Bﬂ+1 = An+an. (823)

HEk (8.22) WE, SRBERAHTERSEE. HRZMGEHEHRERIEE
B B en = By — An, WERBF nry = n.

W o = 2 RPSEEE S B A (EAROV TS0, XA R, AEE
B, IEHERER RN TR RS

ent1 < K. (8.24)
ERFEURUEE K, BE Ken < (Ken)?. HEWBENT X, B
Kens1 < {(Ken)? < (Keno1)* € - € (Keg)? .
XEREE )
€n < fK—(ng)?“. (8.25)
EEMER K A—F BT 1, HERAIRER S, #18 Keo <1 BIF]. XF
AR (8.25) FLMRERIAT 0 BRI,
T—AMFERMES - ERRHE 235 (LR RE Gauss BEARJLE
FH{H) HEFTICEOE R T
GIEE 8.7.2 M0 <b<a i, ¥ a =abo=b HFREELA

Qp-1-+ b‘n—l

pn = 5 s by = JGn_1bn—1, n € N (8.26}

Yk, B {an} 71 {b.} LA ZBTEERSTR—HRR.
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'ﬁE iﬁﬁﬁﬁ% AG{ﬂ': b)a £n = Qn — bn& nc N+' ﬂzﬂﬁﬂﬁ%ﬁ

1
ﬂ3a+1 - E5'3a.+1 = I(ﬂn - bn)g,

L CTERL Kl
1 2 1 2
Entl = £

4(an+1 + bn+1) " ~ SAG(ﬂ'&b} Fre
EHREZHHERE O

A HERAR (8.26) 5 (8.23) RARM, HER LKA 2 AR,

f£ 1976 4F B T Salamin-Brent k. TERRLL (8.26) F1 ko 47y il
fy. B TSGR, Ry —REENHE, RET Z0NE. ARUEIHE
ERAE n HHICFAHRAXAHAEBIY. BUCLFHH n ERSH
EE TEMHTTHE « Y HHEdR—1TRE URERITRAR XTE
AR EARAF R AT [4, 1] PRE).

1

Salamin-Brent % S oo =1L =8 = Nk HHBREAR

- Qp—1 + E:"n.-—l
n 2 )
by, = V An—1bn—1,
8n = Bp—1 — 2ﬂ(ai - bﬁ)s
2a2
Prn =~ ;
S
'ﬂgﬁﬁs I)_lu {pn} :%lﬁ{ﬁﬂ: .
BRI RERR
B 1123456 7 8 g |- 25
A 14]9]207142 |85 173|347 | 697 | --- | 2 4.5x10°

MEEEITESERTLED, SRR FRAPLFHIN—F LhREL
XR SR FAE WA (8.24) WTLADE, FHH K <1, W—Emit.
POFE T R Bl ] LUE B RIEEE.

BIEE 8.7.3 WADIR{H =0 = 1 FFia, AENRAE

1 i 1
it - n+ —
n+l 2 Tn

RICEH V2 QT OUE WEH R BHIR KRR
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B AULVMERERUR:
T = L.5, 23 = 1416, x4 =~ 1.414 215.

4 2 =1.414 213 562 3... He#ke, WA A BN 1,3,6. A THEHHT X,
RAIBEMN F i Mathematica FRREAOIKF. BARMWE, BTG 2. 5 V2 #it
HE R B, REHT RS, ATTRES » JOLUE = HRERLE X
B Ry R EE R

ks 11234567 8
Bk 1361272549 |98 196

SRR b, PEEERIEEXMIE R ERERRE A ZHEK. H 1257

IR {2} N o2 BPHERBSUST V2. REHTERRE
1 1 (Tn— V22 1

- o= e 3= " e
0 < Ent1 = Loty — V2 2$n+ . V2 oz, W

0] AN B,
RATBEED], TR GHEIERE Newton RARBM — 1T

8.7.2 Newton RiRE

B[ LA E] /Y A 3 T i Newton Bib, f(b)
SKARE: (th#R 5 Newton-Raphson KR
). F-ES T eS®E T New-
ton KT JLETRE . WA 8.11 Enf
LIEHEH fla) <0f f(b) >0, FiL
MIELRENFE S TEEATEER
[ (e,b) AT fl2) =0 —EFR E
B i RN € R Wi E
H ¢ B LUE.

Bl b= zo MW, TES B, f(b) 9]
ek v = f(z) BHIAR 5 = I Ala, fla))
itk . BREBES (o, fl@) 18
e v = flz) BYIR, 5 2 BITTF A 8.11
zg. LT FE, PESP —RIGBHEAXE

Tl = Tn — j:,((i:)) . (8.27)
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ME 811 WLAE S, FrEREF) {z.} BHRLBERESIIE f(z) =0 /Y
fi £ 2XHUR Newton RARE:, WFF% Newton H]Lki:.

EXBELR ERIFERBRETN. 555 HFRAR f(2) =0 EXMA (o,b)
R — TR € B B —E ML

lim =, = £.
N30

HRK, XA EER R QR B 77 MR — A TR SR E R RS EE
8.11 BN Ale, flo)) tRIEH T MIE v = f(z) YER, BE 5 = WS (EE
FoAIE ) R ] AR SR sR R S (2) YR (B

& LA TFAHEFE Newton KA. Min, RECHEFIR & &Y
8 on MEE 20, X f ZFrofi, MT AT S Lagrange RITAY Taylor BH
=

0= £(6) = flaa) + )6~ zad + TN 6 -2, (328)
SLeP B IE O 72 2 B0 € 2L AR (5.28) FHEHAMRE—T, S
BRI ¢ BEDEIRN T, RIBB T HEEHRAR (8.27). 744 Newton

SREERET B R = R X R AR R L T B A A B E .

A HHRIE Newton SARIEREB B A —H FE %A, JHEW ERUTAGE
FEAR TR BT, AEMERN, Tt R 5HE 811 —8. EATEGTEY
SRA RN FA TR HAL RS &

&8 8.7.1 WRE flz) EEM [o,b] £ ZBrEET R, B RUT &4

1. f{e) <0, f(b) > 0;

2. f'l{z) >0Vz € [0,b];

3. f'{z) > 0¥z €la,bj;

4 W zo = b G
LA

(1) HE () = 0 R (a,0) HEH—IR G

(2) i@ (8.27) BRIMES {z.} BERME [0, b] PRI RERFRL
%owl, HRL € iR,

(3) 3 {z.) HyIBORRE A R

i ANESRENFAHFEEREAENRE flz) =07 (o, 0) FHEH M (=)
FERX[E] EARAERT O WPAMERR £(z) FoRE SRR, R AT AR —.
MR (8.28) 0 f'(z) > 0 Va € {a,b], T RLAKSF.
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Flan) + fllan)(€ —2.) <0 ¥n € Ny
R AR €

f(zn)

f'(@n)
MIBEAR (827) XEHHE f(z.) > 0, ®E

€<$ﬂ_

=Tnt1 YN EN,L,

Ent+1 < Tn

B TR =0 = b LK f(b) > 0, 1124 2. > £ BREH flza) > 0, B
RHE T %71 {20} BFRFIERA%KF), B £ TR ICEEG RN 0, &
A3 (8.27) Fii% n— oo, BE

fin)

A TTT
TR F) = 0. FHE f(z) =07 (0,5 FRIARME— B 9 = & KRERIER

T Newton AR H I BRIAGEREF {on )} WATHRIERR jo, 8] PHIHE—E
RAEMA Taylor 43X (8.28) fHiTENRE

e SE) L (@e =6 (@a) — f2n)
O<mmtimE =t g,y ¢ F1(zn)
— f”(ﬂﬂ)(mn—f)ﬂ
2 @)
HA 6, € (6,2). FUR 17 B ELAKT O, A
1i Tyt —& () £0,

e (zn — €2 2F(E)
E i {zn} Rl sr e O

F1 FRENEME AL LB, T RIEEREFA _Frik
HEFRTF Hrlsl. BR—E BTN, JHE 4 P EETFRRE
o e R B 3L A, Newton RARMERTARRBL. — TS, Newton RARZAH T A
HAR M SR 2T EE

2 FHEBF Newton RREAER G AT (Tl el 3.4.4, Bl
FEGmST B P 2 AR B. BT [ 7E [0, 0] BB ST BRI Mdley
&BTF 7 £ [0,b) LEBCKME M >0, T f/(z) 7E [0, 8] HBAME m = fl(@) > 0.
MRERE 6 FERR A TR

AT
|Ens1 — & —z;n‘i-’-"‘n — £J%,
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RAL (8.25) WBH

-
on 6l < 2 (Mo -gl)
FEHN, TR S M R AE RORR, B 53t
R BTHE o oo~ €] < L Q9ER, K [o,8] BRI MR FHR

b 41«:‘.2ﬂ
TR

{EL WA 1 REL A SE BA 0, B X AR AF AN AL, S5 AR 17 PR B sst.
F | H Lagrange "1{f & 82|

|F(zn} — F(O = 1f(zn)| Z m|2a ~ &,

X H Taylor AR

f(-'“:n) = f(xn—-l) + f’{zn——l)(mn - 5511—1) -+ f”(n} (En - znml)z

2
(n) (
2

T — mu—l)25
EHYnE e, 5 a1 Z[E, LIS

20 ~ £ & —1f(on)] < 5ol = Eacal’

2m
XA T AARARIGT RAY R BT LR ERN, ITFEE M-

BV 8.7.4 I Newton Rk IV REVEARE.
B OHERER AGTHR REH f(2) = - 4, R VA RERR Y
FRRBEGET. ¥ F RAERARK (8.27) +, B3

p)
s — A Ty A
= — L == . [:I
Tnt1 = In VT 2 + .

#F1 £ A=2HRBRHE 873 PHHE. KR EFBEHAELEE 263
AYH%GIE 8 PHA PRSI E 9 BE W T RTFIRE— 3 BrHE

2 XML EBREI R A seR (R (35]). KR H AR
mE = & VA f—MERME B4 A/z HER—MEME, XP-MHIAERRR
e A, T HARE VA SN, BRRARTFHETRLEAEFNER.
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8.7.3 &%XE

AT R AR P AR B E TR THMET
RES 1 RITEE BRBRIER

1. Newton SRMETHE (ER¥FHEI] 0.000 1):

(1) 2° — 2% — 4z — 7= 0 %5 [3, 4] Z EIEARAE R
(2) sinz = 1~z FELAEEEUE.

2. FEMIE 8.7.1 il TRIE Newton SORIRM R -& 1, HPILE 4 ME
R RBEHEF, HEARHEE LR R R EERE, B Newton RBIEFTRE
R,

3. iERE: ZEE 5.2.1 hiRflEi R EREN I

4. {EMR: 2.6.3 /NTHE 9 PRIGRRREFR=MRE.

5. i A>0, \ o >0 R ABEAR

Tzl +24)

223 + A
YEEAY, IEREECR {zn )} WOAK, SR B HARPR, 3690 HUC KA B

6. i Newton RABIEIRH—PR VA (4> 0,k > 0) BEARHIE Hxd Rl

T 1 o H

7. H Newton REUERH— AR — WAHME, R AR MEATRER,
XA B A AT

Lppl =

§8.8  XT R AIEIY

BN BRI, AR R TP H B NE, EREM TR
BBFSE, SEAEBRI SRR T ST R . HamalR, HimL S
flek S LI RO B, ARSI (14, 7, 68] FICART
S50 B2 AR OT B 2R

8.8.1 HIFEH

1. L'Hospital (M TR R BRMRA TR TR, EREGHERAYSULHR
H 7 H. MRS & I B FE Toylor ARNENMEHINE, WEHER
EEMN KBNS RERE SR TRIFAEFEIFNAR, 25
REH MBI SHF TR BlitRRRX—EEHFERR L B
EPHE L AREEX— A
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W ERBEE TR A RARY. HRENYLED), BT RAMSEN
Rk B FES - MR R AR ET . XA i Zn Rl
BRT MO R EOEOCH NFTTS, 1 il 28 KB R 58 .
PR LARZ AETUR 0@ Al RO . EREENRERS BB
EEIINMETXATE £ 42) W LH 63 THEAHET 8% “BES
B T [68] fy-—%— 2 303 DU X WMol i <R RrE”.
X R B R E B R T R AR 2z aikE . FE LIE
PRV &R i X 7 T B9 2.

3. MRPAEE PR —-RREEN R, AR R LR MR AL
AROFHOFEEET P OEY L. AR5 R A XN EFRAF
TEANNG. FEFERRPEIGEHTHENILEEN AlkEE
FEEBHRGLECAIER. B ED BB PR IFE A KFEI LR
HMASH, A SERNA N R R BROEETH R AR
R FR AR B B LK Jensen R (M6 8.4.7).

AERELFEMr IR RRE— M EEEE TUEY, 5FHE%—
B §1.3 WHRMFEAFRM MK, EEREPRIDINFAMVRLTET —
TEFEKTE. FE EEST MERFSH U RRMRE) %3, 7 F
Re—BUR, ERENFTEELBEFBRHTSTFRE. FlinE8.5.2 /)
FRH = ERTEAERMENTF R RRSAR. XHEH R
WEFE, 85 TRBMSEXMATER, EEHY §11.2 FURRER T
FRPRTFA. MY, 30 EREFENBNFRFATENLZE #
BHERER, BAEEHME

ER RSN R SRR A A G R REEREEE
EAHGERRRE SR RET 2 — KBTS A3 ER
TABEAENNE. YRAZETHFEREZL. HH T FEERE
ST I ] AR TR IT NI 6 ] Mathematica SFRKIFAINE. ELPR
AR PR R Mathematica S THRIAY. H10, BT &Y #A 8.7.3
TREA V2 EREERRAEME BEERE R

CXDERNEN FEATROMHEEE, SHERE FTEEENE
FEEIER R, WE RO E T B i RN R R
TR 2R (v B AR A R A IR, R AR SRR AFRARERE
BRI, REEIER LRI
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FA¥E RSFGHHEHA

L.

o

10.

S %0< 2 < atma et

8.8.2 &M
F—4 BN
W | flz)+ f2)l €1, flz) TE (—o0,+00) LH A, IEM: |f(x} < 1.

A

B 5 2 = 0 BHARATHTR, B g (1404 LEL) o
1

_—

K £(0), (0, £(0) # lim (1+ @ ) .

B 8.1.00 FTLUET A0 F: SLESCR {m0) NBRBIEAR 70pr = (on)
§ 759/, B8 f 7 Maclourin JETFR f(z) = 2 + Az + o{z*) (z — 0),
Sk b AT | G AN BB A £ 0, N F o> 0, B AERRR
B lim not, FsKib AR,

#® f € Cla, b}, iEW: § 7E (a,0) REERESH AT LERMAR f EREA
[, B] L= 2l P . o 20

CEBRFEARSRK (AR 1.3.4) — T 70 <p <1 WRAF

A la + bl < faf” + [bIP.

CUER: XA E AR n, BOALAER

e < 1+1 "{ e
In+2 © n In+1°

sinz

3
) > 08X,
T

CiEEE: B O0<z < % B SRR 2sing + tanz 3 37,

R W0 <z <1 BRI ASER

sin Ax

< 4.
z(l —x) <4

<

FEEE: % 2 € [0,7/2] WAL M Jordan RER (MR 8.5.6) EHAIER:

2 i z 2
i = — —z(E® — 4x2*).
sing 2 n:c+ T ( )
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11.

12.

13.

14.

15.

16.

17.

18.

1.

‘HE%: X‘J' T /i\‘lﬁﬁ T3, &2, y&n Eﬁjjﬁgﬁ

ZiEg Ly p (L4201 +22)--- (1 + 24)
@1+ z24 -z BTtz Fa)t )

it B A R

ERE: % 2 & (O, ) o, BT (sinz)*® < (cosz)™*, TifE z € (%,%)
B R S ).

wp>1 ab>0, LW

(1) % £ > 0 BFRLOY

Lid et - %)t%b 2av b T,

(2) & 0<t< 1B
tPaP + (1 - )17FF 2 (a + b)P.
% plx) HEREWA, pla) = p(b) = 0, i pla) 2 l0,5] LAEHHF
SUBERER P (0P (k) <0
iEEE: % R B R B0 9(9(2)) = —2° +z+ 1 BTTI R B0R RIFERY.

W f 0,1 BT F0) = f(1) =0, of-;mflf(x) — _1, fEMH: 7
£e (0,1), R f7(€) > 8

@ F#E[-L1] LERTHR £(0) = £(0)=0,f(1) =1, f(-1) =0, IE%H: 77
fE£e(-1,1), /L f7 () =3

1% f,9 7 o, b} EELETH, fla) = f(B) = 0, Wronski 1735%
flz)  g¢(=)
flz) ¢'(z)
ERE: gz} E (o, b) PHEH.
F_E%R

% f A2 (0, +o0) ERERA, W, BMRERER 0 < flz) <|f (=), iLH:
%D{ﬁf{lﬂj‘!ﬁii;ﬁ%ﬁ

2f(@) > uj:-f (%)

W(f.g) =

#0Vz € a, b,
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FAE BOFSGER

e}

# F(0) = 0, HAFHE f&D(0), X

f(z)
g{$)={ 2L, 2o,
fi0), =z=0,

HERA: o(z) B9 n Fr S ¥ o™ £« = 0 3&4E, H ¢™(0) = ?%Tf(’”’”(ﬂl-
(I 8.1.9 B9HET™)

L ES « B fe), H fle) =0, 4 F(z) = [f{z)*, i£H: ¥F

k=0,1,---,n—1 FFa) = 0. TEHRBE: S F) FEHRER
BE .

2 1

: iE,Pn[:r)=]+E—+—E—+--~+—iﬁl—,nEN+,iEHﬂ:

1! 21
{1} n B{EEET Po(x) >0V e R;
(2} n HFEET Pulz) HHE—BIET S
(3) BH Ponta () MEFIDH xn, n € Ny, B {2} RFREHLERLET
o5 KB
{(4) %z < 0 WEEAER Pon(x) > 6" > Popjala);
(5) % 2> 0 BHIRFR o > Palz) > (14 =)
(6) X—4] z e R 57 Jim Pp(z) = €%,

(FFPTFHEH Taylor BIFAR )

2n -1 -
(2n — L)zy + Tn I,FR li 7.
2n -0

iﬁ d<zo <t € _g_s %Fﬁﬁﬁﬁﬁ Lngl = sinzp, ﬁfﬂ Ynt1 = Sinyn EEERW_].
A {en} F {yn), EW: lim % =1L

n

Bl zy=a,z,=0, Tpy =

\ azr? + 2+ ¢ _ .

EHE: HRE Yy = oz + 285 1 (a#0) BE1H4 WEMNLE—FE
5 ol

TR Jensen X E: HREH F EXE I EATN, mRMFR

T, ¥ & I: )ﬁii

(252) < gl + S

2
ERR: WS ORI, T A Jensen 5B AU §8.4 T o iE AT

(B3R 7ESE Jensen SE SO FIM{EARRRE §8.4 Fopdy T iE R EEK, B
& 5.1.3 fRESEEREIIL (B R (53, 55, 57)}.)
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10.

11.

12,

13.

14.

15.

16.

17.

18.

19.
20.

- B f TR (a,b) B3 Jensen A TS, HEL RAH—RKEM A,

B f IE (a,0) RS

B f 7RI (a,6) £ Jensen 530 TR ATE (o,0) HHETHTF
18] L& H, iE8: f 7 (e b) EREL.

R S R (-1,1) LRI £(0) = £/(0) = 0, EERE AL L#EZE
F M@ < 1f(@)] + 1 (=), IEHR: f(z) =0-

W fe) AR T LR R0 WRMA TR f(2) = o(fle), Hf g 2
T f WS ERE LR I f —RREBER

ERE: £ (—o0,+00) E MAHAEEL f AR F—1 « FRHER
R flx) >0, f'(z) >0, f'(z) <.

# f 7 R L= B FE—NE o 8
fl@)f(e)f"(a)f"(a) 2 0.
i ple) BREWR, EH: EXEA ¢ BLTFER
p(z) —p" () - p'(z) +p(z) 2 0,
T p(z) 2 0 XA = AL
WP AHEFR, Ple)=0F »n AT 1 HERER 4
Q(z) = (&* + NP(x)P'(z) + z[(P(z))* + (P'(2))?],

WERR: Qz) =0 E4H 2n - L M ERETAR.
(PP THIE S ﬁ%_?ﬂ§%@ 19 FPFEH%@JEI’J%&)

& flz) = o®, JEM: (Uﬁﬂfﬂ’e B RATA; (2) e=e® T F 18
H—ATHE Q) M l<a<e®, Ml f HRARHMA

#oglz) = o, WL () We® <o <1, Mg RE—ATER (2)
0<a<e® W g H=PREH;A.

W=/ FE asinf + beosd —sinfcosf = 0 7 [0, 2m) =B Aé AR 3L
MFE LM — R S 1 — A R T LS B RR AT PhETE 4
Rig EiER i REE L.

(AEE A B 2508 1) B /2 thy Appollonius (#9275HT 26247 190 4F) &
Ry, LT ¥4, 1992 SF55 45, B V. L Amnold S5 H 8 “H
BT A £ RRR AN B — TR TS 78



BNE FERS

FARERNCTERMNHTE, BEXREERERINER TR FESHE R

R RN, AR =1 £ §9.1 WSR3 SHTpim o,
B BB AR BT R §9.2 W LREEN T REY BE
—WhE RS NEEE.

i

1.
2.

§9.1 RERSHITESGE

9.1.1 HEEE

RIREHEE SRR SRR RS, AR F(o) S ER F(@) %
B ER Flz).

LFREMI=ARHE: (1) A, (2) Bk () TR BrE
(1) BRI T—8 ek (LA 10.3.3), FIE (2) CAeaE M (LA
7.16). AEEERERTE (3), MHHEF R

MREM fo) EXE I FHREY, WELREE f(z) BEAERY S
R, B SR B RS EIR. BI, TR AR B
SRS B, K A b B R
— WA RS, (51 Darboux 78, HI&E 7.16, fBIE 7.11.)

B f(z) TR EER j Fo)dz 2 f(2) 9 RFEBEE, TR IEEMN, 1T

RAR—AEH. fFRERS Jf(a:) do PR RF ARSI — R R

¥, B, & jf(m) do B BB H flz) B—ABE, BhLE—MER
B

MEEY f(2) MREK jf(z) dr T RSN ME jftx) dz i

MR, W j F(z) do TTRBUB K K2, ML RARRERE
K. R RS BT ER R A W) S B R

9.1.2 @

RERGY 5 HER RHAEDH LK HH LRR?
# 7 =0 SRES RN

2:1:8i11l—(:08-1—, L x#0,
flz) = T T
0, WMr=20
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FE (-0, +o0) LREHEHE?

3. ERE#RAR Jsgnxdw = tz| + C i jé— dz =In |z} + C i 44
M {EE?

4. FRISHREFIERT HAMEH:

1) de(m) dz = f(2): @) djf(w) dz = f(z)dz;
(3) jdf(m) = f(=); @ d[df(a-) = df(x)

o de(m) do BT jf(:c) de F—REORMS BRI RS
5. LTRSS T AL FHHBARTAFUFER:

xr I T x

Ak 0=1.

9.1.3 EFiINAE
ARy RS

| ST — MSE, LA YERRRE j f(u)du = F(u) +C,
u = u(z) T, W
Flu(@)' (z) dz = Flu(z)) +C.

BRSO, RANEERITER, ue) P2 Bl
¥ 6. BAREBMRREATUERY f(u) du, FREERHEE.

2. BB — RARTEE, SR RREE RRER J f(z)de A,
r=z(t) HFERRE ¢ = t), L& Jf(m(t))a:’(t) dt=F(t)+C,
Jf(:r] dx = F(t{z)) + C.

EFEFAS HTE, £ELER-ME: RE—EEREEREL U
BB RBREERLATTR? M ESFHER S LA TR &G BRZLL
BT WIBEE &S A T, 101 35 (1994), 520-526 T (B4 F %
#, (1994) 348-352 T1) —C A HE, IHETRESKESHREHBFHERE
HEER-—RE. BOETERMEEPESE. MERF LN,
F t(z) RE—AIER, IFHRESER () = =, HAHTAFR. HH
£ [42) i 235-236 ST ERE T XA R
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3. SERAE: & ule) 5 v(z) W, BIE u(z)v'(z) M viz)u'(z) FEDPH—
TR R W

Ju(m)v’(x} dz = u(z)v(z) — Jv(m)u’(m) dz.

1 HEAERSR RS RE A AREER. AR ST,
SRS EERRERULAE TR AR, REERAER Stz H
BN SEFRSAXRERSHER. S, E2 IR T UL EFR A
Kb, FPRERGEETERE T —BERAR

F 2 AEBMERSRBEHTHIRBR SHENAEM RS MR
R EHH AR Y, BREY, AR R R TPIR A RLL AR
RS, B & BRI A R B LS R A R o ik A S 3R
8%, BEENRMTERREE w(z) 5 vlz). —Mik BEETEATIEN:

(1) v(z) HIEHRE, uﬂmmgwjmmggﬁg

WNFLEBAINAERTSER, FAREY “EHE=F 1T XE K.
SRR, YT, R IR E S ART. MR, B, AR
R B AR —RBHEN K FEEEE M HRES dr e dv. (FX%
BEEETE [42] M 237 WM A E &% A F), 90 % (1983), 211 F1.)

&8 9.1.1 (FHorkpyiErg) # fiz) FERYE, e =) O HEF t =
wwﬁaxMﬂﬁamR%jﬂﬂmfm&=Fm+ch

Jf{:c) dz = F(t(z)) + C.
W T flx) BERYL IEHN Ul), MHEH Ue) = flz). XOCH F(t) EE
F(t) = f(z())2/(t}).

WS R T3]
EED _ prieye () = FlO)e'(0) = F' ().
B Ula(t) 11 F) RS — e ER R
Uia) = P +C
B ¢ = o) A, ELRFHBSR o((s) = o, FRIMA
U(a(t(@) = Ulz) = Pta) + C,
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32

9.1.4 I
B, A —E S B AEET R A E R SRR

al —
¥ 1 I=J de ; =—J (;1:) 5 =—arcsini+0. O
@
x xr
1 SRR HTT, TR 1o BN WAL
B AT A, BB L TR ek, & @ = 1/2, Xt

1 #2

1
""'_dts = ’
12 vre =1 v1—12

dz = —

FEHH

1 2 dt
I:_J(_ﬁ_) e T -J vi—’
PR SR 1A XA SRR (AR, R—RAEANERAR E
—REEE Rk 2 =1, Hp o FFE.

T dz dvz? -1
9 = = =arctan/z?—-1+C. 0O
" J$ZVE3—1 J(Vm§~1)2+l N

3 4 z=sect, | dz =sect tantdt,

_j’ sect tant
| sect tant

dt:Jdt=t+C=arccos%+C. d

B4 AVe2 1=zt REYE z= ¢ +1)/2t, it HBEH
£2—1 1-—
dr = —Etz—dﬁ, Y :132 — 1=

£2
2
A

2t - 24(t? — 1) J dt
= = =2
: J (2 4 1)(1 — t2)2¢2 dt L+t2

= — 2arctant + C = —2arctan({r — /22 -1)+C. O
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W5 4 VaT— 1=t~ 1), WY « = (2 + 1)/ - 1), FitHBE
dz = _thi*gﬁ_, N/ g

1)? 21
.

Izj (#% — 1)2(—41) dt::-2j di

{2 + 1)2(t% — 132
v‘:s§ 1
-1

2 BSwEREERRT A ERRY Eulﬂl‘%ﬁ, A LAIERA, XA
JR(E, ver2+br+eydr {a#0)

ERRERLY (B R W4st), # Buler He—2 a0, W (14 8 %
269 /. AT, 3T —Red M T R AR R B W . ENAE
1% 3 B, R | Rle, Ve~ @) de (o > 0) BPRRBUS %M o = asect

05 R Euler BHMRBE. —ROEN, MAM j Rz, VT~ D) de 5
JR(E, V22 +a2)dx (a > 0) BIARERT, BV R EATH RS HHR © = asint

Y r=atant.

E3 RER 5 HERMEREE DWAMERE, ZEFERMTREPREL
S BT AERARU—MREREN LER Y ERR B RERR, MH
bR AR E R R, 2 AR HER Y BRET ERES
— 8, (L E 018 S BEOLAME, SUEEET. BNEETE RRAARTE
HREBFERMIMERZ T ERE IR

B 9.1.2 HEFRHS I = jw’“—mz T dx.

1 RSN —MET c BARIRS T, HEBSFEAEMN fv) dy,
Hotu=o?, RAHHNT:

1\? 1\? 1

4 2 LT U 2
j"\;"ﬂ‘:—krd:}: j\/(a:i*g) (Q)d($+2)
(:c + ;)v:{:4+$2u1—16—1n(:r2+—;—+ w4+m2)+01

1
z (252 +1)\/$2+1_——h1 (z+ a2+ 1)+ C (C=C1+ ]:62)
m(ﬁa: +1)\/;1:2+1—~—8rln(:1:+\/m2+ L+¢ 0O

= —2arctant -+ C = =2 arctan +C. [0
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B2 Ex Jm\/w2+ ldz = %—J\/:c?- +1d(z* +1) = %(3:2 +1)¥ + 0,
Fir Ay - B 4, TR

I=%de(xz+ ¥ = %x(mz +1)7F - -;—J(::Z +1) ¥ dz

— ot - %J(xﬂ +1)VaE 1+ 1dz

=lm(m2+ 1E -%—J:L"Q\/:T-}-ldz— %J\/ﬂ:z——kld;c
:33(324— 1)F — L 2 (z\/F—!-l+ln(a: + \/x—zﬁ)) .

3 6

[

= L

# 1 BIEIED, AXNFARRL - 88
I'= riﬁx(wz +nF - % (:z:\/a:z +1+In{z+ Vaz+ 1)) +C. O

FEEH TIEE SRERRRRE SRR, H+0WE
M3 HA

3 2 "= 2 2 z! — Ay 2 _ 2 1
(zvx +1) 3x ‘”“*m 43:\/:1: +1 \/J: +1+W,
AL

a:zva:2+l=l (m3v‘$2+1),+ 22 +1— ! :

4 zé+1
TR
I:%(ﬁ:S 12+1+%\f‘m2+1—%ln($+ :1:2+1))+C. O
k
E L THRSETRRS [V Td 8 | S do t—RR

A2 IR B, EEALE S — R R T R LR B R R AR

&3 AP 2R GEE MR T IRRA TR R
TrRBPLATRA Yy, k2 R SR i TS AT ROy “ERE, B—R R AR
5. ¥R L HRE M P S RO S = A R, AT LB ER SR
ETR S TRRIEE —EHETREETRG .

fiE 9.1.3 itH I = Jcsc“'zd:c.

M I= J.cse2 zd{—cotx) = —cot T cse T+ Jcot z d(csc” x)

— —cotz esc?x— 2 J(6564 z —csc? z) dz

= —cotx csc’z - 2] -2cotz,
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HA B I = —--;—cotxcsc2m- %cotx+0. O

i 9.1.4 iR I= Jmtan:c sec® T dz.

_ L o2 N _ L 9 10
iz I~[md(2sec m)—2m3e0$ 2J'bec xdx

1
= —2—($sec2:r —tanz}+C. O

& HFARTHEE T EHEES:
WRMHE Qe=n—t N

(® — £)sint sin t tsint
=} ——-—-dt=m dt — | ————df
d [ cos ¢ t coss ¢ cos® ¢

1 T 2
= - = -—I,
njd( 200521‘) 5 Sec 13

Ry L1 &3
I= —I—seczzﬁ-(}'. |

Rk S R EERE T L S B A R Ry SR %ﬁ?ﬁ’éj ESint 4y x5

cos i

| £252 do i mEIE RS, (8 1) HRCT R ¢ 5

cos? x
x By REL TEESIF. IR, sec®t 5 sec? & WRFFH Y, FREEEEE.
W RS A THERY. X BRYORT B = M iy, AR R LA
AR, WA LR R A RO RS oK. (B, /] —H78, B
RRE LR LRy 2B e R A,

B 9.1.5 KT j ﬁ%‘j—)z— az.

zlnz i 1
" defﬂ*—ﬂ‘”d( 1+$z)

_ 1 Inz _" 1 dinz
- 1+22 | 1422

inz dz

(1-1-3:2 ) 9:(1-{—:1:2))
(2 rz) )
1422 J\ = 1+ x2

_1nm+%ln(1+xz}) +C

Inz 1 0 rod
1+ z2 4 1+ z2

+C. 0O
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xarctan

B AR R TESE SRERBERBRX MRS HEA
BRI RN T

T arctan 1 i
{Wdﬁ = &?Jarctan:rd (—1"'_?_—9:?)

B arctan 1 J d arctan
2143?02 1+ 22

RIeMBE— TR AR arctanz = &, JUH

iJ‘ darctanx lj di
2 1+22 = 2§ 1+ tan®t
-%—[cos tdt = 1 J(cos2t+ 1)dt
-;— sin 2¢ -+ —i—tﬁ-C’
= _i—-m_—%—}——{—%a,rctanxﬁi-a
B LSRG
J:H__EE_E; =_—;(rﬂ_—%%—+ i-(—lf—ﬁ- = — arctanx + C

= larcta.n:r u—-:l +—1~—-—-$———+C
4 z? +1 4 {1+ 2% '

E AL EGERRETUEY, M FRRRAME, HATFERY IR
WAEREEE T WEEOAET RS REGREIS RRSE, TRE
EHHEAEF TR

9.1.5 RN GE
(—) B RAE EETHXERE:

BU 9.1.7 FECRERS I :j Sinz oo

2sinz + 3cosT

(2sinz 4+ 3cos &)
2sinx +3cosz

534 EE@JJ dszdmzm+C, E

. ’ - 3si
j (2sinz + 3cos ) d;r.:.[ 2oosx = 38N 4o In|2sinz + 3cos x| + C.

2sinz + 3cosx 28inx +3cosr



286 FLE Ty

REEY, MER T — [ CT G, W 20+ 37 55 27 — 3T REET Y

2sinxr + 3cosz
R ERNTR I, RERASBARGT. BEENE
W B RITER, HH N T HERER o) = Jf(x) de, WL
AR J2) = jg(m) de B3 0.5 c,d (ad - be # 0), §F of + bg
of + dg BIRAHES jf(:n) dr ASHHE. VRY ol(z) +bJ(z) M cl(z) + dJ(z)
25 WA B B REOT ok 1(n).

dz
BUE 9.1.8 KRB [ o
d 2dx
W 4 ME) = [ N = | W
R 11— —
M(z) — N(z) = dz = — Z—dx
@)= Ne) = [ T ds fm%
£
1 1
*+J (H?) R Lk E bt
N ($+_1_)2_2_ 22 22 4+2x+1 '
1 dfz- 1
1+$2 l+—2— (‘T LB)
M(z) + N(z) J1+x4 :j$2+1 dzzj( 1)2
72 r——] +2
T
z— — 2
=-7_-arctan \/im +C=-1—23,rcta.11 3:\/_—::1 +C,
Al L ARF
1
M(-’c)=?[(M(ﬂ?)JrN(ﬂ?))HM{E)—N(:ﬂ))]
_ 1 22— 2z +1 1 2%~ 1
_—4\@1n$2+ﬂ$+1+2ﬂmctan Tz +C. O

¥ AEETRER 021 MERaRE R, B ERNEABRS.
(o) WHE 12 fulo) BEE ¢ MEY EEARVEHEH n e Ny
BT HHRS I = jfn(x) de, TTLLE &M THEAS &1L R B HE R YRS

Toek = jfn_k(x) dz (0 < k < n), 3 LRSI %, HRIRSHRMEML IR
SR MY — NS RS SU R, TRV,
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BIEE 919 $HRAERS I = | romye (VEARE) ML
% 5 ERE RIA

I _J dz _ z +2”J z* 4
nT T2 T Qe 1+ 22+

T 1 1
- a2 | (e ) @
= _ﬁﬁ:’}T + 2nl, — 2nl,41,
FHEgEEL R
1 T

1
In_f_l_-ﬂ-mﬁ-(l—?;).{n, HEN+. O
FI8E 9.1.10 3T H R m,n, E X I(mn) = }'cosm z sin” zdx, WERH :

cos™ 1 x sin®* m—1
I{m,n) = m+n m-+n

Itm—2,n).
i HSHRERE
I(m,n) = Jcosm z sin® zdz = Jcosm—l 2 sin® 2 d(sin z)
=cos™ Lz sin" Tz - J'e.in zd(cos™ ! r sin® z),
WEE— TR Lt BT

js‘m z d(cos™ ! zsin™ x)

= Jsin:c[—(m ~ 1)ecos™ %z sin™ £+ neos™ zsin™ T al de

= —{m —~ 1) .[cos"“zm(l — cos® ) sin™ & dz + n]cosm zsin” zdz
= —(m— DI(m = 2,n} -+ (m+n - 1}I(m,n),

AL EERIEE L, m + n (B FEmARAR. O
BARE RE RS AR EEREAHEESNE AFERES A
i THRITE —-ERE

BN 9.1.11 WWEHRE n>2, EX L= J SIRT g ERE:

sinzr

2

Tt —

I.=

sin(n — 1)1‘- + In_g.
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E FIRREn,
_ [ sin(r — 1) cosx + sinx eos(n — L)z
L _j sinz dz
= J sin(n —.1)33 8T 4z + Jms{n — e dx
sinz
1 i i -2
B ?J sinnz +S?r11n:£n 2 dz + Jcos(n 1)edz
= %In + %In_g = sin{n — 1)z,
BB I = ———sin(n = 1z + Lz
9.1.6 #&38
L HHH TR ERG:
[ =z [ dx
(Ud T34 % (2}._}\/'(1——-?)_;
3) [In (1 +22) de; (4) “f—;ﬁ% %
dr Czin(z+vV1+a%) |
(5) | w1 (6) | ETST dz;
re® [ 14z .
(T)U (1+$)2 dx: (8)n m x)
(9) Plnz(x + v 1+z?)dx; (10) J ;%i::)%— dz.
2. BESHRSEITE TR 28
da e*dz
(l)jm; {2)J eF+e 2
bsinx + acosx dz
( )J asinz + bcosx dz (o #b); (4),[ P43

3. R TAIRERS

J(CDB4 z—sin*r)dr 5§

HET R R E R

costzdzr

(cos? z + sin’ 2) dz,

.

sin® zdz.
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4. FHHATIRER >R EL

U)‘[ﬂnnxdm; (2)jtan”$dz;
(] , 1 .
(3)Jsec z dz; (4)~[?;:ﬂfjfgg—dz,
5 e (1) [of (o) dz @ [£(20)da.
6 BHEEZFRE mn, EX T(m,n) = J-cosm zsin® zdz, AEAA
om—1 m _
(1) Immy = S ETL L B2, 2)
iom=1
(mrmﬂn=_cmﬁ§i m-+f;1nn—zn-m.

§9.2 JLATRRHK

9.2.1 HREHORL

AR SRR AN TR E RS, BRSOy A R B TR
. HEEETLRNZTASES M, TS AR E o
FER R LR, FR TR RN FRE— R NFELL

TESELAP 2 A RS AP SR AN, B R (R RR S 4 R v (RO
B4, Xy BBRAEER I [14] BARER 270,

(B35 i £ EREE L RA GO ME XBEF -SR0S TERN
=GR

1

2.1 4 ——
B 9.2.1 1 -0

B RERNFREK
1 1 A Br+C

1422 = (1+z){l-z+2?) T 14z T z+a?
G 1+:1:;FET,’%9:—>—1,4’%A=%.
5 (9.1) FAREL 2 )2, 4 £ — +00, B A+B =0, B=-A= _%.
it (00) T o= 0 RA, B 1=A+C ERC=1-A=2. O
SR B R A A R R M RS RS T, Lk
AL A AR R, RSB N, R A G ERRAE (9.1) HZSHIES A
BT (1+2) 2H2 BEA z=—1 RARZR

1k Ry 2 AEIH.

(9.1)
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THHE—THEER— S0 T (R [68]), i 1 FAEHRBIHHR,
EE RS IHE AR E

il 9.2.2 RAE/G

J’ 27 —22% 4+ 42% — Bt 4+ 4x® — 52 —
(. —1)%(x? +1)2

1 ICEREREN R(e). BRESMELEHAR, B
22—t 4t -3 -2

CRSVIEEE
RET T AEE, ~EEE—RHNT:

2 —at+rP -3 -2c A N B Cz+D Ez+F

{x — 13«24+ 1)? T {z—-1)2 m—1+[:r2+1)2+ %+ 1

FHiLERL (-1 F4 x— 1, B8 A= -1. Rfﬁfﬂlﬁgﬁﬁi (z— 1) BRE
Aoz =1 Ay SEE, MW R SR T

(5-4+3-6-2)4-8-(1-1+1-3-2) _
16 -
L (9.2) AR (22 + 1), B4 ¢ — 1 (ERPaoinm), wen ©
Ci+ D= i-i-i+3-21
_2i !
Hit, C=D=1 8B (92 Hiad =0\, B A-B+D+F=0HK
F=1
BISTE (9.2) BaE L 2, #4 2 — +oo, WBR 1=B+E, FHit E=0.
AT A B, ROTEFIRER Y

dz.

R[::f:) =z+

. (9.2)

B=

1.

1 , i x 3
_ 1 — 1]+ — gret .
|B@)te = 5o+ o+ gtk 1+ Jerctana+ 0. O

R EFHFREME (9.2) FHRDEN EBE, BINEHE R ESS
&, EEMER, T EAERER (R [68).
M2 Bl (92) HRE A= 2R, HERX-ARAED {HH S

x® — x4+ 33 - 327 - 22 -1 25422t -2r41
(z-12(Z+1)2  (@-12 (z-1)2(e2+1)?
_z#t4+ri+2°+2-1 B
(z—1D(z24+12 ~ z-1 T

@ XHFTHRLEMED G ENE A L. X B KRR — Rt MR RE A
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RERAHRE B = L. TS FBE L0, 1 H B3

et i r—1 1 P4z -2 etz
(x — 1)(z2 + 1)2 -1 {z-D{a?+1)% = (22 +1)2
T+1 H

S@riE T Erl

LIT g O

TEHEL DM HS XM, BT HREk S5 E R XF—
SERRPREE S, BN — BTk

0 Bt |22 ao BB, Boek Qnla) Sy m KA. KB
A RHE v = 7 — 0 BN Qn(z) BIFH = = o L4 Taylor st
PUmE 9,23 1 | 15 i; dx

1+ x)? 4 u ol u3 ut
=—Flniu|—i+%~ 333 +C
3 3 2
=l ooy Yo T aEr e TY -
Qm(m)
(@) B8 | T e BB, HA A R, Q) 0 m KR

A XA RN Qmn(z) B Qum-2(2)(@® +pz-+¢) H—PRIAHEA, W0
Fom =222, BEN Qro{z) FHRERE BRRRIVMT 2 (HIREHH).

9.2.2 ZAREFEANAS

= A RNE BT jR(sm, cos ) dz AU “FTEAEH ¢ = ton
WA R RS RLS (E T ER R B0 £ S IR AR, S T AR
Sk MR TR R T e, T AR ELA R e 1 B AR
b, T SRS S+ R B T S BRE

1. TH R(—sing,cosz} = —R(sinz,cosz), N4 ¢ = cos;
2. M R(sinz, —cosz) = —R{sinz,cosz), W4 t =sinz;

3. iR R(—sinz, —cosz) = R(sinz,cosx), M| 4 £ = tanz.
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dx
sin x cos 22

GINE 9.2.4 8 T = J
B LRTEEER L FFUARE ¢ =cosz HRIMT:

I"J' sinx dz _J‘ deosx
) (1 —ces22)(2cos2z—1) ) (cos2z - 1){(2cos2x —1)

:j (tﬂ—l)d(;tﬂ—l) :K(tzl—l) - 2;—1)‘:“‘

1 E—1 1 Vot —1
-] - i C
TR TN B e
L v2cosx — 1
\/§ \/ﬁcosa:-kl

_ 1ln cosxt ~ 1 _
T2

+C. [
cost+ 1

cos 2

IR 9.2.5 B I = J dez.

sin*z + cost

B BT LEEAER 3, BHA[4 t = tanz HEMT:

cos?x —sin? o

2 2
_ cos? 1 1 P zJ’l—tanﬁ:dt =J1—t At
d ,[ sin*z + costx  cos?y . Lt tensz o0 1+ ¢4
cogd
1 2 4+t +1 _ 1 sec? £+ 2tanz

/2 2241 242  sec?xz—+2tanz

FEBEARSHAT O 918 faigR. O
AT, AR T R AR, R AR

72 I_J cos 2x

(sin? £ + cos? x)2 — 2sin® z cos? z
2 dsin2

=JWL°';_;L4(QI):J__$}12L

2 —sin“ 2z 2 —gin® 2x

sin 2z + /2

§in 2z — /2

dx

1
= In
2+/2

F FEHAEESE, R=EAREFELANERSN, AL T g
A SRR e, TV AR R AR 2 FoRBUE X . TRRMBE—H.

HIRE 9.2.6 (+E I = J sin? 2 dz.

St FERT LW 3, B REER ¢ = tana #f, HREBERA T
T A T TR

+C. O
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W Ras R T

I = —Jsin3:1:dcos:r = —sin® rcosz + Jcoszdsifa:

=~ —sin®zcosz + 3 | sin® z cos® zdz
o

= —sinzcosx + 3 | sin? x(l — sin*z) dz

= —sin® zcosz + 3 | sin® zdx — BJSin“m‘d:r
. 3 3
= —sin’ T cosz + (1~ cos2zx)dx — 31

3
= —sinreosz + —i-a:— 74-——3'1112:::#3{,

I
FrLigs I = Y sin® xcosz + —g—m - —%-sin?m +¢. O

MER=AREEAAR, WRERS T E R R

2
2 I=[( l—cgﬁ%) dm-—-ij(l—-Qcos?aH-cosﬁQx)dm

2 4
1
=i 1—-2c0-s2:c+—-———+6054z dx
4 2
3 1 1
o o ——s5ind . O
8:1: 431112.7:—1- 3 sindx +

9.2.3 FHIRHBFRSOEF

—BRIR, TH A ARG R SRR . P, BEE Ll s
iy IR e A AR S

Jmm(a + bx™)P dz,

St 0, b AL, o, p HEEE, WAL 5, (1) /n 2K (m-+1)/n+p HBEGX
= PR T BB . AR T R X AR %, T (14
%%Zﬁﬂﬁ$ﬁ-Eﬂﬁﬁmaﬁﬁﬂﬁﬁ?@mIMmﬁﬁﬂﬁﬁﬁmw
(a #0), Bt R HEEAREREEUY, AR Ever BHa= f BB 0 H
BT (LA 0.11 Mt 2). TIERATHEA— P, SLm st —
B HERRAG T R BT

-+ 2

__2dm.

(il 9.2.7 ﬁﬁmm{ =
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_ [z+2 _ 2+ 1 _ 8t
BoSimy o Mes—goy o = o AR

1 {z+2 442
J? $—2d$_j(1—f2)(1+t2) &

1 i 1+¢
=2J( — )dt=1n}wr+—t‘—2arctant+c

1—¢2 14¢2
z+2

1+

r—2

o2 —
=1n$+\/a:2—~4|+arctan( i 4)+C. O

2

¥ sFEm jR(x Y ““”) dr (n > 1. ad - be # 0) FREHLY, —

er+d

SRS = {2 mp B R RS

e -

1—-vz+1 dz
g+ 11+ ¥x+1)

B ASt=Vae+ L Wa=1°-1dr=65dt. Bl

BURS 9.2.8 AR [~ |

e 1-¢

_J £6(1 + £2) dt_ﬁj (1 + t2) d

o+ it -1) -1+t 1 t—1
‘ﬁj B+ t2) dt_ﬁJ(T_ﬁH l)dt

f

6(1n|t|-—%ln(l-i-tz)-t-a:rctant—t)-l—c

i

ﬁ(ln«?/a:+1——il)-h1(1+ ¥z + 1) + arctan ¥z + —\/‘*:a:+1) +C

vr+1
=3ln ————— +farctan vz +1-6vz+1+C. [
1+ ¥z +1 v

F TR jR(m, Vaz T, Yaz 7B)dr HRRERS, e mn RHR
%5, TTLLHE £ = Vs 76, Eof p 2 m,n BB/MAEN, WAL,

BE, RINEL—SBRERHETHLER, XSHTBREW (50 EH. *t
KR, —ARYSRARY MAERSFE WREE FRAEEN—
fme:, NERIESE, W AKRFEHFTHTARR, FREBEE
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i 9.2.9 (TEREHS I = Jvl +sinzx dz.

S RBEREZERSRABERS T MR ROIMFTHFEENTE
FRHTERRERSNZAESR, B EREARE.

L I= J\/51n ?-1-0052%-4-28111%—4:05%(1:3

= J(sin % -+ co8 %)dm

x T
= -2 — -+ 28in — .4
cos2+ smg-l—C

B2 4t=+1+sinz, Wz = arcsin(t? — 1), dz = %, A

22 dt de?
I:J =J =-2V2 -t 4+ C==-2/T—-sinz+C. O

VoiZ — 2 v2— 2
HiE 9.2.10 i'['ﬁ?ﬁ%fﬂﬁ}f:f&fﬂ&ﬂ _z dz (a > 0).
1l Hausass:
a—2z 1 1 —2a
I = z arctan - . . .
o+ Jm 14 877 a—z (a+z)? dz
a+z a+z
a—1T 1 T
= 1 — 4 — | ———
T arctan etz + > J mdz
= rarctan P —'-"-‘\/ 2224 C. O
B2 % z=acost, Al
., o L
a—z 1 —cost Z2sin 2 t t
arctan = arctan =arctan =arctan{tan—)=—.
o+ 1 + cost 20052—#“ 2 2
\ 2008”3
R I—aJ-idcost—-a-icost—ijcostdt
R ) 2
at
—Tcmt—?51nt+0

iarccos% - ?\/a2—$2+0‘. a

2
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1. AMZEFERETRITET R0

0| 5

x

® | zor

a{xz? + 1) ;

ez +2) d

2 it R T IIREERBETAE RS

[ z° — 1

] 1+28

rdx

) ErDEE+3)

[ 14z + 22
(@—2)0
dr

) 1+$ﬁ;

dz;

@[ 2 as

) [ (? ff}(zir 2) 4
@ | ey @ # 0%
4 : T 2—:.,:-1+ )2

(6) : 5 i; i 6z

®| (@2 +$i~ ;f;{:- iy

3. HH T AREFEANAEH] S

(1) J 1 —|—c?::2;593 ;
[ d
@) J 2+ ta.m':l2 x !
(5) ] Q1 jes(zx)? z
O] Trate &

4. & Poisson 4 J .

L —2

—~ 2rcosx + r2

5. HEF R R R R A

13 ;
( } Veinzcos 7x

(3) | Vtan? z + 2dz;

e

dr

dr

® |

) sinzcosiz '

[ sinZzcosz

tan® z sec® ¢ dzr;

J sinx +coszx

dz

@ |
@ |

| sin*zcos?z

dz {-1<r<«l)
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§9.3 MTHHELIEIN

9.3.1 FIEH

L RN E R BB REN SRS — EIFENER RN S
K, FENERFE AL FETEH L Mathematica, Maple S84 K%
R FE, FEHER P ERS X B, TR X~
B: R RAEBRMTESHT, AENZEHEA A7 FEHHNER T
TR TR RE. EXRENZEATUSE LEAHFAFH, 28
(19854EF), 214-215 TR E ..

2. FERMTEEFXENET. SEHITHFEFRFNRE—FRF
EFEHRANKS N Y8 2EREHTLEANGRERI T
B, XX FARENEISHPERNEIRRLRTLH. ERMREER
FEERRE ML SR, AR R R — A AR RN i R4
BRECTT, MR OO B R R, BURRE REERHE, fi

r

: .
e dx, Jsm:ﬁ dz, Jcosa:zdz,

[ sinT CO8 X dx
dz, dz, ,
] =z x Inz

dz , J\/ 1 - k2sin? ¢ dz,
1~ k2sin?z

dxr
J{1+ k2sin® £}/1 — k2sin® 2

SELSHIRAREN HOFE T ERIBRRMERL XEFERT
BYATRUE, B e AR RS ER A R, TR
KGR, TRETAHLEERRMAE CF MR R=
FrE R SR RAIER L [11] RREARE.)

3. RSB FERTRNFELCT RS, TTRFF. fm LE3)
HEHFZEERER T FEFEENHNHFRL B3 T HNIETLR.

4. MARSBHRRACBRINLER, TRFZHERGRE, WEHER
BAREF G % FR FZ AL AT, SRR ] UL 2] IE 4 I R

5. WZHERIEIX TERSTREREEE, £ P —ERNERA
WA S FREFRE I TEEERERRE L. Flin

dz dz sinx dz
(2 4+ a2)2’ ) sinz’ | sinz +cosx

(0<k<1)
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AR E AT, AN IR SR R R T LA R A
SR B R

9.3.2 &£%8

1. i f(sin®z) = cosdz + tan’z, 0 < ¢ < 1, IR B f(x).
2. HETFHIARERS:

(1) ::carctan:rln(l+$2) dz; (2) uhﬁ ;
(3) |[x]|sinmzidz (z 2 0); {4) | sinz In(sinx) du;
[ dz [ 1-2z"
) ) sin{z + a)sin(x + b) ; ®) ) z(l+zm) de (n€Ny).

3. XA E R n, X I, Ij (j,”gil do, R I 09BHEAR.

4 RTFER a0 SEHRE > 2, BX rn=j(:;2g+$j§) de.
EW: AT I, FREAR

2sina
n—1

I, = " I, o+ 2@, 1 cosa,

sin(x —a)/2
Adrt= 8in E:I: +ag::2 |
5. W QHNn XS, HEA n MIRER 2, i=1,2, ,n. XB P BE
Q PEFLYET m Vﬁgﬁi’c, H m < n, iEH:
J Q(m Z Q‘(xt‘&)} In jz -~ x5} + C.
6. K [ 1(o)do, Foet 1(s) 20 2 e
7. Liowville 7 L2 =+ ST T H RN AR R EH 4% H T Y
FRPEHEITIRANNE (Z [54)]), hEHRH— M RE:

EB W f9 HEEEK o FENEES, ME jf(x) e9%) 4z
EMSEY, WEEEREY b, #78

j f(z)e?@® dx = h{z}ed® 4+ C.

P S TR BE: j —=* 4z f j—‘fi o HRENETEES HEEX
AHE j—— BRI R R,
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¥ §10.1 TR H AT BUER A T B A F A R HAHAT TIRA
Wie. 5102 R ERMER, TERBSTEEESERS S TRER &
310.3 TR EMR S SHASEREH. §104 THERTHIHE. BE—
HFIBERNPHESHE,.

ERSH MR Z, SET -#EPa L8N H

§10.1 ERMMESESTRKH

10.1.1 ERSWEN
BWEY f XA 0,6 ERE L

L BRB P = {2021, 201,22} Jy [0, 8] B9— A8, SRR %KM

A=Ty <L << L1 < Ly = b

it Axy =2y — @1, i=1,--+ ,n, FHF || P = llélgginﬂxi S5k P R4

W Azi= <2 i= 1, n, FF P HHEAE
2. W P = {z0,%1,- " ,&n1,Tn} A [0, 8] B—A~53 R, XG4T EE [2:,2i-1],
R & € [, 2 1]; MER £ =1{&1i=1,2,--- ,n} ANEF P H—

AN AR Zf(& )Az; T Zf{ci )Az; % f X8 [a,b] E#—A

i=1

Riemann .

3. i Ik, BE lm Zf&. Az =1 8ve>0,36>0,%||P| <@

1Pl
Fak P, LB AR T P 88 R & AL Z &)z -1
=1

MFFRP F £XM [e,b] E Riemann BT SRR, 1%

< g,

f € Rla, b,
H 1 R fERNE [o,b) £ Riemann H4sUgE#49, @RS 6
b b
J fla)dz =1 & j f=1
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E1 ELREXP BRANBRERICS lim, {HEX Rk R -5 AT B
RRAHIIRBRER -0 EEXFET, ERERR YT RAE R,
HAERBEMRKE « H n. EXEMTEIREQME P, 0,5 5502 P [
LR TR EA MHEMTEAS P, MG NREXFERE A, BIHT TR
£ AW A9 Riemann #0. R M, PR RMEIBRRIFSER, M, HBR
- WRER S EAEH T LIBRIF S, M TR R R L.

®2 EE j f(@)de B8 ERESILSES f UREN 08 &

b
% TSR ER « BX % j F(z)dz T ¢ TTEABRIE B AT R, Bl
t‘!u?. "t EI];E- :
h b b
[ f@yda= ryae=] roydu=.

Q

10.1.2 TR&H#
FIR B & X b s SRR T LR R Ry — D B R
&M 10.1.1 % f € Rla,b], T f & [0,b] LHRH.

T r F(a)do = I, U FTARSE XA, HF € = L, fite— 4 P,
R TARFEA P EEFA % € HRTFER

<1, (10.1)

Zf[fi)&ﬂfi ~1I
=1

PAF HEER f EED L = (v, o] EERINT. MFRERN TRER L, BE
A & (k #8), BRATLL AR (10.1) AR F f(&) RGN

‘thiU -1- g flé)Bmy) < fl&) < —é;—(l? 1- ; FEx)Dzz).

BMF&EeEL =z, m|EESY AR FEL PEF O

HERT R LERE, FEIIAM TS, BB f ERIE (o, b
HE, P={x0,%1," " +Tnu-1,Tn} 7 [0, 6] 89—, X i=1,--- ,n, 12

M; =sup{f(z) |z € [wizs, %]} 5 my=inf{f(x) ]|z € [z, ]},

Hwi = M; —my j'ﬂ f & [ﬁsf-l,ib‘;'] T RIIRIE, Zwiﬁl‘i A ES it
i=1
E— R EESHH TEFE 2E TR L A4 FIE.
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&M 10.1.2 (RS~ LERF) BRER f € Rlo.b] WFESLE
FIFR

] Az; = 0.
uPlHrEuZw” T

&8 10.1.3 (REE-RSVDERME) BREY [ € Rlo,b] RTVE
ARG ¢ > 0, FFIERXM fo,b] 94— 530 P, AL

Z wiAz; < E.

R S ) Zw,,m;t = 0" B Ve > 0,38 > 0, % [a, o] HIFERS

iMﬂH%MW<6ﬁﬁﬂ¢§}wMﬁx”WETﬁ%% PR E
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S0 NI R ER A AR L R S LA R L
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VST @ B D EAAR: X4 € > 0, BB E—T on, HRT
0t <oy <o RAGEE AT 311 . XAREHEBRR TRAOS
S AL T T Riemann FUATT-4 QA SRR IBHE . ML A YA
EEA LS [14] B %HF 2 P Moeore-Smith UL

R R B A&, AT LHERE % F Riemann AR HAH =40
1. ¥ f € Cla,b], M f € Rla,b].
2. 1% f 7E [o.b] EERAREHR MW A, W f € Rla,d].
3. 1% 7 [, 0] LB, W S € Rla,b]
H—JTH, i D(z) % Dirichlet S¥ (R 4.1.5 /& 11), I %45 2 X ]
(a,b] UL lo,b] RSB A4S P, % & HIERE, & ) fE)Azr =b—0a, 10
& & BBUEHEE, WH ) f6)An =0, ﬁﬁﬁﬁﬂlﬁﬁéﬂﬁ%ﬂ‘ b—a. B

ST, Dirichlet, & $fE FEFA K (0,8 TAFAR
R R AT A, & T8 2t S TR, A
AR REARE N TE

&8 10.0.4 (RARB=RHLERHE) HFFHEY f € Rlo, b RELM
B ve,n >0, 77 [0, 8] B4 RE P, HIRIERADF 9 FREFKEZRNT €
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erifmi £ (M -m) Z’ Ax; < (M —m)e’,
" it
Z widz; < ??Z Az € nb—a).
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P
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)
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B 10.1

T HIEBREEESHEE A RERGRITERE RS ESS.
I 10.1.1 EHFEL
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ok n AATEE. Wl f EXEHFRE E—-F0Es, FIREIREEX
BF R NENIFREIE,  f T NFREEEMRER N 0. EEFEE
TRER SR [0,1] ®— T2/ EPRER/DT n T ERAKEZHH
T e, A RMA SRR A M f € Rla,b. O
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10,2

XFERATHUE B Riemann A{BLRETLIH R EAAEL S AN, X
BRESE RS AR A 1011 iR ERRL. i, F 514
R Riemann p¥rLLRHKH BV EET S, HENMRETRER (BFETE
Ry RSB,

XEERE, BRARTEEER S B ARE, BNAT LA B RETRDY
FrRERER R X e KRR A ARG, MR %ﬁﬁl—:ﬁﬁ
HHRTRE, BHFEATCA— MBS ). WTHEN e >0, HRE Se f

SRR r, IRE o OFRABER 2, -, FRE e MFKHE
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i MTFHEN e n >0, ERBREDT c HERITIAFITFHEMER
fOBHAEES REXNTHEMEESR, 85 20, H—1PHE Oz) #E A
BR XA ERREANT 0. BT f ES oo WESEY IREBHIN.

T MEE BT, TR EEMENEENEEANHE
(6] —~ERA R EE [a,8] @~ FRE iEX {Oa}-

FIRIIER XM B 5 28 (A0 MrRE 3.5.2), 774% Lebesgue $1 6, fERAER W)
la, 8] FRIFHEE T ML 5 BRI ST L AR E R {Oa) PEFE— 5T R W[5
i3

X TR [ab] BURERBE 6 EESY P XS TFRESEFESRT
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BT XA ERESDT o MERIARATREGFRRSRFELHTE®
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F OELERERT, IE-IESTURRKEERDAESTFITF
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#R, B f 7 (o, 0] LN PRS0
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PR A DR — 8. W E I R VISR T LB E R E A
B, XA LA L mfT A Lebesgue & BFIA R M & £ 0 B — M AT Riemann
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n
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a
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12. i f,g € Rla,b], P = {zo, 1, ,zn} BXH] [a,b] P94 %1, JEBH: Ve > 0,
A6 >0, X FHE |P) < d WS P, HAL
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§10.2 FRSHIMEHR
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Zmlﬂ.mi = ? > 0.
=1

BREMAFELSH AT 0 WX —IRE & 3, MR p = ma, [6d] =

@k—1,2x). O

i 2 FRIEY:. HFH0FAS, B (EXEEN) T80 o> 0 e T
R [e.d], FEEE € € e, d), R F(€) < p 1E f B9 Riemann FIZ AR FET5r 2

&
RO R RER B A 5 B, KRR j f(x)dz < p(b—a). BT p>0RAE
b
i, B A E j fo)do <0, SREFE. O
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& EEHHFIE L, T Darboux Mip, W EIEIES T E 4.

LR £ ERTRIgR T RAF P EEHE (W 10.2.1)
Fy e (B i (925 B T .

BIEg 10.2.2 IR F—HETREEE) MF f € Clab], g € Rle,b H
T [0, 0] EARES, WA n € [m, M] = f{la,b]) EREABLERX

h

b
j f(@)glz)dz = j o(z) da. (10.3)
T E—2HETE € € (a,b), B8 n = F(6).

i ERRASEEERA S - PESENSIEIR, FERe—1
I ST (a,b) MECEIRE €.

FRASAWERT LI, FRESIR.

(1) inms | gle)dz =0, MBI B — LA (103) 0T
0, TR ¢ TR, i a R

(2) WUE £ 15 fo,b] H B MERRAILRES, 814 m = M, 1 £ R AR
25, BRI £ HATERL

(3) W m < M, HEEBR (10.3) i 1 € (m, M), TSR AN
AISEAE € € (a,b) (1B £(6) = .

it RRL LR 2SR T o R fo,8] LS, B
# [ g1z > 0. Lt m < M, B RURAR 0 = m

WAIEE 10.2.1 SUEREEE TR (e d) #1 0 > 0, A o, d) LA

g{z) 2 p>0. {10.4)
L F fz) —m H glz) 7 {o,b] LHER, FHILAERX (10.3) B8

h d o
0= j (F(z) - m)g(x) dz > j (f(z) — m)g(x) dz > uj (F(z) —m)dz > 0,
TR ERBENERAET 0. 8T f ¢ Clod), XMAESETE [od) LA
flz) =m.

FHILTE (c.d) C (a,b) FAEBL S E N € BIFL. O

3 ETRAMEMNTHEA S R, TTEAS% (52, 56, 78 [59] hfirth,
F B S B R TRL NIZER RS TE [56) SRISERR: W £ BT
AT WE € € (0,0) GREHENA BN — M BHE).

FT—HBasEe SHE 10.2.1 BEFEREHME, AR — P4tk
. A EENRERTZEANELREE ZRE=F).
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I 10.2.3 RAERER f € Rla.b), BFETREH [, d] C [a,b], FHE
le;d} £ #{z) >0, W

r flz)dz > 0.

[+

T REF (e, = 0,0 ERET, FREDE 0.5 £ S >0
AR, SKEEH f 7 0.8 LR, R J F)dz = 0, Wl
A SECFE. %, MBI 1021 A ’

r flx)dz > 0 = A[e,d] C {a,b), #TH f{z) >0 V€ ed (10.5)
Wt e > 0, 78 (10.5) A ¢ — F R F, ATLIBRE

0= r flz)dr < e(b—a) = T[c,d) C (a,b), B O < fz) <e VrE€led.
’ (10.6)
WAL f ¥ o, d) AR 0. SlERTRAMAREEZH (I §3.2
). A e, = 1/n, n € Ny, 30 [e,d] = [a1,01], A EHY# A (10.6) B2
{(an, bal}, BRI EAD n, EXA] [an, ba] LRZAER

0 < fiz) < %-.
REARXNETHE, £EB TEIMHEERNE € € (0,b), ERER S n 8057
0< £(6) < *:;-T

EIXREM f(§) RAFRERY, SliFE. O

EW 1013 N FEAFTUL, LIEAIEIRE 10.2.1 71 10.2.3 ZRAAR AT LIARDY
Lebesgue E¥ (A 10.1.6) AUHERBE] EH oL —ik. {H “FABTREFII7,
FEE RN R MR 2 R e AR,

10.2.3  FRHEFRER

ﬁﬂﬁ'ﬁ_ﬂ@ﬁ fn{m) & R[Ga b]: nc N, NFE [as b] J:ﬁ&h’ﬁ‘ﬁ'tﬁﬂﬂlﬂgc fn(x) =
fz), TTERREY [ € Rla,b), XIF@FESH FHSFARGHL

TL—

R FHERA S TRRMRAFE, W2 n - oo fIRBRARAIR S (B4R
—FARIR) B R A RFEAY (AR, R FRR G 3 A HrRn HeAR 1 2 A AR
BE

h ” b
fim j folz)de ﬁj f(z) de. (10.7)
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‘R R FHFEE (10.7) KERE F—E". fim, &
n, <z L,
Falz) = { n
0,

mﬂﬁi—ﬁ] zE [05 1] ﬁ
f(z) = lim falz) = 0.

Fe— 00

{E75 S ik

1

lim J; fale)de=1#0= J flz)dz.

Tt 0

XA RS ToRBREER, BRI EEERRRB2H SR
BT, BT XA R R RN — T iR, RERROTRHME
AR AR, WA B T RRET. TERER — S HE, HAR AR §
YRR — e T5 78 H AT O 2 7 LA SR P A B R 5 (9] R

/2
{11 10.2.4 JEfH: lim r sin™ zdx = 0.
Tl =t D0 0

B FEEHRTRETSHEESR (LW 10.4.9), B ATHREE N #
BRI BCTRRAE, TEETTLEIA 2.3.2 NWRIESIE 8 (B kgt
T ERSHE FRHEAH? FFURNTEENFHREITE.

HAER ML EEmE. £/ 103 FEHRT n = 4,20,100,500 A B3
sin™ z g JL47 B 4%

b o e e ===

T—c 4y =sin" x
) {n = 4, 20,100, 500

4]
T B
B

A 10.3

W HTT UG Y, o F sin™ T = 1, BEGA n, E¥Csin” o ZERORTUA
S E—RESE 1. B—HE, A TEENY ¢, RE = AT - U2 n 4k
RS sin” =z FREET 0 XRETEN “omMaL” FiEnLEIER.

i HEBFERA N £ X5 HEH.
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MFRER ¢ >0, A e <=, WLHRF ST T (ZEE 10.3):

/2 {m—e)/2 /2
{}gr s’m“mdmz-l. sin“md.r+J—" sin™ zdz
0

0 (r—e)/2 (10.8)
si,_—gusin“ “;E +%.
e l:Jc:.sin":;E <1, AR lim sin” “;E =0, \ifitFiRe, IN, Bin>N
A, AL
®—£ £

v
0 < —sin™
2

7 <3

EH n> NBLBEE O rjzsin":cdx <g O
0
E1 AMEL, THRELR (W §3.6 1) RHHERSERE L & (10.8)
ISR FEES n — oo, HF]
/2 /2

. . _— . £
0 < lim sin"zdx € lim sin® zdx £ -

oo J g n—oc |
FIf e >0 R TR E, TREHFENO
E 2 ESFRSEERRNEITE, SImE [41] TR RIKE
T 1 T 1 =z
7w g Tt
FEFDRS, REAIEEREN (EREFD & n — oo WHHRRAR 0. 125
AT L iR,

HE3 AR AR T
i ERAE-HEER 3¢ o, 7). 78

[0 E

/2 /2 T .
J1 sin™ 2 dz = gin" &r dx = —sin™ £.
0 0 2

AWEH—EE 0 <siné <1 iy, AHBE
/2 . W
lim sin"zdr = lim — sin™ & =0.

n—os 0 T

SRR WRET £ FREY TRIHE n ML, KN &
U s oo B, FAEEIH & — 1/2, EI sio” &, £ 1° WHFRER EILHK
FURRENE, RIVE A— 35 {on} (98 ~TWE 0 < 0, < 1 RBRH
lim al =0 ) (RAHY).

T BRI 2.2.4 RS
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BIE 10.2.5 RERE f € Cla, b, HEM:

n—x

Hm (J: iz d:z:) * = max{f(z) | € [a, ]} (10.9)

S B M = max{f(@) | 7 € [ b)) BT M =0 HERBARYL, F
WAESE M > 0. HARAGER lim ¥a =1 (a > 0), TLEFEKN
0,8 € o, B, (#EA R LA

flz) 2 M, (10.10)

AR 2.

:Sln—-

([ e dﬂf)% > (o) > -t ~as e

(RIFRE AR T {H M BEH [ MEKE, FH—B¥iR (10.10) RrTRERZ.
FERABEMRE, ¥ 0 <o < M, ¥ (10.10) ey M 305 M —c MAMEEHR.
T R AMIEEE kW E.

iE R flz) =0, MFHESEXBARML. N, # M = max{f(z) | z €
la,b]}, W A > 0.

%0 <e< M, e, B C o, b, G

M- flz) <M, z€lof

FRH

L L

(Fraw) > ([ras) > -
AP AFX

L

kil

]
M{b—a)~ > (] f“(:c}da:) 2(M—e}f—a)~
FlHE. THRE LARBES

Mz nil_‘ﬂc U: i {x) d:r) * > nl:_n; (J.: *(x) d:r) N 2 M —=.
Me MEEHATLLE, TRREMEFESET M. O

BTRS S THRIRBAHEMREL. TEE Riemann FIERTFFR Fourier 4
¥ES LR, HERAE—RER-BHEHTRT.
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518 10.2.6 (Riemann 3|#) & f € Ra, 8], N

b b
lm J f(z)sinpzdz = lim J f{z) cospx dx = 0.
a pertoc ]y

p—+oa
EAEW LA N
BlEE 10.2.7 (Riemann E3#) & f,g € Rle,b], B¥ g £ T HHAHIN A
ek %, N

b T b
lim_ | £e)o(p)dz = | gle)dz | fi@)da.

p-—++00 T Jo

HiEHEEa%E.

FEED, D ERITERT B+ 2EP8) T XTREY f SRR
{(HXBTEESR f R AR ] B

10.2.4 &8
L 8 £ & Cla, b, BMBRE 5(0) = o(b) = 0t HABE g & Clo, b, H
r f(z)g(z) dz = 0, FFM: f=0.
2 € Rloth B || f@)de > 0. i~ 2R Pt | PPGa)s()ae =
+ 0, yEBH: P =0.
3. % feCl-1,1], Hxf [-1,1] LeyEATREB RS o #F Jl_l flz)g(z)dz =
0, EH: £ R [-1,1] LA EY
IR tim [ 0o an
5. MR 1024 1 FRTESALES, W5 RO TTORAE, JE/E HVEW,
(LRI, ER e, 8 i [ @) de=0m)

/2

6. B4l z,, € [0,%], n=12.-- HiFE %j sin® z dz = sin” x,,, T+ &R

0
B lim z,.

R—00

. : . h
7. & f € C[~1,1, iEF: h%j*l e f(@)dz = (0).
8. i f e C[0,1], HEH:
1 1
{1) lm J 2" f(x)dz, (2} lim J na” f{z) dr.
TI—{x0 Ti—+x0 0
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g}

o, WIS {an) W Jim | ""do =2 SRR Jim o

sin? nt
o sin ¢

w2

I&ﬁnEN%Q=J &t HEEE tim —n

—oo lnn

§10.3 TRMAFSMRI>EFERE

AT BRI 5 5 B IR R R Ik o, WTHELL Newton-Leibniz 03
AERARBIE T —FH.

10.3.1 FEGE
XTARBINFELERE T EWHAGE:

& b
&7 10.3.1 12 f € Rla, b, muamwﬁj £(0) dt wzwaﬁﬁj F(t)dt
AR 0,8] FHELEEY

&M 10.3.2 % € Rja,b}, v € [a,b] 2 f BUiEEER, W)
d X
aLf(s) dt = f(z).
A 1 T TR MR — A S
S8 10.3.3 (EHEAETEEIE) 3 1 € Cla.bl, W f 7 (0.8 EHERER

% 10.3.4 (FHRARERLR) # F 1L {o. 0] THELATEL WHES
z € {a,b], f 7. Newton-Leibniz /47:

rﬁmﬁ=ﬂﬂ—H@

a

TELPOCRA R 10.3.2 F1 (3 638 10.34 FRARMAB R EHE. X R
Newton ] Leibniz Z3H. EMITZHE, MaRMBIHIFETHERCLEEH
{HE R Y Newton ) Leibniz LI [ MAoMRMEHNTEXR LR, MRS
I RARE R EEIFFET SN ER.

e 10.3.4 B

& 10.3.5 % f € Rlo b, F & f T [a,b] L—PRES XE
z € [a, b}, 3T Newton-Leibniz 242

rﬂﬂ&:ﬂ@-F@.
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&1 ZTHBLEFAMR R EE HREMEHZTEABELTE
LB W P EGR—FT. RTRXERTHIFERAGTR, 4
AT LZ% (56] LA R BT oI SO,

&2 1035 AT # f € Rlad], F e Cle, b, HBRTHERANSR
ZINRREM F = f, A TFED © € (0,8, AREEHFR

| 02t = Fo) - Fl@)
XERFR R XA Newton-Leibniz 235,
]
3 3
J sgn zdz = |z = 2.
-1 -

BBE 2f: (1) TREERLEREHG (2) 7SR EER L TR,

# BATHEXAKINRICTERTEE Hk (1) RESE. T Q)
ATRAERERNE [-1,1] ER TR R AR AR

:cﬁsin—l;‘;-, z#0,
_f(x) = T
0, z=10.

10.3.2 g

PR 1031 S LA ERRA T AR SRS SR S A, T AR
—HIEE AR TR, MF 7 € Cla,b) SIAERBS Flz) = j F(t)dt, 1l F(z)
% [o,b] EAUESTHEY. Fit, RITRETREN S ENRS 20 TA
EFRE.

AR — i L — B s, (B B A
SAE R TR B 6.

{FigE 10.3.1 % f € Cl0, +o0), & > 0, IEH:

E (K f) dt) dz = ﬁ f(z)(a—2)daz.

E N o BRFAER, SATHMBE LEEL. % o =0 MRS
F 0, REWFIN o K%, AR SEBE
(j f(z)(a - 2) dI) _ ( [REESEE dx) - [ tt@yes

0 ]
7R G AE AR, I Newton-Leibniz AR RBIIFR B O
F—ERARE, HRE LS BB TR
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BN 10.3.2 i% f € R[A, B], a,b € (A, B) & f WP MESZS, IEH:

bt _
mjﬂ Tet N1 45 = 1) - fta).

i BEARARERASRSCEH R, BRI 10.3.2. iTHAT:

Hr fath =16, ﬁ;—hmi(bf[g;+h da:—J f(m)dar)

h—rl:lh. Ja

=1 % ('Hh f(m)d&"—jif@)dm)

Ja+h

~ Jim - (;Hh f(@) dz - j:“’ f(z) dm)

]

= £(b) - f(a). O

SRS T SR RRABBAL
i [ LEERIED gy _ [y St 100)

h—0 ], h h—0) h

£
h
- [ 1@ e = 10)- 1001

WYEHER: FEMNEHESPHES—SREFRE, BT =218
(1) BERERHRBESREFZHTHRIT; (2) MEERERATIET &
o f RFEW s, HETFERMA: 3) BfE f 7E [0, b] EO %, (HREHWA—
EAH, BN R Newton-Leibniz A,

TR B —MIERE R S R AU 7 IR A SR A
BIAR 10.3.3 & f € Cla,b], BRE &M

r:ckf(:::)da:=0 (k=0,1,-- ,n),

O

EH: B ST (0.8 AEDH n+ 1 P ARNE S

b
1 RBEME. T =0, M J f(z)dz =0 F1 f € Clo,B) TR £ %
(a0,b) B, RIESTF 0, HEEIE AT
BRF n R BRI, RITTE n+ 1 BWR. 5 ARDEK

Flz) = j ft)dt,
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ﬂHFm%JL&fﬁEm%ﬁj flz)dz = 0 BE F(b) = 0. L MAHERRE A
Ritkz21%H

b

E ¥ flz)dz = L " dF(z) =z

b
—J kz*~1F(z)dz

b
= ~J kx* P (z) da,

[ry

B R

b b
j :nkf{a:)da:=(]=-j " 1F(z)dz =0, k=1,--,n+1.

BIERAEE, FE (0.b) AESHE n+ 1 MES BEMMEY oy <z <--- <
Tnyi- AT o 1 b XER F BEFS, WiIC a = 20, b = 2aq0, FHX (25, 2041,
i=0,1,-»,n+1, FH n+2{ Rolle 8, MBIFERE n+21FS. O
THEHES LR PR r—ER.
WE 2 BAREE. SHE A F A BN, (EE AT
ﬁﬁf$&ﬁ%$0ﬁﬁ&%ﬁjﬂm =0T f EEF (0,5 f—
I
FIB f HEHEESSREPN—F 4, 7 HEH RTE o, b #—44R1

P = {xﬂsxls" ' ,ﬂ:k}}

HA? 2o = 0, 2 = b, FEIM k- 1 P G8E F OFS fFEGTTRELAE
S MEMTHTREL f 9fF5HE.

HEIEERRAL k-1 <n.

®F4 R P ATRAR R B S IR

g(z) = (z —zi)(2 ~ 22) - [T — Tp1).

g XT4R P BAY f WEMER: BIESSFRREAES, mEMSHT
RE EFSHHR. ARERHAE - ERAKN (o] EAES, Hilt

Jf(n:}g(:r:) dz > 0.

F—HE, BT g BIKBAEE n ME I, WERFAF L LR HYET
0, \m3iiFE. O
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F+¥ xhoy

1.

10.3.3 #38

HHET 7 &R
2 .1 ’ d [ sint .
(1) (Ltsdet)Q::D, (2) o LB ; dt;
xr T 2 2
J {arctan t)? dt (j e dt)
(3) lim =9 5 ; (4) lim — :
z—0 T EF—4-00 j e?t dt
0

.1 f € Clo,b], BFETEHY M,n > 0, XA [0, 4] C [0, 0], HE

[ (o) da| < (3 - '

iFBH: F=0.

B f € Clab), BEE [o,b] EHRAFA fl2) < r f(t)dt, IEBR: 1E [a,b] I

flz) < 0.

g € o, B [ S0 costar = j:f(t)sintdt =0, SEW: [

0,%) RELARITFS.
B F AR DTS AREE AR, I A& LRSS

F(z) = L F(tydt

AR A — RS — SRR A

B f € C(-o00, +oc), ARG J " flz)dz WHE o 3K, EH: f HAM
B %L

a
a

ab
38 f € C(0,+00), AXHEMT a,b > 0 WAL J f(z) de WMES o T3 i

REBF S

% £ € Rja,b), W THE £ € [a b, BRT j: f(@)dz = Jif(:r}dz, S35

PHAAXHERY € FE (a,b) WA—ETFE
ﬁ f = O[G, b]: ﬂﬁﬁj‘::}: 0, ﬁEﬁE E [ﬂ., b] J:.ﬁ

i ([roe-] 755) >
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10. ¥ a,b,c,d BB, JEH:
L a{t) oft) dt L b(t) di(£) dt — J

1

a(t) d(t) di J B(t) o(t) dt
1
i (= - D B
11 f € (=0, +o0), glz) = £(0) | £(6)dt BAMD T £ =0
12.  f 4 [0, +oc) LaTHL, ﬁ?ﬁﬂj e =5 | rean £

§104 ZERAMITN

—R D, WE X EFHREESBAYERAY. A7 LL Newton-Leibniz
AT (RAE 10.3.4 1 10.3.5) MEM, R =/ P E A BRI R, EF/a—
NSRS EME ST BRS T EEEMN A FHRAEX, Baofhit
FEATESMER T —%.)

10.4.1 HAAHS5ZEN

HARERS G H B RN, RS0 REIA B TR
H 10.4.1 (BRI HHBML) | o'(2),v'(2) € Rla, ], N

b
Lu(z)dv( m)v(a;}i J o) dufz). (10.11)

# ENAERARN, WR uwe)ve) K ulb)v(d) FFEE HE ulz)v(z)
EH 2z = o Bz = b FRES WTLH w@jvl); BEH lin ulz)vle) -
im u(z )‘v{iﬂ) (BRI o' (2)0'(z) B e =a 2= b AFE HRHTEY
E*’T‘izlhu:ﬁﬁj'f”ﬁu&ﬂ%ﬁ SEAFRASMHE L TX, HRITa
Wi o' {z)v'(z) BA]FRPER RAR 4.

S 10.4.2 (EFRSTHBITRME) & f € Rlob), = = g(t) # o, f] L
HeSR iR, o' (1) ¥ [0 5] EFTHL, HIRR gle) = a, (8} = b,

b 2
j f(z) dz =j fa(t)g' () at.

1 ME f € Cla,b), W g BYRTHERMFTEOIR TN R o((e, 5]) C {0, 8],
T e A VR T L [41) SRS,
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#2 FEERTHNECRTESIERS ORI EL A LR,
BR#FERE XAR, PREEGAR PR ERNEES NLARXMER. WEHN
FERFET: ERS4HHRSRS KEETXRR, FMURTLUEH TR EFHE
MR, i AR A A LS B TR R A AR XX E LR E
2. AR, BRI E R TR A LSRR, HESRES Y
TR R R & 5 X [ R R R 5.

W R B4 ] LUE B, X2 B MESTk o SRR A it A e i
— SR AR A, B I B 6 B A R M [ R MO RADSE R L BN
AT R ERSNE Fit, BRI ESFATRERE B E R — e’
MERY, X FERSITHEE2ARE.

10.4.2 HIEE

/2
fil 104.1 HE I = J1 sinz Insin x dz.
0

Bl BRI T =0 EENL HRMsinc~z(z—~0") Mz —
0 (x — 0F) T LLAE R FHEIE 2 = 0 HH R
MEMTHEES, WE

/2 n/2
I=J1 Insinz d{-cosx) = —cosz Insinz
0

/2
+ r cosrdinsinz.
o+ 0

HFANFE ORI R, B R R . ﬁﬂﬁi‘i’i“ﬁﬁﬂ‘]ﬁiﬁ%ﬂ?ﬂﬁ%
RE FRTRY d(—cosx) M d(1 —cosx) BpAE]. FH 1 — cosz ~ —279:2 (z — 0),
B Em T

e

I= . Insinzd{1l — cos z}
= (1l —cosz) Insinx r:j— :2(1 — c08z) d(lnsinx)
[P e B g [ R,
r/2 .
:L} (—sinz + 1_?_11‘1;;3: Jdz

r/2
= jeosz — Inf1 +cos:1:)]|ﬂ =n2-1 [

B2 MERHR =2 FmantRmT:
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/2 /4
J1 ginzinsinzdz = J1 2sin 2t Insin 2¢ dt
0

0

n/d /4

/4
sin2tdt+J1 23in2t1ns’mtdt+J 28in2tIncostdt
0

=21n2j
0

¢
(P BUMERSE 2t = 2, B —MRMERS s = 2- - )
r/4 /2

23in2t]nsintdt+r 2sin2sinsinsds

~inz+ |
n/4

D

(F) 2 SRR IR R R & FHF AT

/2
=In2+ 4sintcostinsintdt
0

(R AR B sint = u)

1

=1In2 +J Aylnudu
0

=In2+2’lnxu

1 1
—-I Hdu=mn2-1. 0O
o+ 0

X1 FER L SAESERINTERTTEE FAREFER—T.
Btk dFRIFAANEERCARE 1 WHEHELE FHEaTRsL
R (10.11) RZEnRT u(z)dv(z) TECH wz)d{v(z) + o), KA c R FIRX—A
R AR 2 (H1 .

B2 AR A S B Ay Buler B4 J?z Insinzdz (G
12.3.5) HEER. TR LAY L, BATSEEY, X5 Fuler B4
RIETFARE. (ERAREN R 2 B9 50T 12.3.5 PATH B2

FEEMEENE BEFERE AR AEELE

BV 10.4.2 i n AT 1 B9 H R, K jo(a: ~ o)) dz, 5 [¢] BFTH
it o AR

B BTHAERERIRKEELRAARIEN A o FEEREE
. BB T XA BRI SR BRI, SRR EOE R B R e RN
e (B 7.1.0), AR ERS ERE 0,1 L, 2 - o] 5&H f(=) =2 {E
Ao =t A REIRE, FRE T TR R ME I, X

1

Ji(a: —lz])dz = L rdz = é—
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XETF - [r] RSN 1 (A RMEE, EE8MEY 1 9 KHE L RaHH,
it LABER] LABE

emree ([of <[

1 n
= nL{a: — [P dx = 5 O

T AR, SRR ERS—RE, Bk RS M = R/ My
EHAR, WF SR M RARET A BB
¢in (2n+1)x
B 10.4.3 TEXH (0,7) EEX Do(z) = 2 neNL

28in —
r Dyi(z)dzx.
0

2
B BR Do) 7 o = 0RPRES HEZEW lim Dalx) = (2n+1)/2,
Hit Dn(z) 4 [0,n] BRI H#X Daolz) BAMREMY, RIOTEMT T
A= fE S

, oz {1 = . (2n+1)x
23111? (? +;coskm) = sin 7 .

ATV D, s> BT
) = L+ Soni
P
ZIR R E
J:Dﬂ(:n) dx = J: (% + Zﬂ:coskm) dzx
k= (10.12)
:—g—q-;:lj’:coskmdz—g— O

E LSRR S Dirichlet For, Hp a9 g R¥ Dy, $524 Dirichlet
%, (10.12) L[5

. (2n+ Lz
g [* sin 5
1= 4r 4z, (10.13)
T Jo  2sin -

Dirichlet #5237 (10.18) ZER SR SREER THEEM WA
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TEERREMERPT RS, ERTHEEENHGE 103.2. HiEhE
], Bimel Raa i T AR A R e & AR ERBRRETES S L
593 AT RE R ] S0

BUM 10.4.4 1% F(z) = L sin %T dt, & F'(0).

B BT 2 =0 BEFEANAEEE, TaEHE ERRSAITEIER
FI(0), T HEBE @ SR A SR MEEX F(0) =0, T = £ 0 i, BaH
B AR LB

2 1 Lo 1
Flx)=| #*dcos— = t?cos —| — | cos — d¢t?
L g tlo L’ t (10.14)

1
=$2cos——J

o 1 .
2t cos — d¥,
T t

D

1% BRSSO AR R

F'(0) = lim Fla) -~ F(0) _ lim mcos—l— — lim
a—0 T xr—0+ X 0+ s

A SRR B 0. BAR 5 AR, i LHospital i HIRLAE
gRE AN F(0)=0. O

BOF(O) ST T BARE 2cos - 7 = 0 WHEK, (@
R B TR LA AR R 0. X0 (10.14) rsiE — RS O BB 3
7 ¢ = 0 B4, NTTTTLL BE AR 1032

10.4.3 ¥EritEERS TR T0REE

WA RIX TR, GH0% -a,0] (0 > 0), MAHAE, LHHEY
§ BARY BIEREFRARF LI, BH | J)de =0 W% 1 %

a
T

mES, MRERXT v §OURH, BY j flz)de = zj #(z) do.

a

ML F BRI, M R R R T, T
B {12 BB AT L R R e S E R S R e R
492 WS =AM BT AT G SRS, JIE P MBS

R 10.4.3 BRE f EXG [a,b]) E9H, WAL

Kf(m)dm = E fla+b—2x)dz,
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¥R LRSI [0, of BMIA
L f(z)dx = L fla— z)dzx.

# 10.4.4 FFE F EXMHE 0,0] LW, HE f(z) = fla—<), PRTFE
I A REY (ERRRTHEEA v = o/2 HBRRY), ML
r flx)dz =2 rﬁ flz)dz.

1] a
M 10.4.5 FEY f ERE [0,0] LR, HF flz) = —fla—2), BXT
EACHioL b= ys bk ol Ava

I=Ef(;r)da:=0.

BIM 10.4.5 IHEEH P ARIRAFR LR 0., 1R

11

COS Z

J 5 dz.
0 va2sin?z + b2 cos? x

% ETREEECCT R RAN A o HA &Y, FHAH S8 1045 5]
AEBSHF 0. O

THE A SR TR A R RS TR R RN R E
WARMERY, FHH AR Newton-Leibniz AR EHTHH.

BIME 10.4.6 . T = J’ _ssing

o 14 cos?x

W HBENTREET  BREIXTER == T HRER TEF =

XFA (5. 5) RERE BREHET = 8 o - o STEREIGRER
F R AR AT 1045 HBS Y 0 XHEBH

(;c—— sin sing
I= _
,E 1+cm2 r I 4cos?x
_J" sinz
1 +cos2z
2
= —? a,rctan(cos:c) T [

£ —BETHERENTREREEERR = -1, TRES LAMER
E—H, TAES IR R X PR

G 10.4.7 (P I = ﬁ ml(iz:f)
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ﬁl W{tﬁmztantyd-:[::BECztdt; ﬁ’i@@]
B ! In{l +2) B /4
IuL L+ 22 dx—L In (1 + tant) dz.

AT SERREL f RS R [0,0] ERGRAAXIHE, HEEME fa—
z). i HER

T 1 —tant 2
Inj1 — —#}]=In{1 =1
| +tan(4 2l ( + 1+ta.nt) " T+ tant

=1n2~In(l+ tant).

BT UG L .
In{1+ tant} — ?In? (10.15)

RFRE [0, ] o SRHRY K AE 1045, B (10.15) FEHE R Eby
Bl 0, E AR TR

Jﬂ In(1+ tant) — —1112 dt+J1 —ln2dt— -8-1112 O
THEAMEFXEERR tane = t ZREBIRT T IRIREER, RE
FIgk (R 1252 M E—AB%E 1),
I8 10.4.8 {FRH: XHFE L o RIEHRK

/2 dz =J"ﬂ dz k3
o l+tan®z ~ J; 1+cot®z 4’

i AFEREHARIEE BRTEAEITRES T80 A

1 . 1 tan® x 1

1+ta.r1“(—72£—:c) " l+4cot®z  1l+tan®z 1+ tan®z

A RB—HSHBHBEME L 1/2 ZEXTFREHF I ATRYE TRATL
Fi % 10.4.5 183

2 4z /2 1 1 21 x
E i+ tan®z =J: (1+tan“a: —?)d:r-l- 0 ?dxm—;l-' =
10.4.4 R#EMHFERERS

BAH—FIER fole) € Blo,bl, HFTH n € Ny S2% HTHHRS
j fale) dz, BATATR AR TN n #R5 j fale) dz RS TH & <n

B J fulo) de BRMAFTAR AIHBAR). BELAT %, BA TR
B K TR B MY — A ULABAY. HELE R R i, By .

1
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/2

/2
1% 10.4.9 H5 I :r sin® z dz =r cos™ 7 dz.
8] 1]
B ORI HELHRT = % -z B8] HERTH SRR,

/2
I.= r sin® ! zd(—cosz) = ~sin" zcosz
0

n/2
= (n— l)j sin® 2 zrcos? zdz = (n — 1), _g — (n— 1)1,
i

1z 2L O A

n/2 w/2
+ J cos £ d(sin® "1 1)
0 0

="l (03 2)

EFEH ERAAET

/2 n /2
In= de=—, L= sinzdz =1,
0 2 0

HBR

nl! (10.16)
=R X g O

F OEVEEER, EERANIE AR (10.16) S H R, EHEEE
XA AR ERENA. B L 7 n W HRAEEHGEEXFAAESE
S Wallis A 70R9642 (7 11.4.1).

BIEE 10.4.10 i m,n 3y HRY, TR EWSHEHRT

i
B{m,n} = J 2™ N1 - x)" da.
0

. {—-"--—-—(n_ Sk , n A

B 47 ldr=dv, -2 = u, HFITHHRL, BRERLK:
™1—z) it np-1 !
o]

B(m,n) = 2™(1— )" % dx

m

-1
== Bm+1i,n-1),
m

EENV A ERAR, B

n-n—-2)--(n-(n—-1))
m(m+1)---{m+n-—2)
_ (n_l]! ! m-+n—
T omim+ 1D (mtn—2) -|-n$ e
(n—1)! _ {a-l(m-1)!
mm+1)--(m+n-2(m+n—-1  (m+n-1)

0

B{m,n) = B(m+n-—-1,1)

O




§104 =HA5iHR 327

A OEETDEAESHEE 0.1.10 R, UEHERSNAIMBMEESE
By o Bk 2 (A1 2231,

1045 FHRETENER

[E Al — 4, R R B RR T2 EE. NG,
R TP EEEAWE RN, SR, RIS SHITRE L,
EREEANFHEFE ISP ERL Y B b TRERE, ROIRATaEEH
REXHGHIE FENEEREIMASEE, 2—K= hiRH o 8. &
T RE—EEHH T EENERRLT—&.

54 A T P R A — MER, ERIR RS S e BRI R
B H.

i 10.4.11 % f € Cla,b], g £XIF] [a,0] LFAHHE ¢'(z) <0, MIF £ €
(a,b), BT

E f{z)g(x) dz = g{a) r F(z)dz + g(b) E f(z) de.

a

b
i Eﬁﬁjf&ﬁ@ﬂx*ﬁ%@=fwwau=9@h¢ﬁ%ﬁ%=

x b

E f(z)g(z)dz = (g(;}:)J F® dt) _ E ¢ (2)F(z) dz

2 [+

b b
=ﬁwjfwmx—J9%ﬂﬂﬂdm
EﬁﬂE@E%Fwﬁirﬂwﬂmﬁﬁﬁ%ghﬂé&ﬁﬁﬂﬁ%m&ﬁﬁ
B R (R EH), HUBTEE £ € (o.b), MR

ﬂymmme=ﬂaﬁywmx

£
= [g(b) - Q(G)]_[ f(z)dz.
Fay L e

& b L
jfwmmﬁm=gwq'ﬂ@dmumm—ganf@hm

£ b
=m®Jf@Mw+ﬂWwaNm £e(ab). O
F—AMAREAER 1 R 10.2.7 f— A5 )
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HiE 10.4.12 % f € C[0, 24, iFHA

lim rn flz}sinnz|dz = % Jh f{z)dz. (10.17)
0

¥ =k O

WSOl RAEE [0,28] R4y sinne WESRE, BHE—FEER

(2kE) /n

rn f(z)]sinn] dz = ij f(z)| sinne| dz
0

k=1 (2(k—1)m)/n
(2kx}/n

Y f(sk)J " |sinng|dz,
k=1

(2(k=1)x)/n

B & € (2(k - m/n, 2kn/n), k= 1,2, ,n. REHEHHBE

(2km) | o A
J jsmnmld:.c-—-—J |sint|dt = —Jﬂ sintdt = —,
(2 k—1)mn LC n

E5): )

2x n "
[" rotsmnstas - 43" si00 = 2 (3= i 2.

k=1

PRGN, FEE 0,2n] EAEERY f & 0,20 @ » FESETH—
A Riemann . 4 n — co BRBRIFCKIEMNESE. O

1 FERBMESEARY “FRER, IETH AR (f(2)}
FERA R B Eay e BB R RS, X4 8 B8 n, LRERUFE » A~ TX
&, B E B fa(e) XS FRE EAERS, BREN —ReB88—
A5 n HRAE, BB

2 AFOTUEL I TR xR S R (10.17) Bz
RIS R Wb R B B R SR o 3, MTTHER (10.17) M — Mt H BRI X
FER T R OB 2, ERTDABCRER f M (BRE—ASFEE 5). FXNBHE
#H LA—i.

T—ERERE, R R P EE BRI 7 BEE L w e

I8 10.4.13 WIEA n € Ny, fu(z) € 0,1, BA jﬂ Fle)de = L, i
o Tt N R e =12, N, 7

N
Zcfl:]‘!' :I:EO!.] chfﬂ

n—=1

> 100.
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SEASE HERE 100 BRLEASERTS, HFRHSR
J, 182e) + @)+ + oo = N
it B S — e R, AT €,
RO+ 3E++ 7@ =
¥ ERIEHERN N Buclid ZRIRH—RE
v = (6 ), IN(E)

(T, R AR KRR V.
Bc XHE—RBHEMEE

ley f1(€) + cafoll) +- -+ e fn(€)| > 100

BT, TLRAMANTTIAERRER v SRAEE ¢ ®HRBEAXE AT
s R, REF SR FEHE. R ARETHE v (KE VN B
H HER N =10 001 > 1002 F1

¢ = vq\r- ¥
WA EER. O

104.6 #3848

1. Cauchy B2 THAM TR Newton-Leibniz AL IEF .
EdE U TH RS REEE L

3n/4 o 34
J —%dw=axctan(secm} = —arctan v2 — -,
p 14cos‘x 0 4
2. HETHEE:
2 r 1
{1} j 11— x| da; (2) min{-———,:rz} dez;
] J =2 1$|
dt %/ cos’x

x+1

ViremtT B Tres ®
* gint * dx
(5) r (j )dm, {6) — (ab #£ 0).

o R—t Jo a?sin“z + b2 cos? z
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10.

11

12.

FIRRFRYE, 1 T3S

™ xdx rl T
; 2 da;
r2 i/ d
3 zIn(l + e") da; (4) In {1+ tanz)dz;
(3) ;
J =2 J0
/2 in" ™ a"sin®z+ b cosf
(5) ; nsm * dz; (6) 3 Tnzm > .
Jo sin" x4+ cos®x Jo @*sin“z + b cos? x

& feClo,a], a> 0.

(04 0,0 & f0) + fla—2) # 0, g 1= | =L am

e dz
o L+ f{z)

2) 72 [0,0] F fx)fla—2) =1, HEL T = J

R AEERY 0, b N LY EH T RIRA:

47

(1) mn:f(sina:)d;c: %J:f(sin:r)dm;
e, a? dzx * o’ dz
@ | st D= | fer T

T T

(3) f{acoﬁm—{—bsinm)dm:Zj f(+/ &2+ b2 cosr) dz.

40 0

T

™
"rneNL itH j sin®*~! xcos(2n+ 1)z dz & J cos”™ ! zsin(2n + 1)x da.
o 0
1
HHE I(m,n) = J ™ In"xdz, EF m,n £ H R
0

A J(m,n) — rfsinm 2 cos” ¢ dz, Boobt 1 i F PR,

. 3R FH0), e F(z) = r oS % dt.
0

/2 . 2
(Fejer F49) ma:j: (Sm”‘”) do = 18

sin T 2
4w 2

X flz) = J {sin#]dt, o € (oo, +oo). (1) iEME: f RFMN n B
R R (2) R F BBk B/ ME.

1
€ COT, BT O)1) LW R J(e)d = S0 iEW: B
£ 0,1), # /€) =0.
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§10.5 XTHE=¥HEN

10.5.1 BIER

L TR =ARAVERET THARNBRYET —RELEMS. HERER
AR EBLS (B (7, 42] %) BRAE LA RHORETE] Lebesgue
(R 10.1.6) BARH, FHAT ERGETE ZREESHR
Rk E Py — A FHE ARG THTENEES N IEEIRE, HI%
i} T Lebesgue FEIRAYIERT, HPRIFEEE 7. RITYOVE oy B
TR LR B EZN.

2. BRAEFEEEBESFHBERA T OB BRET BaTs
W B, ME TR R, FRHMAREE. AT EMNZHENER
R, FEGHELEA LEREEEFNARERY, B2 EE—REALRR
By BN B M YR KRB T — & P, ETARBMRRE D E RS 8,
HEARIEY CHHEER.

3 MIMBERIN A EEEKE, TN AR EEN, AR S BN
SRR AN i, AR R EEER ARRRS-TEHEER
R{ERE g(z) 2 [0, b EAE S5 HE A EERKMFTE olo) E [0 &
B, 7657 B BB M BT R e, B ¢'() & (o ] 1OREE, TIE
MRS LR 2 RSB, AR R EEE ¢ MRS EJER LA
DLZE R, LM X X S R R EN 2.

TR — A e A AR I, H iR sUER A #HR, H 0
HrIRE, F L.

1
I 10.5.1 JEHA: [ ?dz=0
-1

iE WHo® =z o BHERYIE—PHEHEE FELe(-11), &

1

= Q.

-1

1 1 1
j :J:Qd:rzg[ zdr = —&- 2’
-1 -1 2

WRAF MRS RN SRR RE A BT R
49 B B, TN L A Al

IR 10.5.2 i% f RANH T B BEE B T EEEE o B
a—+T T
[ flz)d= =J flz}de.

a
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i XE F(e) r f(z)dz, a€ (oo, +oo).

F'(a) = (j“”f(@ da- | fia) dw)’ = f(a+T) - f(a) =0.

0
T
E Fla) = C (C HEE), L C = FO) = j f() dz, BFL)

J:+T flz)dz =C = E F(z)dz

a+T
WRH FEARE [ TR, FTRERY Fo) = | " () da o
HHRRRD.

oiAm 10.5.3 315 | 55

2+0032:1: '

B AERKTERS B

dz 1 tan
J G = 7 a.rctan( 7 )+C.
SRIGH NLAR, 7LIE3

J" dzx 1 arctan(tanm)
o 2+cos2x /3 V3

. 1 tanx _ =X
HRAH BT = acctan (220 ) BRA 07 LSR5 @
R NLAR,

L]
= 0,
0

10.5.2 $%H
B BN b
L m AR o <b RAEBUHIE X BRI | omn
2. (1) %M M || € Rla,b) Fis8Es £ € Rla,b)
(2) ERE: % f RBEM, W |f] € Rla,b] B, B—2H f € Rla.b).
3. i f,g € Rla,b), € #1 & RIRFH P GRARAM AL EH:

Z F&x) g(€r)Azr = J flx)g(z)dzx.

i!Pﬂ —0y
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10,

11.

12.

13.

W f RN (a,b) LAT A, WERR: f AP T % FL(x) A L (2)
£ I PR AR XA [c,d] LA, B Newton-Leibniz 253

o d
ﬂ@*ﬂd=]ﬁ@ﬁm=jﬂ@mm

. ® f € Rlo,b], iEH: MFE—HREN >0, FEEW 9, £R

b
jumo-mmMm<a
St g B (1) BrRBEL (2) RS (3) EERE (1) TR

. JERIFRA N EEMESE: R feRle—Ga+d8), B 6> 0, NF

tim [ 116z + )~ f@)] s =0

# f € Rla, b}, iEH: Ve >0, 3e,d] C [a,b],  f EFEM [c,d] LAHRIE

Weled] < &

. B f € Rla,t], JEB: f MIEELQHE [o,0] FRE (] f £ o8] WETFE

(8] (c,d) spHHELER)-

b
.ﬁ#ﬁﬁﬁIGMm%iﬁd%ﬁjﬂﬂM=0%ﬁﬁﬁ%%ﬁﬁfE

FREEZ S AR EHEFT 0.
& f,g9 € Rlo,b], AT |a,b) EILFRAEAGE flz) = g(), UEH;

[ fwyao = gta) oo

a

(A FE—FEEEY—MET) B & [0 € Rla,8], K f ¥ o, L
HEER, 9 7 [o,b] LFES, WFHE € € (a,b),

b

b
Jﬂ@mmw=f@jgme
HEL TR

bogn—l a b 1)
L) 1+ de=—-+75 tola (n — o)

IR R 0. b

WAE RPN INE Y F ERA (o8 LEL RSP EZE HTET
p> 0 FFEM—H 2, € (a, ), £

1

.fp(xp) = b—a

b
j F2(2) dt.
i#R lim z,.

=00
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14. &

15.

16.

17. 4

18.
19.

20.
21.

22.

23.

24.

25.

1.

f € Clo, +oo), o Wty BAEAHRBR i (f0)+a | ro)an,iF
B f(+o00) = 0. ;,
# f € C(—o0,+00), BX Flx) = J flz +tcostdt, a < = < b, (1) #LHH:
F 7 [a,b] BRI, (2) #H F'la).

HneNy, T[‘ﬁﬁnﬁ‘r sin nz .

sin &

% B{m,n} = Z Cck (-1)" , m,n € Ny, (1) iERH B{m, n) = B(n,m),

mik+1
(2) Ht® B(m, ﬂ) L e
VEBA: % m < 2 W), lLim —me sinmt—dt::(].

E—?C' T D

JEEE: % A < 18f, Lim R e—R*Md& = 0.
R—+oo 0

@ feC%o,m, B f(m) =2, r (F(z) + (@) sinzdz = 5, % F(0).
& £ % [0.1] BRI TR RAE AN

1 1 1
J f(z)dz =1, J a:f(::c)d:c:a,J 2? f(x) da = o?
¢ 0

J
BIEAT £, B o HEREH, y
i 7 5 0.1 LM, BRRAS F(1) - 3[0 11 (z) da, EH: HTE
§e(0,1), BB fE)+ &)= t
B £ % (0.1] bREESERY, B 20 < 1+2L £(s) ds, B £(2) < 1+4¢.

‘iﬁ f < Cl[l,+00), f(l) =1, H% z 2zl Hﬂ‘ﬁ fr(m} = ?T]}T%)_: "l'IEH,El
AT f(+00), . f(+o0) <1+ —m

4
(ZBIEN 8.5.3 /AT 5T 13.)
e [ F f [* sint _
1E A L (L ; dt) dz = 0.

F_HEHE
(GESRITISE) 17 £ 5 [0, +o0) LABEES, X f HFEN
F{0T), z =0,

1 i
- L fdt, x> 0.

VEHE: (1) F 75 [0, +o0) ROMBAESRS, BYS f RAAEM AN (2)
F(+00) = f(+00).

Flz)=
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b
CSERE: f € Rjab] A [ f =T MR BEREREE 08 f— 15

P {Pilen, WA lim P =0, 68 lim 3 f(6)Azes = 1, T
LB R (R R BT A 5 JRA =

(RAHAE Riemann BLSMY 5 3L o4 Rl d FE B IR AT LT, iy
HE SR T LY.

A S fo,t] AT RN, B € > 0, 855 6 > 0,3 [a,8] B9
EEH P = (20,21, 2}, HE|P) < & BA | fl@)Az —I| <,

i=1

b
MfEM@HHszi

(RBIAA SHBEE LR AFEFH R L # N Cauchy 4. AWMEEMTH
F-eaFK, Cauchy 1505 Riemann fH 4 —%.)

. (Riemann £3F) i f € Rle, b, g(z) LI T HRREEE [0, 7] Lu[#, iE8H:
b 1 b T
lim J fl@)gnz)de = J f(x) ds::J g(z)dz

L=t 20 G T

R RETR, BB RAE “f{x) 0, k=12, ,n,iE

% 2
[ Peae=me12 (] s
TR

/2 /2
(1) r cos” x cosnz dx; (2) J1 cos™ x sin nz dz.
0 0

1
. JERH: lm J cos” % dx = 0.

17— o

. 1996 SE R I T HHEEREGSFHEE, B LHABRARNEESEE LY
b A, TR R AR — 2 B AT . XA BRI R T
BAEMFAX. EEEB—MROFERTREITE T ey e
TR —. RARSIEE THRORRE—EPHE.

1k BH:

dr = m.

Jlf’ V2 43 — 8y3 — 44/22% — 825

8
0 |



Ft—8 RozxtER

ARSIV, §11.1 TR EEILATFEREMA. §11.2 WA RS54
HRIAFR. §11.3 WRBG it ALl B/ §11.4 RS2 b
HAR R, B+ aAFEHEHRRITHE, Wallis 247, Stirling /3%, Taylor A2 AR
RATA © (W REAEEE BE— I ESNRASEE.

§11.1 RAFENFHRPHEA

11.1.1  REAKXE5FHZE

XFFEETEA R TR, BT R R R R BT
#h R LU A TEWAORK, EEFSEEV AR LR THARETE.

1L BEA AW FES AR SR RE 2 = 2(t), y =y(), t € [0, 8],
¢t Moo HMME B0, & (2(t), 9(8) LIERTEH ISP Bl 2 — i, R
AV

A
S = —}—J (z dy — ydx). (11.1)
2 o

AR LR TR 2T R B0 Green 203N EFM. XTT
B TR B AR A T T 45 IR RR.

2. EMAIRTHATER 0 =61, 6 =6, (T 61 < b2), HEZEHME p = 0(0) B

AW BT AR A 1

Ga 5
S= ?Llﬂ (6)d6. (11.2)
FE—EWRET, FIH —TCEEE U R 0] R B S e = 4 fh g i fR AN

ER. XEARY RRESMKEGLOAET—REHHTEL, LEFEI .

B W R T X P B A TS

KT RRSME RO, B L oifln b A 8T
UrE, BETWRSRETRITE XATEERF IR LTS, A ZHTH
HAOAERE [a.b) BT RURYRE BT LR LS T RN

1) ER#E TR AEFES/NSRER 2,2+ Az] € [a, b LEFT JLA
BT, A AR Y Ag — Ok, HKEERT 0 il 2B, LI A ERham Ae HE
BORUERTIHA. F%ﬁﬂﬁ@]ﬂﬁﬂﬂﬁﬂ?ﬁ f@)Bx, K € € fr,z + Az,

maanmaﬁijMm
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2) xRS L WRTEM>0,p> 1, FEE—TH/NMIER
[, 2 + Azx] C [a,b] |k, BE3E

lg(n) Az — f(§)Az] < M(Az)P,

H¥néelne + Az), f(€)Az K HEAMER LA &, NTRILTE

mﬁff;ﬁmﬁj o) do. FEN BTN & REIE5T /M EIE, RITER
Bp=2 ’

11.1.2 {48

FREEHERTAAR (11]) EERER dTHIREHHRHER
BN AR T —EBH G BRBINEXEGR 42 fdHE2En Te—
AMEW, Hrh R E TR B EEN T SRR

y PR 111 J s — B 2%
s B HBHITR 7 = 2(t),y = y(t) (o <
t< ) FRAiE %t Mo B 6 A,
& (2(0),5(6) I A KB REBRE
FWET B AL L —EED A
. ¥ A B EIRLHA R E
% 2(t) R [o, 6] LHIR/MER
B A AR SBER o A
B, B SMBHMBHAEY v BN A
S5 B SRR A AT
MR Y filz) T fa(z) a <z <b,
EMEFRERN (a,5) LH f2(e) > Al).
BORERR T LA S R 0 % ) B AL T

fi(x)

[, I

1
[}
I
|
I
1
|
!
I
|
a

B 111

b
5 =j () - fule)] da

5
- r y(t) dz{t) — r y(tyda(t) = —J y(t) dz(t),

B

Ao H R X AR E

]

8 .3
§ = —y(#) z(t) +j m{t)dy(t)=j 2(2) dy().
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R_Fe A EREGH LK (10.1).

F 1 NEMPHRLERE BT HRER S = raX EREIHEA
BRFHEEBIMAR (111 EitRh—REN T E XA TER#ARTHA.
BeAh, WFTRTR, AR F—RRHE B 2 A B2 A R RO

F2 HTRAETH O AR NS BT AAK (1L.1) #F
SR A AR TR R E BT EAR 11.2) (B4 M),
FIRE 11.1.1 Ry FE 2 4oy + 7 =1 FiBENERER.

XK E 6.5 PR RMHERR. 25 8B e —FERRE: SRR
RS B A O, AR E MR A R, B/ A AR R R TTR
BIATSR i R E AR (407 D).

B AEANESTETEAR XA =it R

F—RMor RN R

3

T
yha("”:) =—-_— £/t~ —z -

2
2 i T
RETTHRERD

2/4/3 2/+/3 2
5=J' [yl(x)myg(m)]dz:2j 1— —us?de
-2/v3 —2/4/3 4

= ——- cos Adl = —.
\/5 I—x,& \/:J_)

BRI, B 2 =rcosf,y=rsinf LA, B

5 1
r¢ = .
1+4sinfcost

AR (11.2) HREER -
1 21t 1 1] df
S==>| r2df=—
L z L' 1+%sin29
_ rx d6 _ 2n
g 2+sing /3
- A L iRy vt k) W
2 2_ 3 9 T \2
P rry+y = +(y+-—2—) =1,
RIETIASRITR

AN

T

2
é_',
V3

2 .
T = ———cost, y=sint —

1
V'3 V3

cost, 0<t<2m
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BT , , 5 P
w{tyy (&) —y(@®) 2'(F) = —ﬁcost(costvi— 7 sin t)
—~ (sint — ——\}mg—'::4:)31‘,‘)(—-\3—g gint) = %,
B RS B RE AR 0 i S L 1
_i 2% B __1“ 2% 9 B M
S-2L(:z:dy ydz)—2j0 v,gdt—v,g. O

A EERI [13] SR T R E
Az? + 2Bzy+Cy? =1 (4> 0,A = AC - B2 > ()
FrEE AR AR, EPEE T LEYA R, ARFHEAR (11.1) e
& Tk b, AlEAS A E - RBRERERFER (BIEEIE).

BIME 11.1.2 st o° — 2oy + 2° = 0 Bras ER B A dh 22 Pr B o4 TR R T AR

B AT OFEBGER BE
B v b8z RN AERE y
FIABE. 4 y=1z RXHGHE
REER T BRI SR

T =2t —t%, y=2t% - 13,

BT @ = 2(t) fT y = y(t) §97% \

IS, RIS AES R 20y 247 )

PR LA R X TR A

LU R Ay e e e i 11.2 Fr

- (BEPIE 8.6.1 3 F AL

B ar) YEEIA0R 2N R

(z(t), y(1)) ANRSHZXEZIR S,

40 U R RGOS T4 1T 4 1 P P — R P it .
MTER S HEECER N TE BT IrEEAHEALE THAR

BTN TR EEELY

ha(z)=2(1tv1l-2x), 0z <],

p—f_—_—m = ——

A 11.2

AL H
S§= r(a:+:r:\f1—w)d:r—j
0 0

! 2 2 1 ]
= QJ (1 —t)\/Edt =2 (_t:‘-ﬁ - ___ta/z) 1 .5
0 3 5

1

(:c—:rﬂl—:z:)da:=2ra:\/1~md;r
o

o 15°
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SB_MAERAAR (1L1):

S~-1—2 d d:z:—l 2Zt td(2e® - 3 — (22 — B a(at — 2
=7 | wdy-yao) = 5 | 12— ) ate - ) - 28 - aee - )

= 1r(4t2 43 +th) dt = 8 o
T2, 15

SR 11.1.3 Gk BE R y = r veint dt, 0 <z < &, RERHEE.
0
R LHER Y= fle), AMKARTREER Y
[ = r A1+ fP(z)dz = r V1+sinzdx
0 0

g e 3) o (o= 3)

/2 r/2 /2
=2(Jﬂ sintdt+j costdt) =4r gintdt =4. [
0 0 0

B8 11.1.4 RUEHMPE z =2" ~y* FFE z=1, 2 =0 JrERM LK

.

S M 113 BiR, BOLEARRIERE. RO A ROTIERRE. ST
FAAFLFTE yOz MM BTAT FRARFE «Oy BB LA 3 ey R

A(z) =X B(z), RIEHHEEH T
J: Al)dz J:B(z) dz

BE AT AR R
Bl s EEROSs <1 X
HMEEN = € [0,1], HERAR Al)
z i, z = 2% — y° FUBHMPRN TR, HF

y € [-x,z]. ANEBE

Ale) =2 (1) dy

Bk, Bk fiiRy

4 [F , 1
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M2 HWBEEBRRA OIS < L Xl e=1R2=1-% Ty <1
BH. it H B(z) W, VAL 2 BEZE 0,1 ERENEER TR 2=2" -y &
ABRHEFE ¥ =2 -5 v e Va1, My =+vel—z z e Ve 1] X
B(z) ERTW Z = 2 Ef ERRMZES z = 1 R SEER, FHLHHEE
FT = BATRERE, W LLTRAEE)

B(Z}ZQJ':,— Vz? —zdz = (:cv:z:i-z—zln(m—k e —z))
=1-z—zIn{1++v1~2z)+zlnvz

1

VE

ESYL A s o S

1
Vo= J B(z)dz
0

1 1 1
:J \fl—zdz—j zln(1+\fl—z)dz+j zIn+/zdz.
0 0 0

BARX =TSN EELR 1 PRHTRERBE FITAR), BESRN

B, PR RPAT R RE ERUR R (R, S BRI R
+4 BEA. HESSE, FEHRET T T AT TE 202 T SR
WALk, Bt RS v HXRHEEBUE BN ERER T RAEZERE?

11.1.3 Guldin g2

FUR—THHEE. Guldin 555 — 58 B R EEF i) A iE AR
FeAb AR B, RI0T $0 (RIS Yy 2 e B 22 TR A A A BB 2

&M 11.1.1 (BOAX) REEHNN TEHEEAIMEER X =0, X =)
MY =cY=d2iE HfE—ccledMycld BEEX=s MY =y &
ERMRERKER sz) F s(y), METERY R AR LT SRR N

r rs(z)dr r ys(y) dy
Pe=de — - yo=le (113)
L s(z) ds j s(y) dy
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M5B v = fz) (o < z < b) BROAIRALTR R
r“’v 1+ f*{2)dz
r W1+ f2(x)dr '

B EEMROCAR, SELHH R, LB TR & EE:

5 11.1.2 (Guldin $5—Z#) BTm MR R OSSN (0, 3.), HEE
BLF AP P, U 2R S y AR — P R AU BE R M T A TR S, S F MU0
5y Pr— R Gt B 2ma REAHHERWIINR 4, B Sy = 2nz. 1.

%8 11.1.3 (Guldin F_F 1) RTMERHROLIRR (0, 1), BEE
R PR T, WETESE v s — R e e e L A iR vy ¥l
ﬁ ¥ ﬁi—ﬁﬂﬁﬁﬂﬂ{]%ﬁ 2RT. i@uﬁfﬁﬁ“]ﬁ*ﬂ S, 8 Vy = 21z, 5.

GIM 11.1.5 BHER v = f(=) (o € = < by BT RAAWE {(z.9) |
0<e<z<h 0<y< flz)} &y BIEH —H BRI RFEEER.

W1 Btk et ERs IR 22+ Az) C [a,b] ERTES,
B & € [,z + Az). RIVAL (6, 1(8)) SFTF 2 BWERBERE v = f2) W
xR ph R B, SRS R EFR RIS B v SRR — A, XA R BIN R R R

AV = nf(€){{z + Az)® - 2?) = nf(¢) (2582 ~ (Az)*),
HEFRANTITNE nf(€)(A2)? [FE lo.8] LR, RBIREH A

T =

(11.4)

b

V= 2n:J cf(z}de. O

K2 & Guldin BE_REH, HIABE {(z,9) [0<a <2 <b, 0 <y < fo)
58 y MR AR AR ST AR O oo 5y BB A
W RE R 2nr, RLAETEGIEE S,

V = 212,85 (11.5)
h
ﬁﬁﬁ&ﬁﬂLm¢%ﬁﬁ¢%ﬁﬁ5%mﬁ%%mﬁﬁﬁ8=jfwmmﬁ
A (1L5), )
b
] zf{z)dx

b

b
V=2n- J f(:z:)d:n:?nj zflz)de. O

Eﬁmm
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DIB 11.1.6 SR LAR RS B 4R v = f(2) (o < = < b) A MR

W1 BLIsAER W&y = flo) ERSDHEE 2,2 + Ax] € [o,8]
LR ARH G ph 2R B LY v B RE R — R BB AR (o fe) 5 (@4
Oz, f(z + Oxz) (ESRBLE v Wi H— AEIAR S #RERERR 0

ASgy =2n- ?(:s + (z + Az))/ (Az)? + (Af(z))?

2
=2n- %[m+(m+&x))\/1+ ( Aif) ) Az,

EFEL TR n\/ 14 ( Af) ) (A2)? BTE [, ) L B4Y, BRI B

b
Spy = 211:J 2/ 1+ 2 @)de. O

M2 o Guldin B—E®, FFAKPERSTMAB y=f(z) (e <z <h)
B L (2, ye) 28 y B — RN # B2 2nx. SRLNM 2R I04C £, BJ

Sy = 2Rz, (11.6)

B AR | = j VIT @R de 55F 2 HFOAR (11.4) fOA (106), &

Exl
Spy = 2nr zy/1+ f3(z)de. O

11.1.4 #H>3M

BT ETERE 27 MEMHENHEPHEFITFELAMHTRETAE, BibdHH
W B8R S RE AR R b FE

L SR EY Az + 2By + C2 =1, EF 4 >0, A= AC - B2 > 0. &
FAMRE 1111 =Rk (BIAZ (11.1)) ERA: o2 ¥ [E A7 Bl Y T
T =/VA.

2. MEAAR (111) AR, FHBRAT ToEEERAEAR (11.2).
3. A=Ay r fHE, B EEED AT EELC, R=4E
AFRSER.
(FEA A RSB B RIS

4. BR—ENBE=ARE. ESRA L HE 00, ERNURER T BNIER
LYY
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5. PRI o M 0 B — TREYEH K y = csin(z/a) LHAT T SHRIES. 17
a,b,c Z[RH3C R BREm, MR TRt 28 BIRE T mEs — 1 e, iR
¥ r—AT

6. TERL M EEER—BRA TR SR EREDR s (I, BATHKTT,
z B LOTRTEGAS TR E ARy A WAL RN, v #ia A s
REIFLS B. i A+ B RIKB TS s, i S5MRY AL ETX

7. EOR MM o = 2r S5 EE AN ERNEE TR ME.
8. BB FETTH TRy AR R
T +y2 < 4, (m—2)2+y2 <4, P+ {y-2)72 €4
0. RMME: =+ L < 1T 2 = 0,y = 2 ZIMAHHIHEL
10. REHEE «* +y* = o® 5§ 2% + 2% = o JFELAE R ER.

(XA IR R B R R E e R (AT 263 47) 8
HRE, e TEREENEEHTE (K 35]).)

§11.2 R

7E §1.3 0 §8.5 FESEME TiFEAEA AR T H¥ER TR, 7]
LBRANAFXHMELS T, d X TWRssEE, RO BULNTRTE.

11.2.1 AR FH

R A E R EERER R 84 THEARNRLSEE. RGN,
45 A T D el E0R D o 04 B 5 R STRR A B R O 1 B AR X I
EEH R R AFAA, B4 Hadamard REFRK,

kg 11.2.1 (Hadamard RER) # f 2 (a,b) L#F MsE s WtE—

3 21,20 € (@, ), T1 < 29, H

f ( x4 2o ) < 1 r: f(8)dt < flx1) + flxo) ' aLm

2 In — &1 2

I 114 ETLAEH Hadamard Z?%ﬂﬂﬁﬁﬁiﬁﬂfbﬂ‘%}‘c Eh?‘ ;R
fo,8] LR TOEE, HIRB v = f(2) (o1 € @ < 29) LTFWARAR (S (o1 +

22), £ (@ + 22)) B IERBLED O, TR (o, /(21) 5 (o)
O S FZARTR, MMME 243 THEFERZERYERE




§11.2 ¥ 345

HEBTH, AL y=Ff) @1 ss< m) 5 z=a,2=2 Xz ¥
ERAEA AR E LA ERESHR s =0, ¢ =20 B« BEEAH
BRI R T AL 2 ).

[ y = f{z)

1
I
! ]
O a T 1+ T3 T2 p T
2
F 11.4

A 842 S £ %, BUTRERANE. RRS (01 +20) T
(R 21 # zg B9 AL, FRTR 21+ Mzg — 21) 22 — Maz — 21) IS, B
he 0,1, R £ % FOEY NEHAREA

L R R TORER) Py ) B

& LR BT A A 0 B 1 Biay, i EERE LB

! rz fydt e f ( £1 1 %2 ) . (11.9)

o2 —T1 Jay 2

B, B f T LR AR

1
T2 — I

[Cra= jﬂ £z + (1 - M) dh

éj;[lf($2)+(1—?~)f(m1)]dl= o)t ile) o

3 Hademard T (117) ®EEANELNTHAFER. TLHES, K
R — SR AR R T A T LB R AR, FEPET—4
RERIFA 21,22 € (0,0) LS, M F RERZERN (HES%5E).

oA RN REA SR T 8.4.7 (Jensen FEF) FURRBE:
%% 11.2.1 (Jensen F&R) & f,p € Rla, 8], m < f(z) < M, p(z) A
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b
B j p(z) > 0, MY & & fm, M] EAF SRS, R RS:

b b
(j p(a) (z) ds-:) | pacrie) da
¢) a £~ ]

J: p(z)dz E p{z}dz

# ¢ A L LERPRIASER A
Jensen FERBET REAFEA. W plz) = 1, BRI

¢(-z;_1_—a~rf(t)dt)£ [ ot

a b—a

2 r plz)dz = 1, 3RVE o HF MEEA Inz % L& St iea

exp (r plo)in (2 d2) < r P@)f(z)dz < n (ﬁp(x) e Jla)dz) . (11.10)

M REARRT X THEREX (Al 8.5.1) RMER
T—AREFRWR Jensen REXMIFH. & f € Rla, b, flz} 2m >0, U
AL AEA

ln( bia Ef{:z)d:r) P bia J:lnf(:t:}dz.

U B TSR s TS BB RS, i
BU 11.2.2 2 £ % (0,1] 40 mEH, HIRHE B RS n BT R

j:f(m")dzsf(nil).

11.2.2 Schwarz F4REK
Schwarz A ERERERGAIAELT — NHEKZ.

S 11.2.2 (Schwarz AR FER) & f,9 € Rla. b}, W

(ji Flz)g(z) d:c)2 < r fla) de J b ?*(z) dz.
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1 (B Couchy T (M 13.5) WAEINE) f’ f3(2) d

’-TJJ (a) dz TSt B A — AT 0, %zﬁ]?ri:ﬁ&j fiz)dz £0. &
FA M 7 [0, 8] E AF(2) — o)) 2 0, HHE

j (M — g dz 2 0.
BRI, BEET M IR K=K
b b b
?LEJ f(z)*dz - 2?LJ flz) g{z)dx +j ¢*(z)dz 2 0,
FEERHBE A<, B

2

b b b
(J f(:r)g(:r)dm) —j fg(n:)dzj g*(z)dz <0,
BB A E R TR 2,
b B
ﬁu%ﬁ'ﬁj (@) dxzj ¢2(x) dz = 0, M LA FiEE:

|| r@rgte) s < jmw)g o< [ L) L8

b
— %J FAz)dz + %I g(xyde=0 0O
iE2 ¥ o, b] ESSEES R, & 2 = a-l—%(b—a), i=0.1,---.n F7F Cauchy
T (f 1.3.5) 183

( ngm) Zf"’wu _i”(sc).

i—=1 i=1

& n — oo B3R
2

(Ji f(z)g(z) d-’ﬂ) < ji fiz)dz J: glw)ds. O

F 1 L EFEMERRSA, HTHRSERRSEAMENRSAEFL &F
W% B A: (1) R0 (2) AR BAFARRE.

2 MIE 1 RTLIBE) Schwarz TEXRVESH AT BEERE L
b, WHIFIF A = 0 BHEFFERA do, 78 (hof — 9)° 1E [a, 8] EHIRU 4 0. F
R+ & Lebesgue 3 (M 10.1.6) ME—HABHH 9, TRAE [o,8] EJL
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PRI RAL hof () = gla). BUEE 1, XRAE 2 FXE lo,b] EHRGKT 08
R TREN. WF ¢ RAPET 0 A RN

£ 3 M EREHT R Schwarz 738X 5 Cauchy RERXEF ERF—F%F
A AR ZEFARLERXERME. Hik Schwarz RER 884 Cauchy-Schwarz
FER, st # Cauchy-Schwarz-Buniakowsky A& H.

Schwarz A FFAEXEFTH LRV, TRACE BT
fHIEE 11.2.3 3% f € Ca, 8], H. f(a) =0, {EHE:

b _ 2 b
| Pmyanc L 2 [ @) e

W AR fle) = 0FTAG K

fz) = J f(tyde,
SRJE M Schwarz AR EM T i

.1: z x b
Pz)= (j 70 dt) < U (7' () m) -0 <@-a)| (@)
BEHTA ¢ M o B b B RBRFREER. O

11.2.3 HFEERIAFEH

BT Schwarz R EX, BEFEEAHFLRLGFEX. TERNEMS=
PESHTPEERRER, B Young REFR, Holder B HHAE Minkowski $
g

&8 11.2.3 (Young %) @ f 1 [0,00) 1yELET 5 B ™ S 15# I,
f0y =0, a,b>0, MFH

2 b
ab £ L flr)der + Lg{y) dy. (11.11)

K g(y) & flo) (R RY BHS Y HMN b= fo) HRL

F Young FSRHLMELHAWE b FERSSTFHLMEHER
AT SR 115 Rk (), (B), (o) SHHR. HTERY | fa)da

STEAEERLAN L= AVEE, 2R jzg(y) dy EFEEKTRBR
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B = I ER. X TR AR, XM ERZMBE T HRA o F1 b
R, TS =FE S X MERER PR RS il =fEe
ot R —BR B LY.

¥ Y ¥

a 0] a O a
(a) (b) (c)
E 115

JE ¥ QL) s ARG ZREd 1. FA o(f(2) = o HERF
A RGELR RS y = f(2), B 2 = g(y), RIBHRTBEL

/]

I= r flz)dz + ﬂg{y) dy =J

0

g(b)
f(z)dz + J zdf(zx)

0 0

g(d) Jg(b)

= [ He) gz +ap(@) fla)dz

Q 0

g(b}
= hg(bh) —J flz)dz, (11.12)

HEPRAT o) = b MF o= g(b), LWELE b = f(a), MIELBF (11.11)
BALEF SR (LA 11.5(c))-

1 a < g(b) B, 3+ F (11.12) BB HA f(z) TEXWG (o, g(b)] LFHIH
B, f(z) < flg(B)) = b, BR1BF] 1 > bg(b) — [9(b) — afb = ab. IE a > g(b) B, &
L] 183

[}

I'=bgld) -I-j flz)dz > bg{b) + [a — g(B))b = adw O
gib)

F ORARL HTBEAE S EE A B LB X WAk Young FER
HE & <f € CH0,00)” ATLAREMEN “f € Cl0,00)". BRXEBERME, HiE
BHMRESE, TEENBE LB ERRT (11.12). XMEH R Young K
AWM B fEITEESEE

Ty Holder T4 A1 Minkowski F4F=CERAT LI §8.5 3o % Ay by B BK
AEATRR A H SMBERL AT, FIXEFHR HIEH.
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S 11.2.4 (Holder £%5) & f,0 € Rla,b], p.q WER % + ~;— — 1
IRl (GERIERD), MR

(j f@talidz) < (j F)P dm)up (jb s(o)l do) T o

a a

%HE 11.2.5 (Minkowski &) i f.g € Rla, b, 1 € p < oo, W7

(ﬁ(lf(z)l + lg(@)|)? clm) " < (j: |f(@)IP dsc) 1m+ (E lg(z)P dm)ljp, (11.14)
%0 < p< 1 BAFAR ML

Z Holder R A%A 5 Minkowski U4y FEAR “LBRRY 5 “BEy
" PN ER SR BREREN TR S g MAGEER R I
Holder FER PR LSS H R MFRTFERY o B8 |f(2)] = dg(@)¥ Y (R
E3t f 0 g); 72 Minkowski RER PRI ESHRFRFEF AR o ER
f(2) = colz) (BEMNE f 10 g). HHFERE Riemann FIBRMAFT, P HFAF
A YRR L PARAL ALY (B R5H 3 Lebesgue EIRRTRYIERD).

11.2.4 RO AL G

PRSI S  RE A Teylor EEUT RSN HLAEFR. TH
RR—TBF (LB &F A 7, 97 4 (1990), 912-915 R).

GIME 11.2.4 &£z > 0Bt cosz < L&, M 0 3 = 45, BEIRER (M
£ 1.3.6)

sinx < .

2
BT 0B & B, B 1 - cose < . WEHEH

cosz > 1 — %,
RIS M — R 83 \
sing > 1 — %
BPAIEE 8.5.3 FAEH. TRESEH
3

m—?f:sin:ccix.
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TS S LR

x? z? z?
1—-—2=-<cosm<1~-—2—+—2&-.

IR 2R BT ERM AR —RERSFR, KPEET

8.5.3 MY BE ST HPHARER. W BFTUBBUTHAXFE = B

LA NHE RS

n 2k4-1 2n43
: x |z
- —1)* < ;
SR g( "B DN|S )

cos T — i{—l)"c

k=0

M FEAERE 2, 4 n— oo, KABEET MM Taylor HIRAX. O

ka ]3‘.‘2“"'2
& .
(2k)! (2n + 2)!

PR 11.2.5 K f € Cla, b} H S8 v, iEHS

a+b

J: zf(z)dx 2 J: f(z)dz.

% f A, ATHHSAMER G MEME v = flo) LiEEMN, W E
¥ 51y i h BRI
{(z,y) ez <h 0<y < flz)}

MECRTRREER o = 25— W

ST RERRREEA (SR (18, 30]), TEEHEFHPMEN. XERE
FIF F SRR 2 — (o + 0)/2 RTRREE AN A RBEER.

1 E f fiEsm, Bl

(a:— a;b)(f(x)*f(“;b));n. (11.15)

¥ LR ¢ Moo B0 R XFIA

b a+b
(o252 erms

AL AR RN AEFA O
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2 A (ot S APARE, AR S — R, R
252
j ( Hb)f(w)daﬂ-ﬁ#(a:—a;b)f(m)dm

f(El)j_;El (ifi“ a—;—b) d:c+.f(§2)j;}i (-’B— CH-b) de

a 2
(b~ )
2

= [f(&2) — F(&)] -

Z 0,

EHHF o<t < loth) <&<bT0 [ BEEM D

TEHEMFT XERCHE ST FEAER (I 8.5.1) —THEH
SripiEEE, WA B RF A, 103 45 (1996), 585 .

ME 11.2.6 i’ﬁﬁ n ”I\E{Fﬁ"ﬁ L1y 4 T ﬁ n &I—Eﬁ ;\-13"' :-)"ru H 1'1 +
oAy = 1, MRS AER
G = f[a:?;' < im = A, (11.16)
t=1 i=1

HApl BN o =29 = =z, BRLES.

it AEM n MER 21, 2, TEREIN. RGHEOH 20 < -+ < 20, WHF
Eke{l, - ,n—1}, 8 z € Gy, € Tir. KB HASEER
5-G = dt

*““gl‘( ) ZL‘ lg, Gn

k n

Ga Ty
=1 i=k+1 Gr i

NI EE]E
=1InG, Z?v.,lna:., Z)«,,(lnGn lnz,}—ir;n%é-

i=1 i=1 jm=1 v F

_"’rﬂdt ; [
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B THINS—NEREA HEREH A, 2 G, METAEEHSSHINR
ﬁﬂ‘g%ﬁﬁmixcmé:la”'snsmvﬁ%$1="'=$n- U

Wit XMEMHEAEHE, EXREFEAE TR TR MRS FHE—%

# InG, —lnz;, i=1,2,--- ,n, f§ Lagrange 84 -{EEHE &R0 TR,

1.

2.

C|]FeCD,2), FIO) = f(2 =1, |F'(@)] €1, {EHE:

11.2.5 #I8E

515 [o,] LM, R KA ¢ € (o,8), RECPE) = | S04t %
l0,8]_E# T &

8 J 72 [0, +o0) LR TRl E: B F (o) = | £t (0.4+0)
LR TR

1
BT F [0,1] LS EOEHE: | 2/(0)do> max (f(0).
1 0t BN EOTIMER, 1@ = 6 =0, f10) = a> 0, F() =

B < 0, YEHR:
(b —a)?

B-a
[ fia)as

° 1
0< | flayds < op-

21

EHIEY f e Cle,b], H flz) L4&EXTF 0, iR

& b1 o
| fse| gy de> 0o

h
B3R R £ € Rla, bl [ f@)de =1, k IR, T

(f: flz)coskz dm)2 + (JZ fz}sin k:z:d:r:)2 < 1.

.8 feCla,b] A fa) = 0, IEFA LA 11.2.3 WA A FR:

b — a2 b
[ P@ws O [ g@r a5 | vefe-ote

w0 LAskHY z € (0,1) B, 0 < f/(z) <1, f(0) =0. JEBA:

(Jlfmgdm)2:>j:f%z)dz.

Q
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10. (1) i Young R&IEHR: X a,b > 1 BHSE ab < e+ blnb.
(2) B F € Ria, b}, i Minkowski A% T EF A FXNEER

B AL

jﬂ|f{$)—sinx12d$£—3~ F jﬂlf{m)—cos:cﬁdxgi.
2 4 0 4

§11.3 MR4oitSEMitN

11.3.1 RMERMELT

RS EREES, RINEER—EREFEE R R, T RREY
FAHER T SR BT REMTERE, R RERNITERAMETHR
B RZE R4 R BB /AMERBAE (BE TRAM LRA), RERUREH
KB BAOREBRSFHEEMERASRETMHIT SRAREFRBB R
FERAN X 18] RO B, TR SEE S — B FoRIR A S RO

M 11.3.1 fhitfa 1= r sinz dz g, B 0<a < b

e T
¥ mERA | sinz) < 2|, WEAERE
17l < b—a (11.17)

EAMETTE b — o BRI 2 RARE.
MARSE—PEEE ATET /2 FES, WEH:

b & -
sin&j %}QI ﬂi:]ni:ln(l+ baﬂ)a:i—l. (11.18)

a & a (14

[ =

MG a > 1, WA (1117) B HEMT b - o RARBEPBRTE-
FARME_ P HERTE T 1/ BHIER BHA:

¢ 1 2
|I|=]%J sinmd:n‘ £ -&—|cos§—msa|é = (11.19)

MR o> 1, WHTF b~ o BREEH X ETHBHATH R WREHER
ERO Y (R BLE 4.2(a)), 4R RIAEKR, LUK sine BRI IERIE
WA TR BB 3, TOGRANETH 5 HHAREE RAUA [sinz| < |z A1 |sinz| < 1.
EERM T (11.19) WFENRE G FE
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fait (11.19) SREGWIEX. TEH— MRS 0 < o < b #RL:

b
j S“f d:z:‘<3. (11.20)

REAGHR 0 < e <1 <b FUTHEHAGTENRE XEERSTHT, FH
A (1L.17) 70 (11.19) 323

Jl sin dx
a T
LA R—REN 5 SREXDEMBEMGH EEEETENS%

B X# ob BEEMRETIE NERENHUREYHE (o 0] LAy RAESFH
Aefe g it TERE T (BIR [27] 4 2328 &),

HES

b -
+ J S‘:'T dm' <1+2=3 O (11.21)
1

2008 ginx

DI 11.3.2 B T = J dz By{&.

100m

W1 OB EEE & AR, SRR T > 0 (409 ARE). SUR
A EEEAR TR (1118), AR [27) PaysFR:

¢
= <1 [
T 5Un’ﬂ< <

%2 FAEREENSERT 100n, MR TARESELTRER RKE

. 200% 200
[ (_ COST 31112:1:) ‘2_[
T x

1 r“ﬂ"‘ sin

ginzx

dz

3
1001 0o L

dzx.

_— s e

~ 200w
W FA U RS B S _pE e B

100x 3

4
1063

‘I - 7 0.129 x 107%,

1 < 2 r inzdx £
2007 | 10573 {)1008 s
R T & 1/200m = 0.001 59. O

¥ B Mathematica i8B3] I ~ 0.001 591 49. kR b, MR LHEME
B A RE AR B T PEER, R U BRE PRI UE

BRASRIE M ETEA . Jof Canchy FER Y Schwarz FERE
2 2
R FWTR. i, W — + o = 1(a,b> 0) MK

2
§ = 4J1 Va?sin?t + b2 cos? t dt,
0
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EPER R FEREART SR, HRA TG Newton-Leibniz 2t
B (F[£& [49) iy 138-142 TT). TEEAIHM Schwarz F A Cauchy

FRRETEMRAH LR TR BN FSERRE LY FRApPLT
I e A A S —

il 11.3.3 JEBA mla + b) < 5 < mv/20% 4+ 282,
WL B9, Aty Schwarz RERER ERET

12
s=4 \/aﬂsinzt—i-bzcosztdt
0

/2 oz N
%4 (r (a®sin” ¢ + b° cos® 1) dt) ( Jﬂ dt)
0 0

=L@+ bz))%_ (—"‘E-)A = my/2a% T %2

2
RIS Cauchy A%ASK M BIARELH T -

\/;nzsingt+bzcoszt= \/azsinzt+b2coszt-\/sin%—l—coﬁ?t

> asint-sint + becost - cost = asin® ¢ +bcos> ¢,
S LBy FaR 4 AR TR

/2
s 2 4r (asin®t +bcos® t)dt = n(a +b). Ol
0

11.3.2 RErHEETR

TERCEE S T R o PR LT R — R BB =R, IBEL
A ERLRMMELAA (WHK Simpson 2X). XEAKURFRARK
ER Iy e R DL T H 6 2 E A .

&3 11.3.1 (Euler-Maclaurin K /A ) R B3 F € Cemt2)g b, b =
(b-a)/n, zi=a+ih i=0,1,--- ,n, W

1]

b
S Wi + £ - | f@)da

g==1

b—a

n

-3 g;;, R PRD(E) — TV (a)

+ -i:m-F-Q R2m+2 pam+2) () (3 — q), {11.22)
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K éeab], By (k=1,2,-+ ,m+1} & Bernoulti ¥, HHdj=418 (4 7.2.3
PpAT):
Bi-t.Bi=—L B- L

BREH, LRARWENRENTEHE (0.b] 6 n SESUTHEELARX
gz E BRARSE THEARMRERAA. EXHSRTUBIIER
NARIPER AR AHREA T

A (11.22) fIERFAESE, LERHSEE S TESHILMEE
FERNMFTE BOAETIRSSRETSE SN EFRE, W E3H
WATLLBR m = 0,1 ity Euler-Maclaurin A3, B{TH#4 7 8#E A MER A

e -
BURE 11.3.4 # f < C*[0,h), WFFFE £ € 0,7], AL
h
|| f@yde = 170 + 100 - 5 17O (1123
0

W T AR SRR
j: f(z)dz = J:: f(z) (:c — %)f dz
- s (e 2

Lra(-4)

k
- O + Wl - [ F@ee-n e

= SO+ + 5 | F@le-mde (124

#HF z(z ~ h) FES, ELHRTAS P EHERRR T ENER:

h h
3 | @k - mide = 570 | ble-mldn = - @ O

EOMESIHE LRES Fr) = J F6)dt, 0 < o < b, RAE HAE S
742 IMEHE ST 9(3) M. AR ARG LA SRR R,
MBS 1052 AFEE—MA%E 11 RTLER A XU EERE
b 47 2 A0 2 0 T L e

HI8 11.3.5 ¥ F € C*[0, A, WIFFHE £ € [0, R, AL

h h . , 1 ;
L f@)dz = —|f(0) + ()] — 55 [/ '(R) = F(ON + -7551'(‘”(5)?1 . (11.25)
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E A E—SEP RS ARNFR (11.24) SR8 T &

1 R

h
Lf(w) dz= O + 0] = 5 || 7'@ate -~ 1))da,

£ o 3 o e

r_—ﬁ—[f’(h) (0)1+%th”(5=> (f - hf T h;w) &
- - 1ol - 7| f"”(f")(wg& - h?)d“’
=—?—:[f'{h)—f’(9)l—%J f”’(x)(:f; - );"“’

— h? (h (D) 1 P (4) 2 2de

=B - PO+ 5 | V@ - R,
BRF— AR, HART (- o TS, BRES S~ HEERE3)
FEHFX. O

Pl RS REM FREARMEE AN BREMITESBA. BT HMpRL
RN IREETUEEE m = 2 BH Euler-Maclaurin 223, FAEWR A5 EH
we—, EET A DR A 14, 17) FEE B PP RA TR AR
ST feiREMT THE AR FRYEINET R A X — S E.

fiE 11.3.6 (TEEAR) #F ple) BAKE 3 R LMK, NFH
[ ) oz = @) + 40 (i(m-b)) +p))(b - ) (11.26)
. 6 2
4 () = fla+ (b — a)), RRTTCUSEEN B A DB
1 1 1
| a1t = 5 1a©) +4a(5) + a0}
1]

RIEF ARSI HEIEER, A o) = 1,42, AAREHT. O

F APMAREMEREOEBGIRFE IBLRANRE. XN HAER—
AL TRRE . PREARAEN IR BEREL 141, Rinkr 6 FRUR
BT, ABRIET X TER, WM B & S0 a8 S T HERIER.
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11.3.3 %I

1. jEHE:
VIR ) 1 1 gle 1
1 sin z° dz > 0; 2 <J dr < —;
()L. @ < | TaE Y m
/2 sinnx \* n2x? T /2 ginx w
(3)J:‘”(sim)d“ g (4)“‘:“5;“]: e 98 < g
100 2 2 /2 o 1
5) 0.00 01:  {6) —r2 —n?
(5) 5<:[0 $+1md:r<0 : {)gn <Emsmmds:< 5T

2 4 £ 4 0,0 (o> 0) EATRMFEY EW:
s <5 1@t + [ 1@l
3. 4 f 76 0,1 BA TR S ER, ER

[ t@1ae <max{ [ 17 @)1,

j; f@) da

4 R f T 0.t FTB |F(@) <M. H j Flz)de — 0. T EY F@) =
r F(6)dt,

Mb-a)?
8 1
(2) TEW IR fla) = F(b) =0 BHER: (F(z)| €
5. JEAR: XEE R 2 BRAL

2 4
FVR<TH V2R < ”;3\/5..

(1) JEB: |F{=z) <

M(b-a)?
16 .

6. & f 72 [o,8] EFIRL fla) = f(b) =0, |f'(2)} < M, iEH:

r F(z)dz| < %(b ~ Q).

a

7. ¥ 7 [0, 8] ETIREIHE, fla) = F() =0, [f"(=){ < M, FERE:

r f@)dz| < —%—(b — o).
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8. (ERAR) & f e C?a.bl, iEH: F4E € € (a,b), AL

i AT
[ r@an - - asigty = - LEO T

0. % F [-11) L ') < M, BA ac 0,), 08 | f@)de =0,
E: 1 )
J flz)dz| € M(1 —a?).
1

10. % f F [0,1) L7, |f(2)] < M, EHE:

1 1 «— k
Lf(x)dx———ﬂ—kzzlf(?) %
11 % F XN [0,1] LA, B f € R0,1], ¥BRE n B X

o= J =530 (5)

k=1

M
2n

{iEAR: Jim nAp, = ———(f(U) - f(1)).
12. % f ?HEIZIH] [0,1] L:g’fﬁfﬁﬁ, H f" e RI0,1], R n EX

Bn—J m]dx—wa(Zk_l),

o Im n?B, = o [(1) — £ 0]

§11.4 BRHFEMTPHEAEA

11.4.1  FIRAERSRYIER

MEZ BT b, DR FTREFIRBEIFEHE THETE-FAREG
W RRAOH 77— HR BRI R R RS BRI REAT .

% f € Rla, b], WA L5408 5 A R AR PR <55
J flx)dz = hm Zf (a,-]-z bna) b;a :

jif(m)dm=ﬂ]irgﬂif(a+(i—1) b;“) b;“.

=1
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B, AREER A {aa} RGBT o TR EEADN TS WA R
K, IR R T B o @ R A T M58 U 5%
SrRUARRT AR

Mg, X H T EERRAR, EREA—E L N ERR B
MR R E R T — R AR T — P — T

BINE 11.4.1 THHEF {e.} BBRE, BFEH Y-
1 1 1

=T T T Ty

W XERERS TR EIER R

. . 1 1 1 1
Hm an:ilm— T+ 5+t 7
n i

1
=[ z_ _ 2 O
o 1+2z

#F EAENTAERSHE TR MEE XBRAFIE 2.5.4, KL Euler %

¥agail 256 S TH, Bk 283 MFPayrFAREEEN TIE FTRBE
BARERSEMAA, BEBEREES.

ol
B 11.4.2 T8 lim ‘f =%.

1 BRI ES R

7T

nn! :—;l—ln (n!) h1n—~Zink——Zln ——Zln( )

k=1

& n — oo, HEE| L RATA R j nads = —1, B3

In

ool
lim o i 0
im0 71 e

F OXAMEESEEELEEER OLAE 25.3). RS EARE LRE
A, HREY nz 7 z = 0 HFRKERR, HHFERHRSRE T ZFEFH
RS TR AR BRI OB R E ATy M (SR 12.1.1).

FHBSMAME BTUBRTETITES.

2 PR, EE R FEX

Zlnk < J Inzde < ZInk
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KA i

In(n=1)! < (zlnz - 2) . =nlnn-n+1<Innl,

BEERIRT n! HITIAER
e (%—)n < nl < ne (%)n.
T KSR, FIE Im 96 =1, Im vh=1 HFFEN. O

ERERA RN RS RRRE, BLE Taylor 4243 H R0
HEEEN T

Pl 11.4.3 itEHRE

2 2n T
lim [(1+ —lﬁ)siniz-i- (1+—)Sin~7+---+ (1+3)sin”—2}.
O i n n n n L

W& dBERN an. B Taylor AR, EITH

_kn_ km k\*\ _ km LY L _
smer =g tol\\n) = telme ) robsom

B ET i T

n 0O

1
J fxz(l+ z)de = —
0 6

11.4.2 Wallis A%5 Stirling 4%

FNEHNBEHT ) ERNHAIEELAR, BIELRT RN FEHRM
() FRB 3E ¥ H-

FE—AXRHFF Wailis BRIFY (1655 48), ELHFYy Wallis 2% (HE
T[] BS Viete AR (W 4.34 DT 5) FRETERAENEFTRRELR,
(B Wallis AT RBERRER, EXFHFEZEOATE. Wallis 23T n 1Y
ERHE R EEY W, (e FH Stitling AR EREEER.

8 11.4.1 (Wallis A=)

. 1 I I (2?’3) 2 Tt
= —=. 11.2
nl-l-l:lgo n+1 (1.3.,...(2?1”1)) 9 ( 7)
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ST BB 2.3.2 /NSRS 8 #1 9, RATHEE (11.27) LB Ey
R Zrub PR, WA TR X AR R

M 1049 FRMITRECH L, = rm sin” ¢ dz RIFER AN

0
2n-1)1 g _ (en)tt
KB R BE, WK x LAt — AR

¥ L A% — MG, MUAIRE 10.2.4 41 {1} 2K ME: lim T, =
0. AR, & n KW, L § L ZBRNERESBHLE/DE (B RE
10.3), T Tont1/Ion BURRFRARA RIRER: L. M RICEMIL, NIBA 2 4EB LR T
®RRRER MAXEBRIAT 0/0 ANWAER, BERATHERER (11.28),
B AL

if EO0<z< —’25 ME 0 < sinz < 1, HEHE sin®™ Pz < sin? g <
sin® z. JXRERAL L (B4r) AFR Iznvz < fonta < Izn. FIF (11.28), 53]

2n+1
2n+ 2

PEABRLL Ton, FFERARRR (RPJ2:E), W WHAEH

Ion = (11.28)

Iznyn = Jop < Topt1 < fon.

N P
lim =B~

nmo I,

HH (11.28) LA, BRI B
. 1 ()t \? 2
lim ( n )”) --Ezl. O

=1.

n—oo 21+ 1 {21’1 -1
¥ ENAY Wallis A LSBT RE S E. fim:
(25?11!)!1 ~ Van, (11.29)
2a2n
_(”_(%r ~ /A, (11.30)

FERRM (11.20) 7] B, Wallis 202Xy 38 BERURZIE 7 WA (201 5 2n — 1)1
Z LR R TS

Stirling AR BRI TFEFE ! WERGR, RAT ZHAN. BBy

1 By B,
| — i —
Inn! lnv2n+(n+ 2)lnn n + T-on + e +

2m - DEme T T emt Dem + e

(11.31)
+
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HF0<0, <1, By, 2 Bernoulli ¥ (W, 7.2.3 /h¥).

A4 RANEE LRAR AN =M B 2B Stirling 2+zLHYEBR,
TESEE R LI LU REOF BN T — M ARMIEH. —RERE
Stirling 43 {11.31) "L Euler-Maclaurin 23 (11.22) 1. H b iERA it
FIRE, AMBINEETUSELFRELER¥ AR LERNFEHTE.

SR 11.4.2 (B RPN Stirling AR) X THE n! FHELR:
n! ~ V27n (%)n (n = o). (11.32)

S LTI o ERME. MABHKNR, T 1.3.2, 255,273 &
IFTHEE LT n! WARER, RIMEH S SRR ARNER. £ 271 /T
FERTF n! EAEFREN R o < nl € n® (0> 1) HINERDHZE n!
RMHEHER, NIERAHERE. KR Stirtling 2 2 E AR .

MULRTHEE R &, FTLIBENAE R, 558 M 2.5.5 P8I 7 BUA %
84~ n e Ny LB ASH

1\" len 13\
(1+——) < by = e <n-(1+—ﬂ) .
i nw i

HTHR () BHES, HRAEMNEECHEETZ L, XHERH

b _ L, LY
o = e (1+ n) <1,
AT {bo} PE8E TR, B AR R T3 TH o BWHE (RAE

2.5.1). BAAM 8.2.3 AIZEH, TTILLL (1+ 2)F B o 5 305 P 0
> BT e ERER B

bV ¥1 _ ba Nt 1 1™t
bntrivn  Bagi (1+7{) _?(H-?) > b
TR TR A R
W E XA

mile™
= N
O n“"f‘i‘ y e Ny,

) HBAERE {an} ST ViIn IS & AT Z

n+w}.-
o _ L (1 + i) (11.33)
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FIH f(x) = 1/ T, ¥ Hadamard A&, (FIRF 11.2.1) A, & oy = n, 22 = n+1
AN, BRIFREA:

1 1 1 1 1
n+_;- gln(1+¥)€_§n(?+n+l)'
W EARL (n+— )#ﬂfﬁﬁ BEIFHIASFR

o<(orp)u(ie D) (F o) @

B (11.83) fEHEL, BA

(11.35)

KR EHF {an} HIED, @ﬁtlﬁk@t, TEHARMR Y o B (11.35) B(9EE

X LAE B ERF {ane ™ } BEHIL B FEMRRER o ZHA
BT a>0.

F[FE Wallis A% (11.27) = (11.30), 3FH nl = an -

MRBER «=v2r. D
FATHEF (o) RUEEA TR, T EELFOERRRMR o > 0, &

M) (11.36) BrBE — B R BRDXREM T —. LREMRE 7).
11.4.3 Taylor AsHRHBIKT

EHLE BASNERER PENBTHA Peano . Lagrange 7%
itj Cauchy RIFHY Taylor AR, X BN HEHHTBRTE Taylor 243

& 11.4.3 i f(z) EREA (20— r,z0 + 1) FH n+ 1 LS s, M
FA z € (xp~ 1,20+ 1) WAL

flz) = E:ﬂmm — 20" + Bala),

S el ]
Ro(z) = %J FEU ) (2 — ) dt. (11.37)
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E M
m-zjﬂ““)w o)
EPLE
BB (20) =0, k=12 ,n, R()= fOD(a)
FRERA TS ERR TS
IM@=J-&®ﬁ*G—

+ r RO (0)(z — t) dt

| moE-ta=5| R0 -

]
1

:...=.._r ROPtD(#)(z ~ )" dt

LI P
1

= [ 1oee e o
B (1) MAT (1L.87) A S — R, 7 o0 5 ¢ ZFA £ B
mmﬂ=—5]$fmﬂkﬂw—ﬂ"&=h$fh“%9rRx—ﬂ"&

'
2 T xg
i

= (n+l] FEDE) (z — 1!

= e e -2

Xt Lagrange &1 (firff 7.2.3).
(2) 7 (11.37) FHERS, EEFEEEE f @)@ - )™ 5 1 MRS,
MRS E—EHEHE FHEEE D S 2W, #

Rale) = = O @ -9 | e

T

= — F" () - &)z - a0).
W ERBM E=20+ 7z —20), 0K n < 1, U EXAH
Rafe) = — 7 D(ag + (e - a) (L~ 1)"e — z0)"™

X Cauchy 1% (Wi 7.24).

(3) Lagrange &I 5 Cauchy £ IS ERTERENTE L S 0, MRS
B4R A& ol X TR — M A P EHE, WA BRI Taylor
AR Y F s Rk =P,
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11.4.4 7 RFEIRIITEH

ER SR —ITEMAS, |ATEA » BAEY. THIERRS L
Niven $&iHfy (A {4]). SXTFTEECRTE PO £ B 0% 7§, 108 35 (2001), 222-231
T (£ % %4 2001 55 3 #9).

&M 11.44 T BELEY

i HREEE. B REEY W= —, ¥ o b HEBR B
BN N

f(z) = I“(a; bz )™ _ b"w“(:!— )"

XR—AEHE, R PEHARENA n B 2n. FLLES: E—-TRERHS
o BS z=048_A REEEAT O HEH. EhH LXEHEZHER: (1) &%
RS EFHEFETF 2, 2) BARFFOLERE 0, 3) HHRFEHEEH
¥ RETwRER (3). Bk S 2N e, WHFR (3) HAERXZAK
k Br 3SR XNBRINER Mo BT ¢ RERRL ! BROERY ©
kzn, BAl kle —EREH

XEGERH T 3HER B 8R¥% i, fO0) HRBH.

X f(z) BFEREA f(2) = fir —2), BEHEERERY &, f9() =
(1) F9(0) R

RIFRITEIER RS

rf{:t:) sin ¢ de (11.38)
0
F{E te RN X ABL B R AR R R
r f(z)sinzdz = f(z)(— cos:c)r-!- r f(z)coszdz
0 o Ja
= f(O) + f(m) + f'(x) sinm‘:- r f(z)sinzdz
0
= f(0) + f(®) - Jﬂf"(:r) gin z dz.
0
BHF Fh2n REWA BEFY LR BENERE
,rf(m) sing dz = f(0)+F(m)—F(0)— £/ (W +-- -+ (-1)" FENO0) + (- 1)" ) (m).
0

FRLEE AT T A 2T, TR A R R

B—IHE, EEE 0,8k, 0 < a—br =b(x~2z) <o, WX fz) Fitrit=X
z"™{a — bz)" < na"

n! T

0< fle) =
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DORERR A TR (11.38) RY4ATT
0 < rf(m)smzdm & rf(m}dm <

HTY n— oo i nl B 2™ EARBHATF AR, iﬂlﬂ’.ﬂ%ﬂi n ®HK B
AAHHADT L XH5ES (11.38) ARECFHEE. HIL = FeE2A T, T HAE
B O

—AEE, MFEERENEEIECBeYR, R R F1, miR
ZhBRE. fl 255 BT e RAEY. ETHEMRTICET « ERE
B n AEE AL 2. Lindemann F 1882 4EEHE T n EERS, MTTEE M
BT B BLURUR AT AR B A ik o A B = K TR A Y B R — R R
¥ET e fl n py i RYUEH O E [52, 54, 4] &

n+1an

11.4.5 &3
L SRTFAIRR -
: i 1 1\
(1) nl:ngon(nz_l_lz + nE 07 +°"+W)s

{2) lim

1 1 1 )
n—mo(\/? + \f'n,(n-Fl) T n(zn_l})’

. (la +3a+._,+(2n+1}u}6+1
b# —1;
(3) Jim (22 + 4>+ -~ + (2n)b)att 7 R b s

n—1 - x/n

(5) nlirn L Valr+1) - (20— 1);

6) Jim — Z\/m:+k (nz+k-1) (z>0)
(ﬁﬁﬁﬁ%m%Jrﬁﬁ%ﬁ 3 MARITE)
2. EEHA T R (?1} PR A FPE N 0> N BRI
VI4+V24- 4+ a < Ant,

5 11.3.3 g7k 5 MG R LT R
3. & f(z) € Cl0,1), f(z) MAXTF 0, KRR

S \/ f( -t

n-l )f(l),
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10.

1.

B ORI - L R AR SRR BB, JFS 1121 AFEAR

FA (11.10) fEHLE.
1 1 1

i A = - _

o= T+ ogg +o b g & Jim nlln2 — 4q).

W By, = 2 2 2 3R lim n®*(In2— B,)
" 2n4+1  n+3 dn—~1" """ n— n

1

. 3R lim Jﬁj (1 — 2" dz.

-1

. UM Stirling 242, (A7 11.4.2) fUIER S

ot i
n! = v2xn (—~——) e 4
enr
HEfho<o, <1.

(EF_ASHE 15 PHEFHER, BFEL (11.34) FRATHFX)
HEH o), (2n - 1)1 F1 C3, MEFEA R

. FIA] Stirling AR HE TR :

W Jm (145 ) = @ tim (7 )vm
T2 1= %
JE#: lim va ] ° = @ , JA7 v & Buler HH0

k 1
1 e
k=1 =
(H— k)

§11.5 ETHFAIEY

11.5.1 HIEX

FEF—F IR ROt BATRE MR TE BREEZIE
TR AR, X T — R B E R T B UL SRR, RiTkE
FEMEERET ERZE MR EAERRE, REEFEEE—
6 BT R b R (AT T

 REFENEENERIENNA, 5 E-E-RARRTFN LRTE

MAA FEMNBETREERSZTHERAREFRERY, XPH5RaT
ARMEFETENFE HTRER, B RSRARSEEWES
ST E BN A, ERERS T ERAREEEAE. AR TE S LA
EWFIAF _ASEE



370 E+—¥ RHyFUER

3. MR RERR TR %A LR 24 3T Al 35k
vh, EORESE TNHER T H BT RMA (55 11.4.1 /M5) #1 Stir-
ling 203 (11.32). XEREMTFRAHHYIRBAEFLREEN I TNE
& EFHANE, WHSRMBER, BT LRGS0 £ R sk
B

11.5.2 HHH
F—HEZH

L& feCo,1), B F(0) = 0, F(1) =1, JEBE:

1 1
| 1#@) - r@ds > -
o

2. ¥ a >0, iEHA:

t i Iy 73
J :m"“”d:rJ" a O Fde = —.
0 0 4

3. (Tschebyschefl REX) (1) | F € Cla, 8], 44K F 0, HRIEML, IEH:

r F(z) d:l:Jb cF%(z)dz r F%(z1) dsz zF(z)d=;
(2) & f.g R [a.8] EXFHEM = <y RFEER (/=) - fo)ale) -
9(y)) 2 0, Xk p € Ala, 8], BALALAT O, FEHA:

b

[[ serr@rao [ stargta)de < [ pio) e [ pia)seo)as

a

4. ¥ f 7 [0,1) IESE, B 0< flz) <1, iEH:

1
f(z)da
[, 725y o ljﬂr -'c

0

flz)dx '

5. JEMH AR
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B FN () € Cla,b), B f®a) = f B (H) =0, k=0,1,2,--- ,n—1, EBH:

10.

11.

12.
13.

14.

15. %

(2n)!(2n + 1)

BRY f.9€ Cla,b), B f(x) #0, g(z) 2ZKTF 0. 12

b
dy =J 1flz)|"g(z)dz, n=1,2, .-

SER: ) { s } e, 3Rk HAR

i,

. gintt/n  sin2x/n sin T
HE b T .
i tim (2 L M_;_)

4

n+l _at
AHEB R 0, B i [[ oo (0] =TT
k=1
® f R (1, +oo) ERVAE BRI K E, &

_'Zf (k) — J (x)dz, n € N,

R 3 {an} WL

b a2(h — g)2n+l
j f{m)dxqa A~ & ek FP (@) | 2 € [a, B},

(X T RUEE R RREN (B0 (26]). B f(z) = 1/z, RBBIXT
Euler ¥ 256 B f(z) =1//z, REBE S -NSFH 14)

R J sina? da, BEEIREFAEAL 0.001.

IEEA: B Fx) = J sin — dt FEXE] (0,1] FEHEFENEA.
" f 7 o] EA[S, %ﬁiﬁﬁﬂﬂﬁ F(z) = m >0, i

Jb cos flz)dx| € —

& f ¥ [o,0) B[R, HWE f'(z) 2m >0, |f(z)| <=, WE8E:

b
JS]Df(:B)d:IF E
n—1 n—1 mn-2 n—1 n-2
S"ﬂ1+n+2+n+2‘n+3 m+n+2‘n+3
JE: lim T
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B+—F HMOoFGER

1.

B R

Higk K B BAa BN p=p(0), 001, pe C0,n], HEH K L{F
W E 2 FAREE AR 1, iERH: R K S 6=0,0=n BWK

BEHER |

L x
S = v (6)d8 < .
#® f € Cla,b), HAAKTF 0. 12 fiu = fla + kha), b = (b - a)/n,
k=1,2,--- ,n JiE8:
1 b
“h_{rnlg Vf]nfﬂn“‘fnn :exp{mj 1ﬂf{ﬂ?)d«’f},
FF THERS (Poisson F243):
—1—-J.2nln(1 — 2rcosz-+ri)de =2lnr
2R Js .
Edr>1
1
# e o, | 27(z)da=1,
0

(1) iERE max |f(z)] = 3.

dszel

@ 58 [ ()42 =0, 05 g 5@ > 102
B £ € Clo, 1), MR H RE n > 1, BT

r flz)dr = J::n_f(x)da: 2= r 2" ! f(z)dz =0, L 2" f(zydx = 1,

a 0

RIE M = max |f(z)| 2 2%(n +1).

R EAERL

b 1

SnNnrx

a1 < dr € ¢2
a T

BRI RAER B 1, oo, MHEARTRD B PFRIFLITR: () 0<a<b, (2)

a < b

. TEAE 11.2.3 (B! Young RER) Ay R4 ] bl 4, shAMEF IR E

A—AHEFER: ® f € Cla, o], FHREFBEM, B f(0) =0, iCHE
¥oh gly), VERR FHIARSERI R LR

b

ab < L f(z)dz + L 9(y) dy < by(b) + af(a) — Fla)a(B),

HHR I ESHES LEEMAR b= flo) (B o = g(b).
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7. B f € Cla,b), kA

8.

10.

(1) FEXHERT a < 21 < 22 < b I RER

()« D @

3:2 _ml Il

0 f TR
(2) ZAHEAT @ < 21 < 20 < b WALRER

1
Lo — Iy

M £ R TR A
(3) = ARG B — a2 ni S, W f HEBR LR RE

(B4t Hadamard AEX G MAERER [ T OIS BERME)
B f e C'0,4], £(0) =
(1) IEHA:

[ royaa < ) Se)

J; |f(m)f’(x)|dm<—j @) do
BRI O BT (e) =
(2) (Opial FH) HMAR f(0) =0, £ % (0,0) EXT 0, i

[ r@r@ae< 4| 1r@k e
(Bellman-Gronwall &%) B4 = > 0 bt £(2), (o) R MELTY, HE
fta)< 4+ | Sa0at
Hp A>0,F8: Y z2 08
Fo) < Aexp (L 50t dt) -

B f € C¥abf, f{0)=f(1) =0, f % (0,1) PRF, iEW:

f\[ 7

dz > 4,

HEA 4 REETH.
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F+—% #oPsuhm

11.

12.

13.

14,

15.

B fEDLY EMHE BFO0<m< flz) < M AFH

1 LIS | (m+ M)?
Lf(m)dmju‘“}mdméW*

(i Cauchy-Schwarz RERM K A%, % Kantorovich £ 3X.)
e AR f X [o,b] EA[HE, H f(e) = f(b) =0, iEBA: & [a,0] &

EHE A . o
£ > oo | e

@ F e Co,1l, F(0) = F(1) = £/(0) = 0, (1) = 1, {ERE:
[[urayras>a
0

HEFFLERALHAMRY f(o) =" -2

WR¥ f ERNA (o8 B4 AT 0, HXF L > 0 B R Lipschitz 2
|f(z1) — flz2)| S Lloy —2o|, NEHM T age<d<bF

¢ dr b dz
L @& ® L f(z) =5
VL A o N =

e2Lﬂ -1

[ sera < S (1@

Se A B H A AR % 0 < 2z < 1 BRI

0<l4n1+$—x<——£——
2 l-=z 31 —2%)’
REH » = 1/2n+ 1) ftA, B3 (11.34) FBRATER. RISiEH
W, (11.32) %846 Stirling A3, WERE—BAR (1131) P m =08y
Wi

By,
12n°

Inn! =nv2n+ (n+ %) Inn—n+

RERFMER,

a

n! = V2/n (i)ne e )
e
Hf o<, <.



B+—83 YRy

"X EAERBU B AR, HiFSHmSERa %l Rk 5

. 5121 Witie T BT E . §12.2 5 §12.3 A BINRTT SORA 0 Sk
HRSHE. §12.4 FiHe T BHER5T RS —EBER. BE—VWHEIRL
MIRASEE.

FERGTSETRPEFEVRER EEHEEITEMHDRENNF

IR AEE. RRAABEE - ShD SR T EFREMAES (L 2.23
KRR BHIE 2.2.6, 2.2.9, 8 252 %), BREI FTHIAELFREER
¥ amied DX A ENRELER BT 45

§12.1 - NHRHHEN

12.1.1 X&FY

1 MY —BHE AR 7 % Riemann M & LN, B4R H:
(1) B4 R [o,0] BHHR, (2) BE S E [0.8] LLFHER #IERER
SHEA R E SRR A ML E A, 5 E W LR A WA L B AR T 182
(WA 10.2.1). T~ RS BRRIEXFAFEXN T ERE LR 55
AR EA K Riemann B 5 RS

AR, BIAMTE S ¥ 1 RKE, &3 f £ T LHEX MEXE
BEHRARIN [a,b] C 1, f € Rla, b}, WFF £ I EAFATR

TN RS O R RE LR RS BURR. R b R f(z) FEEX
BRI [o,b) ELHER, BUR b= oo HE flz) FH b EMMWELH B
m fz) TEREM [o,6) LAEATR b5 flz) % [0, b} EEIFT S, MEXT"X
Bar

h b
L flz)dz = b!l'_ueg_ Lf(a:) dzx.
MR L ALBBRIAELAR U b = 00 B, b — 6 2285 b — +o0),
BRI LB Lf Mgk £ ISR (R RSB T RIFT R &

b

R, # BRA j FREGE £ POSORTR (IFCRATRY). 25815 X1 o
@ b

ﬁﬁﬁmrmﬁj ;BB
h b

. BT | SRR (30 BRI %rmﬁj 7] et
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5. % b % 7 [ob) E0% . MR b= oo, IR KB rw f HFETE
P SRS (RASESTRBG SERRS). R b AR, F SR
j f HERR SRS (GHERRS SR, 35 b WA XH%
1 B R AT L T R, T EUE 16 X S R AR AT L
A3k,
6. a<c<bWMBcHfileo5 (e LWHEK b3 f 7 (o,
5 {o,b) FA0%, M RS
h C i}
J flz)dx = J f(z}da:+J flz)de,

a

b
e T RS RO, BT SR j F(z) d egl B, BR1 X
b Q
T j f(z)do BB

E1 BRERFHRRNS S TR NG AR LIRS XSS
Ry EFES B EERH XS] (BN 12.4), IR ERNBEEEMNE
I~ B R

2 ARERG, BRSHSTXELY, JREEE LRAEY. REBSH
ARBRHE AMS LR, SRS THREREHR Riemann W8, B Riemann
SNTETE, TS URA AT AR AT URAAL XA FERTIRIRE, REREL
TXRESEEHMIEET, AP ARIET AR HACE.

BT LEARE S TR R EE UFXWET B
AR N EEE X

BEM f A (o0, +oo) LPHTIRL, X

A

PV. J+m f(:I?}d$=A1iI_E J f(z)dz
—o0 ol A

B SR rm { b Cauchy A&, I EATHBTRIFAEN
SRR 8 [ EKE 0,8 R E— S o 0 <c < b, AEX

2% r f(z)dz = Jim (J:_s+r ) Hz) dz

a —0t ct-d
5
P B J £ B Cauchy &, IEAMRRAETERE.

RSEE, £ AR MEEH ST R EHE; ARG LR
AR, TR TR TR IR UM — AT, EESR
SRR S BRI, M T AR AR, IR A ORI
MZE B SRR BT B PR (A, A i 2 fE.
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12.1.2 3RS SF0RR

BT OB Rl R BUR A F, BERFRZ RIS T g
AR E R S E R MR AR R A S, BERITTRA RE I LAY
TR B TEHRRRXRERL—

BIE 12.1.1 % £ 15 (0,1) U, TIr R jn F(z) da dcRlt, MU

L))

T = 0 T 0

i Ag R f R, ERSN

g B2

0 n

flz)dz. (12.1}

f(z)dz.

L
"

KBRS TELH MR XRG BES n > . O

% OXEALSBEER BE SN RELE SRIRRNT. K
W, S A IR, AR (12.1) ZEs AR PTHEHE M SRS
M. BT A A SRR TR, fli
1 1
fla)=—-

T 1—=x
M (R [47]) B—% 253 §0).

MFLFHT AR RAAMER. BRIMGRINAEFELRTH
WRH, HRRRFERY TR IRFRBERZ A, TLIEHRE 2.2.3 MR
AR

+
0

DI 12.1.2 # f(z) 7E [0, +00) b8, j " Fa) dz W8, WA

lim A i flnh) = j:mf(:c) d.
n=1

h—Ot

i AEEE F RERY. BRTLES £ & 0, +00) LiEf BRI
IMBAERER 2o 7 fzo) <0, MFH

A
j F(g)dz < F(@o)(A - 20} = 00 (A — +0),

Ly

RERERT R AN R T E-
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F& HERE RE n, &iTH
{n+1)k T " nh
J flz)dz < E hf(kh} = hz FlkR) < J JfHz) dz,
k=1 k=1 Y

h

ERFFEgAREN » R E (AIEF) RFERIL B R, BRAEER
R 4 n— +oo, BF)

x = + 00
|7 @ <ny son < [ st e
h n=1 0

B4 h— 0 DEFERENESR O

12.1.3 &5
L f2E [0,+o0) R, HES rm f =0, {EW: £ =0.

0
2. MRS SB[ 77 Ik, WO 1 4 o8] BT ARG SE
R TR TR B TR S o TR RO
. £ € 00,1, F(0%) = oo, EXEH fale) = min{fe)n}, 0 <2 < L,
ne Ny B RS L £ WSy T A B P AR T AR

1

lim j fo(2) da.

TLerp X0 D

4 W £ 7 (—o0, +00) TR, r“’ £ 4, N XT38 o, A
P R R

jm A& (e + )] dz.

5. @ f % (~o0,+00) EHHIAR, 3H lim f(z)=4, fm_f(z) =B #
PR ELAIR. JEU: XHERES o > 0, I LR

[T+ 0 - felae

W, HREWE.
6. FR DT OB AR, LIRS, SRR RS

T dz
J—_} V1 —x?
o, o TR R R BT B AL, R4 RH] S T IR 3 3B, AT AR A 2 0.
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§12.2 - MRSTISKEEFRE

AFERF—/PITHA—AEIEF 4, vHE SR A%, 3 Dirichlet ¥ 3%
T Abel FIFIZER LR RIEBAZGE EEWA/DT RS MBS,

12.2.1 i)

FHEEE—MA B ERATRITEAES 2 TR, TAER
FLRFA-FIRRE, H B A0 R B B AT 8 2 64 1] BB — AR

BN 12.2.1 B f T [a,+o0) (e > 1) AR, BERS X4

J:m of{z)dz

Bed, T IR rm F(x) do L
S OME £, S SRR
A A
0| fwan < apla)am,

KPR BUAMEND LR A 8RS RS ISR hTFAUE A — +oo it
TR, RIEMEMER A € [o,+00) BYRBLRY b F 00 R I F 4y, H
B A — +oo BHEEMMR. XBIEH T 7 R o, +oo) b KBS B
MF £ IR ARSIy, U H 5.

(B £ e e, L ER R A EEEE © . XM BEFEAE
BT R: (1) B Ry Cauchy W HUEN, (2) A B hEERA.

B a < A < A, FFRE

A 1
=\ at@- L as,

r' f(z)dz

A

HAARRGSTHEAET UV BEHEER BF £ € (4, 4)), BRRL

1

J.A’ f(a:)dx{ = ‘%‘[::cf(a:}dz

A

REMAZFERTUERERNRL % A A RAKMDTEEEEY ¢ >0,
B f TE lo,+oo) EVXAR. O

@ Wk f TR, W RBOTEE L.
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&1 EREIEMSBRTPEKNA Cauchy WHAERN, —RERWHRLE
R, A—RKRFIWSR TS FH. ER BN RGIR EEERRLH R
FESRFEPEFAELN Couchy WAEMHEEFFEENEA AT
Ry R HE M _E R AR Y. WA LA T 834 A F
Cauchy W HHEN i BA PI .

H2 LEAERERREERT Abel MBS Dirichlet ¥R aHE St
B UATLIAEENAXHA-FAIEZ —REB B .

X EFESE N, Abel HBHA Dirichlet HHETHRFATERT R
MEY T A, Bt RN E RS M4, Abel HHEMLERRTF LY. ER
Dirichlet ¥ iRy L EVENRBFN A, SHHEFBPHEARA. THERRA
2 ERNIER (21 [65)).

#1221 (Dirichlet $SIE) 1% 7 [o,b) LR BEATR, b R, I3
B || 1) oo WIS LB AIERIAE SR S = w, B
(1) % u o) LS, B lim (o) = 0
(mﬁ&ﬁv>mﬁﬁ}}mmuﬁ&ﬂﬁﬁ.

i FEAER— AR, TE P b= +oo IBLEILEAA HER, MTF
R A B R ALY,

BB [ re) o e, R Canchy WCORTH, 1742 41 > o, BERIRS
T B> A3 Ay R E f(a)dz
BABATH, W T n 22, 1 An 2 Any + 1, RN TEN B> A2 4.,
Mot ([ fayaal < o AEBIAY {4} RPH BRI E AL
A S

< 1.

1, a€x s A,
(12.2)

1
Jﬁ_: Ap <2 € Antr, TLEN_H

e €T < 4o (12.3)
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XERE R f=ue, KPR v WREMF (1) RHEY, THRTRIESH o
WK (2). BRHEH v & o, +oo) LA, Wik AREEHEEEMK
A [a, Al ERYFTE R

HTFY o< ACA I olz) = fz), BILTFEREL > 0, EHEIMXH A
A

A
j v{z)dx| < L.

BHA> AL WHFE » 8 Ay <A< Appr. XERHREE X (12.3) F1 (12.2), o]
EASEAE A 8

J:U(x) de = (Kh +j: +2j: +--+{n-1) '[::-:—-1 +nEn) fz) de,

RITRAHESE W R R M T

A A Az Aa An A
Jv(m)dméj f+J f—H.‘J f+----+-(n—1)J f‘+nj f
o o A1 Aa An—l An

<L+1+2-—1-——|—-”—+—(n+1)-—~—1——~+n--1—
h 23 (n—1)3 nd
1 1
1
{L+1+W+ + (TL-— )n < L+2 U
TERENE Abel HFjH:.

#1 12.2.2 (Abel H31K) & f 7 (n.0) LKA, b HE S, X
B | o) do WBETIEA L BAMRITIEN 8 £ = v, R

() ¥ o 75 fn.b) LRIHER,

@ B | oleyae vess

BT, Abel 3| B30 754 HETT LA Dirichlet ¥[F13: % 1, N ELE
WAy, BRI S u=1,v = f HRNA Dirchlet ¥ 3wy FE A
PIVERH, 75 Abel ¥ a0 BAER] LIRSy w(z) AR, H w(dt) =0
(%, [65)).

IR ¥ f =wv B R Dirichlet | B &R0 AtHRES
udEfh. RES

Uy = \[{4, = \/ﬁ'ug

RAEF W [ = uiv BIE Abel HIH AT BTH w () =0
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12.2.2 B
GI 12.2.2 TR TFHT SO Ry S -
+oo 1

O AP0 Y
oo dz Feo dzx

M ARSI 4 EEMBREERES SHEERE S, FIE A B
FPefl Cauchy HIFIHEFM, FH B E TR SRR B XU

(1) XR—PFHFREAD. 48048

T P  (-pat+ax—p?
2+ p r+1 (2 +p)z+1)

L p=18}, H

fim z?%- z 1 =1
z—+o0 (22 + 1)}{z + 1)
B Cauchy FFI%:, BIRT SRR

w18, B

. V- p)z? 42— p?
lim z- ( 2p):r e 4
z=to0” {2z +p)(z+1)

B Cauchy ¥ 38:, MES- YR EH. O

(2) % p =0 BHXRH LHD, WY p# 0 HXEBRR .

% p >0 B, HAR 2= 0. K lim oF |l =0, L Inzl do M
FEUR Y. 1

U p< 0N, BRASHFEHE =0 BLEX EHT zl_i,% Inz® =0, o[ A,
r=0FFEB S XREFE ERMTHRENIREHSERBEERTR T
S AT AE T, B AT R B T A T Ie, T A TR E 5%

7o XA BT R E.
i tim [laop = +oo STIKN o« = 1 B, o

=1-p#0

(1 —lm]—P (z—17)

4T, BRE -1 <p<OBNEE, MEpL -1 KER O
(3) B RSB © = 0, 1. BT LS TR BRI [0, o),

1 L] 0 12 o) EABAR, SEMERRIIR ] ER BRSNS T,
§21,2,3,4° REHEMRA A — A, TER 4 SRBUHREINEA.

|lnz|P = |In{1-(1-2)f ~(1—2)" =
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tﬂﬁﬁﬁﬁjﬁ' f(x} = \S/EZT(.::—-—I? .

M I, B fla)~ 2 F (@ — 07), TTH L Wk

%I Al I, By f(z) ~ (2 — 1) F (2 — 1), T4 1o, 13 308K

BJ5, 0 f(@) ~ 27 (3 +oo), WA L k.

Bh LI, Is, Iy WAL, BTRART ORI

(4) XR—ATHBEES, [tz =0 XREE THERITTITHHES

BAERIE [0,1) #1 [1,+00) LRSS, FHFHXWABFEH L 7 L.
Xd‘ I], E|E|3:

1

N R
:.:TE-Hn]+m zP(1 -+ z2) L
Hitp<1®m L K Mp2 10 I, RE
X;.[' Iﬂ& EH:F 1
r+2 _
T T )

i p>0&p+2>1, Bt I fodk
EHU B, QRS YBEp 2 INER, Fo<p<1lElH O

+oo +ca
O ) FEATRY | e | P meaw
b, AR g

(&) e
RERHED

R (2) i, FHR p BUATE, |InzP £ = =0 L RETCE XA, FHE
S HRBTE p < OB, HIRHE o = 0 BRIRS. BLRNTRriZ = A <3008, FIFITRA
R — A (AR BRRA ANHETRURRERSERIFTENL
T RHSRE SR FEZSFLTS Ao, 8T

+00 of + oo

sin &

J dz, j zInzdx
0 ) 0

BT X, = 0 BARFR.
BT (3) B, MELEERLAFREBBA TR RKENEMAES v = 1.
HAVERE, £H 8 SRt 2 o, WERES RS SBEX. Al
T (3), FA

+oo dz - 1 3/2 +00 dz
L a2z —1)? " (Ju +J4f+.[1 +.L?-_ ) {22 (x - 1)2
NEEHAER LS MR IR B, A=A
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T ginz

Bl 12.2.3 #+HiE] R
BUE T A 2 A P SO R H lﬂtﬁﬁ

B 40<p<1fh o< lim —o-
z—0t I

dz (p > 0) HOSUEIYE, XTI SA1S

<1412 =0 RREREA.
<2 MEAHRE A RIL, — £ 0, +o0) ERWRSH
lim — =0, i Dirichlet #Jﬁﬁﬁe&ulﬁﬁrxmﬁtm

r—+oo 3P
TR A, TR jum S0 4 ek, znuj L2l g oy
S FEM

A
J sin zdx

Tr TF

|sinz] _ sinfzr 1 /1 cos 2
Z = )
zP TP 2
+0o0 1

+oo 00-52:.': oo |sm$|

H j thﬁtj do deht, T | dz %8, W

%J "““”‘ do LR B Eﬂ%ﬁriﬁﬁﬁﬂ<p<lﬁ%{¢ﬂiﬁ
%p}*lﬂim—!}%ﬁﬁ 4R

oo 1 +oa
[ ([ 4[) e

&t zP 0 1
. . -
% Io, th | 222 | < &j ST g I AR
P TP 1
R I, e~ 2P (o OF) E1 T #E 1 p > —1, B 1 < p < 2 BH4ERS

W E1-p< 1, Bl p > 2 BERHL
Bk, FIEAE L <p < 2B, Erp22RREL O

FEHIRI AR e i, RMAEERTAFAWBCR S48/, FiE
EHATHEERRER.
i 12.2.4 & p > 0, JEHS B

teo sing
o IP4sinz

E0¢p<~ﬁﬁiﬁt,ﬁf<p<lﬂ‘f%{¢ﬁﬁi 1 p > 1 BT Bk,

% sinz

A ERE KT, A SRR RS j
NIRRT %

dz. BEH

sinx sinz sin® x

— = 12.4
TP + sinx TP zP(z? +sinz) ’ (124)
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LR BRI A LR RS SE T — 1 EF o, HP R
BB R AT AR — L.

TR oo o = 0 AR, 7 =0 FRBA FH, R
TREH X

-["""’ sin z
1 ZF+sinz

d. (12.5)
m (12.4) 23|

sin ginx sin®

TP +sinx TP TP(2? +8inz)

A E—THIEA, AR BT RS

+% ginx

dz
by
0 < p< 1 BRI, TE p> | HARHES. THEAER LF4
+oo sin? z
L zP (2P + sin ) %

(12.6)

“Oo<p< 4 B H

sin? x sin® x

2P{x? +sinz) ~ zP(zP + 1)

5
-[ too gin? p
—_———dx

SR, SIS SRSy (125) REC T p > - W,

sin’ 1 1

£ ~
2P(x? +sinz)  zP(zP — 1) x2P

+o0 1
J. 5 dr
1 TP

eSS, HEES™ ARG (12.6) XTI .
I, IR (12.5) % 0 < p < - B, AU XRS5 R #H T R

2%, WITRHG % — <p <1 B BRAISHT LRI SHIHEBET X
B %, WA % p> 109, BTSRRI R 2 %, N4
Mg O 1

A
w1 ARERH tn -t — =08 [ snsde <2am4 4>

Wiz, B2 0 < p < - B, SFITXUBA VTR UL Dirichlet HHIHE,
BB B R T BB .

(& = +o0)

5




386 F+o¥ rSXHy

X2 ARABREFATENERE: (1) MR R ERE W RFEH
I SORA SRR RG22, MR FRFRES (2) sR—1 R
S RER R AT AR T SO SR, T AR AR U

BASE—MEA—Re RS B 121 BRARERRENER ER
FAER A R YE IR, BT LA B — R A

OUAE 12.2.5 HEI B [ e R

0 1+$ﬁSiIl

B HTHESEELEz>0 '
BFATF 0, HHAEEWRREE L Y A
R e

A rdz y= -
a0 1 +a28sin“z
o l4+z%sin"zx P

F(A) = J

T [0,00) FEYHE AN EHAA .

Wrd, HNIEP &R XH F R !

sy, R REWE F £ 7

FRFHHE YRR E e

& R |
B A=nnneNg W[4

BB %  12.1

r,n zde =Zn:ua~, ﬁt{juﬁj

6 ain?
o 1-+zCsin“x o

kx xdz

th-1)x 1+ %8 sin?a

XF u W (& > 2), B FRE 0, 5] E# sinz AT Jordan
T (I 8.5.6):

<k rn do = mr do
e S AT (k—1)x 1+ (k—1)0n® sinz o 1+ (k—1)8x8sin’z
= 2k < 2kn
nJ: 1+ {k— 1)8asinz o 1-+4(k— 1)5ntz?
k (k—1°n" gy 1
T Rk 1) L, 1+8 2%

(k — o0).

BT
RULIIPRTRE TS PP SIS S
4 n? 1-2 (n—1)n
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Hn ok, AL {Fnn)} HF ATTEE F(A) O A< +oo BHF, BHAF
BRI XRNEs. O

& OB 2.1 BUR, MR R AR EEOR R ER f(kx) = kn. TR
RPEERSF—RENATIEy = FRFENEA. TEMLIRRE: (kn, kn),
kBT HIEREY HEL « # in N EEE fz) KBBTH X 2> n iNEE
¥EgERE 121 LE&S < WAER . gAML, TR SUR

ﬁj £(2) do BrOH, FBRESEIRE F(+oo) FLTTBIRARFE, TERALIE
T f(z) = +oo (Ffl AR 536 I BERTEESIRI ).

12.2.3 #38
LR TR OB A S, R, RER R AT SUE R AT

oo o0 1n )
(1) zsin® z dz; (2) — 2% singds;
Jo J3 Ing
5 | oz - ] i s -+001n e iz
{3) IR e sin(sin ) d.z; (4) I, popseal et
e "1
(5) In(cosi +sin—1—) dx; (6) 1y lte dx;
J1 T T Jo & l—x
o 1 % gingx
=)} dz T iz,
(7]40 (v’E n(+$)) ? (S)uu v$+00ﬁ$dx

2. MFUTEHSHH R, Pt ER BB SRS AR
B SR

& dr +%° cosx
O 9 ;
(l}dn sinf xcosizx ’ { }m T+ 27 dz (p > 0)
oo i oo 1
(3) ST | In x| d=; (4) In{l + z) de:
-9 Jo TP
[T sinz” [+ zPginx
2z 0} 6 dz;
(5).0 1-i~'.?:fl"d$(p 0) ()un 1+ 28 T
[+00 GBIME ol Do oo iz
Bt PO g |
(7) Jo P dfc'.! ( ) ). (;B _ e)p(lnlnx)q
3. ‘&&1)-.- ,'a"ﬂ- %E$*ﬁﬁﬂq¥&1 p]_,"-. ’pﬂ.:}D, iﬂ-.&er"g‘—ﬁﬁ.
oo dx
J._oo lz — a1|1" lx — gzrpi -z - %]pﬂ

B SR
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+oo
4. wpier sy | ({1 —;—) - i) de SRR
400 2 dx
o 1+ ztsin?

1
2
t_._tT

5. ;smurmﬂ

R SR
x

6. K Fla) = j:m dt [

7. ¥ f e C{0,1] B f(x) 4babFT 0, IERE: LB S
r f2)~£0) .

0 TP

T p <2 BHEEK, p > 2 BERRL

8. rmf(x} do A 8%, TV

| i+ )

(1) X4 j+°°{|n £ ) R @ lim 1

= -9

0. % f € Cla +o0) il H. f(+oo) = 0, i} | " F (@) sin? e da WAL

10. % fsgfg Ca, +oc), f/(2) M, f(+00) =0, H g(z) 7 [a, +oo) LHR, IE
HH: r F(z)g' (z) d WAL 8.

a

§12.3 IYRAHHITE

"B RERS ERERBRE S, BRERIHTERAXSEITILEH
RERE 1 SRS X 05 T SR Tl B — /. BZU/MTI=R T8I
AT RS RTHE, BIRE EEN N, WBFHEAFROEIRITE.

S XBATRERR 2 4R, ETE—T RS 2N ERE TR
West, RE SR B R R, RRBCT AT . (EREEE X ERE
FEETERGFAMNBFEITHNEE)

12.3.1 i\
GIEE 12.3.1 B3~ B I = j

o0 Inr

dz.
0 1+$2 *
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B XTEIBUrLL 0 A oo S E R, B A MER Y. HULAT LB iF
TERCR RS

+oe ) 1 =]
J n:r2 d:czj n:::2 dm+j n:i-;2 dz,
o 1+=z 0o 1+ 1 14z

Mg x By AR e E R, R

% Inz ! Inz
L 1+a22 dm:_,[u T2 O
ARE X Aa%F0 O
F D EHEMAEFRREAAT KERH = tant, BB

12
I=J1 Intan ¢ di.
0

HF

1ntan(-gn —t)y=lneott{ = —Intant,

FILBEHEY lntant ERE (0,7/2) EXRTFREDENFTHRY WRSGE
10.4.5 fEHAR, T RESST 0 (Y REET A XTFaE 1045 7)Yy
Boa i R ST

M 12.3.2 8 B E (lnz)* dz n € Ny.

B BUR—ERBUY, ¢ =0 RBA W lim 2% (ng)" =0, MPRTX
1

BN & I = j (no)” dz, A EEINES

0

1 1 1
In=z(nz)" 0 j n(inz)* ldr = —-nj (Inz)*~1dz = —nl_
0

0
= (-1)n{n -V 2= - =(~-1)"nllp = (-1)"n!l. O

7RSI AR LSRR, XN REER, MREB LR
ERRE WARBTERSR.

rlnzx

+oo
G 12.3.3 HHR RS L el

XA R M R A B HIBR, WH = = 0 FRBA. AT HHER
ff, TR -S4 12.3.1 EEMFER T FREE 0, A AR EFY A HHE
—FER AL, B \BE-



390 F+—% rAme

HRHTABHBRERNER, B BERN R TR0 8. X
Rior R B E

+0  ring oo 1
L Tiﬁﬁﬁdz=fn mmd(*zu+m%)
B Inz [T% [t dx
T 2(14+22) | +L 2z(l+2?)
RN < - 0% A, [ RS — BRI, HIT 00— oo
IR, AR A B R T2 R SURA A FOBU M B A [ wdo,

Y BB

a

& Ay EENFH RO RFER, MR 1041 PEZBTY,
{EFF I R R R B A A E WM. S8 RaTLimeE
9.1.5 HRFE, MR SE R AN SR BB A SR 0, RIS L N.L
SR HETITE.

b
J vdu, uv
&

12.3.2 JLAMREIXRSHTE

AV BILAF BT XB5r, P s REREE Y. A EH
SR LA R HRE KB (R F /M5 R85 8).

FiE 12.3.4 (Euler 4 HHERL I= jv:z Insinx dz.

M EXRITRBYN, BAN ¢ =0 FIA Cauchy HH[, ZHBIEHBAE.
FfEllk o = 2¢, 53

n/d

/4 T /4
I=r 2]nsin2tdt:—241n2+j 21115si11tdt+j-‘I 2Incostdt,
0 0

0

AR E— TR AR = /2 - u, B

T /4 /2 )
,lr=~—1112+j-’I 21nsintdt+r 2Ilnsinudu
2 0 x/4

T /2 n
0

BrABEH [= -3 W2 O
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518 12.3.5 (Froullani #4}) EH flz) & [0, +o0) 1%Lk W f(+o0)
FEHLER, LT3 a,b> 0, HERS

[~ Lot o,

D &

B e X TE AT I EYEL M 0<r<R<
+oo, MRS BT BT, L
[ fon)_ite) 4, [" Sa2) g, Jﬂ flba) o
r T Jp Hit - xT
_[ @ g, r“’ =) 4
J ar g br T
_ b _f_(i)_d:c_JbR f(a:) dz.

ar Z akll &

be

3 ERAAMTI R 5 SRS B R, 783)
br b
[ pe[ S = rom ar<g<in)

ar % ar
bR R
LR ff) dm:f{”)J %:f@?)l“% (aR <7 < bR).

aR

EEERF S r— 01, R — +oo, FERIKEK £ — 0%, n— 400, T
ey R f(a:t:)-—f(b:c) 2
F0%) = £(0), f(+00) FEREATE, THEL 109 4 seawimmALR
Froullani #47, {§5 5
r“’ flaz) — f(bz)

0 x

de = [/(0) - f+o0)]ln—. 0

ZE A LEMIEARE LB Froullani H4fy R #ER:
(1) #F = — +oo B} flz) BHFRBR, HREMES 4> 0, Ha

[

Fi X

Wes, I

too flax) - flbz) . i3
J - dz = f{0)In -

0

(2) & [ £ 0 GORESE, BEARBEATFE, TR A>0, 80
JA =) dz

0 Hi
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BB, A

[ LD 10) gy b

+% ginz T
de = —.
o 2

B ABIE 1223 XA XS A EGRYC AT HEENE BHA
EHIE 1043 T ELBFINLER (BAFRA Dirichler FL3-87):

BYiE 12.3.6 (Dirichlet £14) JEHE: §14> j

i

0 28in — 2"
2

SeREA A EERY « B4R, L'Hospital 35R) (WA 8.1.1) AN
H

1
r sin(n + ?}w

fe) = ~ =7 = 0) (= 0),

2
B f 7 [0,%] b3 XAHL RA Riemann 33 (B 10.2.6) BiA

lim | f{zx)sin{n + %)x dz =0,

Fr=—=t 0 a
¥ H 8%
1 1
r S + i + =
lim j A R lim intr ﬂ?)m dr = L.
=20 fn £ n—oe Jo 25in~2_— 2
BEERARBRBIN S

o 1
J':n: sin{n + 'E").'B s o J(n+-§-)ﬂ: ain iy
0 ot 0 t
FE#S n— oo, RBEIFEMER. O
TR —" LB PR RER S (11FR% Euler-Poisson $14+), THEE
WELITPR T EAE

I8E 12.3.7 (Euler-Poisson f4}) iFRH: M4} J+m et dt l;i
0

" spausreens nEnFEt e {(1- 5 | eem

He " iR
Vvn 23"
I, = J (1 — —-) dz.
0 n
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fEi#R ¢ = Vnsinz, BA

/2 i
In=ﬁj (:052“+1$d3:=ﬁ (2r)!

J
0 Bnrnr 2z ek

XEFET P 10.4.9 7 Wallis 23 (11.26). B FHANRRECLREERR

SREE, W EXE
X9 VR g
r e dt = lim J e~V dt,
U Tt DO o

W 2 tﬂ n
lim J lie_t — (1 - —) ] di = 0.
n—oc | g n

FFAFETFHBERA —PAER L 8.5.4): % o > 1 FERE (0,0 LA

E I R w B R

I $2

0ge® - (1 - E—)ﬂ < 2o, (12.7)

EHFS ¢ =12, a = n, HBBHHR
v et dt

0< rﬁ [e*f” _ (1 _ ﬁ)“] it < L

0 n

'L
T 1 — oo BIEIA-F LA XIS HibaakRAy0. U

FEOTEERENIREE. REERNTER: () ARRFERX

2 1
1—z? e ® K
=14 x2

(x 2 0) (12.8)

W%, FSeEA T, W (14] 8 2 4% 455 /N (E1EGT ) (2) & RO I,
W [4] 5 3 %, 592 /b5 (3) &5 A W (4] 5 2 % 484 . LEFTH
fy77iE £ B &% A 1, 63 3 (1956), 35-37 T

12.3.3 438
1. REME 12.3.1 jyiE, (1) BHAE 1045 £ XBRSRRAHET, FHER

SERE; (2) HE 7SR, (R f 7ERE [0, +oo) LR f A%k, 7
CLF 2B B, SRR 10.4.5 AT B, WEH F XA RE LR

XBGET O



364 F+o—% SRS
2. HETH LR
+oa et ’ -0 dr ’
(1) jo e ] 5171 $| dﬁ.—", (2) W,
i dx e dg
; 4 -_— N}
(3).(:; (z-a)b—2z)’ ()uﬂ (1+ z2)n (n & Ny)
ul 1\™ r+o0 Si]l(..": - L)
() | & (]n ——) dr (n,m € N4); (6) L7 dz;
Jo x Jo x
[+o0 Inz ood 1
T da; 3 dz.
D), e n @ V) (m%)
3. F|H Euler F4> (fIRF 12.3.4) iTH TR+
%/2 1 Inzx
(1) ), In tan z dx; (2) .u_-\/-l._Tn—:r_z_dm}
rl z K2
(3) Arciine dax; (4) z cot zdzx;
49 £ Ja
* : _ * zsinz
(5) ma:]nsm:nds':, {6) ) T comn
400 /2
(7} v ——-2—$——1—dm; (8) In|sin® z — a®|dx (a? < 1).
1o et — J0

4. #|H Froullani 4 (IR 12.3.5 BEE) HE THRS: (e b > 0):

[+°° aretanax — arctan bx

{1) dzx;

® |

Jo T

oo — cosh
C0s ax — cos bx
dx:

(8)

o e~ %% e—b.-'*:

(2) dz;

Jo X
oo .
sin gz sin b
(4) ———— dz;
Jo x

n+m b [ "_ » b
(6) sinazx 2::r.sm z o,
Jo T

5. #FH Dirichlet 4 (I8 12.3.6) {+E THIBR 4

% gin? gz

(1) da;

(3)

J0

) |

(oo gint g

dx:
'2 1

J O x
(toe 4 —ging
—dz;

Jo Z
[+ gin g2

Jo €&

dz.
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6. FIAMERESY (BB 12.3.7) HH TR

+o0 -z +o0o _g2g? — 2
(1)] o dx (z}j e B
0 (3‘3’ + T) 0

+oo

. Fabo pamsr [ 7 (st ) ao et 0

0

rmf (cm: + %) do= — rm F(V/4 + dab) dt.

0 a lo

§12.4 INRHSVRHMLHR

EHEETEBEE. B—a SEXTRE VRS LTR, HE 2%
2. SERGY, W [ 2 [o,b) EFTRL, W £ 25 [0,8] - AR AT, B2 WIS
WERIIER. ISR, IR SHIRERY, ARIHE QTS
(AL FHE).

B SR THRS ORA A R, BEA T i

12.4.1  WMEITRFSHHREME TR IR
AL 22.9 REERE, MBLFEY D on B W lim an = 0. 52
=1
b, M EE SN AR TITRS RS 24 0,3 B T i
+o
[Tt us = tim_ s =0

MBI 12.2.5 M8 12.1 FRJAERR f{+o0) SEERPAFIE
BSERSL M T A
+oo

BUNE 1241 BRI SBY | f@)do s, B lim f(o) WL
E-EHF 0

W & f(+oo) WEBRERRELFT R, MHBFE o >a M c> 0, FHY
x>z B f(z) >c AKX TF A> 20 FH

[+

r flz)de > Jm f@)dz + Eﬂ fz)dz

> rﬂ flz)dz + c(A — zp) — +00 (A — +o0).
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5 RIS K S T, TT f(4oo) RATMERAR AR ERSX. [
BT BUER f(oo) BRI BABRATT & FILES f(400) =0. O
£ 7 2, W f(+oo) ~HHEX, MITH f4+o0) = 0. [AELR EEHET
HEA LR,
BB 12.4.2 EETWES rwf(w}dw Ve, B f(z) B, R

mll.lfm zf(z)=0.

i R f B XS aE 12.4.1 #IERRBIHETLIAIE f ER.
Hﬁﬂ:rlfﬂ.ﬁ’lﬂ[fﬁ, 3‘1}? £ > Us %‘IE& M > &, ﬁﬁxﬂ'ﬂ:ﬁ:fﬁf—‘ﬁ AMAE > Ms
B SER,

Aj
J f(¥) dtl < e.

Ay

EKA1:$3 Aﬂ =2$7 I)mjﬂ:ﬁ T > M HTJ.'r ?ﬂtﬁ
0 < 22f(z) < rm F(t)dt <e,

r

MELBE lm zf(z)=0. O

FEAESROS | /() ds WHME lim_f(o) =0 BRI EEER
S 12.4.1 RESTRAS rm,f(x) dz W8, HARREH £(2) 7 [o+00)
Bk, 0
lim f{z)=0.

T—+00

i ARGERE B IEwa(x) =0 AR, M 3eg >0, {HVA>a, Jzo >
AR |f (o)l > 20

HH flx) & o, +oo) E—BESE, BT 0 > 0,36 >0, Vo', 27 € [a, +00)
(J' — 2] < &), B3L |f{z') — Flz")| < go. FRLAM x € (20,20 + 8} B,

|F(@) 2 1 (=) — |f2o) ~ F(2)] > €0
HH flz) 5 flxo) FE HHERE

£g+15
= £ J dz = gyd. (12.9)

0

J:M [)da
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B FREAPABRG A cod B—A B EHIER, W FED A > o, BIFE 0 > A
W (12.9), Bt 5 FLHFMBHY Canchy WHHERFE. O

% ERFRAG j+°° F(o) dz RN, RATREIERNE f(+00) = 0 BOF5

S BERBRA 4. (BEH f € Cla, +oo), MIEBSMUKEL, 4 f(+o0) = 0 %
AF f 7 [0, +o0) E—BGELE (2 LA 5.46).

WA FHE — AR U REARN, EREBBRIER f(+oo) F1—EFE H
FRRE R R AR (3.6.1 /T HE RIRROR IR, W= ES A I o
PR Rl e, A —MRMR S 0.

IS 1243 % f € Clay+o0), B rmf(:v) do 0B, MITFAERRY {on) C
la,-+o0), R A

im z, = +o0, lim f{z,) =0
Fr—roy L T 8]

R Cauchy WIHHEW, X en = 1/n, n > o, TFHE 4n > n, R

An+1 1
J flx)dz| < e

An

& LR MR H—hEER ®F

1
< =,
n

|f(xn)l =

Ap+1
j f(z)dz
A

H 2 € (An, Ap + 1), B {f(z)} BFEF DR W {20} RERFKE. O
E WRRS RIS, N EFER (R TEETE 6).

12.4.2 #IE
4
L BES T [o400) AR P NEATR B XES j f(z)dz
rw 7'(z) dz R, TERE: F(do0) = 0.

2. WA () & I +oo) LRI HERETSBB [ 1) do it
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