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€>1+'1—!+2—!+"'+m—!.

XETHS m—>o, G e=s. FTRERITERAT e=s. LL e EREMAVE BB ST B K
HAXM. ATHERFELIBTHLL 10 HEKMXTEFS 1g KB, BRI
FSIE/E In. EARBH. BT OREZEHATHEE, IR “STEEHEE B R
SHEC P E R RIEE 3 EMEAHA.

RATEZUER J T e} S{s,  ERBMMBA T e. I ELHAEL LK
B MNHERE, F R
lim(l + 1—1' +

n-»o

%+m+ﬁke
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EHAER. BRIV KE n. A s, R e BIERUE. B F
1 _ 1 1
rD! - T a s
TEHE s, WEHE, REER A A LRELBE LM s. HRE. FERES/E—
KBREEE L n+ D . ROFIAHERS . BESM n<<10B W s, BI/IREE7
fL/NER. Bl an
sy = 2.7182787, s, = 2.7182815, s = 2.718 281 8.
B X R BT = iR 2, AT A T m e 5 ok EfE it T
0<Z Suem — San

- 1 1 RO S
ThrDt T e T o o

= 1 1 cee 1
= (n+1)!|:1+ n+2 +(n+2)'"(n+m):|

<(n11)g[1+ni1+(nil)2+"'+(ni1)m_l:|

Sp+1 = Sn +

1 . 1 -1
(n+D! ;1 nin’
n+1
1 .
0<C—S,,<n—!n (n &€ N*). (1)

B, s KBIE e BT iIRER/NF 1077 #5501, RA1E B e<<3.
RAVKIEA T EA 5 .
EHE1.6.1 BAXMEHIK e RLHEK.
iEll ARtk . RiZe=p/q,. Hd p,gEN" . HTF 2<e<<3,8[ R e ARIE
BHLAM g=2. R (D), 7]18

O<q!(e—sq)<%< )

1
>
[EP 3

qlle—s,) = (q—l)!p—q!(1+1+%+---+$)

REH. X5 FE! 0

it ERHE, BATER] HF e, ) H5{s. | S TE R A B HRENMR
RAZEHY. BRI —KRER T ELEEEHPRMEE LA LENE. RARX
FEM R BRE B BT
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tim(1- )" = fim(")"

lim (1 + —ﬁ—) = lim

(
fim lim
(
(

. +1 1 -1 1\"
:,lll»rgl+n+l) ( n+1) (1+7)
= ¢,

% > & 1.6

1. SRTFIHRBR

W tim(1+-25)" @ tim(1- )"

1+n\"

@ lim(55y)

@ tim(1+2)",
i 1 47
5 lim(1+55)
2. I’ kEN" KiE;
im(1+£) -

3. SRAE:HA{ (1 +1/n)" ) B HIEIEHT.
&7 ALAIFH-BR T RER

(1+%)" =1. (1+%)...(1 +%) < (——1+ n’:1++11/n))"“.)

pe
4. RIE-FH {1 +1/n)""" ) RGBS

%%:(ﬁ)m:l . (nzl)...(n:1)<(1+(n+:)+nz/(n+1))'”2).

v
n+ 1

5. IEAR%ER:

(1+%)"<c<(1+%) (n€N").
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6. FIFIXHKERS In x FP=HRMPER AEDT
1 1 1
<l y)<y

n
Xt —4] n €N B
7. % neEN"H k=1,2,- iFARZER,

nfk<|n(l+%)<%'
8. 3t neN" ,3KiE .
%+%+---+nil<ln(n+1)<1+%+---+%.
9. &
xo=l+tswsl i+ (neN.
" 2 n

_ iiEﬂH:ii*rg X, BE WRBHEICH v, M{E Euler(BRHL,1707~1783) ¥ 3.
10. ML 9B, iFH.

1 1 1 _
1+7+?+ +7—lnn+y+e,.v
ﬁ*]i{}en=0.
11. iEHA%ERK .

n+1y" n+1\""
( o )<n!<e( )
12. JEHH:
1/n
liﬂ (nl) :%_
13. 3KiE:
_ 1 1 1 n
C—1+1—!+§+ '+n—!+n'n,

Hth g, €(n/(n+1,1).
14. **&mlilg(n! e-[nt eh.

15. sjtmmljm(n1+1+ | S | )

n+2 n+n

16. % x, = (1+ ) (1455 )+ (1+ 55 ). iEB3: lim x, #72E.

jo] | 1.6

1. KiE: % n>3 B , HEARERX
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1 _3 1y N1
A,ﬁz_ (+n)<;k!'

2. RIF%R:
1 1 1

L T S T |

He y & Euler #ﬁ'liﬂ! e, =0.

3. RigMR
tim (1 57) (1 7) (14 )
1

4. ig H, =1+7+---+%(n=1,2,--->,m k., EREBH, >0 0BT ER.

=ln2«/;+%+e,.,

lim kk"‘

5 % s5,=1+224+3F + e+ n" RUE: Y n=38F.F

""(“4(»11

= €.

o)< s < (1 g )-

1.7 FA5IF Cauchy WS R

FEAT P, AR — R B B 5 W U 38 0 0 BE R4 T AS PR T 8

3.

EX1.7.1 Bla. )BT MEBLENR >0, 5HFE NEN" EHY

m,nEN*"H m,n>NB},f
l Am — Ap |<€y

WFREF a, ) R— B FI Cauchy (4975 ,1789~1857) 5.

RLREG 5, AT HAFIE R : REES PRI o 5 S5 . AR B84

X BT, ENZ ZHEHEE R LU E AR ENEE.

HEX 1719, BRAFTEE m>n HEE. RITLUS m=n+p. Xk
—3, AT A E LTSN AR N  EBELEN ¢ >0, 5L NEN" ,{F18

% n>N H;j-9
I Auip — Ay |<5

XF—4] pEN" JaL, S {a, } MEEZT.
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1% ZAPKABR
RATEREILABITF.

Bl1 %lql<<l.RiE:{q" ) REAF].
iERA 1.2 W6l 3 HFRAT. Bl q| <L BF, (g 1 BRIFH /D EBHEH
e>0,FE NEN" . Y n >N H gl "<<e/2. AN, Y n>N i,
lg"—g"?|=lql"11-¢° <A+l gD lqgl"<2]qgl"<e
SHEf p € N* B, AT { g" } R FAF. a0
B2 KIE:A((- D"y RREAT].
R X eo=1K—¥ neEN",BF

[ (D" = (=D [=] D" [|-1-1]=2>1,
Et{ (- D" IRREAT].

0
Bl 3 iﬁan=1+%+---+%.3}2iﬂ5={an}%§2|§ﬁﬂ-
iERR XM pEN* LK
0<a,.+,,—a,,
1 1 1
N TES AR TS (n + p)?
1 1 1
San+D i+ Tt Girp-Dan T p
11 11 1 1
_(n n+1)+<n+1 n+2)+ +(

n+p—1—n+p)
-1 __1

<<,

n n+p n
HAE n>N=[1/e]+1,8050{a, ) REAEF].
B4 2 a<1H},R a., =1+2%+...

+-L RIE: (@, ) FREHS.
E RAEH

a - a :;4-... 1
" " (n+ 1)t (n+ p)e
1 1 1 p
>n+1+n+2+ +n+p>n+p
EﬂﬁtﬁfﬂqXﬂLnEN*;ﬁ

n 1
Aon — Ap = = =
2n n/n+n 2’

Hm{a,  AREET]. 0
AV HROHEREGER  — M RSB W BERMR, EREE
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5. A, RATFH M — W& TE.

I 1.7.1 MME—EFIFLATEE — 1 BiEF5.

iERR BB A—NE SR B F AT XN G ETA &5, WFR
X—IR—JEk”. PR E SR ITHE.

Fi(a) MBERIIPEEELT 2N K7 IR 230X L0 7 g k" I
KRBT 3k , B R R B — N8 B3 .

BHo(b) WEHEIIHFRERAREANTE A" XERYBE—1 1
K" F—M.gtE ai, . HF a, AR R FEECHNEHLEHE R ai, (>0
RBa;<a,;Ha, WAR“BL"EENEABLARI IR a,, (is>i,), 15
a;,=a;, MEHETTERBBTFIa; v EBRARR T BEHTT. d

EEL7. N EREE) MEMERFAET P O] EE — RS 731,

HE B FRYE Bolzano (I /R #E %, 1781 ~ 1848) - Weierstrass (B /R W45 #7 ,
1815~1897) E H.

B wla ) R—PAFOEY . RBESIE1.7.1, AP AT RABRH — /5
Fila: }  EMNTFHHRBERAAN. FHEHE1.5.1, 88 {a;  B— K
3. 0

BIERIEAA T EE .

EHL1.7.2 — MRS LEFGR, EREAT).

R S EH.R{a. ) B WEES), RIRRICIE a. Hitk, MEBAER
>0, FEERB N, Y n>NAt A

lan_a|<_§-~
YU m.,neEN",H m,n>N Bt,0]18
]an_am|:lan_a+a_am|

<|an—al+|a—am|<%+%—s.

XERW{a,  R—IEET.
Tt Bla B—1ERT|. BRIEHERTILRARN . X eo=1M5F .0
DR —4 NEN' . HY n>N &, F
| A, — AN+t '< go = 1.
B e
lan <l aw—ana [+ ann I<1+] aya |.
Be
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M =max(| a, |, | az |5 [an|s | ana [+,
Ala, | <MM—¥nEN" BL. Bk, {a, ) 2HFREF.

REEHE1L.7. L ANEREI a, ) R EE — R FFa;, },iR ai, —~a
(n—>). APREIXA a LRI (a,  BRE. B Fla, ) BEET IHELH
S0, FE—PNEN . FBY m,n >N, B, 8F lan —a. | <<e/2. XH
lim a;, = a JHEHAK e>0,7E7E N EN* Y k>N, B, |a;, —al<<e/2. LW
N=max(N,,N;),% n>N B},

3 [
lan—al<la.,-a;, [+la; —al<5+5 =«

iXIEi)iﬂH'{Lmn a.=a. 0

FEE1.7.2 MR AEF K Cauchy R, R — T EHIC LEFEENE
B EBEMHETAED . A ESEXEHENER. B HIFRNT, YRIEART—
AR BWRESET, REELRTINE &, MATCRBI T 5588 E i fs i 2
Bolzano-Weierstrass £ 31 Cauchy WURBE LB AR ELEEM A IR TRI
i

% 3 & 1.7

1. MEBLEN >0, FENEN Y n>NEHH
l a, — ay |< €.
Bl{a,} BRAREAS]?
2. (D) BFla, R

| @u.p — a, |<f,

Bt—4Y) n,pEN" L. Bl{a, } BARELRT]?
(2) ¥la,.,—a,|<p/n* i, EREGIE X nf?
3. IEH TR EFCE -

1 1 1

M a,=1-5+

? ?—"""(_1)"71?("61\]');
(2) b,=ay*ta,g+-+a,q"(nEN") Hplas,a,,a.- H—HREI, [ q1<1;
(3) @, =sin x + 302X 4 SI0AX LN L ER);
2 n
_ sin 2x sin 3x sin nx .
@ @n = 2(2+sin2x)  3(3+sin 3x) T uln +sin nx)(nGN XER).
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4. FHF
{laz~a, |+l as—a, [+--+|la, —a,, |}
R RUE: {a, M.
5. ARRIESRA BT a. } FREEF.
6. a,€la,b](n€N") EH IR {a.} REBG W a. ) LA FIIRATARBE.

1.8 L#frM a5

WER—THIPABRNES. WREFE—-NTH A EH/NEM xCE. &
xZ=ABRLFR A RE M—A TR MREE L B, FHBMEM xEE A x
<B,MB4FF B REH—1PLER MRESGERAETANA LA IRAHKE HER
£ BB Y EPHTEIBERN,.ER—IMERES XN E FEARKH
oA R/ 4 E MU EXRE . Flan E= 0, DA E RBERE.HE PE
E=B Nk QR R Z =B YN 0k @

RER-TMESHNELANES BREEW—1LR.BER, -UIAS/NF B
MELHARE N LR XiEH.ENeE ERARNESRE— M TRES. XK
RESH  ARER/PHER? HEEEEN . XHEMBH“HAFEE. XMR
MR R L BGE LN —Fh R

EX1.8.1 BEAXA—FEEHELANES TR EHRUTHNZM:

(1) XHEM x€ E B x<pB;

(2) IHEBLAEW >0, 00 B — x. €E.FB x. >8-¢.

Xot, R B NESEN LR, iCH B=supE.

HDOS@QA.EMEHAELRE ME/NER.

R, AT4H .

EX1.8.2 WEA—FEZHETARAMES T « HRUTHNRM:

(1) SHE] xE EH x>a;

2) MEBLHEN >0, 57 HB|—F y. CEHH y.<a+te.

X0 PR« ARESE N THRA.ICH a=infE.

R EMTHARE HEKXTR.
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inf (0,1) =0, sup (0,1) =1,

. 1 * — l * =
mf{n:nEN }—0, sup{n:nEN } 1,
inf{arctanx:xGR}=—%. sup{arctanx:xGR}=%.

B X sl Fal L, MES E=O. D, EMTHAM LBAEHALE E H;ER E
={arctan x: x ER}, R IY; X E={1/n:nEN" }  HTHEART E.{(H L
RETE.

BR.EES EFPAEBRKE/MNE a.F4 sup E(inf E)=a.

RIMMATHEENEH:

EHE1.8.1 EEHWAELANESLE WA ETSWETANESLET
A

R RATEUERASE — BT

RESESEE—TLR 7y ER—S x€E. RER.E NB/NLERBNIZIE
Lx, 19 F K. RATE a1 =x,. by = y. Ala, by J8H S (a, + b)) /2 XA K [E]—
SR HEBEADBNARESRERE EFPHS. &8 E RS BXTXEHEHN
[az-bz],ﬁﬂﬂﬂﬁijiﬂﬁﬁ/ﬁ&'ﬂiﬂﬁ[az,bz]-%%ﬁﬂﬂ[dz,bz]%ﬁqlﬁ—ﬁﬁv
ZLEREABBA/NEE,EHESA E A IBEIC A as, b ], FREEZEBIA
NXEHEELas, bs ). MG AREE T 2, RATBE T —5IHAXEE 1. =[a.,b.]
(meENDY . L, DLDLED-H#BI1.|=(y—x)/2"" " (nEN"). IR B EMHE
R EE MR

(a) 7£ I, A s AN EHEAE E 915,

(b) I, REEEFEE PHA. X8 n=1,2,--.

HUAE A X (VAR B P A —BOSE 3 B 678 A€ () 1, RATHIEY B=sup E.

E%’,}Lﬂ; a,=lim b, =B {EB c€EE.mHE (A M. M—P nEN" ,F <
by, @ n—o [HBE c<B.XEKABLREW—ITLR. EE:F'ILIE a, =B, BOHEA
B e>0,FE— NEN" 18 B-e<<ay. TEXE Iy ., KHEFRDb) . —FH E
FER—S. e d. Bl d=av>B-e . XEH B RE WB/)ER.

F_ANRHATLLESE — W RIEH. R EETRm, XS —4 x€E,
Hxzm BEX F={~-x:x€E},BIA x=m,FF —~x<-m,Bl—m BESF
B— LR REE e, F A LHA.iC B=sup F. RATXIEH - B=inf E.
AR xEE, M -x€F, ~x<B. M x=-B,B-BREBN—ITR. HIEH
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-BREMEBRTR R >0, BiEHAFE y. €CE.H1f y.<-B+e. BT B=
sup FofiLAIFETE x. €EF 8 x. >PF— e, —~x.<-B+e.id y.= —x. €E,NEF
ye<<—B+e,H—B=inf E. 0

#Hic F= — E, W EHEHERA T

—sup(— E) = inf E 8 sup(- E) =-inf E.

X—H R F EETe P E SR

EH 1.8 1 Wi AMARE, ChRSHRESMEN XA A THAE
E, BRAVE A LUARE B HiE B AE R R G LA R, AP E 1.5.1. FL |k, ]
{a  R—T#E¥MEI,BEFE LR HAAFEE M a=supa, BFEN. —HH,
az=a, M—neEN* oL 55—, XEAK >0, —FF —1 ay(NEN"),
518 a — e<<an. HESIRGEEHE R a,=av>a — e ST n=N gL, B

0a—-—a, e

Xt n=N B0, X ER lim a, =a.

FHAMERNESEX T LHARMTHA R E B TMRELANE
& RITEX

sup E =+ o
MR EJ/AETHR, MAE
inf £E =— o,

% E R—APFIET sup E = + oS4 FIXAMHS F A RS — MR T + < 19 F
Fl;inf E= — o ZMH-FMRFRILIBUE —NETF - <« HT31.

% 3 & 1.8

1. 8 TOIREM T H A L5

(1 {-1,0,3,8,9,12}; (2) {1/n:nEN"};
(3) {Vm:nEN"}; 4) {sin—::—:nGN'};
(5) {x:x%~2x—3<0); (6) {x:|lnx|<1}.

CREHI A+ /)" nENT PRI+ n) " nEN VI THARM EHR.
REFU " nEN VI THAMEHBR.

WELHI a, . n €N} BRRAB/IME, WEBH &K, K 3 a, } R
CIRAER L8 LiEF P RN a8, IEHEM 1. 7. 1(Bolzano-Weierstrass JE 1) .
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1.9 AMESem

EXE.BRIMNMBELERNEEHSNNEE 8. Ak, FEFI ALK
EX.

EX1.9.1 MR ARBEHE./={LIBE—NTFREK. KD A€AXEM
A FRAFEIRE. R

A CAlEJA I,
FRITR a1, R A — A FEE FER(LIBET A

J=AL R AWFERBITUENHER N AER a€ A, BF FPH—E
J'Ei .IE%J IA(a) 9@1& a€ Ix(.:) .

EE1.9.1(EEMEE Rla.b]JR—1HARAXEFEEA - FHEX
{1} BB A MK A FF X a0 A b v 32 HH 7 BR A B 5 (P IXCTRDD 3K, X A5 PR AN JF X [8] B
JHI AT 2 La, b I B .

XMNEBEFRAERBETEE, b /E Heine(7518, 1821 ~1881)-Borel (1§75
/R ,1871~1956) B HE.

R ARIEE. BUEBRMSERAB WRER . (L) FEEARIXE
EAGEE L a, b]. RITHITEHEHE 1.8.1 MANE " XS HEFE.iCa =
a;»b=>b, vﬁq[al ’ bx]B‘J‘P)ﬁ(al + b, )/2 ?ElX/I\IZI'ﬁJ—%iJ:

a1+b1 a, +bl
(a5 B m ]
BRI XEPELE - PAEY LI PHERINXEI T E S, BN, (a, b, ]

MR L P AERNT XA E . BRI AL PERIMXEFEREMX
lﬁhﬂjﬁl[az ’ bz] vﬁjﬂ[az ’ bz]_‘ﬁ'j{]::

e i L

R, OB PR LI PHERMXEFFE R IBEicHkas. b 1. NN
AL CR4kEE T £, B8 —FXE{[a., b, ]} (n=1,2,), B 1EE FHH K.
@) [@ns19bn1 J1C[an-b,. J{n=1,2,);

(b) b, —a,.=2,%(b1 —a)—=0(n—>);
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L EDL T ¢ SRR

© B4 la. b, JBAES L PHARAX R FTEE.
Ma), (D BEHFEHME, {([a. b, |} RAKEIEEHEW XM, BMFEH
—® 1€(an b, (n=1,2,--),H
lima, = limb, = 7. (@D

n-seot n-—co

EHH n€la.by]=La,bl, {1} Rla, b JFER B LVPLEXE(a\B),
#1718 7€ (a,B) .38
e = min(7 - a,B8- 7).
MR DR BHEEBEB N, N, F8 Y n>N, B, a, - 71<<es 2§ n>N, B,
|b, — 7|<e. A2 n>N=max(N,, N . H
a<N-e<a,<<b,<<7n+e<p.

XERELa., b, T, B B L P — A XA E#E T La., b. [, X 5K ()
FIE. U

RN, FEERE 1.9.1 1, F A PR X (B #e s X B 5k 055 X 6], 458 5k
AR HI, {1/ n,1)} (n=2,3,- ) BRFXE O, DH—PFEE,(BEARTTHE
Mk AR EEE0,1);{0,n)}(n=1,2,-)BXFXME, + o)f—4
FEZ N PRENE AR RE RO, + ).

EW.RINMNCENBTAZCH D" R HEFRANEI —-EHMRB” (E
H1.5.1) AR A EEH(FEH 1.5.2).Bolzano-Weierstrass EH(EH 1.7.1).
Cauchy WHFH(EH 1.7.2) HAFREB(EE 1. DUREREZEH(E
H1.9.D . XARERHBRLBAFELENENHRR, AEPHE—KTHEET
S . EABETBERMBIA B I MARERRS, XEERRAH
AL

FEEHEUR BB MBI A B AR RRREFEEN.H
IHARENMRBEENARZL, BAEFR AN KRBT ER x> +1=0 LR
ZHEAMB. XIEERR

1 1 1 )

']‘ilrg(l+1—!+2—!+---+n—!

EEBEBARGTREEIREARITERAE. Bt AL EALRELEZ R N#E
PR | UMRERES, KB —EGES RN LSS EENE RS
R, SRR RN TH R BTN LT RRNAE. E0MRELERN
IEFF 52 3 B ST b BB AR BRI I 2ERE 1.
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[ & 1.9

1. RFXEE L RERARXELa, bl — R =, WLFE >0, HBRERE AC
[a,b]H A MEE|A|<o.OH{ I PH—AKEmEE A. ¥ o ¥4 Lebesgue ()
N#%,1875~1941)¥.

2. KA LR W e AR EE .

1.10  EARPRATF BR

ERABAENES ) a, ) MREEWATF—-NEFHRRB . BAEHE—F
FUERIR ST X MR R iR EARSEF—1 B 5 KR, BERAH R, % 8 Bolzano-
Weierstrass EH#, M LA HH — NS 5. iR {a, } T F . R4 B 7T LARE
—ATFFHE T - o + <.

BATIEES {a, } BB FF {a, } BIRRBRIR A {a .} B — AR PR . XSk
imE AR RA - WEMRR. X ABEFImME . MREFR. MEATLIA
HFTNMNEEXFEMMBAORELR, WER T HROERER S5 BRI
+ oo — o HHARR A

EX1.10.1 #i{a,.} BR—MEI.E Bl {a, | LR BSMBEHES. 2

a* =supE, a. =infE,
W a* F a. 53 AFRAEI a.) B EBRRATRR,ICH

a’” =limsupa,, a, = liminfa,.
Bl1 EEHI
- (=D -
a, —1+1/n (n—1q2939 ).
T

Azn = (1+—21’;>_1—>1 (n— »),

@y == (1+ an_ 1)_1 ~—1 (n—> ),
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FFLA E={-1,1}, AT

liminfa, =—-1, limsupa, = 1. U

n—»o n—

XU ERAEFESH R E— B a" =supE Ha. =inf ERAEE $H
TE.Ba Ha. BRAR{a. ) PENSFHMER? TENWERSEHTHEN
[l

EIE1.10.1 Ria. ) A—¥F.E 5a" WEXLCHEE X 1.10. 1 FHiRE.
i
(1) a" €E;

(2) & x>a" JWIFFE NEN" E]H n>N B H a,<x;

(3) a' B ERTF ARG .

R (D FHa' =+, WA EXER, Nifi{a, W E LF. Bk, A
{a ) PA[EHE—DFF) g, >+ 2 (n—>=), FRIFa" €E.

MR a"=-o PAEFRAEHE—MTE . BDE={- o}, X0, lima, =

MR a" B—NEREHTIEH a” € E, U8 H RFIEBRT LIRS (a, } b
El— A TIIRHT o . HH a” =sup E.BMHFE—1 LEE. 8
a* -1<Il, <a' +1.
L fER an IR —FINERR, —EFE IR k. 17
a* -1<a, <a' +1.
3. 777 . € E. ({78

a'—%<lz<a*+l.

2
L R {a VIR —TFFIRIRR, —EF EBE k. >k, {#75
a’ —%<a,tz <a” +%.
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AL n,n+ DFHEEREZ BM———XR, B, (n,n+ DPR2EEHE
B R AT EAY. XA R AL E BB LARR N

Y

U {x:x€ln.n+D.x € Q.

EREBAIEANEAHH AT BENIERKER 2.2.2, ERATHH. 0

TEHRIRBH-HABARARNEL ARG TRERETHM.
B AR5, FRATRUEH

EE2.2.4 [0,1]FMLETHRERTHMY.

R RRiER . BRAFE AR, 1 ZEMEETH TR RBHER T
_‘ﬁ':

KL Xgawt sy s
X |0, 1 | =% TR TBEH =1 HAXES, Z0F - THXBEAE x, . E
AEAN/NXEEBAE x BB AR T HaE iR W, BUSE A2 50 B AR A/ X 8] o6 g 1k
I IRAE — AP EARE xRS ENEHE 1. 838508 I 5 BAESH
= AP BaTUE S — N/ X E, iEE L, KPARE 0 (SRR
X1 ). ﬁﬂlttfﬁéin,1§§'J~/l\IﬂIZ|'ﬁ]§.
IL =[0,1]D1, DL D21, D=,
Hep I, AExioxa s xp  BFI1,1=1/3"(n=1,2,-), RIBFEF X B EE
A
N da = {x,

Hep x €011 BAx" BT 1.(n=1,2,), B x* REEZET x1.x5.00,
Xnoo PR —A . XU E RS H R RL0,1] EMTBE LR, kB 7
JE . X RARNTBIZABER L, AT EIER 70,1 ] F2&ss R REAT . O

SMESHBNARE—~TRRKOERE, AR FRNMNXITRENAE. EXH,
BRATRE ST ATEE, FRR T AT BUEEM JLAN R B AP, HHEBR T AT A iR &
HFFE AR T — M KEARN 0 WK A2 & T A ERA AT R . X
¥R A e I BUR T RK 7 (E .
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T OH2F ANHESH

% 3 ;| 2.2

C EFEEARRR T BRI A BN A (xR FER E FE e dkFE
SRS R—TTRE.
CIMREH  WREBHMA TR
agx"+a,x"'++a, ,x +a, =0,
He a,#0,a,,,a, ERBECIR2 x FRARBE . KGE BB AR THE.
DR ARBMEKERAEN . EAHTHRBHIIBENES(EE 28 ANTERK
). ik : A REZ AT
S Xaet Xy ) x, =08 1,0 =1,2,0 ) ORIE. S 5XA)[0, 1 )EMHEHF.
. ETFIIEBIER R AR
(1) # RAEFLW0. 1) F A B a8 00, DHEBL0 1 = {xy s xxp voes s xpaeee b 38 x4
Xz s Xy B R NRETE R
x; = 0.xpxppxgee,
Xy = 0. X XppXastees

X3 = 0. X1 X3z X33°%*

(2) &
0. xu=1,
a, = “ (k=1).
1, XMZO
2% x=0.a,a,a5 RFGIEHR . x€[0,1),3FH x7x, ST—VIARE k=1 BT

CUEH AT A HAE AR R R 2.

2.3 ¥

PRECR —JAFFREVIBRST . RIS . X~ Y. X 5 Y iy Sc 8/ W f 7

A—ABH. W EZ, RN L HE LR RS — &, f RATE
PR

BRI TREPREAR BRIEBOPRIMR.
7E 2.1 WARBTA R T BT T B9 5E SCRIIE B B3R St S5, X eR B S #R3E -
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KEHVHE -

SR HoE U BB — I RS XN R X 8 SO P AT T SE 4K
H—MRERMTERSGZ M. RBMARNEER F—2E U8 B B M.
Bl1 10/, SHER1,2,--+,10. F 2.1 58 T H—Fr= S 604
¥, Bl 2 S T M.
2.1 RO
1 2 3 4 5 6 7 8 9 10

X1 X2 X3 X4 Xs © Xe X7 Xg Xy X1

REEAH A AR BEZ2MEREHESGRUER -1 B XA &
e LR X =1{1,2,-+,10} . X —~ H FAR R R BRI AFIRM T K E
R E B EERPREFAEIR. 0

B2 &

ftx) = i ij:

X8 fBAR—TRE- AT EMNELEEA R BT k. EXFIFL

T RAINE H X AR LB E—VER ERA AN REXFEXN TR

x K2k,
AT XFILL IRATAT LUk B X I B 8 8 SO M ALY
x#1. H i x>0

L AAMEZIRAFTEX. Y x#1 . BEHRIMMERXENF
1—xt=(1-x)(1+x) = (1—x>2%f—;‘>o.

H AT I eR B f B CEEL -1, D). O
%l 3 21 RFMEFEAREHIESF 12 07|
T4 6 B IRFEET (] LW E SR, ER OT ¥ i
R —Eig, e« Ronetal, T RSB EX
B, hEREMT A AR B BRI HEM
P IE4 12 BB F 4 6 B 53X — B At 18] P9 4 fa] — 4 st )
0 12 18 ¢ KRB ST &G AERER . R A
E 2.1 B E“BEiiok. ZFiRARTHR, BREAR Y
B, N RHEIS A e . R 5 SR . B

A 2.1 R — R EMN LR B B X R(12,18].
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D OB2E AHRhESYE

X B ROE—HEERZRYEE. KRRES kR Z B EaL
AR S IE R WA SRR E R TR AT A 2. 1 AT LLE N . T4 2 8
AR REEARZEEEN NEFRI T4 2 HRBAKAE: T4 28 LG
SBEALETHEMESE HPRUEETRE. ' 0

Bl4 MBI 2, iTFRBNT - TFEAET 50 kg B, 5 T w2t
0.50 JG; it 50 kg B . BB B Tmd 0.25 5t. A x RARITENER. H
fCORRHEBEH XE

: 0.50x, 0<< x <50,
0.50 x50+ 0.75(x - 50). x > 50.
BR.fR-EEENE LHELEIERIE B EMFERBNRE . LI E
i fREEATREGER f RN ARXRA . EREER . XA ARKE
EkFRL R S XFHRBEMES BRI THE (O, BAEFEALTR
x BT —6E . R MR ARE . 7 K E 0

Bl 4 eR B0 s SIS (B SR el SE R A, T X SEBCRT A T I iz 5, R Ut
bR Xt — AR B T KB5S, X R B BT R R R EM B . NEEMEE.

W f Hg BN EELE a3 A 5SB.4E ANB L.H

ftx)+gx) (xe ANB
PR — AR XA REGE R f+ g BRYE f 5 g AN TEITH R R EE T, T E
(f+g)Xx) = f(x)+glx) (x € AN B).
K. TLAEX f 5g HERE5M.
(f—g)(x) = f(x) —glx),
(fgr(x) = f(x)glx),
f [l
(E)(x) = m
TERE—AP BN YEKR g EANB EAREME.
i, Y c HEBET. (N (X)) =cf(x)(xEA).
Bls %

ftx) =

flry=V1-x (-1<x<D),
g(x) =Inx (x>0).
ZA.f+ g5 fg WIE XK 0,118 R f/g BE IHREFFXRIO, 1. 0
REB [EXSY ZRIBLT - ——XR B4 2.1 9, H 0B s 1.
Y=X XBHNFE S8 RGBS 5 ZANBKAR. IR
y = flx) (x e XD,

065.



i (7
x=fUy) (ye Y.
Rz B R B LR R
feof'(y)=flx)=y (yeY),
flef(x)=f"(y=x (x& X).
XRH fof R Y EWESES, T of B X ERYESH.

M5 K0 — R ARHE —E A R EE. — TR AN EENE
THTEMEM2.3.1 Ffgr. Ad . BEFTFEWNTEX:

EX2.3.1 EBE XY MEX FEEGER) BB, R X, x,
EX,R% X1 <<x: ’Eﬁ f(xl )<f(xz)(f(x1)>f(xz))- l%ﬁ f HLWFF“HJ‘EEQ(?E
BB R R IR x1,x0. €EX, RE X, <xoo A f)<flxa) (f(x)>
flxz)).

£ X ERG™48) BB ™) B B R 8L, LR (P48 BRiE R 4.

50 , BSUE 16 P BRIER R 33 38 R i [R] Bt 2 5 ok pR B, (B R ™ AR SR R 4. IE
HERBAE —n/2,n/2] E BTMIBEEH, 1 [n/2,3n/2] E BB WA . KEL
fCx)=3x —100 7E 235 b /™.

EIE2.3.1 R fAEHE X TR &S GERO ML, IR AR s !
WHFTE, fTTRIE SR f(XO, 3 H fTEX—FE F Mg GEE) K.

iEBl 2 Y=f(X). BT fEBEME. B f(x) = fO), P x,x €
X, HEEHEE x = x XKW f: X—>Y B———XT0i, B oR¥X f~ FFTE.

BAEW [ B3 E) . FAPRIE [ R e FRIESE. R f ' &
Y EAEHEEIGE, NAFE v,y €Y. H yi <y o BE ' (ypD)=f""(y). H
T f R BIGH, EH

FF ) = FU () s
Bl y =y, X5 yi<<y. FJE - XBIERAT [ —E0RAEBEH. 0

TR AT AR, RADRAFTIEC R [ HEREIE LT , a0 fal & 6 s 13
HE R R S ER.

— R, R f: X—Y WEBEREVEAE

Gy = {(x,f(x)):x € X},
Bl RE—ATPEMA. HRE S AREES 8, F—&fi%k G(HOAR Lt
BHE fMHER. RAERFEENH LW AELSE [ HEXEL. HRFER
EREE—E. (H2&, AMfTEE ISR THE B A L X mEE TERER
W Ta] R . 5 BB AR 18, I 24 A
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COR2E EHNESHR

G(fH = {(y,.f' (yN:y€E Y} = {(flx),x):x € X}.
EEH (a.O5h, ORXTEK y=x BEMFHFHARIETE G(HY
G(f OHOEMHXTLARAE - F=RBRHTALKRERIR. A HX—ME, RIR
AEHH GHBE G H,LE2.2.

Y y=f71(x

E2.2

% 3 & 2.3

1. RT3 R A RE SO -

3
) f=vVI-x%; (@) f(x)= /i‘_‘i;

x+1
x*+x-2°

2. BERY SRR MNP xERF ) =x, MK x HfW—IFHK. & f-f BEE—BFR
B KiE: f WAHEYE—MARF S,
3. W f:R=R.& f- f AHINAMIMN A Ha,blarb) SKIERH LT FFENR
(1) a.b ®EfWARBh&;
(2) fta)=b.f(b)=a.
4. WRH f:RR.BEF—LHEE f-f AR &L. iKA).
(1) HILDXHER R
(2) & fTER L3 LA R R 507
5. KRTFRE ftn KEEf

(O flx)=

1+sin x

) flo= I cosx-

4) f(x)=1In

X

v1+xﬁ
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_ X
@) [0 =775

6. % f[:R-RFEEHE

flx +y) = ftx) + f(y) (x,y € R).

RiE . xf—EHEE x.F [0 =xf(D.

7. WEH f:R=R, [ H—EH R f(x+ D= fOoOXF—Y x L. NER f Z2EABN 1 HE
WA R [ UMEMESCY AL RAE . f A E EER

8. i :sin x?,sin x + cos V2x YA B JE IRk

9. R f:(—a.a)>R.IMEIEM x€E(—a,a).H f(x)=f(—x), MK f H{BRY;E
fCx)y=—f(—x), WFR f HFEH. KIE: (- a,a) FAHEAT R T RR I — TR I
M—ME R AL

10. %K

e te” e —e”
2 2

cosh x =

SrRURR A B R LA B IESZ . IERA -
(1) cosh x B{BE%¥,sinh x & RE;
(2) cosh®*x —sinh* x =1 (x €R).
11. RAHIESL v = sinh x FIXEH AR5 y = cosh x # R eR%K.

@ A 2.3

1 fx+T)=kfOCOM—E) xER B HA T Fk BFEAERAEH. f(x)=a )R
—P) xER BN K a AEE, ¢ —AHBNT MR

2. % a<<b.iFH.
(DA fRBEBREXTFERx=a MR WXTFEZL x=b XN f R 2(b- ) HEAH

H R  eR %L
(2) & fEBRXTER x = a MR WRTFRCh, yo) FOXFR W f R 4(b-a) R
ARG RSB R K

(3) & fEBRETE (a, y ) FLIFR WETF A, y ) FLIFER f(x)=¢(x) +cx
(xER), H ¢ B—FAHEE c ZER. FHlH, Y yo=y, Bf,c=0.

2.4 HRBRIRR

ATAES MR LRI B, SRR L EF R LA EE x ERBIET—K x0
. 68 -



DO F2% mEAESH

REREE fOOMNELBaYE. HPXEEFLHEEN . HAZE x TRBIET x
Bt Xt 7 A9 BRI f o) FOPR #E I F— A B %8 B9 3280 53X 56 2 bR U PR 9 — 1R
BERYIEE . b TEBRA BT  RATLAE — MR s BUR FR<E .

EX2.4.1 FHEEfESx WIEFEE B x X—5 8 57 LLEH|S.
R BR—ER MEMEERAEMN 0. FE N >0, /X —UIHEAERX
0<<|x—xo|<<SWIx.B9H

| fCx) =1 1<e,
R x #TF 5 xo BFeREL f BRBR 1 .iE/E
lim f(x) = I;

X—’XO

BEE R A, 0k
ftx)—=1 (x—xyp).

IXET, AT AR B f TER xo AHRR /.

EFIX—E X BEFEEUT =4

(1) 7E3HE f ES xo WIIRIRET, f T xo BREAEXHAEE, AIAFER 0
| x — xo | D&M x = xo BT BEFEHERRLESL 5

Q) FE—BHEEZT .0 Se AXRR - A TRAXMIKBXLR . AHNIE BN
0(e) JHXAEWRE & Be MR

(3 ffEx, BEEARMER ARBETERESFTEL, RBRRTF f 5 BFES
WNGESFEIRAS. TS f FEEAMETX.

WRITRESETHIF.

&1 iIEﬂﬂ:lirro) xsin % =0.

MER R sin B x =0 240 R R A B SHERAE R >0,
Bo=e,H0<|x-0|=|xI<sHt. &
‘xsin% —O‘ = ‘xsinilgl x |<<6 =c¢.
RAES T Bi 418. 0
B2 SREEFR lim (x® —4x +4).

B BRARB - 4x+47E x =3 bFENL.BX—FLSYJTiTiE MR
BEX. BITHXN K= E N, x -3 WELHX .53
x2—4x+4=(x-3)2+2(x—-3) +1.
SHELAH >0, 6 =min(1,¢/3), %4 0<|x - 3|<<o B}, &
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BFEHWHEL D

[ (2 —4x+) -1 1</ x-31Ux-3[+2<|x=-3]AQ+2)
=3|x-3|<36<e.

XERIER T AR R R 2 1. d

PLEXANMFERE— B R R A R . R B r R ik
SHTEZMA B RS LT HNEX.

B3 SRR lim 51

B OXHAHEREEAE x =1 B AE L. BT xZ1, LA LR B E %4
F54BPHAER x - 1. A8 H

x2-1_ x+1

x2—x x
RN REDN Y x—1 8, REAIRER R 2. 8 T iE BIX — WEE  WHEE 4 & 19/
Fl1HERH ¢ B 6=¢/2,%0<|x-1|<S B}, H

|x|=|x—l+1|>1—|x—1l>l—8:1—%>%.
/8 4
2— —
xT_l_g‘:w<2|x_1|<23:E,
_ x:—x | x |
Brid
2 _
lim X =1 = 0
x—~1 X° — X

X5 A eI R B PR A RE S MU e -6 1B F RAE B R BT AR IR,
S —BXENGT R+ LRMN. FT A5G TTPHEM « -0 BF . HF
RS RESBE %, A R A T X — X ER, X RRE— M
PRI A R 38, B8 60 R XM RE I8 5 AR BOR St T E R IRie |
Ay — B B AR R S R4

BATI e R BAR FRABSI R PRA X R R, B8 T X — X R, MR LA R
KEIEFAL . X R, BOURR FRAES 1 J BB R BT sid.

B 2.4.1 RE S LHRR | TS DBEFMR HEA— NIRRT
Xo IBF X0 Fx0:n =1,2,3,) BB f ) VEHRBR 1.

IR U E . RNim fOO = LIHELE >0, 77— 0>0, 13 2 0<

|X — Xo |<8 B‘fsﬁ]f(X) - 1|<SX¢EEX%B(J 8>09 R% an;! Xp = xoﬂﬁﬁﬁ—ﬁ\
NEN" fFBY n>NEF.HO0<|x, —xo|<8.XHE.Y n>NB,H
. 70 L ]



D B2E BERNESHE

| flx) -1 ]<e.
HIER lim fCx,) =1,
;Eéy\ri{&&hm O =1 AEAL A LEH —NEHK eo- HE—NEEH

n,—ER—E xR 0| x, —x |[<1/n, BER|f(x,) — | =Zeoe>0. XBE
i}é&’&ﬂ‘]aééﬁguT—‘/I\ﬁﬁu {xn #x()! n= 192q39"'}9§%?q&ﬁ$ xO'{E%
lim f(x, )51,

n—+ws

XAEESERIUER T 2. 0
FIFAEEE 2. 4. 1 S HI1 W7 & Otk FR AN FE 7 LU BT 8. T 2 A1 7

B4 SRIE:lim sin %ZU(?E.

iER 4

'——1——> ,:L» —
- (2n T 1/2)1[ 09 X n 0 (n. °°)9

X 2nmw

94 f(x)=sin%.?‘zﬂ‘]7éj‘ f(x,)=1=1,f(x,)=0>0(n—>o). HEMT2.4.1, 51

BB FRAFEAE. 0
Bl5 FXERE D:R—{0,1}I0F:
DCxy = 1, Y4 x HHEEKAET,
0, Y x HITHEHEHT.

HWEBA  XHEEART xo eR’}_igl D(xX)RFFTE.

ER XEE x €R, —EFFE S A ARSI (s, ) W2 i T
HRMBIN ¢} ARENIEBREE T xo, XHERA
lim D(s,) = 1, lim D(t,) = 0.

n-vco n—so

HEFR 2.4. 1,818 lim D (x) RFFEEE. 0

X—“IO

LBl E LR D n4E Dirichlet Ok F 525 , 1805~1859) B ¥, & L £ X
MERBAEREZMATREERMRS  AKEBR (BERATREE —LLETIEMIRG
B, R4 7 fEEY. Flan, ) 5 AL AR FETER R M BB R AN, LG TR £
WIBF|X S R

TR R BB PR A LA A R

TR 2.4. 208 BARIR 4 — M) %T—}ig:) FOOFFE, WERH—K.

iERR  EB—IRST xo BB x.Fxo: nEN" ). HIEH 2.4. 1,50
L] 71 L]



WEMTHEE 0 L

lim f(x,) = lim f(x).

n—o x—°xo

FRATTE HEF A4 B A% o — 1 DA T 0 R 2SR PR e R ME— 19 . {
EE2.4.3 FH fEx LEBRR.IBA fEx O—DMEFRARAN. WRE
B AFEBREM RO FRY0<Tx—xo <o BT, | f(x) | <M.
iERR iR f fExo AR ET | HKEXFFE 0>0, 85 0<<lx ~ xo | <8
LA OO - 1<L.H
| feo I fley =L+l T l<1+]1]
X 0<|x — xo|<<& WL HMLAT L, M =1+ || REXR. 0
EE2.4.4 Flim f(x) 'illm gCOFE. BPBLE

X—+Xq

(D lim(f+g)(x)=lim f(x) t lim g(x);

X" X() X*’X(’ 1“‘4‘0

(2) lim fg(x) =lim f(x) « lim g(x);

A"Xp X—’X X—’XO

lim f(x)

X=Xy

3 im0 =i g0

X"XO

ERR BHTFOS5QOMIEARKES . RITRIE®G).
ATEH2.4.1, AKX EHENCORBR LT . ﬁtllm fx)=1,lim g(x) =

X—’IO

m7#0, IR 2FHEBWET xo BEF x.} ﬁ}{{g flx., )—l ,I.HE g(x,)=m#0.F

»H e 1lim g(x)#0.
X_’XO

Rl B BRI A limd S = L ) REBAT o BB
H2.4.1,Bp5
e O L -

xix[,g(x) m’
R BUR PR LA L T BN PR AR A I B R, X E BBt TiHHE
R BT
EE2.4.5(kBRE) WRESHg 5h FERx KIEF R xo B FVRERH
s RAER
fx)<<h(x) < glx).
MR f S5g TSR xo FHEIRR [ IBARE h 725 x0 WERR L.
R BT O (x=x0)  SHEBREM ¢ >0,F77E 6, >0, 15 0<
lx xo|<<&) B, A
I—e<<flx)<<l+e.
%fuﬂv#?‘f o2 vﬁ'f&% 0<|x — Xo |<32 Eﬂ'oﬁ
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D B2E RHMELEH

l—e<g(x)<l+e.

B s=min(&,82),3 0<<|x— xo|<<& B, FKRATAI1H
l—e<flxy<hx)<<gx)<<l+e.
AR, M 0<<|x—xo | <SS B |h(x) - 1| <e B .- XMEIEBRT h(x)—1I
(x—xq). d

XA EI MR BAEATE 2. 4.1 RiEH, HIZEENEIRTHRE.
BT 2.4.6 B r>0,H18% 0<<|x— xo | <r B ARZER fO<g(x) M,
3. XORTE xo AEX A R A IR IR . AR 4
lim f(x) << lim g(x).

X—’Xo X*’XO

iER BT xo ¥ (x. ) FFLEHE
0<|x,=xo |<<r (n€N").
PNIE]
flx) <glx,) (n=1,2,-).
% n—o flim f(x)<lim g(x.). FEEHE2.4. 1. TR IER
lim f(x) < lim g(x). a

X—’Xo X—'Xo

54 Tl LU RF A R B 5 8015 8. T J0 08 5 3L 18 35K 88 S T R B0 B A AR
BRI ERRNEREH. AT HRITE. RITESIHW NS .

Bs(x0) = {x: | x —xo |<<&8}» Bs(xy) = {x:0<| x - x0 [<< 8}
FR Bs(xo) 2 xo BILA x0 A0 .8 HE BRI (FBIFR xo BISEED , Bs (X0) A xo
BILA xo 0.8 HERIE LB (IR xo BE LB . FAXHNIES, K
BRBAHEX 2.4. 1 ATRARGR R

MRIMEBRLBER >0, FE—1 0>0, 88X —1) x€ B, (),

| f(x) =1 1<e,
BAR | B f Yx BT xo BTAOIRER . iCHE
lim f(x) = [.

X—"Xo

EHE2.4.7 B fEx LBEER LHERAFXNEELEN « >0.F1E
6>Oqﬁ?§_ﬁﬂ?&ﬁﬂg X1 ngE Ba(x'o) ’%Bﬁlf(X1) _f(x2) l<€
ER LEHEE lim fOO = LIBAMERAREN >0, F7 6>0, AB x€

B;(xo) {848
| f(x) -1 |<%.
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ﬂﬁ&'%‘ﬂ‘] quzGBa(io)é’!??Sﬁ
| fix) =1 |<%, | fCxy) = 1 |<§.

A
| fCx1) — flx) || flx) = 1+ fix) = 1]

<%+%=e.

xoH BHERA TN ¢ >0, 60,3 x1,x: € B, (x)B .

| f(x1) = fx) |<e.
i {x.Fxo: nEN" } RAE—TWEHT xo BEF. XFRIAEEHER 6>0,ATLL
RBEBEN.Ym.n >N, HO0<|lxm— x| <8 H 0<|x,—x0| <8, 80 x,n»
X, € B;(x0). HIFF

| flxm) — flx) |<e.
XRABFU f(x)  R—DNEERF], Bl 2RSS, RHBREBE .7 {y.#xo:
n€EN" RSB —MHT xo BT B fCy ) MBI EHRR.ICH [, RITKIE
B =1, BEE x5y CEHHED] AER— D FHB 2.} -

X1 Y10 XssYzr s XnsYnrter.
BR 2, (neN"),q& z,»x,(n—>) . BHEIN f(z ) VERRIER 1. &
BN fC ) R fCya )RR f (20 Y HIF 3, FR LA
I,=1, =1

AREEH 2.4.1&{]?3: fOOFLE. 0

FEH 2.4.7 FRAREIRRE Cauchy WM FRE. X —MEXHRAKNER.
B—THREXANBHERS TIRERBNE S, FEBTIHARR. X
i, TE FEAEHE:
ER2.4.8 Rlim fO0O=1.1im g(0) = xo. MPFE 1o WENEPR B, (10 W
g(t)Fx, »AB4
lim f(g(t) = 1.

-1,

EP #TFlm f(O=LHETLEEN >0, FE >0, EBAE

XEB,(io)9{§ﬁ
| f(x) =1 [<e. ¢))
XX e 9&%&9a>0ﬂ)§}§p 8(t)=xo FFTE M>0, RE t € B, (1) .BH
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D B2EF RUNEEH

| g() — x 1< 0. (2)
B 6 =min( 7, 7)), W2 1 € B; (i) B, H € B,(i0),t € B, (io), BB g(1)
?ﬁx()vit(Z)@éﬁi
0<| gt) — xo [< oo
Bl g()E B, (xo). FREARX,EE
P flgle)) =1 |<e.
5XIE7%}ix}1f(g(t))=l. {

EH2.4.8 %, %M g()Fx BEREE, WA XN KU REBEA L. Fi
.4
1, x=0,
f(x) = 0, x=£0, g(t) =0,
IR 2 lilxg g(t)=0,li1r01f(x)=0.#§,ﬂ§%£¥ 2.4.8, MK
liirolf(g(t)) = 0.

HEL E, f(g()=1, B EXARBL. ABSLH R HERTE T R gC0) 740 BBk
.

THET SR RNRREBES, AR TRERRN TR £ LG E, A
MAREMRYBEZE x Adx H—FERT xo B—HBNT x0 H—D#
[ xo B BREHIBHAS  BIZERR I A4 x> x0 (B x <o) FRBFSL lim ). Wit

AT

EX2.4.2 HEEfEXxetnN B2 1THENER LAEEX. R E
— MR ERTER. BIHEELAEN e >0, FE—16€ 0, 1) FHB Y 0<x — x0<<6
Bt

| f(X) - l |<€9
WUFR 1 28 f 72 xo AEHIERRBR, RARAL
I = lim f(x).

+
X"Xn

EAERBFEMFET . XNERBEICH f(xo +IER flxo +0). LR,
f(xo +) = lim f(x).

X—’XO

FAelHl, 7T LAE X f 7E xo AEHIZERRIR f(xo ).

AR PR AZEAR FREEFR o B i 4R BR .

FERINL M B, MK 2 HRRAIES f(xo =), f(xo +)IRINHR AR
fAExo REIE. BN f T2 BEAE xo WA E S BMEE f(xo)HEXE, fxo)
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5 flxo =), fCxo H)XPH Z AW ATREZ TR R . a0

x -5, 1<<x<2,
flx) = {10, x =1,
x+2, 0<x<l1.

ER—AEXEL.2] LM R A5 E
fA =) = lim f(x) = lim (x +2) = 3,

fA+) = lim f(x) = lim (x - 5) =—4.

BN =10 8EFEE.

RS HARMBHXRERET OHEEP.

EHE2.4.9 WER f 7 xo WENPEA (x ATRERFIIDHEE X B4
Lim fOOFFIERIFEST LRI (R

f(X() +) = f(X() =),

XA LR AR R f 7E xo AR FR{E.

X—FLZEHAD, BEERIE. 0

Bi 6 ﬁ%m{;“;" -1.

EM 4 fCo =L SRR x =0 2 AP ALE E X R R HERR

x#0, 8/

f(—= x> = f(x).

KRBEH. BRI AEAIBEBNERETH
R AR,

BIES (0 +) =1 KR E, XK KHE
(0.7/2) HEddi L FERUR KA 1 BT (Bl
FREDES —SRI— WA AR B E C Bt
% AA fENELS OB WIERLMIES, x = L AOB
o A * O MUREVHE. A 2.3, Al WA AOB WA <M

2.3 OAB HTEMR<<AN\AOC HHE .
BT x€ (0,n/2) A EERIERRR 7T A

B..C

HAERX
sin x < x < tan x.

B HE
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COF2¥ HEAESEHE

sm X

cos x < —= < 1.

Ei&—‘ivﬁ

sin x

0<1 - <<1-cosx.

iy

- — 9cin? X X_Z i
0<1-cosx = 2sin ) < D) < 4x,

FrIXHEZLE) e >0, 7B 8 =min(x/2,4¢/x) .Y x €0, M, H

0<1 - S‘"x<%x<%a<e.

XU T fO+)=1. 6T f BEBELALMBA f(0-)=1, A\l f(0+) =
fO-)=14REH2.4.9, 178

lim

x—~0

Bl 6 FRBTHE AR FRE— A+ RS, AT LU E REA— AR
R I OEE

BI7 R lim IS8,
B 5

Sll'lle. D

x
2sin® =

l—xczosx: x22 _ ;((smiwé)

F21=x/2, B4 x>0 FMTF 1—0. BEH 6.F
l-cosx_ 1, /sint\®_ 1 sin ¢
———,————llm( ) = 2([1 )

0 14

lim
$a0 x? 2 10

1 21
_2x1—2. a

Bl 7 PRSI — = x/2, R AT R, X, EHFEF I EA
o ERIEE A M.
BITA—NEHENFIFENETHESR.
#18 THAEREFFN Riemann(FE & ,1826~1866) pF 4K :
1, x=0,

R(x) = %. X = §(q>0,p,q HE),
0, x HEHEH.
. 77 »



KEHFRE T

KHE AL xo, UEHA: lim R (x) =0.

iERR SHEEAEN >0, BESKMEBE g0, 518 1/q.<e. FHHIH,
TERE (xo ~ 1oxo + DL IR 0<qg<<qo M5 ¥ p/q REAREZA. Bk S 6EH
BIFE /M 6>0, 8 (xo — s xo + P EHEBM AT ¢>q0. Y TEE x
WRO<|lx— x| <O BT, R =0; 4HHE x=p/q HR 0<|x — xo | <0 BF, i
ﬁ q>CI()-@—fﬁT
-1
T q
XEIEBA T lim R(x)=0. 0

X"’XO

0T R

N

<1 .
qo

% 3 & 2.4

1. He-d BFERABSf(x-)=1.
2. RiE: lim fOOFELSHEMNY flxo—) = flx + Y HERK.

X"Xo
3. B lim flx)=A.He-0iB5IEH:
X—’XO
(D lim [ ()| =1Al; (2) lim f2(x) = A%
X"XO X-’Xo
(3 lim /()= VA A>0); (4 lim /f(x) = V/A.
X—’Xn X—’Xo
4. A e-0iBFIEH.
gl o x=3_ 1
) lrlgzx =8; 2 lxl_l_lzl—xz_g 6’
4 _
(3) limEi—L=g4, @) limvT+2x=1;
x=1 X 1 x—=0
5 lim <=L =g,
PIRLVES e |
5. #%
xZ, x=2,
fix) = =
—ax, x<2.

(LK f2+)5 fz->;
(2) %lxi_r_? f(x) HAE . a REBU{E?
6. i lim f(x)>a.3RiF:X4 x BT x, B x#x, B, f(x)>a.

X—’Xo

7. 8 flxo = )<f(xo+ ). RiEfFFE 60, (#7182
XE(XO—S,XD), ye(quXQ"'a)

-78.



il 2R BHRAESHE

B A FOO<f(y).
8. W fHE(— w,x) ERBHEK,FAEFE—TBINH IR x.<xo(n=1,2,),x,—x
(n—c), H{E8
}Lrg f(x,) = A.
KIE: f(xo—)=A
9. AEEMEBESREERY x—x, B fOORKHT 7.
10. X{Eff nEN",A,C[0,1JREME . H A NA; = (i7j,i,JEN"). FELRE

1
f(x)={7’ X € An
0, x € [091]9x e An~

XHERH x0 €0, 1], 3KARM lim f(x).
11. i+ T HIHRE:

. 1+ x—x° 2x+1
D lxl_ll;l—1+x2 ; (2> llm—x P
@3 limX =L, 4) lim*:—1,
x—=1 x=1 X 1
(5) lim————"“-x_l; (6) limM;
X0 X 0 X
1rm 2 .nn mo__
(7 lim3EX "1 (8) lim Xttt x
x+0 X x-=1 X 1
12. KTFPIRER
sin ax
@)) llm (b#O), (2) hm1 cos '

(3) limM; 4 hm‘a“"
X X

(5) limsin (x + h); (6) limS'"(X+Z)_Slnx;
h-=0 h-=0
P lig'?l_cos xco;22x---cos LINE le cos %cosI -cos ?

13. R FIRMR -

' 2
o8 umx[l]; @ tim LS =4,
x—=0 X x—>2+ -4
. [x]F+4 4x
(3 xl—l~2_ peayat 4) xllrlr! 1+
14. Skffﬂliﬁlijg nsin(2xn! e)HMH.
15. &
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BEPIHELE o0

1 P

1, x+#0, —, =,

fx) = 0 -0 g(t)={q q
e 0, « NELEH,

SAlm f(x) =1,lim g (1) = 0. MIFFEH 2. 4.8, WA lim f(g (1) =1. BHEX L,
f(g(1)) = D(1) % Dirichlet SR¥. RIEH| 5, BB ARR. FIEE XA FERIRE
B4
16. i%
1, x=20,

fx) =<4q, x=§(q>o,p,q§_§>,
0, x NELIE%L.
JEHR . f#E(— oo, + ) F B OSBRI NER LA

2.5 HREROHMEX

e 2.4 b RATERMIHE T AR ROBR: lim £(x) = LKE x0 55 |
AR R IR A RAARIR lim £ B lim fCo . x0 RAERLH HRE

X*’Xo I",\'n_

. ALERIE xo M 1 ATHEX—RHE. Fla0, ER BT Y R R & 2 et
B ¢ e BEE RS E M ERE K, X— YR RE I IEJ ELZ/IREZN,
XBY ¢ TR R — 18 X RS- ER -

B xo 5 | WAFREMEFHARMELR, HEHITFFEZZAREXRE.
FATRTHEHPHRF. FEL L, REXME— e OIRBR N EEEEMN T
% BRI AR — L =, 255550, AR AL REE K ARBI Z kM SGA th sk BUH
ERMT.

EX2.5.1 B 1 B—HENTH, Rk

,I{HE fx) =1
MEER . MEELEN e >0, FE—TEH A S xHBRIx|>A/H
| fC0) = <<e.XBF, AT Y x B THIE, BB f AR 17, LR AT LA
A
. 80 -



LD O #2E BEWEHY

flx) =1 = f(o) (x— ).
L, RAVREBAR AT A HEHIES "R E X
flx)y—=1 (x—>+ ),
f(x) =1 (x—— ).
X BT A RBALG HE X
EX2.5.2 MEBAEHN >0, FE-TER ASO.HHY x<-ARLH
[ flx) =1 ]<e.
FEXFMES T BT EER IR f HRR 17K
f(— ) = lirrif(x) = 1.

x-e=

B REXMFRE OFERE 8174 E.
BR.ENA:
EE2.5.1 lim f(x) =1 HHEY
f(= ) = xlig!uf(x) =1, f(+w®)-= xlirgf(x) =1
Sings A
g1 g

flo) = (1+[—}c])[’] (x=1,

XBLx)FRAKRTF x BB KEE. AKX lim fO0.
R EL7HR,ELFAKI{(1+1/n)" )ikt btam T A R BME .
HE M, SHEZA 1 e >0,787E NEN™ {H18

0<e- (1 +%)N<e.
BF fREERE. S x =N B =N, NTH
0<e- flx)<e- (1+%)N<e.
XEIERH T
tim (14 ) = 0
BUGEER ¢ —A IBERIEBLITEMA 5k R .
tim (14 59)= 1.
E2.45P, BIMTERTIFZER . HPHE X TRBHNMNEE W E . 8
JRBEE, BB ARREXT x—x. "X Fk R 12 5k SUA FE A 9, B R EMTH
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KEMFRE S

iR B E Rt R EAMN, RRENSER —RERIBIMUZH. EFE
P 2.4.7,B) Cauchy WHUREE, 7 LA B AEh . o ARG (G T 8 2.5
HEYEE 9 &R

il 4 , oz P AR R # P 52 B I, | A4S 3

(e . S
Jim (14 ) = tim (14 ) - dim (14 )

=e+s1=c¢,
[x] [x]+ -
lim (1+ [x ]+1) z,@2(1+[xf+1) I'XTH(1+[xf+1)l
:e.%:e.

THEHHHFS 2.4 TTPHH 6 —HE— 1 EERIE.
i 2 lim(1+%)x =e.

x—-®

ERR iR x>l AAER [ )<<x<[x]+1,18
1 >[x:|+1

1\ 1y:
() <(+y) <0
RATE RIS x+ oo B, E R 45030 10 AR P AR R . S0 S,
50

lim (1 + —i—)x = e.

X—++

BAEBRKIHE x> FE. 2 y=—(x+D. 5H,. Y x—— off,y—=+ = ,fi

)= (e 3y

:(1+%)y(1+%)—>e-1:e (y =+ ),
AL
fim (1) = e .

1. He-AEBEIEN:

x*+1 1 . 3x+2_3
(l)rl*lm“=32 +1 3} (2)11 N5 73" 32 °
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. B2%

&)) ljm(x—\/x"’—a)=0; ¢)) !ir:n(\/x*' - Vx—-1)=0.
2. EHEH a b, FHE5TH SR
. fxE+l _
(l)llm(x+1 ax b)—O;

(@) lim (V¥ -x+1-ax-b)=0;
(3 lim (Vx*—x+1-ax-b)=0.
3. W
lim (sin Vx+1-sin /x-1) = 0.
A @HEB a,.az,a, iﬁjaa. +a, e +a,=0.3KiF:
Xliglkzn;aksin Jx +k = 0.

5. E}E&I‘Elﬁfn sin (x vV n?+1).

6. RTFIHRM:
. (14 x\* (xtayt
W tim(37%) @ lim(3=3)
(3) lim(1 - 2x)V/x; @ tim(225)’
=0 o\ N —2

7. FIRREE LR :
=g (1o 1) (10 1)),
R fHIESOR,HFEH fHRER.
8. gt xG(—l.l),ﬁl ki;aksin kx |<|sinx|,3}iiﬂig

|§kak|<1.

B E K

9. WERA: lim fOOFEMFETDREFMAR FHEBH >0, FE—TEH A AT xiox,

/E x1>A yX2>A ,@ﬁ|f(xl)—f(x2)|<e.
10. # f (= o, + o) EMEAMEH B lim f(x)=0.5RIE: f=0.

o] M 2.5

1 8 fHECO, + o) EWRRBOTR f2x) = [(x)(x>0), 3 B lim f(OFEBAR. KIE:

fREERE.

2. WafbEFIKT 1HHEH B f:R>RTE x=0 WWFHNE R FFHM U] xER,

F flax) = bf(x).3RiE .

e 83 o



BEMHER O LD

EM:f=g.
4. iﬁi .x,,:>>0. iﬂifﬂi:

+ . n
(1) lim sup(%—') =e;

(2) EXy e BREEFE.

liﬁl:l(‘]l f(x)=fw.

3. 1% ffig BN EE, AR
xljgl(f(x) -g(x))=0.

2.6 EFHDPEEFK

TEX— VT BATE ERN B —RBBRR”. Z FrUERRMEFE L k3
S RENRRE" AR—NEH. EXNTEX L, ESATE ST #9R R AR
[ EA— 017, BERE f(x) =1/x. BRT x =0 Z5b, fCOILEHR E L.
y=1/x HEBRRMU TR -—MB=ZRBIUMKMIPZ(E 2. 0. RER, 4 x>0

B fOOMETTDEREZKRELZ K. AT

Y 1 B EC B XA AT 0 BATS 80 F 2
y=— EX2.6.1 B xo B—AEHK EH

FCOTE xo BI—NEFF(ATEERR xo ZIMNEE
X MRIMEBAENIER A FHE 0>0,. 48

o BYO<|x—xo | <o BLHIfX)]|>A, N
Y xamFxo BB fHERNTES
X”,ioHE

xllgl flx) = =,
2.4 :Ejz% ‘
f(x) = @ (x-—xg).
{3 35 BT LAE X
limf(x) =+ e, limf(x) =— o,

x—=—

e 84 »

linlf(x) = o, lir+nf(x) = o,



D B2% BEAEgH#

% TR X EETE , RATRE EFir AR RI B S, f R— T EFAE@”.

5 ERER AR, REE—RRIBD lim £ =0, MR EZIEF.
fR—IEF MDD

BR . XFKOBEBRILT/D: ARFHEMES NIEBRES K.

R — BRI BF, hBERR. B, x—~x, BHIBP,.f 5gBEXS
AN AR ATRATTAT LASE T EARE SO0X B AN TE55 /st AT o3

EN2.6.2 BY x—x Bf.f 5g HREEH /N, HH g Exo B—NRED/IDE
3 (BR xo ZIMOABEE.

(D R imi =0, BB 4% [ B g EEHMEITL N

Hx(,g(x)

2) ﬁu%xnglg’;; = 1540, K [ 58 REMMES D

(3) RO PHRIRE | =1, 4% f 5g BEMBPIEXTS /N CH
f~g (x—x0).
AT ARG /NGB B AT R AL R B — RS AMENREE. Y x—>x,
B, IR B SRHBER x — xo HE"1 IS/ /Y x—>x, B, f B—AKEF /N IBAY
f5(x—x0)*(e>0) A RIB R TE5 /NG R [ h e BrBIT /.
fln, i F

sinx ~x (x—0),

\/1+x—1~%x (x =0,
1—cosx~%x2 (x —=0),

ALY x—=0ff.sinx MV1+x—-1E8HE 1ML/ 1-cos x & 2 L5 /).
EFA—BRBES RPN TS K. o] IR T . B, iR —
WRIES.f Hg BRELF KB4

2 1im DX —ouf f5 g Rt S ERBOESK WAL f Rl g BIEHEY

glx
EHA.
% Jim %ﬁ&ﬂ*%ﬂ: 0B EITERMOESK; Y REST 1

B S S BEMBHES K.
ALt . FATT AT LARE LTRSS K0 By ” I HE & . et — R S0, R E
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PUF 6 F R LB RS R AEA R G
B, %4 x—1 6, BIFE 1/ (x - DYERRER TS K. BT

XX+ x—-2 _ x+2 :( 1 )2 x + 2
(x2-1)3 (x — D3(x + 1)} x—1/ (x+D*¥
. x+2 _ 3

hm v g7

For e e, Ak,
5T T _ / 1
Ex2+l —le 2+x27

J2< 2+%<J§+

*

| x |

2
—V2|xx|+1= lim 2+% = J2=£0,

X—woo

lim

X—» o

MR Y x—obf, v2x* + 12 1 T K.
EREEHR, ARG TS /NR TS KARREE M . KK HE, X4

x—0 it , xsin %%—/l\f@?/]\- AR I8 x BUATRAERI T3 /Nt . AN 0] BE R B35 /)

xsin %“iEISﬁ”.

X x—+ oo i, R
Inx, x(a>0), a*(a>1, x*

HREIHE K ENZEB B8, BAME? AT 3.6 7P IiEBH, 7 L IR
F . JE— MR — N E&E RS K, X —AMARETHE 5 8 M B A E
g

FMEITE /NEFHF TOER, TN TFENERFES.

EE2.6.1 WPRY x—>xo(xo LR+ 0B, f, g BREMB LS /MRS
KA

(D) lim f(x)h(x)=1lim g(x)h(x);

X+ I—+x,

. fx) .. glx)
2 1 = .
2 limo s = im e o

M (D ERRRfE L. BN f~g. FTL
. 86 -




D B2F BBWEEHM

lim f(x)h(x) = llmf( ))g(x)h(x) = lim g(x)h(x).

X=X, xX—=Xq g( XXg
(2) IER S (DB —HH. a0
i, FA1E A0
sinx ~x (x—0),

Ya,.b HEWHa,bA08,FH

.osingax _ . ax _ a
Im inbr ~ UMy = b
X, e
(V1+/x - 1)tdn—
lim
x—~0 1 — cos x*¥
HAY x—~06F,F

VItVx-1~5Vx, tang ~%,
FriAEH 2.6.1,78
(V1+/x - 1)tany > Vx %

lim - = lm2-—2 =1
x—0 1-cosx =0 1 §¥2 2

PN B E XA REREEUERER RIS /NI K L.
ARE& A 7E LA s I BLA R 55 /N (BTG 35 O b REEE X — s Ao 4
w®. B, it E

lim sin x —3tan X

X

x—=0

BT AN SRAE IR HOKE sin x F1 tan x #AH x SRR . BEWSEREL 0. HEL L,

1 ): sin x(cos x — 1)

sinx —tan x = sinx(l—

COSs X Cos X
H i
. nx—tanx . sinx 1— 1 1
llmSl—=—llm (;Zosx =- .
x—0 x3 =0 X X COS X 2

EERA TR, ROINBR NS BRI SEHRETR Y E. X
54 BINHAARTERE BT BANRIRCEN XM EEIRNT2EL .
ARAMEZXNEHEHERE RS T, X0, WREXTBEHLHHE EX, KH
LN 3:0) -V o
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TN 2.6.3 REL f5gFEx BEEF(xo BRIMNEESL.IHH g(x)7#0.
(1) Y4 x—>x, B EHME FOO/gOO)RISE R BIFEEER M, EE5[ (0|
<M | g | AL B f(x) = 0(g(x)) (x—>x0) KFKIR
(2) Y x—xo B, f(X)/g()R—NTFE /M. BP
. flx) _
im0 -
L f(x) = 0(g(x)) (x—>x0) FFTAR.
BAHL,ITE f(x) = 0 (x—=>x)5 f(x) = o(1) (x—>x) T HNIFTRFE x—>x0
Fud PR fARS f B—1ESD.
il 4
3x2 - 2x+10 = O(x?) (x— =),
x = O@inx) (x—0),

x‘"zsin% = o0(x) (x—0).

BATIHEE O, 0 MABE—SIRA.IEE 0(g(x) 5 o(g(x ) H AR KA E
—A B, TMAREREN —FRE. LB XF f(O) =0 f(x) =
o(gxNFRMFE“="NYHEBABT (SO ONER, Rrk¥ f B TFEXGHH
REMBER,MAF 080 = fOF o(f(x)) = fOOFBE HBHIE L, Bk
X B A X B A M T AS RE 1508 B W S IR e T 3c e . X, X
O +o(1) = O) (x— xo)

RABYH, ERRY x—x, B, - EREBSEF/NEWHNE—-NFRE:R
BRI EEEHEERLHER BN OTEE o(1) =0 RIS, XN O1) +
O = 0O AERFMWE S, BITE x—x, WIBRP . FHINEREBZANE—-TF
F& X RTBEA BN X MBI R BGE —1~ O, B EFHE EXF H 0D
+0(1)=20(1).

% 3 ;| 2.6

1. SR PSR FGF KEIB

(1) x = 5x3+ x"(x—0); (2) x—5x*+ x"(x—>);

3 ;:4-:_11 (x—>); (4) xX*-3x+2 (x—=1);
2x° . . 1 —1).

5 x“—3x+1(x s (6> sin wx =1
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(7) Vxsin x (x—>0);

DV x*+x (x—>0);

QD sin(V1++/1+Vx =V2) (x—=0");
(A3 Vx+Vx+/x (x—>»);

2. % X Xg H‘j’,azo(l).ikiﬂ'::
(1) o(a) +to(a)=o0(a);

PO E2E BMMESH

(8) Vx*+ Jx (x—0);
(1) V1+x—- J/1—-x (x—=0);

12) V1+tanx — v/1-5sin x (x—0);

(14) (1 + X)L+ x¥) e (1+x") (x>+02),

(2) oCca) =o0Ca)(c HEED;
1

(3) (ola*=0(a*); (4 mZI—a+0(a).
3. MIASM I /NS, KT FIRMR

. xtan'x . W1+ xt-1

D lxlgz‘sina,\f(l—cos x)’ (2) 1:11101 l-cosx ’
4

(3) lim XX —1, (4) lim20tan x.

0 1-—cos’x 0 Sin x

2yV/n __

(5) limLEXFI XV L ey

0 sin 2x

8] & 2.6

1. #lim f(x) =0, B fCo) — f(x/2> = o0(x)(x—0).3KiE:

f(x) = o(x)

(x—0).

2. iﬁ%ﬁﬁu f,.:(O, + °°)'—>R(n :1,2,3,"');5({”fﬁ nEN‘ sf,. gﬁ%i%{j{(x‘_’*’ W).ﬁ
IE:FFAE0, + o) FRI—RE [ 2 x—+ o/, f REf.(nENDEFMHIELS K.

2.7 ¥E % R B

FE BB S BTy R BRSSO 24— S0 SRS A e i DA e 5 b Sk #E 4T AR 5
RRER B PERNGE. — Rt 0 ERBEARFEF HAHWBER—RKA

PRZ N EESE R %L

LY WIE LT ETAGE

REHE RS20 8] 59 bR % 53X F0 B BCR 4 T T AT 486 AR LE AR AIE . R AR 7
2011 FEZFN— X EREFBEFHVREFR 2C. MFRMKBAHNRE

« 80



HESTHE

8C.REEX—KZFREHYK. BHEEMEREREFRIT. EEFAEH—
BR/MHIRTE R EZ N, RIBHEAARESRK, 5 42 CHEASRKFH. X f
BEEZ/NRAT AL/, RERIEH EREERF 12FHEHN—BEENKX
BZA. BT X—4FEZ 5, X R R BUE R 77— KR, —EHFEIR A -1 %1,
EXTRZASBESETERVERSKBHIESSBRZEEZE-TMEEHSA.
N T ERHRRFEAR X LRI A B INTHE L.
CENX2.7.1 F f:la,b]-R.OENTFRRE f TER X0 € (a, b)FELE, IR
lim f(x) = f(xo).

.\'*'IO

W AHEELEN e >0, FE—NE LM 0>0,FB Y| x—x|<<o bt A
| f(x) — flxy) |<<e.

X —E XA LAE & R f 7E xo b7 ELE, f FExo X— S B HRR, I Bk
FRIBIER f(xo). LA, f AIFE S xo bR E X

BREL f S xo IEFERNER(E 2.9 KA. RN FITTHRBMNFEREL vy =
f(xo) e BT REIEEZ A%, LT REETTFHAMPITREL x=x 15,
HIBY x€(xo— 8y xo+ OB HHMMHEIZRE y= (O 2HHEEEEXTWAT
ITHEFTBERMERZ$.

¥ xX=x,—0 x=Xx,+0
A=y = fx)+e
y=f(xo)
7 y=f(x0)—£
x
o X=Xy X
M 2.5
THE% EIJLABF.

Bl1 HERERA AL TSR .
A W=, XE c B—1EH MNEELEN o ER M >0, 6 =15
NEWR | x—x | <1 W) x,#F
| flx) = flxe) |[=lc—c|=0<ce. a
Bil2 BR¥L fC0) =x RAMEELER.

0900



Gl R2E OBYHESY

iERA SHMEEAEM X ERM e >0, o=, W ARWRE ! x —x0 | <5 B x»

A
| f(x) = flx) =1 x—x0 |<e. 0

B3 EXEBERARRBEET—NLHE ERIELER.
iERA  EER xo € RLEFIZEILH:
X — Xg X + Xg .

sin x — sin xo = 2sin 5 cos 5

B ET W, B e >0, 8 =€, Y| x — xo | << BB

| sin x — sin xo | << 2]sin % _2x° <2/% _2x°
=} x—x |<e.
A] I, IF 5% pREXTE xo AbTESE.
XA A
| cos x —cos xo | = ‘sin (% - x)— sin(lzr— - xo)
g‘%—x—(%—xo) :|X—X() |9
BIRERIEEMA 3, WEHER T RZXBREIE xo L RELSEN. 0

G4 & DR 2.4 FHEHF 5 F XA Dirichlet ef%k. iE B .

(1) D EB— S 8AEE;

(2) % f(x) =xD(x), W fBR7Ex =0 JbELZ 5, HAE S IR ELE.
EAR (D 2.4 555 ELUEHR, XEEM x €R, lim D(xX)AREFE,

D%%Exﬂ &l‘Zﬁ%?’i
(2) FGilE f7Ex0 = 0 AbFELE. BT, f(O) = 0. A EFEBLEM e >0, =€, X
lx—0]=|x|<o W&
| fOx) = fO) | =1 xD(x) |<| x |< & = e,
Bt f 7 x =0 AbRELEH.
B x740. 53X 0, f(x)/x = D(x). IR f 7E x0 70 4bi&ESE . IR 4

lim f(x)
lim D(x) = limL2 = =% = f - pro.
X—*Xq x—=x3 X Xo Xo
XTI D 7E xo RbFESE P E. XN f REXx =0 #bikse. 0}

XA FURR FLE A M R WEE R A — N4 S BB T X
SR 2 T Dirichlet pRER KA.
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BEMMHE D0

BESR AT LASE CBATHAR FR » B AR BT LASE L SE.
EN2.7.2 MR flxo+)=flxo), MFREE f FExo LHELE; WK fxo—)
= f(xo) , MIFREEL f 7E xo AEAELE.
AeH B, BB f7E xo AESMNFH AT f(xo =) =flxo+) = f(xo).
15 FEEEE a* (a>0,a=DERE LB LGNSR RESER.
iEBl  ESGIER: f(x) = a* #Ex =0 bR 7SR, BIEIER
lima* = f(0) = 1.
Sl a>1, i [RGB . A2 1.3 WHH 5 HE LI lim o' =1, H
WIHEBAER >0, DFFE—IERE N, 15
0<a'M —1<e.
R BUE SR 0<<1/N, 24 x € (0,88, af AR
0<<a*-1<a®-1<<a’V-1<c¢.

XFIER T
) lima* = (a>1).
x—0"
R 0<<a<l,RA1H

. 1 1 1

lim a* = = - == =1

0" lim ix lim (l) 1
0" 0" a

RMNEZEHT fO+)=f0) =1, FTEHERITH f(0-)= lima*. fEZHK

x—0
y=- xvﬂ“ﬁ
fO-) = lima” = —+— =1 -1,
y—0* lima” 1
0"
HEEMIEAT o* ZEx =0 L RESH.
BIERIHE x—xo (xo MERLHEMZEO FNR. H

lim a* = lima%a** = g*lima* ™™ = g% IiIIOI a',
l——

X*'XO X'—’Xn X—’X()

lim a* = a*. 0

X—=Xq

ARG LER R 3 T SORIE B s B 7E — AL R R, SEFE R KRR T . AT
ROTE » “JESE” R T B BR R B L8G9 » FE 50 # F) I 2 248 7t 1) R 3804 PR #9425
JR H RO RTAGGE 9 - 0 3m » ) A oR 50AR PR D 2 B M B AT AL 2 B i PR
EH
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VD OE2F RENESH

EE2.7.1 WMEER S Sg Exo RbiEL. A f+g 5fg BT xo ALTESE. B
—3, 5 g(xo) 70,0 f/g HTE xo AbFELE.
XEE—%, ZUXEH . CARBECNS BNE X g —stEs. FH
R BEIEAN BTN EERE S EHWE S Z I H A S AL B R 4 M.
FIFIERAE & R BB PR E BR Y 7 8L, L 215 3
TEIE2.7.2 RERE g E o fbiELEIC g(to) N xo- TR REX f 1F xo0 Ab7ESE,
ALK G eR%K fog 1E to RbIEEE.
EN2.7.3 %I R—DFXELFlINCa, b)) (a, + o), (-0, b)BK(— =,
+ o) WREE f AT EWE— SRS PR AT H&EE. & I=[a.b]. ¥
FTET L %S, B8 fTECa, b) Li%%E, I HAE a SR ES RIME b LA E
ge NMITFR f B EESESEE. NieXE 1 2 n, EARNEES M,
BATH CDIE I L &SRB 2k,
FIFER2.7.2, T AIMNE M EZ RN & . FHARBE I BHEA
A P %500 L th 7% 22 pRBC, 140 sin @ %, cos sin x AE5E.
EE2.7.3 % fREXET E™REHE G HEZRE.BA fE (DL
B P 3 35 (VL) ) TR 42 R 5K
iERR  7EH#EIL 2.10.1 AP, RATHEER J = (D HBRE—XIA]. FEXIEH [
T L RESN. AP fAET L3 AR yo€J,% xo= 7 (yp) (B yy =
fCxo)) ARBEHEHE e >0,FF xo—e Sxo+te BEIH. 4
81 = Yo — flxo — ) >0,
82 = f(xo +€)— yo >0,
8 = min{(§;,8,).
Lly-yol<<s B, H
Yo— 1 Yo~ 0<]y<lyot+td&<yo+ ..
B R R, AT
iy =80y — ) < (Y
< [y + &) < fH(yo + 82)s
X LR
Xo— e < fU(y) <<xo+e,
ERERAUTREMBERX ) = 7 (yo) | <e. AR FRILAIKMR
|y = yo|<<&.XFULH f'7E yo ERHEZM. HH yo BEEJ HIEBELEFLU S 1
J biESE. D
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HEAFER O

Y neN B f(x)=x" ER—4n RETRN, R EREZWN. HRHEE
[0, + o) LB, B RRE A, FI R RE f (x) = xV" [0, + ) PR #E
Sefy. Al A SHEMTIE A rox” ZE[0, + o) FRESM.

AL BRI a*. Y a>1 6, E7E R LRETAERIENESE /L. KA
BOOAE log, x. BHL, B0, + o) B ELRE. 55, Ha=¢
it In x (0, + o) 1 A4 7™ HE i3 34 ) i 2 R 4K

SHREERE f(x) = x* (x>0, ¢ HEFEEEMZEO . TR EFM T Y

f(x) =¢e™ (x>0,
A WEERBAE0, + o) ERELN.

MFEXEE sin x E[ —n/2,n/2] L R EEM, UL ERN R RE
arcsin x & XFE[ - 1, 1] b BIRR[ - n/2,n/2]. I3, RIZXBE cos x 7E[0, =] |k
B H& 3B U8 » 0 AR BB % arccos x E XTEL - 1,1] L HER[0,.x]; IF VI B %K
tan x 7E( — n/2,n/2) L R H& BB H), B E W R K arctan x E LE (- =,
+oo) bR (- n/2,7/2) . LE=ZANREBES BT SUE HERELEN.

IR B R BRI HRE . —ARBSR =ARE. UREHE
MNE&SFRERHENZE B RKE S TR R, SR SR8 X, R
BT THAEE. '

EE2.7.4 VIFRBAETNSBREH LR ELER.

W oxo REAE f B SUBF R — . IR f7Exo HEE WK xo 4 f ROZESES;
MR fAExo REL, WFR xo K fHEIE A HEAAARRWLER, FEETEN
%SL:

EXN2.7.4 & xo BRI f HEHS.

(1 IR flxo 05 flxo HHFE. ARERBIBLHE f(xo +)Ff(xo =), MFK
xo A fE—BEBRSLE | f(xo +) = flxo =) [ >0 FRH f 7EX— S HIRRER 5

(2) R f(xo )5 flxo HDFEBRAR.FHE f(xo+) = flxo =) . HA%TF
fCxo)  JUFR xo K f R EB B KR (CER UL, IR E SRR f 76 xo LW, 7T {H
xo B RHTH REN ELE R 5

(3) R f(xo )5 flao NV _HEPZLFE - NMAFEELELSRERMEL BB
4 xo MAE f IS8 KM AR .

BEER SUMIA] LT SRR f S — BT .

HTHE=A B

x2+19 x>09

) =
f(x x<09
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D B2E BNWESH

sin x
(0 :{ pa x #=0,
2, X :Oy

.1
hix) = {sm—x—, x # 0,
0, x =0
L f RAx =0 ABKBR AR, g LAx =0 Rl ZEE &, T 2 WLRLx =0 A% A EHa.

Xif X 8] L S el B AT AT X E M E W 2 B R B UI T .

EE2.7.5 & fRKE(a,b) F#EE ) REL W f KIE]KT S —E R BKEK
MM HEBKBR SRR E L.

ERA ANEHE f fECa, b) Li#g AT EEGE x€ (a,b) , X EEE{f(1):a<t
<x'RELFH.RA FOORBREN LR ANIXIHER EHAGEE A).
REBR, ASFOO) . HRAPKRIER f(x—)=A.

BELLEMEBRLEEMN >0,HF A BEARESHWR/DER HMFE 0>0,4
8 a<x-6,.3H

A-—e<f(x-298).
BT f By, Brid
fx- << A
€ (x— 0 OB BERBHPAAHFR, RIMNBHI (D -Al<e Xt €
(x~ & )AL B f(x—) = ABIE. AR FTE, ATLHE f(x - FERR
R, H
flx =) << flx) < f(x +).

fEBR x€ (a,b), 2 f(x—)=fCx+ OB, R f FES x fbiELE. HAY f(x+)
>fCx=OmE, f AR x ABBRS. BrEL f 1ECa, b) o R AEA BRBRASRY i (] i 5.

BERIME L BAERAEZ S8 ik, % E RSB f 7E(a, b) LE] K
A2 ER—A x€E X, f(x —)<f(x+) . EFRXE(f(x =), f(x+ )N
EEBE — PN FEEBIEE r() . BAY X, x5, € FE Hxi<x; B, AT HE fla+)
L fxe =) 88 r(x))<<r(xs).

BOTTLUFAAx = rCOX—XR . BE E SAEBEN— N FEZEIEY —
NA——XN. A TEEREZRA, L E WREZEZATEH. 0

RMNCKIEA THHEEBECANTE B MNE X FERELEW. BIEXGEHT
BRI RIS R E 2. BB A BRARFEERB S AT EE B 5R? AT
#9 Dirichlet BREURE— MEAEA EEW BB G T, BRI S MES N R EXR
.
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ot oD

% 3 ;2.7

1. 1% F 5[5
(D & fOx0 =sin%,ﬁﬁ%§%)‘( FCO) {78 75 x = 0 Rb R iELEHY?

@) fC0 = xsin -, AHABREL f #05E LB

(3) BeR¥ f S xo MIEFHESFEH
l;.ifo‘ flxy + h) = f(xy),

f%@@xo &bl’:éﬁ"

(4) TeRE fES xo BIEFHEEN,HH
l}}g‘)l (ftxo + h) — flxe— R)) =0,

[ RETE x, RbiELE?

(5) WESERY f EXE (e, ) PHEERFEES LRFHEH, f RERKNEEH?
2. FRTINRBAE x =0 b L.

(D) f(xy=lxl;
@) f(xo=[x];
3 f(x):{e-wz, *70,
0, x=0;
sin x
(4)f(x)=Jl—|}T’ *70,
1, x=0;
(5 f<x)={(1+x2)mz’ *70,
2.7, x=0.
3. M a,b Mc.FHEH
-1, x<—1,
fxo) = ax*+bx+c¢, |x|<1Hx#0,
s x =0,
1, x>=1

fE(— oo, + ) | ikLE.

4. VTSR f+ g M fg 7E xo AbHIESEME, IR .
(1) foExo, AbiESE.{B g fEx, bARELE;
(2) f#g fEx, LB EEE.
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o E2E

. R f FE xo ARIELR, f(x0) >0 4EF - 2 x FEH-FEIE xo B,

f(Xg)

fx >—2—

6. RERE fTExo &bFESE. AEHA | fIF0 f2EBTE xo AbIELE. RZREBOL?
7. &@ﬁ fvg %E(a,b)_tﬁﬁyl/—:}

F(x) = max(f(x),g(x)) (a<x<b),
G(x) = min(f(x),g(x)) (a<<x<b.
B F MG R(a,b) FHELRE.
ReRE f RA A LRI A XA
glx) = l‘iﬂf(t).
UERA . g RELERREL.

B

. BCRREK f7E R LBBIg (BUBEO) AE S Fx) = f(x+) . iRIER . F7E R F A%
10.

BAER EES BHX— x, yERE flx+y)=fx)+ f(y) EBH: f(x) = f(1)x Xt

—HIxER L.

[@ & 2.7

A EBR: fE€ Cla, b].

R fEGQORARFEE LS, X —1 x, yE€ (a,b) , HAFN

( (
f(x;y)gf x>J2rf 2

SKiE: f€ Cla,b).

R —x, yER R BRI f(x+y)=flx) + f(y). JEBA:

(1) & fAHE—Rxo FELE N f(0)=f(Dx;
(2) & fER RN f(o)=fMDx.

. B[R R EAMESTEHEERE. MRXHEM x, yER.FER

flx +y) = fCf(y),
RiFH: f()=a*  HP a= f(OHR—PIFH.

-] fEC, + o) IMRIHEM x, yER,HER

flxy) = flx)f(yd,
BIEH . f=0,8F f(x)=x*, Kt a HEHK.

- W nEeN" ORI R BB

flx +y" = fix) + (ftyd" (x,y €ER)
B — I ESE RS f.

R fi€CLa,b]i=1,2,3). B FCORZAMEf1(x), fo(x), f5(x) P ALF a1 # AR —
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7. % f:R>R,f(x) = fOCOX—NEW x B B fEx=05 x=1 %L iE#H.f HE
R PR3

2.8 ESHRBSEMRIHE

ﬁu%@ﬁ fEXO ﬂi&g‘évﬁg/ﬁ\
lim f(x) = f(xo).

AR TR R S EHGES SRR, B S T B ER— S8 R X3
RAHTEIE T ¥ %5 R HE SO BB — SRR TR . B3 f 78 xo AbiELEX
—HLWMAT IR A

lim f(x) = f(lim x).

XA TR X ELE BN RRAT 5 5 REAF S 0 32k,
Bl HRETIIHRR:

D imPATO 0 oy im0, ) im T2 "1 eRy.
x—+0 X x—=0 X x—=0 X
® (L) RHEHK
ln(1x+ x) — ]n(l + x)lr'x’

lim(1 + 0" = lim (1 + i)"' = e,
x—0 y>x y
MUK BOAR FR 2

li_nolln(l + x)V* = Ilne = 1.

(2) YEZH t=a*— 1. % x>0 B, t—0, R ZIRSR . i

o= o+ 0
Ina

2zl Al I

a* -1 _ ! Ina

X In(1+ 1) )
f(1), 848

a* -1 _ . t _
im =—— = Inalim yram—y = Ina.
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F2F BHNEHY

(3) Y o =08} EREBARN 0. % o0 B, FH

A+x) -1 _ e -1 _ e -1 olnd+ x)

X X T aln (1 + x) X
(D FIC2), ST %I T 48
umw = q. 0
x—0 X
EEAHERY p(0)/qx) . FF p 5q BRETA. BERNTITERKR
| = limM
ez q(x)

W xo AR g WERLB q(x)Z0, B4 [ = p(xe)/q(xe). . BiZ q(xy) =0,3X
Bt | A — AR NERGR p(xo) =0. XEEAN

fim p(x) = im2 2 g0 = im2% tim q(x) = 1-0 = 0,

1 xy x—~xp g (X) xrx @ (X)) xxg
Bl p(xy)=0. Ay, ATLAE
plx) = (x — xp)*'pr(x) (a € N"),
gi(x) = (x — x9)’q:(x) (BEN*),
HAF pi(x0)7#0,3H g1 (x0) 0. XHEH

PO _ Y]
g(x) q,:(x)
XEH, BRI I A—FHRBEYEN Y oe=h FXEHMIE, Y a>B 0, 1=0; 4
a=B 1= pi(x0)/q:1(x0).
DA EBIHEER R, ATAE — R 2 B9 07 B0k BT o1 B R B AR PR
B2 &m,neN" IHEIRR

I:Iim( ,,,m_l— L )

(x - X())ﬂ

x—1 xll_l
e FEEAB x— 1=, Y x~18f, 0. FEH
m___n_ _ m _ n
x"-1 x"-1 A+6H)"-1 A+n"-1
_md+nN"-D-nd+H" -1 D

((IT+ D" =D+ D" - 1D
G ik N

1+ " l+mt+o(Ct) (t—0),

1+mt+2mm-1t2+o002) (t—0).

1+ 2
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HESHHR

(1+ DO WEEMUBERIR . BEMNRARD,BPE
m__ n
x" -1 x"-1
nin—1)
2

2+ o)) = n(mr + 7'"(";_1%2 +o(1))

(mt + o(t))(nt + o(t))

m(nt+

mn(n—m)tz mn(n—m)+0(1)

+ o(t?)

_ 3 _ 2 N
B mnt? + o(t?) h mn + o(1) (t—~0.
B x—1,8) +—0,n1]15
. m___n \_n-m
lim( 7 - o) = g

MXEBBALUE L 0.0 XEICSHHEZ L.
MEFERKHER I RE”. BE u ()" P (w(O>ORAIBIERE. F
n, NS SRR (1 +1/x)" TR EHE HZ N, FER
u(x)r® = grohux
AT . v R REE , FEHE BRI u () " R E SRS
MARER-BERIBP RINMNAHABREX —SB, UFEEERMNLRE
). H
Iimu(x) =1, limov(x) = o,
ARAFRIR lim w () Z“1° "7H. X B 1° (U R— IS, REIRIAERN
“IHEFSKE - XMREAGRZELE L. BEXNMFS . R
lim(1+) =e
BME“1= R,
AT B RERA FAELREOTE 1° "R RH . f —EREHWE T
AL ERE K. IERIERE v BN
u' = ((1+ (u — 1))vebywne,
WWA=u-1."% u—~158}.A AEF5/NE. HHY

lim (1 + A)V4 =,
A-»0

i HE R R
A=lim(u — Do
HHEBER. .4 EEH

limu® = €.
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Gl B2F BREMNEEY

g'] 3 -& Ai+dzs°*°sdy %1£%2%%W1Eﬁi+g*&lgﬁ
[ = lim(AL et an)
x—=0 n

m %iX"O E‘J‘9af—*1(i:1,2,"',n).ﬁ‘[}nui¥./l\*&|§ﬁ% 1”@343/7"\

at +a3 +--+a; —n

A=
n
FHR v=1/x, LA
Av = l a/it — 19
nel x
T &
A=limAv = L3 g, = In(aaza),
X i=1
b3 =E |

l = C/\ = (alaz'"an)”".

ED*&BE ) %?i’l /I\J—Eﬁal 1Az 9 Ay B(JjL{EJ':\lZﬂ;Jﬁ U
B4 MM lim(cos ) .
B BR K THRE 1R 4

A:cosl—l.
X
lttﬂvj‘vv:xzdﬁltt
: - Tim ¥? 1 _\_pncost—1_ 1
lirgAv“}LTx(cosx 1)—1}3} il R

RELBEAHTRS =1/x. BREH/E

lim(cos )" =

1
o
% 3 & 2.8

1. iTE T HIRR .
. x2-1
D lim o= s

A+ x)°—(1+5x)

2 lfil;l xi+ x5 ’
3 HE,' (1+x)(1+2i)(1+3x)—1;
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BFEHWHE D]

n_ any n=-1 —_
(4)lim(x a")—na""'(x a)(nEN“);

x~a (x—a)?
. x"'—(nt+tDx+n \
(5 Tim -1 (REN").

2. HETHIHRER:

. Yx—1
(1) lim (m,nEN");
im

(2) li-r»{x‘———vl-,r;_l(mEN' )

(3) lim 1 tax = 1+ B e Ny,

X0 X

3 n

@ tim L=/ A VDA =00 ) oy

>l (1-x)

3. HHE TR

. ¢1+tan x|V~ ./ cosx \VE
(D lxlfo‘(1+sinx) ; (Z)IQ(E&Z_X) ;
(3) lim (tan x)*"*; (4) lim(sin x)™*;

-+ x

(5 lim (sin—+cos—) s  (6) lim(cosx)'";
x x x-+0’

(7) lim cos” \/L_; (8) lir{)l(Ze”"““ — 1) /g
f o n X

s 1/¢x—a)
(9 lim(zzg—;‘) (a#+km kEN").

x—~a

4. Wlx|<1.RHEMR

2.9 HRE—BESMN

WIR—ANXE, BRI CEFN. AN, Bal LUK F M. & E
f:I-R. K14

EN2.9.1 MESEEBL/EN >0, RFEHE—1 6>0.#18Y x, . x, €1 B
|2y = xo | <8 B [ fx1) = flxa) | <e, MIFREEHL f XA ] ER—BELEK.
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D O B2% BEOESH

EEREX . XEH—BOELENE X, Bl %0 R BIE — SES K E CIEH
LEbRE XFEZEGFEERN FMEF. BRAME, MR fET L—-30E
g, 0B84 [T PRE— S LS B ] BiESE BR, S f1ET EESR,—
R RATAREVE K B8 f ZEX A 1 E—BUOELEMS L. iERITABFFR LU T 896 F
Hsk ik X R 5.

F1 RIE: RV x 7E[0, + ) FR—BUELER.

iEBE  B5E. SHEM x>0 BAER Vo + Ve 2 Ve -l BEE,
B x =, 20, XA 1] X2 x, — x0 [ ATIA

Va+rVvazVvoezJTo -l
:j:%,ﬁ x17x, B,
T P
A AIHERAEN e >0, 0= 4 x1, 0, €[0, + o) HIx, —x2 |<o B, H
| Vi — Vx 1<l xz — x V2 << 82 = .

XKV T U E R —BUELEM. 0
B2 BTFXEAEE X F
|sinx; —sinx; |<<|x, — x|, |cosxy—cosx; |<<|xi— x5,
o] WERE sin x 5 cos x 7E R b+ —B% 4. 0

HTUEAENRPARXE I LA —HER”, RITFES R E LT
FiR.

BRE f EXE ] EAR—HESEMN . GHNYFE T e o>0, X8 —1 ne
N LERATLATE [ FRBFBADSEHR s, 5. .FREBERA s, — 1. |<U/n.fHE

| f(sa) = fCt) 1> eo.

BB EMFRRGER“AS —BEL"REBURES T .

%3 7ERXE I=[0,+ ) F,KiE:

(1) BR¥ x —BUELE;

(2) X4 n=2,3,4, R, x" R—BELE.

iER (D AR THERN, RER 5= BT LISER.

(2) BAVEIE x* 78 | EA—BUEZE. Sl n€N" L FE T PR A

1

Spn = RN t, = n+ —.
n ’ n 2n

X, 0<t, -5, =1/2n)<1/n,{BR
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HEMTHE

12 — 5% =ty — 50U, +5,) = ﬁ
FTLA x* £E[0, + o) EAR—FELE.

%i n=3 B, % x, 'x29i“EﬁE Xy >x1 221 E“J%#Tﬁnﬁ
x$ — xp > x3 — xt.

i ox® 7E[0, + o) EAR—BOELE, LRI H x" (n =3 FE[0, + ) FHER—F%E
2Ry 0

B4 SRIE R sin - 7£C0. 1) ERRR—BGESAY.
PEBR XHMEM nEN" JER

(Zn + )> 1,

1
2n

_ 1 _ 1
Sp = Tnm + /2 e 0,1, 11, = Tnm € (0.1).
e ANEE]
e — n/2 1 1
0<tw=s.= 2nx2nx + w/2) < 2n1r< n’
B
S S U I T\
sin » sin s, | = sm(2n1r+ > )‘ = 1.
BOBEIER T B4 sin 1780, 1) E R — B0, 0

5] 3C2) LA KA 4 th R BTESR E R X 8] | B AR AN B — Bl 4210, BB AE A%
FRELENTEAERN A X E FRESN. (A, ES - B EE R
Al 8K eRE f EEX B T ) —BUESEEER f fr | EsEsetE.

A LB R EWXE FEEEA-BES? ATHEREXHERE
EREPEAER S IRATE I R f FEX (A T B ESEMIRE L XA X0 € 1 RATEL
EM e >0, 777 0>0. 4 I PR A X R x — xo | <O B H | f(x) — flxg) | <e.
HRETRATN M AR EAR, 0 AMUNELEM e AXATERITBHLEZX—,
MAS A xo WU BRXERNAGBEX —&). XE) I FAERTHEHIES A.
Xl — e >0, MMM A A ATHESST A 0. ERXFERT . RITEEFIER /DK
8 BFFE. ME—BUELEME X0 TeHe FTRE. SATREXE I EMNE
XA B 2.6 MLEMBEMITBSERY. ZEEH f(0) =1/x (0<x<D).
H A%

1

sin — — s1in —
X1 X2

1 1

<
o= X1 X

(0<<x;, <<1,0<Tux, <<D)
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T O K2% EENEEH

Bl 4, T RS 1/ x TP XA Bt B AR —BOESE . X — 3 3L A] DAL B R
FEBREHE. ERK y=1/x O<x<DREHRE 2.6). WHEELHEM ¢ >0.
R TFIT TR ESR, B E - TR, FRIEFET  EXPR
B vy=1/x WAL, A 5ERAT THRM EL, LIX P & B2 R B AY
PN ZE S A S T ME— N IF X 8] iE 2 T(x) Hodr x R IO ESRS . Y 5.1
ETCORE, [1/s—1/t|<<e M. MREER ¢ >0, % 0<x'<<x B, | I (x| <
[ 1OO | GX BAESHERRXBHCE. BT x—0 Byt BORBBEW, BRI
lim | I1(x) | = 0.

BHAEA €0 — AN BER o RARRE!

y

o 5’ S X
&2.6

REWHFCERI, RE 1/ x ZFTTEQ, ) EA—BuEZ, BE AR 2T
AR AT LA O JoPR fil b 58 . b R A A B BB E B MR 0, tuifF ol LAf#E
EETH B XMMERT2ERY . HARINTE:

5 SHEBEREEM o>0,EB8 f(x)=1/x fElo, + =) F B—BUELEm.

iERA BB s. 1€ [0, + ). KA

1 _1|_ls—-efl 1, _
s t‘— st <0_2IS t.

Ha W, XHELH e >0, 6=0"c. A E 5.t €[o,+ ) HIs— 1 |<<5.f§H

1_1 ’ < %8 = €.

s ! o

XERIERA T BT M 45iE. 0
FEEFERXE L, R f FESHEWERf W—BGEEM? FRAMAXE R

BXMretE XK XA L. EGRBc A R — S+ EEMER. XEET—

THEHEHAE.
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g% 3 & 2.9

1. IR THIR B — B

(1) fC0) = cos 2 (x>0); (2) f(x) =sin’x (XER);
(3 f(x)=\3/;(x>0); (4) f(x)=sin x*(xER);
X
= (x=
(5) fOx) = T3P (x20),

2. WeRH f Mg fEXA] [ Bk U f+ g e ] E—BUESE.
3. MR f1ECa,b) b —BELEIEH: f(a +)F f(b - FEBAR.

[@) & 2.9

1. & 70, + ) b —BUELE, H3HEM xe[0,1j,ﬁ£1rg flx+n)=0(nEN"). IEH.

lim fCx>=0. % G5EH L (L f#EL0, + =) ERESHEHEA L BRI,
2. W I ARE. MBEFEEER k. #18
L fOO - fyI<k|x-yl
SHE x,y€ I Bz A48 f #E 1 L% 2 Lipschitz(F] 3% % ,1832~1903) & #4. KiF .
MR f7ELa, + ©)(a>0) Fi# & Lipschitz &4, 384 f(x)/x fEla, + ) F —BELE.

2.10 HMEXW EES R BIIPER

AT R, BATTwAXELa,b](a 5b ERERO . FE f:[a.b]>RE
ZXE) kst

FHER2.10.1 BEE f7Ela,b] LiES.IBA fEla,b] ELE—BUEL.

iERR R R f 7ELa, b] ER—BUESE . BIFEE ¢ >0.XHEEH n €
N, BBEHRE 5., 1. €La b, FHBERs, — 1. |<VU/n.BR

| fCsa) = fCt) 12 €. (1
HT (s | BRTELBEELe, bJTHEF, BF B EHTH, FE —NFH s, >
#18
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Dl B2¥ BENESHE

sk, =s* € [a,b] (n— ).
XA, RATHE
| te, = s* I<<| tx, = Sk, |+ 56, — 5" |
<kl,, +| se, —s° I<% +] s, — 5" |
R — neEN Bz B bR AR 1, =5 (n—>o0) . HIR(DBH, 3 —H n
EN",H
|f(Sk,,)—f(tk,,)|>eo- (2
ERQIWFNS n—>o , BH [ HELEHE, 53
0= f(s*) - f(s*) | =1 lim f(s,) = lim fCe) |
= lim | fCsk,) — fCti,) 1= €0 > 0.
W HRFE XA T f07ELa,b] L —BEL. 0
FE, XELHTRAN HRE, XA FER— AT T HPEa—1,
¥ 2.10.1 G5B RTREBEA AL 2. 9 W ] 3(2) K fil 4, AT LAYE R ) 4 K 158 B
Z BT —BuESHAN A R XiE M ELRPUE AR LT UAEEN M.
EE2.10.2 ARAXE EHELRPLEZXE AR,
iERA FRIEY:. % f 7Ela, b] LES, R EE e, b ] LBRE LR BAE
BEARE n HABENEWLER . BMLE x.€La,b],#H/ f(x.)>n(n=1,
2, . B FLa, bJRHE R XE, BABIN x, b AT LA —F I (x,, )
#18
xi,, »§€ [a,b] (n—> ).
— 75T, HRH f g, LEXR
lim fCxe,) = f(6); (3
fa ) >k, =n (n=1,2,3,),
?E:Hj’f&lzﬁ'llilg flxi )=+  X5XQBFE. Ak, f 7Ela,b] L LF L 7. FHE,
A3k f 7ELa.b] FETR. 0
MR fERNMTXE EES, FEMERRATBL. EFl6EREA FM, ]
RERTAH. BN, f(x)=1/x 7E€0, 1) L %L HEAO, D ERIRH; f(x) =x
720, 1) EESE, EHRERGARN. R f ERENKFXE[a, + <) BiELE, B
RGBS TEEEE 2 AR A 51 F .
MEH 2.10.2,i8 748 :
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KEANHE

ETE2.10.3 % fEla.b]LEL.IE

= x:an]f(x), m = xelgi.:b]f(X)’

WPHFEE x* ox. €E[a, b1, [F18
ftx*) =M, f(x.)=m.
BRI, A FP X ] b 34 % 22 e 3 BE R B 1R X JB) b #) K F B /IMEL
il HMEHE2.10.2H m M EBRERYE.BRIELHANE X XHEEH
neEN"  LEHFTE x.€La,b]. [F17

M—%<f(x,.)<M.

5E 2.10.2 BIER—FE, WEO {x, ) PR RLE S T30 {(x, ) 78 X —x" €
La.b]. 7EAZE
M-
BIWiA S n—c , IR [ TS, PG
f(x*) = M.

[BI¥, AJiEfF7E x. €[a,b],#18 f(x.)=m. 0

Wla,b]FBE—FELEME, MR f(a)<O0,f(b)>0,PLXLMBEN x W=
DPE-NEA X —FLIEFERTMEA A, X

EH2.10.4(EMHE®) & fEla,b] EES. FE f(a) f(b)<<0, NAHIFFLE
—mH c€(a,b) . #18 f(c)=0.

iER AR f(a)<<0<f(b).4BX[Al[a, bl =545 . sy S E(a+ b)/2. I
fWa+b)/2)=0, B c=C(a+ b)/2. TR f((a+b)/2)7#0, 0] f((a+b)/2)
W5 fla), f(OHHE—-IRE, BB, £ H F X8

+b +b
e 32) 23]
qj,ﬂ‘ﬁ-ﬁ\{i fEﬁ%,ﬁm{ﬁﬁi%,iaii/l\m?lzl‘ﬁlﬁ[ax » bl:ls E“[al ’ bl]ﬁ/@
THE="1%14:

[a,b]1D[ai b1y 0< b, —a; = b;“, fla)) <0< fby).

Xlai, by JEE FEEITE, AR —FIHA K M ar, b ] R
(a) [a ’ b:]D[al 9 b,]D"-D[ak ’ bk]D"';

_1
T2k

< flx, )< M

(b) 0<<by — ax (b—a);
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TOE2E EENESEH

(©) f(a)<<O<f(bi).
MBESEA kL, H f((ax+bi)/2) =0, B c=Ca, + b)/2, EFHIFFIEH. &K
M, i B ERHEIT T E. TRAMXEEEHA . FFH c€lan b J(k=1,
2,++) {fEf8 lim ax = lim by = .t f MHESEHE 76O PR T MPHAI k— o 1%
BR. 18 f(c)<XO<<f(e), Bl f(c)=0. 0

THEHRTFEZNA.

1 GEBA. AR 27 -4x=07&EXMEO,1/2)NE—TR.

R 7ZEXE[0,1/2] EFRELEE f(x)=2"-4x. B F f(O) =1,
f(1/2) =42 - 2<<0, 8 WETE— M c € (0,1/2) .78 f(c)=0. Hilt.c FRH
FRH— R, 0

B2 GEHA AR RBEF KRBT BLA LR,

WERR AR A

x2n+] + a0x2n + a1x2n—l 4+ eee + Apn1 X + ay, = O
BHRBENMETRICEH p() .4 p(OBR

ao , a .
plx) = xz"”(1+7°+—;+---+ "
X X

=) A

lim p(x) =+ o, lim p(x) =— o.

X—>+ oo X-»—

H b, FFTES L a, b, {#18 a<<b,H p(a)<<0,p(b)>0. HEHE EHAH, F1E
c€(a,b).fF18 p(c)=0.XEH c MEFEHTEH—TLR. 0

i3 FEMIESHAR 10s B2 T 100 m.iF#: B4 —B 10 m #9882 th i
F1s#5e.

iERA {TER x€[0,90],H f(x)idiash A MsE x. x + 10753 B J4 12 A 7 B9 At
Bl CLh s AR R4 fRRE XAEL0,90] kB — L Ris. RATEIFBITETE x0 €
(0,900, {48 f(xo) =1. WEXFEA x€[0,90], #F f(x) =1, [AFEZIEH. K
I REHRAEAE x, €[0,90], 78 f(x)>1. EH 100 m £ 10 s H52 1. B LA
A x€[0,90],#18 fx)<<L.HAES g(x) = f(x)— 1.3 4 glx)) = f(x) —1>
0,8Cx2) = f(x) —1<0. HEEER . LEFN T x1 Fl xp ZEIH X0, 15 g(x0) =
0,8 f(xo) =1. 0

PR 2 {5 A T IE B T 6 2

EIE2.10.5(NEEHE) KR fEXE[a,.b] LIEEBEMESZRE. y BN TF
fla) 5 f(b) Z MR L8, WILLFFTLE c € (a, b) 1§ f(e) = 7.
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BEMEE O

EH AR f(a)<<y<f(b).%&
glx) = f(x) - 7,

W g #Ela,b] E#ESE. H gla) = f(a) — y<<O<f(b) —y=g(b). TRUFHEE
HL,FE cE(a,b) #1718 g(c)=0,Bp flc)=7. 0

Wit 2.10.1 RIEFERE fET={a, b] EEZ R4 fHESS(DE—
AN X ] .

HELL,EME5m 53Rk f#La, b] LR KEMER/IME. B EEHE, 7 H
f<H=[m,M].

RAIFEIFAETE 2. 7. 3 B Fa X —4516.

#% 3 | 2.10

1. R ffECa . b) kB4 k¥ . f fE(a . b)) LA R

2. BHRE f Mg BEXET F—BUELL [ fg BEET F—BGELE? o3 1 AARK[EEK
F35 K a4y 5Tt Z .

3. WEHE fEEFFXE(a,b) Li#EEE, f(a+)R f(b-)FEHBFR.EH: f #(a, b) F—3K

4. BeRE fTEXALa, + ) LIELE, f(+ ) FFHEEAMR. UEMN. f fEla, + =) L —BUEL.

5. R fERMLa, + ©) LES. EFEFEH b Mc. 17 lim (f(x) — bx—c)=0,iEH. [
[a,+ o) kL.

6. SRIE: ZIRFE x° +2x - 1=0 AAME— R, HRZEO, DK.

7. % € C(R), H

tim £
(1) HEBA Y n HABET, HE 0"+ o) =0 F —MER;
(2) WEH: 5 n HEBET, F1E y FB/MAEN xERF
vt ely) <<x"+ e(x).

8. ¥ f€C[0,17H f0) = f(1).3RIE: MAEf] nEN" ,FFZFE x, €[0,1], {78 f(x,) =
f(x,+1/n).

9. # f€ C(R)H lim fCx) = lim fCx) = + e, X% f WB/ME f(a)<a.RiE: fof B
P S LB/ ME.

10. WeRE f:[a . b ] >REFBN P RAHEHHE. EXRS LRAHEKME. EH.f A&
(a,b] FHIESERE.

11, BSHERH x, yE(— oo, + ), R fHR | f(0) - f(p <k x -yl (0<k<D).
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COB2E RERSESH

SRIE
(1) BREL kx — f(x) %1,
(2) TEAEME—R) §€E(~ oo, + ) fHiF] f(E) =€,
12 JFBfE(— o, + o) FESHFABEBDLE(- o, + o) E—FUEL. i HIEH .
sinfx +sin x* AR R

[@ & 2.10

1. % f€ C(R), A lim f(f(x)) = e SR lim fx) = .

2. % f.g€Cla,b). RHELE x. €La, b]. #H18 g(x.) = f(x, ) (n=1,2,)  MALTFHE
xoE€[a,b] . fHE flxy) =glxy).

3. WRE fEXELa, + =) EEZBAR. KIE:-XNF - A>0, FEES] x,— + =,
75

hﬂ! (flx, +A) = f(x,)) =0.

4. (D) BB ANFEAE R B PRS2 R B 18 & BT — 1 BB ELERAG SF B R B R K

(2) BEFAE R EHEZRN FERE—RBUAERR TS =K

2.11 A%y _ERFR A R

72 1.10 A7, A5 53 T BFI R EARFRAT AR . XF— N TR, B R IR
A—EfFEER TR ERRA T HRREAERFEN, A LB MR RAFER, X
AMRFRIESFR E TR 1ol I, A b T ARFR R Rl &, AT LA /0 b 32 31 44
RARE R B, AT R B | T AR PR A

£ 1.4, BITE XTiES R =RU{ — o, + oo}, BISEF A 2K B L H
MEG -+ e |

WRERE f B XTEB, (xo) b, HES xo WIEFH R XB, —EFFE x. € B; (X0)
(n=1,2,) .8 x,—>xe(n—c0)  FHEI{f xR TFT—ME. MR f7Ex,
BRSO R S FERT] x, € B, (X0) s xa—>x9(n—>0), {FiBY n—>oo
B, f(x,)—>+ (- ),

EN2.11.1 4
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E = {l € Ra:FFEEI) x. € Bs(X0)sx, = x0,. R/ fx,) > 1}.
EKRE—AEEMES. B a” =sup E,a. =inf E,BHIFRENTA f Hx—x BRI L
IR A THRBR , 43 BiCAE

lim sup f(x), liminf f(x).

X—’X() £>Xn

Xt A AR PR R, B x—>x0 s x—>x5 s x>~ ® x>+ oA x—c , AL
HplE LRE f B ERBR AT HRER.
Bl iE

.1

sin—, x3#0,
f(x) ={ x

0, x = 0.

Xt nEN*, %

X, = (2nn+%)_l, Yo = (2117[—%)—].

E%sxn_’osy"_’o(n_’w)sﬂ:ﬁ
flx,) = f(—ya) =1, f(=x,) = f(y.,) =—1.

3l
lim sup f(x) = lim sup f(x) = lim %upf(x) =1,
x—+0" x—0* x>
lim sup f(x) = lim sup f(x) = lim %upf(x) =-1. B
x—=0" x—0* x—!

5 1.10. 1 V47, 7] LAXT sR 308 _E AR BREESL A0 T R 3.

EE2.11.1 R fEXE! L. TBA4:

(1) a* €E;

(2) & y>a* \WFTE 0>0, 18 0<<|x — x| << B, fx)<y;

(3) a* 2 B AT P SR R A ME— A%

R (D Fa* =+, MIHEM nEN" . LHFLE . CE,FH [, >n. Hit
ATHLFE X2 o R 0 x, —xo |[<U/n Bf(x)>n . XERH x. €1, x,—>x0, &
B fx,) >+, Bla"=+x€E.

Ha =-o,llE={-=},4%Ra" €E.

B a” HEREIHEM nEN" FFTE 1. € E {#118

a’ —%<1,.<a* +%-
TR GEE x. BR 0| x, —xo |[<1/n,fH78
1

a* —l<f(x,.)<a' + =.
n n
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D B2E BROESEHN

M x. €T B x,—x0 {818 f(x,)—~a* HM.a* €EE.

(2) RIFABAE, MFHEM n €N L FFTE X, R 0| x, = X0 | <1/n {#15
D=y FRFEFI x, - EB fx )=y (n—>o0) HILBE y=y>
a' Bynw€E X5a WEXTHAE.

Q) BRER M p H5q AHEMDLEQR) B p<q. HB y.HE p<yqg.
HA p R 2 BAFTE 6>0. 818 0<<lx — xo | <8 B, fOO<y, T g INEEW
2. 0

X a. WA LIS KM ER.

THEMEESZ T EHN ETHRBRABE AR, ENTENMAHREEHRRL
JifE.

EE2.11.2 & f.g ] LHEXLIMA:

(1) lim inf f(x)<llm sup f(x);

X Y()

(2) lim f(x)=a éiﬂﬁléhm mff(x)—hm supf(x)—a,

XX

3) BY x& I nt, f(x)<g(x)EE_L, |
lim inf f(x) <Clim inf g(x), lim sup flx) << lim sup g(x).

,\’".XO X"’.\‘o

iERd (1)5<2)%ﬁ%im%1ﬂ£%(3> i‘zﬂHEﬁEﬁ':PE’J% MAEKX. L
a’ = limsup f(x), b" = limsup g(x).

FEFBS x.€1,H x"—>x0,1fiéliu: fix)=a" . B4 fx)<<g(x,)(n=
2, AT LA x o bR IR S T X, b 7R
lim g(x, ) = b>=a" = llmf(xk ).

n—w n-eco

XHbHELMb =Zb=a . XERBIMNFEIEEN. QOWE—ITAERN
CIRY eS8 AT ' 0
BEA1I8 53 8 L TR AT LAE AR BBy L TR B A RIB R &F

¥ {a,.},7E0,1) EEXRE f:
ftx) =a,, x¢€ I:

AMEUEBA GREEE 1E 5T RIEDD -

lim sup @, = lim sup f(x), lxm mf a, = lim mff(x)

o
n—- 0" x—=0*

% 3 ;| 2.1

1. XT3 eR% f,S}Elinxl*sgupf(x),lir_g.inff(x):
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BESVHE T

(1) f(x)=sin x;
(2) flx)=x*cos x;
X
1+ xsin®x’
2. WeRE fE— M xo AR (X - 8y x) LS. H
lim inf f(x) << a <lim sup f(x).

XX x>xg

(3) flx)=

KiE: —EFBEI x,—xo fFE f(x,)=a (n=1,2,3,-).
3. WERE S Ex BT LBEANRE LS .
e(8) = inf{f(x).0<| x — x4 |<< &},
P8 = sup{ f(x):0<| x — x, | < &).
KAE
(1) @ F & o 5l 233 W FNiz 1 pR 35
(2) & o= lim ¢(8).8= lim ¢(8),0

50" a—+0"
a = liminf f(x), B = limsup f(x).
X ’XO X—’X()

2.12 B i 3 R

BAFPMITFZHE, EHROERXRAFTXEMN. A T AER k.
WEMEE . BRMARREE - MiX—REEHERXREAIRHRRHTT —
B . BEREEEREN. AT EHEARXAMBHANERSE, BEMERTEYE
ARG MRREERENBED X FRATHREEL.

REMRENESFLER . EXTMRET . SHHUMMALR, ZRREAMMHASR
BRG] H MR LR . X LIS H (RS AR R . X3R5, A REM
IEREE & KB REWRRAE HBHERERKH—).

F—~ T B B 1ok 50, IR R 3K f R REMERME, f WEXHFH— A
RAR—FUERE R 2ERE x BT —RE OB REB TR f EREH.
WR fOONTE [P BABREZEBRF—MRE f-f(x0) =f2(x). 10
IAREE T 2 R H R ITE R P STRE A&

W BIEE—TXEL, & I8 f REMBE S, FHE f2(x) = ff(x),
FRCO=feof?(x)=fofefCx). —f&Hl, f"(x) = fe fr 1 (x)(n=3). o, FANTHLE
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COE2F RRMELHY

ol =x,Bp fORRtEgmat. B8 fCO=fxeD. R RHfHEn R
‘R,
ETFRRBGENRN, BERE RSB IE f WREXNEL f WREAHTE D
S BIRAE B T XRE R BRI 58 n EA S MBI RA R EARA
KA H e, BARMER T Hk, L KE &M EA AL ANE. Hik, 348 " 59
FRAX AR T RBOER B ETH I 1.
SHEEEER x € 1,855
X fCX) o f20x) ey fr(x)5oee.
WRFEBE m FB" (O =x,FEm HEx W—TEABFx A —TEARS.
SR m Bfsx — B84 m IR EBEE—EhEx MR XER N
% k€N i,
frrlx) =fm o fm oo fm(x)
PA
= fm oo fr(x) = o = f7(x) = x.

—_—
k-11

ME x BfW— RS B4 x I—UEBPHE/NE A x HR/NER. R
pEN"B& x WE/NEAH . M n x WKT p WA B 2LHF plnE) p BER
n). X—HELAEHMT. ARIEE. & pt n BAGFE q.reN fFB n=pg~+
r (0<r<p).TRE

x = fr(x) = fR7(x) = frefM(x) = fr(x).
XERHAL W p B/ ERRr RS x W—1RHL. X5 p Zx WE/DNEBKE X
FIE.

R x WE/NEHR A, WK x B f B—n B S XBFEH X, fO0,
FEOXD) ey fr () 5o SEBR B R LT n AR S B A PR .

X f(x)s f2(x) e, fri(x)
X—BAMERKRE . XM REFIMES x B n FEAH.

W B8] ABALE x=fOO . XM x Bf M— MR Rk, f
IR RERE— 1 AR 1 FAREE T4 B LR © 2 RE y = f(x0)
HWERSIEFE I X T X%y = x 3SR, B o 2 f 192 JEES L3R
48 B=f(a)Fa  WBFE f(B) = fi(a) = a. XEMHF S (a.B) 5 (B, o) RIBT£E#Y
Ky=fOL. EE FR«FB BXP AR T AL y = x BEBRXTFRE. X—F
SEAFR 82 AR T L sk,

B, %t 3 MR 4 B A BRI X A TR SR 3 T ik
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BEHHHE

#l1 7EXE[0.1]E . EEEH

x + —;—, X € [Ow%]s
ftx) = ]
201 - %), x e-[zf,lj.
M 2.7 o150, R CH 1 S OB SO 1 2 RS, shéh. &
£0) = % f(%)z 1, f) =0,
H O =0.FLA0R fB—1M3AMS . ¥R1/251 R FR3AMSE. [
HRE, BIEXTE 2.7 X RERNEISR,
T ey WEEE Bt f A 4 AR5 B 7
1975 4F, Z& X % (Tien-Yien L) 5 J. A.
Yorke E(EEBF AT L LR T —HEN
0.1/2) CFHA 3 ZH R IE TE ) ( Period Three Implies
Chaos )M 3C-#B7R T FTHEABREL.

EME 2.12. 1(Li-Yorke) & f:I—1 XN

o MO * mermM. A 3 A IRALSHER nE
E2.7 N, ffn BHS.

ERMIEANFAE L BRI T HERE, RITICIEAS BT =4F8
1B

513 2.12.1 RER [ I~1 &S . B J=[a,.b]CI. IR f()DJ ., B4
fEJ EBF—1Ashes.

B BT fUODLATURE c.deJ F118 f(c)=a IR fd)=b. & c=
add=bas a Bb WS WA WRARXHE, WMBHEH c>a Hd<b.
XA ESZERE ¢ = (X)) - xHERe(c)=f(c)—c=a— <0, ¢(d) =
fld)y=d=b-d>0,ANHFTHEHEIAHA, ¢ c 5d ZRALHE—TEH, X—
RIER fARFA. 0

ST 2.12.2 R f. 11 %L, J,,J, & 1 WEDHAFXE. 0 )
DIy IRAahFRE J M FIXIE K18 f(K)=J,.

iR &’ Ji=la.bl.J:=LU.V].HF fUOIDS, LFE u,vELa, b, fE
8GO =U,f(v)= V.RKEIR u<v(u>v EHTRULE . 4

E ={s:f(s) = U,u<<s<<v}.
HA fCu)=U,.t0 EREEEHF LR . BMELE LHR.IC u* =sup E. KA
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C O B2F RRHESH

BB u* €E,EIEIEM f(u ) =U. A LEHENEXH NEEENBE n. 08
s.EE, 518

u’ —%<s,,<u".

TR lim s, = u” . BT s.€CE,# f(s,)=U.% n—>o , HFH f 0&ESEM,
BN fu)=U.XHMIEAT v €E.MA u*Zv(EBHI VO =V). BT u" 2
Ja T LALE X
F={t:f(t) = V,u" << v}.

FYRETHR.IC v* =inf F.RHE,TE f(v") = V. BT u*#v" .32 K
=[u* v LBAMEEN xE(u v )T x>u" WA f(O)ZU, XH x<<
v LBETLL f(x)F# V.

BF fu)=U,f(v") =V, BEHNMEEHE, FEEN 7€ (U, V), LF §€
Cu* v 188 (O =9 XFMIEHT

f(Cu*,v* DDLU, V]. (D
HTHEEA fLu® v DCLU, VI, AHHEH . WHEEM x<<U G x> V), KTk
e s€lu v 1.8 f() = x. MBAXER x . RITER—&K X' € (U, V).
RELD FESELu v 1E8 fGH=x" B2alT f(»)=x,ME x<U<
xHEAMEEE LA ERATFs 520 E8 F(O=U.hTF >u”  XRRT
BERY. IXBUIERA T
fQu*,v*HclLU,V]. (2)

a5 @), A f(KY=[LU, V]. 0

SI2.12.3 RS 11 FEE. JoJis - Jo 0 BT W MNHFXE.
LOES

fUe) DI fU) Ddasrers flJuz) DI pr o fJay) D oo

A4 -
(D onJmﬁ?%f"(xo):xoi
(2) flxo)ET 1 f2(x)ET o T HUxDET oy
R—AERAITEBL, 2 j M 0“Hig”1,2,-sn — 1 B, f/ Cxo KU “ T o
le"'s-’:.—lvﬁ)é%%@@] Xo-

iER EHA fU.-0D) . Hm5 |8 2. 12.2 8, F—1HAFXE Ku- 1 Cln-1 o fE
B K- =Jo. KU, B f(J,-2) DI, -1 DKoy, XA AR E] — 4N F X 6]
Kn2CJo2o 18 f(Kp-2) = Kooy R, TURB - HA-FXE K, CJ,, #15
fIKD) =K, 8J5 771 Jo B FXIE] Ko .48 f(Ko) = K, B, RITEZ
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REIFKE

f(K) = K.,
f2(Ky) = Ky,
= K3§

f3(Ko)

fr(Ko) = Kuoys
fr(Ko) = f(Ka) = Jo D Ko.
XteREL fr a5 2.12. 1, B TAT LAFRE| — S x0 € KoCJo f#1] f1(x0) =x0. 1B
BR.BATE fFx)EKCI(k=1,2,,n—-1). 0
BAEAT LAKIER 3 2.12. 1.
REBE. & 72— 3 AESIBA 7. fOn, fPODHE 7 8 3 R,
S lid s
< fOp) < f2(m.
HEBERZ oa=7.8=f(D,y=f2(D,FLAE
fla) =B, fB) =7, f(y)=a.
WH=[a,Bl,K=[B,y]. BT fla)=B.f(B) =y, M EEE,

FCHY O K. (3
X H f(ﬁ)Z)’-f()’)=a903EEﬁ‘ﬁEE»ﬁ]
f(K)D[a-y]l]=HUK. 4)

BAEKIEN SHEBN neN" . f UA n ABS. Y n=188 AKX A f(K)D
K, BH5182.12.1.fEK PA— 1Az .01 RS FR n=2, A 4). A
f(KODDH. BRX3) .7 f(HDK. TRHASIE2.12.3 M. HFE—5 xo €K, {18
fP(xo)=x0, B flxo)EH. FKINERA 2 & xo MB/NAB. 2 f(x0) = x0 . BR4A x0
€HNK=1{8},B0 xo = B, XK FH
flxo) = f(fg) =y>B=xo

FIFIE. BLiX n>3.i

Jo=Jy==J,», =K, J,.o = H.
MR, H fUT))DIja(j=0,1,,n=2). XAR (3. H fJ.-1)DJo, BiF| 3
2.12.3MEREWE  HAE—K x0€Jo= K .18 f (x0)=x0,.H

filxe) € J; (j =1,2,+,n—-1). 5
BEIER n B xo WE/NEAH. BN EE k<n, fE8 f(x) = x00 TE x0,
FCxo) s s Y ) FIRE xo B9 k AIBL. T n—1>n - 2=k~ 1, BFLL "1 (xo)
DR
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D K2E RENESH

X0 f(x0)seors fr2(x0)
FE— . BRGH.ENTEE K F.HE ' (x)EJ -y = H. XA 77 (x0)
GKﬂH-‘-{B}.lﬂlttx(,:f"(xo):f(ﬁ):}’,ﬁﬁ
a=f(y)=flxe)€J, = K =[B.7].
XEATEREN. XHEMT SR T €8 2.12.1. 0
RIBEM2.12. 1, AT UKE . B 2.7 TR TR f X —InEN F n
A
XRE—NTAEPMEANGER. EFEXRES Yorke WIBXAFARZEAR
ARBEAEL X—FRAANTRE T 2HEK A. N. Sharkovsky ) —/~ & H
HIEE TSR XA ERT 1964 AR SC K . Sharkovsky £ MBS T /EREH
WL ER B ISMEAY . X BB BRI IR. L n€ N ERA ME— R R B
n=2Qp+1),XHB s 5p RIEREH.RER,s=04HMNY n BHFH.M p=0
BORE n & 2 WIER TR . Sharkovsky H IE 8 8% T 31 75 sUHEF -
3I<LE5KT7T<K9K -,
2¢3<2e5<2:7<2+9<->,
2243252272269+,
e LB LB LB LR 2],
FHIER T .
EE2.12.2 REWf I~ EZBEAEm APS. EELRHEF . m %k
TneN R4 fBEAn F#A.
RHEH . FXRES Yorke )23 Q2 Sharkovsky E B —MFKRIE R
Sharkovsky EHREHI = : MR m 5EF n, WX BN EBE n, —EFEELR
& f:1=~1, B8 n RS BERE m A#HA.
THER&FFHE A S RS BAmMAAT 5 ZEMER n FSERA N
F 5 ZHIM 3 FMA.
2 EEHE 2.8 IRAMWITBEMERE f.[0,4][0,4]. 5 F
fo) =2, f@2)>=3, f3 =1,
f( =4, fw) =0,
Eit 0,1,2,3,4 #8225 AL RATKIERA f A 3 AMA. HE 2.8, 58
fo,1p =[2,4],
feo.1h = f2,4 = [0,3],
£20,1] = £0,3] = [1,4].
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KEXFHE

Hfolith . H
f3(|:1’2:|) = [2v4]~
v
4
3
2
1
o 1 2 3 4 X
2.8
RS TAR f 83 A#A.

f(3,4h = [0,3].
Mg, 7EX 81[0,1].[1.2]15(3.4]
L PBRAEARTA.

B f2(2,3D =[0,4]D[2,3],

W ERI]PELFE-ANAHE R
. X~ Ash s 2 —8. B L,
f:02,3]—=~[1. 3] B ™ #5 i W & ¥,
f:[1,3]~[1,4]5 f:[1,4]+[0,4]tk
RTRE v R X R, 2 7E(2,3]
ERHIERER BT fPE2,3]%
IS S GEE xo) RME—/). HE 2.8
B f ARSI R IEE
x,.-HmF fz(xl):xl’ﬁkfh f:‘B‘J?FZ"st,"i
FIME—4E A xo = xy . X X, B f

0

E R Sharkovsky EEHINEFHLERES Yorke HIEHEHNEE Z BRI,
MHAEE®R 10 F, HREXES Yorke WL XNMAHAFHNE. TXES
Yorke MIE XM EEBET MMIE - REL T RS K HBEE X

EX2.12.1 & fRXIE 1 28 SRS, f %R T3 &4

D fWAMSNE/DNABER LR

(2) FE TR TES KR
(a) 3HEMf x,yES BHx#y.

lim sup | f*(x) = f*(y) |> 0;

(b) XH{Ef x,yES.H

limsup | f*(x) — f"(y) | = 0.

XETFR f R R NRERE.

ZRES Yorke BEB TG0k f A 3 AMAE 4 f RIBME, B f ATk

HARR—MRERS.

X 2.12. 1S BRI E T RME”HEFES L. MRS S PRIEMIRE

X()#,VO 9%%% E Ef@i%ﬁF?ﬁ'J

xOyf(X())vfz(X())v"’vf"(XQ)q"';
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D B2E ORBMESH

Yorf(ye) s f2Cya)soes fr(yg),ene.
OFH@5MmIRHA, B f(xo) — f*(y) | :nEN" o, LA R F|— A~ F
51, EHIRPRE— N ER, X —EHFE— T FIIRS T 0. XEHRE REEER (T
FRIEAL) TR, P SR8 A X R 30 A B 5 B BT LA JEBR ik s 325 0. AT DA BRI
BT — N EFR. ER—RGES, AP S5] H B ASE R I XR I,
BTAHEITE, 2024 . MAXMHIAETRK MR T HIE. XEXHAREW KT
HEAEREPBAE . LUT—FETRAR. B TRESBXMEIIT AP EE
KB —NATHE S, LA FARNFT IR T A0] ZRAIE.

RIEHAZATREL A T A A YL R SR FEF 2 OB B B
RS, EmT IR TRZERNTN) 268,

BAFEIX—FTAHE BRILET BRI F RIS MERBR. £ B MRS
AR CELAREH T TS BB ENR, B2, BEHREANI LR ITEER
E‘J’F&l‘ﬁliﬂ [T, —BHREXNMRBAGFE, MG CHELE I, A THEE. WIE
RAEX MR RAFEMEE, RTINS O L, ABBEAXIFI&
EBREERHSHNE LT, B4 H Sharkovsky EHMEXRE S Yorke iy
EH.

% > M 2.12

L iIRxBfB—Dn BYA. ICxe=x,x, = ff(x)(k=1,2,,n-1). 18 : x ¥ n AEH
(xo-Xxy"',x,.-l)*%ﬁﬁiﬁﬁilﬁl,ﬂ%ﬁ%fﬁﬁn fﬁ%}..‘j\

2. ¥ f:la,bl~[a,bliEs. % [ B 4 ARSRIE. f 4K 2 AL,

3. & f:la,bl~[a, bl FEXMENEBE n.f A 2" FARARIE. f 2F 2 L. 2
SRR o2 R

4. & Ly Ly 1, BT WPAFXE, fET L& BHR f(IHD1.,(i=0,1,,n-1).
KIUE:FFE— s x€ 10,818 f[(OE T (i=1,2,,n).
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FIE HHEHIH

HE ] 7 Yy ER R AE AW AR  MBCER 77 T8 R S BRGX AP AR L RO B R 3. 7258 2
B AT R B AL %, B R B AR IR LA SRy v (B2 (U T %
RN EMREAEREHEMHFAETENTEN FERNEENTRBRT
BRI PUE. fl0.“1 kg £ PIRME EHKT 1 T X—AER T ERH .
HEAERAMNEPEE. AR “ 1 kg A PHMBELEZFEERT 1 L5
“Vkg FPWE—THAZHEHKT 1 B XPAHEEAN O PRSI EA R KR
BRI REA LT RAMNSESERE —AERTEERHERE OB ER
Al X RE K E M EE R EN TERENEETRE: — RAMNRE—
BRI RIBE R Z N, BRI RE A M SR EFH ST R AR A AL X — BB b
BN OH LW EE. R EE, iR AR, ERRGE SN AR
RERER EFIRNRE—ENEAI B YRR FHME". B, B T RRE
FER AP EBEPREREE, HLEN R LSRRNBERR. EH L
L IERSEFRMIER X H R " B S VIR E RO T “fidr2E " M7= T 3840
FERBESTH— N EENARIS. 7 3.1 TF, RITHRE =4 FRSUL
FEI BT R AR RIS H B R B HIRE X

3.1 FEAEX

AT —A 67K B IR E 0%,

Bl1 FEIESEELIE S BEET L.

BR—EABAESEES, EFESHMBRESHEIMXRR s =s(O. RITHE
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o B3E BEHRH

R A TERT 2 ¢ AORREHE . Sk, B ERAARTR] ¢+ B ¢ + Ar X —BrAY ) XA, X B At
A LA IE A, t @] AR SR M. 703X —BRES TR Y, B sE T BB AR

As = sCt + A1) — s().
L At | R/NE, FATARE SR bR ST A9 - B X — B (8] (Y F 3 B

As _ sCe + A1) — s(t)

At At
INSGX BT RATIE A EE TR A4 LRFEEE RERAEMNZ] 1 AR —4
EME . RA YT Ar—0 B, 3R LB BB BR A 0] LAVE R B 7ERT 21 ¢ AT
MRS R . I, SRR R

lim £2 = lim S0 =0
FHEBARR, MFRXABUE R RS FERT ) ¢ BT 3 0

B2 EEREHIENKTE.

EYR L. ERELTELZVWABKYERR
B BBENER/DBEEMES BR8N E 4 PR B
BRHSLAHERE. HENEN LR A TG, 5l
x BAEEEAm OO, RIPRITBEEENS S LM
FEEFRRIRERE). EESEN—S x+Ax RS x Sx+Ax ZE, FRAKEE
Bam=m(x+ax)—-m(x) , BLFHLTE LA

Am _ m(x + Ax) — m(x)

Ax Ax
REY Ax—~0 &, EREA BRI RRES x MEEFEENRBR. Bk, R
i1 X

A3.1

’

m(x + Ax) — m(x)
Ax

HEBER x SHREE . XM AREBRRE EAGHBRRFEELRR. 0

B3 HEHRAYIL.

EHEE . RIRASAFRMDR BELRALAMMTEELK. ] A REA
EH—RGBAXNEE A RHTIEHMET A AESTA SHEEREEHEL.
FE P Y R RUE » B ST B RIS BB, 7E & pA A 0 TR BE 9 1l K R B B 2R
77 (). X LA PR R , TRATIFF R E SGE “ DI "M BEE. I T R R R I5E 3D, 8
LT E X — M B R B TR AE € SOFR BT B £ £ L MR8
BRENHASENRENRRY— 3.

LA, RATATHE— R L Ay R, IR i 2%

o(x) = lim
Ax—0
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EHR y=f(O L EBEE—& Po=(x0,y0) s HH yo = f(xo); HELHZ
E5 Py SBEM—m P=(x, f(x). HHEFA Py 5 P EMEZM—REILR”
(F3.2). XFRHXNEIELE

_ loP]
tan ¢ [ P,O 1"
4 y=f(®)
P
K
Q
/\/00 (2]
ol 7 X, x x
E3.2

Hem O BRI AP FAEM T FREMMNES 53 P ifENEITFHARMELRK
R 0 RniX SR EIL SR IE B A B A B S AR AL, 1B 3
fCx) = f(xo)

X — Xg
L P IEMZLIN S P BEIE, BIK PP 535 Po ¥3h . f1 0 hFAE (L. IR Y
x—>x, Bf,tan 8 HE BAIHRFR

tan § =

4 = limf(x) —f(xo).
~x X — Xg
WENEEHIBET A Po LA A AREN HAFREMRIES P LRTIR. FHBX
RN SRARIE MM I ALK 6o, BN XA A = tan 6. X8 HERAE Po RLAIY]
ST LLEL " SR BN

M:A9 Ep y:y0+l\(x_X())9

X — Xy
XH e, ) RV LRI A a
X =AEESR A =02 AR KSR, B2, ERREINE, 88 RitE
—RAEXFRBNHRR. LR ZLEE T - HEE R REW SRR/ SHMMN A
BHREEZ YA TRMYBUEESET 0 i MR, X E2REE— S8 Eh
B MRA LA LHIE SR LR R, BB R AN I LR BT X
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G H3E OREKARH

oS AL A B BRI 28, DA SR e R A BEEL T RATMER 1 W R P i
A HREEH— SN ERBLUGHERS, KEEHAKE R XML A
Fik.

EX 3.1.1 TR f 7ES xo BHIEFAE E X WRER

. fCxo + h) = f(xo)

bim h
177E B BB, AR MR FRIE SR f 7555 xo HISELICHE [/ (o), FHFFRREL f A xo
s.

BTENEXZG - FELEFR=AFF. X 1 k6, Blat 20 ¢ Bk rpg
Bs(OMSR " (ORBINENTEERZ ¢ WBEETEEE. X6 2 i, REE
p(x)=m'(x),XB mOFRREHSEN A Blx X—BHER. § 3 2—1MJL
), Bk y = FO0O L —SAMIR AR, EFREE f HFH S (0. g y=
FOOTE(xos fQxo))EBIPIR R R

y = flxo) + f'(xo)(x — xo).
THEREISIALD SIS,
EN3.1.2 R fES xo BEHLx, xo + r) EHEX. HRIR
. flxq + h) = f(xo)
bt h

FEEAER, MFREARRR A f7E S x0 WESE,ICHE £/ (xo) Bl FTE X f 7
Hoxo NESY f- (x0). BREBH f ESx TR RARSLERBR . LR X
K GSBHFEERHRS.XE [ (x)=f (x0) = fL (x0).

XTSI FESAEZSELEHXR A THNEHE:

EE3.1.1 FHRE S0 T8, fO7E x EE.

R 8 f fExo BIRECN f(x0). TRH

. L fGo = flx)
Im(f(x) = f(xo)) = Jlm—

x> Xq X X — X

TR LS. 2Rl L. DR TR

XXy X — Xo X—+Xq

= f'(x)+0=0,

‘(X—‘Xo)

GIE:!
lim f(x) = f(xo).

X"Xo

XL f 7R xo EEE. a
B2, REE — A HESEM AT ERIEZRBEX — R0 2. P ES H AR R
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BEMHEL OO0l

IR, LR BT UE— R I ERF AL BE R
B4 &% fCo=|x|.iEH:R¥ f Ex=0LATF.

iER HA
i = limw = limﬂ =1,
h—=0" h h—0" h
o) = limw = lim_—h =1,
h—0" h h—0" h

FTLA £ ()£ f2 (0), AT fOOTE x =0 AT, RE 3.3. XM EMRITEHE
(IR FEARERIE AL, BRI B B B y = x, HAREE h—0' WAL,
MAEHA"REL y= — x, hRBEE h—0" WAk, Bk, FE XA S F Rl
k. 0
XA FRIH B EET CRET
Y — AN, 5B — A 3 B A AR T BATE—
ARA L. BT L HATAT Az — ik g
y=id R, BT SANRA IR KRR R
BESEHMG. ZXE-1,1] £ EEK
> — x| EEH TR 2 MA HPLR S
BB — N E NTE R FRESRK, T
B3R 3. 4. RS, 76 x NERAT,
MR A YILR. T ABIAF AR , 30 AT $0A BRI E T R 0 B ek, 25 7T LA 4
E— AL ERRA VIR B S 2R BB, 5T S A — B X K R ], A
TEAMBEARH—KEENMASRPLHRATL) B, B TFHRNER,
BATERBEAEX BLAE XA R, X AME S B F AR 15 ER2M.

& 3.3

|

X

3 -2 -1 0 1 2 3

& 3.4

BN 313 MBEM [ EFKE e, b P S — AT R f 7 a, b) F
TG R f 7 (a,b) EAIS IS a EASELIES b A A S8 K f
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L B3F BENEK

Hfeit, FTLAE X f #Ela,b)5(a,b] LA R,
UGS . BITE R BEIRE -1 XE(a, b) LR 2K SERBFABNES. &

EE3. 1 10E, ERXEN(a,b) L 2EEZRBEABRNESH— T FHH
A, AT S RBRBIR AT LRI ZERE FARNEL.

% 3 & 3.1

. R fEx=0"RH f(0)=0.KER

tim £
x—0 X

R fEX=0SF,a,—~0 ,b,—~0" (n—>o0) . FEH:
lim f(b,) - fCay)

= b, —a,

iR f RERSEEx =075 .iF8: f(0)=0.

= f(0).

4. R fE x, TR EMH.

. fxo+h) = f(xq—h
'~'~"o'f 2hf
Bt e, B RN REABER, f 7 x, LRLAT S,
CERYIL y=x* L.
(1) B—S IR AT FEL y=4x—57
(2) B—mHIRERETFEHEL 2x -6y +5=07
(3) Bh— MR S EL 3x - y+1=0 5K 45 B9fA?
R IR y = x? RS (G x D O D AR EEEEN RSV ERER,
X, R, WRER dxyx, +1=0.
RER fEx=a %, H f(a)Z0. REFIRIR
. (a +1/n)\"
m(f f(a)/ ) ‘
. R ¢ ER a AEFESE, X a BEFA (O =(x—a)e(x)M gl = |x—ale(x).
EBA. fHES a b1, R Y f(a). XE . FEHAKGT g 5 a b7 H?

) = fl(XQ).

9. i f(x)=x(x—1D*x—-2)*.3K f/(0), f (LA f(2).
10. %

o, x =0,
f(x) = 1

x*sin ~’ x #£ 0.
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gE¥ELHHEE D0 ]

RiE: % A>1 8 f(OFFFE: T AL, f fEx =0 b AT .

B & 3.1

1. jiEBR :Riemann BB% R () A4 AR &
2. RME—PERM L EE(- o, + =) LS ART R, {H

lim n (f(x + 5) = /o))
AEALFEAE .

3.2 [FEMHE

BITEENSBEHEN 3. 1.1 HER R HE 2R RAHNRHH T

11 % f=c REMRE.KIE: f =0.

iER &TF

fix+h)-f(x)=c-c=0

XIS x 5 h RS, HE X 3. 1L AT (00 = 0 % —4] x € R R, B
f =0. . 0

G2 HE f(x)=x"(nENKIH.

® EEERE xo€R.HAXDH,. A

flx) = flxe) = x" — x§

= (x = x)(X" V4 x"2xg + e+ xxfE+ x§7H.

i) AEE
fOO - fxod _ e
X — Xo = iZOX()x .
P BUAR R (x—xo) , 48 3]
_ n—1
f(xor = limd I i S e
X=X X — Xo XX i=0
n-1
= > xf = nxg?
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X UL, XHET x ER, B (x™) = nx" 7', O
B3 KRR f(x)=x" (x>0, ER)H .
B mEN.E

(x + h)* — x° x[(A+h/x)=1]

ey’ = fi G = i S
e A+ R/ -1
= xa! lhlll(')l ) x = ax°t,
XEELFAT 2.8 WHKMH 1KER.
Mix A, o A
r 1 i __i
/3 W () = 2 (x#0)

B4 SRIEXREBHFE.
/O f(x)=sinx,FE

flx+ h) — f(x) =sin(x + h) —sinx = 2cos(x + %)sin%.
2]l =3
, . flx+ h) = f(x) h S"‘%
f(x)= lhl_l'.r(} A = hmcos(x + E) %
2
h sin%
= llmcos( +§) l;.lfg & = CcOS X
2
X ZM (sin x) =cos x Xt—¥) x ER BAL. d
#5 RUF:(cosx) = —sinx X xER FI.
B EEDH 4 KIE. Q0
6 i a>0.3K f(x)=a* BISE.
B meX.B
i o att—a*r _ . at—-1_
(a*) —l;.lf(}—h =a lhlir(}—h =a*lna,
XEEZFAT 2.8 WK 1(2OMER.
MR a=¢, B4
(e*) = e*r.

AR R " ERFEHAZTHRAC. H, RITR e BRRIBEBEM
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BELSVHEE 000

— A REE” A E X LR e RERPREREH.

K EJLABIFEHEN S E L REREW. WRE KR FENE LT
W, AME+ERg T A AR EEHYEE. RITABLI &R FHETHEL,
FIAEATET LA B J 6 S HBUBR bR B A — Kt R 8 2 5.

EE3.2.1CGREHENEH) ReBE f Mg ELx &N fLg,feg hiE
A x AR AR g () F0, R4S f/ g WA x AT 2 B, RITELUT
N

(D () () =Ffx)tg'(x);

(2) (fg)' o) =f(x)glx)+ flx)g (x);

3 (i)’(x):f (x)g(x)z-f(x)g (x).
8 g°(x)
iEA (O BAF
frx+h) - (ftex) _ flx+h) - flo +8xt h) - glx)
h h B h ’

UK f5g BTES x 47T R, 42 h—0, EHEOPHARK.

2) @AN
fg(x + h}z - f8Cx) _ fx + h; - f(x)g(x R+ 0 glx + h; - g(x),

B f5g TEAXx LT RMRMALIRTERN f Mg ER x BENFEL, LA
N h—0.F/H@FHAK.

(3) FIFA%ER
l(f(x-rh) _ f(x))

higx + h) glx)
_ 1 fx+ h) - f(x) 3 gx+ h)-gx)
L h)g(x)( h g(x) ~ flx) h )
PR fESRx bR, g TES x biES AR LRAMF AL h—0,FHG)FH
A 0

MR c AEEHEfESx TR FRAEE3.2.1QORM1.H
(e (x) = (Fx) +cf (x) =0+ cf(x),
Bp
(eH'(x) = cf (x).
X R AR E R E FERAT LR BISKR SF S Mk,
7 HEIETREBEMRYEHNFH.
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o BIE BEHRK

8 FIHEH3.2.13.8

(tan x)’ = (Si“ X ),: (sin x)’cos x — sin x(cos x)’
cos X costx
- cos’x +sin’x
cos? x
Bp
(tan x)’ = 12 .
cos® x
2l 3b , AT HE
(cot x)' =- ,12 . 0
sin? x

Xt B A REAR S AU TR g,
3220 F N REB ¢ ES o AT RE f ES X0 = et 4b
A3 AR GRE foe Rt VR FHH
(fo Y (1) = f o 9(te) @ (10).

iR EX
f(x) — f(xe)
8(x)={ x—x | X7
f,(X())s X = Xp.
AR 4

lim g(x) = limM

x-=Xq X=X x—xo
XA g TExo AbEZE. TRA
fCo(t)) — fle(ty)) - g(9(1)) (1) — s0(zo)_
t— ¢ty 1= to
XEENY ¢() = ()b, ERBREBR 0; 24 o(O# ()BT, BN
fCo()) = fle(te)) _ fCe(1)) — f(e(te)) (1) — @(ty)
11, T (D) - e(ty) 1= to
HARWA. MEX DA EL t—t.HT
lim g(@ (1)) = g(@(ty)) = glxo) = f(xo)s

114

= f,(X()) = g(X()).

O

*

BT LA
(fo @) (te) = fllxa) @ () = f(P(te)) P (o). 0
HAENE—-TRAANAR. FMAEATUESGHITER T FEZ BT S
I R B T3
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B8 i&y=cos(x?+5x+2).5Ky’.
R SIAPETR u=90(x)=x>+5x+2, 8K y=f(u)=cos u, TR

y=fee(x). aEERZEN, 153
y = f e 9@ (x) =— (2x + 5)sin (x? + 5x + 2). 0

A LA BRI B A RE SR VAN E SR Flm, g
y=ftu), u=9¢w), v=4¢x),
By
y=Ffe9-dx),
My XFEEEx HIREE
=S (fepod(x)=f W (WP (x),
Bp
(fe@od)(x)=fo@ed()e « PP (0.
TE R EREHE, RF R RBERERE, —E— BB K3 T, THEE
B—-sorhE g, REMB“EP AR ERXBK S . FEUT 6T

#19 i y=sinln 1+—xxz (x>0).3K y'.
i REENMEE LS. BATE

X ’
-:t (ln 1+ xz)

= cosln —% ( x )"( xz),

y’ = cosln

1+ x2\1+ x? 1+ x
(1 + x? 1-— x* X
’( ) Q + x0)E " oosln =5
_ 11— x? X
T A s |
#10 K y=In(x+ va®+x®)HSFE.

B SH

,_

e+ az)‘“22x)

1
S ———]
x+Va2+x2( 2

_ 1 (1+ x ): 1

x+ S\ V@) e
EE32IEKFHNKD) Ry=fOOELEF x WKHE I LESER™%

iiﬁﬁﬂ%’l’:’ﬁ Xg &l:ﬂ'?f,ﬂ f'(xo);éOJJB/A”E.'B@)ii%ﬁ X =f"(y)?'£ Yo =

- 132 -



L B3F BHBHSHK

[ S, 38
FHY (yo) = T’(lTo)
ikl HF
1) = o) _ X — Xo _ (f(x)—f(x0)>“
y— Yo flx) = flxe) X — Xo
HEM2.7.3. 8 f'7E yo AbthiELE. AT y—>yo B x—xo. FE LXMTiLS
y—>yo. M BP1§

?

(f1Y (yo) = (f (xo). 0

£ 3.1 T 3 H, RATIEHH B B R ML RIBE RS A S ER S R HESh 5
Z— HE . EBXNMFFER FENIIHRR . O ERENEEYE. i,
BREL fFES xo S f (x0) , ATUBRFEERIZ y= fOOTERS (xo» fxo) ALY
YIZ IR WL R AR R BB F B E T RITFR R KE 4. LA E
ErtMBREAREEENIERS.

BN, E3 3.2.3 BAMEMNEL L 2" Kk, ROVET . ZER— P EHA L
Fo. BB y= fOOMNBEBRSRE x = (MOHWEBRER —FMHLL(E 3.5 . &iX
SRR TE S (xo» yo) A B HAE IR . HIX KYILE x BiA9E A y $hé F @& R
BRI K e FIB.BEHEH o+ B=xn/2, HILEE

tana = 1
tan 8’

BD f'(xo) = 1/(f_])/()’o)-iZE%EE 3.2.3 ML,

| ] y=f(x)

P

/
0
B 3.5

11 SR y = log, x (a>0) WIS H.
B y=log, x MREHPREx=a’ RIEEM3.2.3 6,8
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BESFRE ST

1 1 _ 1 0

(@) " a’lna  xlna’
A, Y a =e B, BH 11,45

(Inx) = % (x>0).

X ARBET BERRL, NTEHA T R ATEREREP AMNEE ST e
YERSRBCTE. RN B &iat , A e (R MXTEME B AT

B 12 HE TR =fARHEHE:

(1> f(x)=arcsin x; (2) f(x)=arctan x.

& (1) %4 y=arcsin x, 4 x=sin y. FGEkE sin y Xty KRB, 8% cos y.
EH3.2.3,F

(log, x)' =

foo=-t-- 1
cosy J/1-sin’y
X B RMABIES . F R Y| y|<x/2 BF,cos y>0. XFRREB
(arcsin x)’ = _/1+—ﬂ (| x |<D.
FIFHRRER B, o] LA H
(arccos x)' = - Jll——)cz (|l x|<).

(2) 4 y=arctan x, T/ x=tan y. ¥ k¥ tan y Xty SKF, 18 %] 1/cos’y. By
EM3.2.3,F8

4 —_ 2 — 1
f(x) =cos’y = T+ anty’
Rp
r_ 1
(arctan x)° = 1T+ 2
M RFER J7 85 7T LA
r__ 1
(arccot x)" = T+ 2 0

113 IR EECRS.
FIERBERFEEN f(O=u(x)*"HEHEEWEXE L u(x)>0.4%
BEH
f(x) = e fo = auOhuto

RIEH EXBIBAIXT x RFH
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T B3E BEHERXK

4 — avlnu. r_ Lelnuf g v s
f'(x) =e’™(vinu) =e (vlnu+uu),

Bp
0 = fOo (v om ulo + L’E’;;u’u)). 0
Bl 14 iF f R—EBRIEEM ] SR BAH AN
' f/(X)
(In f(x)) = —_f(x) ,
Ay LAEH

0 = fOoOdUn ). 0
EMAXMNHEHTFE T RENRRARN R f WFECERRT27E
#. Biln, i
f(x) = uh (xdDua(x)ereu, (x),
X 45
ui

n
’ ’
Curtizu)’ = wupu (OoInu;) = uyuseu, ,
i=1

n

I

Bp
(U uzu,) = Uitz tn + UgUs=Uny + o+ Ui Uz Ug Uy,
XREM3.2. 1P ARMMES .

B A IE . RINTELE%¥S T WX B E LA FRBCK T AU, RA1E
FLTRFEENGFZEN, BFERKIFOMPNEE AN R B AR FEN.
ATRE,RIMNEEF TAGRREMIE R FH. XhAEFTnLZ K, LUE
FHREERE —MRAS KU RYEBEEAES  IRA. RIALREFHTH
E2HYTEE. 8 (B¥R ¥ ZMITEBIWEHRN Z¥ES RSN, H 05 8
B NAHE. AT BB XHAGERE. ZHELITBAEMN I E, RinFEd 20
Bk B &M R4S ITE IR,

BIE. RINECEEI TR AXLLEWT .

c'=0(c HEX, (x*) = px1, (e") =¢*

(a*) =a*lna, (log, x)' = . (nx) =L,
xln a x
(sin x)" =cos x, (cos x) = —sin x, (tan x)' = 12 ,
cos® x
r_ 1 . r_ 1 ’ _ 1
(cotx) = ——==—, (arcsinx) = ’ (arccos x)' = — ’
sin® x 1— %2 1= 22
(arctan x)’ = —1 (arccot x)' = — —
1+x2° 1+ x%°
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SELEE oD

R4 — N SRUL BT

#l15 H—RFZEH R cm WIEFERSS,. T

| ML LA S R K. TR A /s 9

B 161 2 B K R B K B T B —
i KT _E P

po W OMEB.6RHEDKEARK x ZHE

B B x = x (0 BOKTE b 7t 038 B G R

x'C) BHERR b, R B KEEEN x 8,

B AAHREL V. ME TR r = AR,

B

B 3.6 V:"TRz(h—(h;z")a)
= IR - - 0.
BRIt 7K B 486 ) 2 B
Vi = %(—3(11 - X=X
xR?

= 7(’1 - x)zx'(t).
BREFPRIE V()=A,18

2
x'(t) = Ah

aR%(h — x)?’

XK LT3 . A RER AT LAE H, 2 x #okrt, x" Cofok, BKE B
AMERBR XIE5EME—BW. 0. Y x=h/2 86, KELANEEHR
4A/(xR?) \ XRRFBHER. O

% 3 & 3.2

1. 3R y' =y o B a,. b HHEE:

(1) y=x*-2x+86; 2) y=/;—%;

(3) y=acos x + bsin x; (4) y=x*+ xsin x;

(5) y=3In x*+ ae™; (6) y=log, x+ ba*(a>>0);
(7) y= xsin x%; (8) y=atan bx + barctan ax;
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(9) y=xcos x; (10) y=(x*+1)(ax + b);
(a1 y:g;‘jj(c.d KEBD; (12) y=a*In x (a>>0);
13) y=xIn x; (14) y=a*tan x (a>0);
(15) y = arcsin x + x®arctan x; (16) y=%;

_€Oos x —sin x _sinx X
A7) ¥=Cos x +sin x° a8 y== ™ *Snx’
(19) y = xln xsin x; (20) y=sin’x;
(21) y=e*cos bx; (22) y=x*" (x>0);
(23) y=+V1-x%; (24) y=arctan (1+ x%);
(25) y=Ax+Vx+Jx; (26) y=In(cos x +sin x);
(27) y=x(cos In x —sin In x); (28) y=a®™(a>0);
(29) y=w- (30) y=cosh x.

VI-x%
R L x e+ BRAIAK R TR &R B

(1) 1+2x+3x*+ e+ nx"';

@ > %

k=1
(3) 12+ 28 x +38x2 + e+ p2x" 7},

CIEBHEESER:

(D ;k(:)= n2"1(n € N*);

@ Sk (") = ntn+ D2 2n € N,
k=1 k

4. & fR— VTR H R R RUE - R RS R

. E8H .
(D # fRUTSHMEF RGN [ RESRE
(2) % f R SKEREL N F R4 .
Xt LA L AR A ) L] i
B RAZREHXLH f(a) = f(b)=0.iE8H . B3 f #[a, b] EFRFSHHEILE
FHRE f(a) f (1)<0.
. R f fEla, b] L3S, f(a) = f(b)=0,H
filadf(b) >0.
EH:f ECGa . HRELH -NIEH.
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8. iEH . WHL xy = a>0 £ SAMTIR SHAF TR RN =AEHEF .
9. IEBMRKIFEMER . A ARE TRYENEL L NALIMYREARHZE, B
A—RAT T2 8 X PR A B2k
10. K A#H 18 cm, JK¥2K 6 cm WEAKEER L MAERZN 10 cm WEEFHEA. E0K
KB 12 om BF KT FRAVEEE R 1 cm/s, SRILETHE K i B AR .

B & 3.2

1. # f(O=0,f(OFEEFR. S
X, = f(%)+ f(%)+ +f(£2) (n € N*),

n
BUR lim x,. 3R ESR A
(1)1@g§sin#; @ llmH(l+#)
2. [0, 1] EWMERMA | pI<] K EHX p WLKICHE V. IEH.
sup{| p’(0) |:p € V} = 8.

3. SRR fFEx =0 AbiEsE. N '
i f@2x) - f(x) _
m———-——=m

x+0 x
RIE: f(0)=m.
4. KiE:7E R EAFFIET FoR% .0 2
feflx) ==—x'+x*+1.
5. RiE:fE R L AHFERI FoRE LR
feflx)=x*-3x+3.

3.3 M &

R f EXE T LR[S B4 (D)€ DFE I EEXT —1MRES K>
A fHSRY. XL RN AREH# SR RARTR. R fE] LS, 58
A fRSRE ) —eR f— KN fH-HSEYH. —MSER /SRR
GNRAFEKECH f7. 50 fW=ZH SR HIRAT A, ERESK n€
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o R3E HEHGHR

N LRIBLEX f i n Br SR f .

SHESEELES . FA s(ORRREANMNBMBEHXR, BA—HFH
sSTCORBEERELT M S s"(ORFRAMMERESRE. b TiHE L3R
W, R¥f FEWARA f — S8 B y= f(ORE, —B S8 (o0
RAME L& SVEHHE. ETHSE MOMIFSEENILAMNA, RITE
FELA G AT R .

Bl1 EERH y=e*A HELH.RNA

y = ae¥, y' = a%e™, Yy = A%V,

RARME, THE: X —3) neN" ,HAK

yoro= anet. 0
2 X neN'EHH.
sin™ x = sin(x + ZF).
iR HX
(sin x)’ = cos x = sin(x + 3 ),
Pt
(sin x)" = (sin(x+—’2‘-)),
= sin(x+%+%)(x+%)
= sin(x+27’t).
B A A

. . nr
sin'® x = sm(x + 7)

IﬁlﬂﬁfﬁE,X‘f—‘ﬂ] neN-* 9ﬁ

cosx = cos(x + n—2") 0
#13 & RE
fCx) = {x"sin%, x #0,
09 X = 0.
Ekf”-
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B HOR fRAER [ % x A0 B S (0 = (xtsin ) TRARHE.E
f(0) ReEf S 3mE SOk E B
£ = 1im L SO i pssin L = 0.

B0 h o) h

3]s
3gin L — yxZeos L
£l = {4x sin —- — x"cos -, x #* 0,
09 x = 0.
RESHNEH

) = lhll‘l’(}w = lim(tthzsinl - hcosl) =0,

h R0 h h
M

00 {12x%in%—6xcos%—sin%, x #0,
x =

o, x = 0.
HER EM neN", [ COR x720 BEFEMNHE " (OBERFFE. 0
Xt n i 2HG BRETHIAR:
(f+ g)(n) — f(n) + g(n), (Cf)(n) — Cf(")9
XE c RIEEMER. TERIRTERABERRN n TR . 8%,
(fe)' = fg+fg's

BEHTTINIE.

(fg)" = (fe) + (fg")" = f'g+ fg +fg +fg"
st R, 1A

(fe)" = fg+2fg + fe.

T U S A — 1R, 15 2]

(fg)” = f"g +3f'8" +3fg" + fg".
XEFERNIEE L 41% Newton (41, 1642~1727) “H X B! BL
£ HAVEA

B 3.3.1(Leibniz(F #7 B %, 1646~1716)) WEH f 5S¢ TEXE I L#
An B EECIBARMR fe £XE T EBE n BreG A

n

(fg)(n.) — Z(:) (n-k)g(k)’

k=0

XEB f”=f,g? =g, KPHEGREK
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. B3E BAKWEX

n 1
(k) FTnn——kw (k = 0,1,2,+yn).
UERA ?*21|‘]#Eﬁkﬁ%%iﬁﬂ@ﬁﬁﬁﬂ'%ﬁ?ﬁﬁﬁiﬁﬁﬁ%%iﬁ,

2y

f(:) (1)
i+j=n l']'

XBMAXRXFERRE i +j=n KWAFERBEI G, DIRRFLUKLH n+1
AN XX FRAL BT K XS B R TR
HATXE n RHTHN. Y n =15, GEBRBL. AERE m=>1.5

(fp)™ = .-+,Z=),,. l,],f‘” g
7 AR PL R — KT B E
ST 2 t'J'(fm g™
T l'J' (Frg” + 7T
- ,;m 1|]|f“+1) g+ ,”Z:m ,v,|fm L

EREHRPIIRF. S k=j+1, FRj=k-1.Hi+tk=i+tj+1=m+1.H
W, XA TN

szmﬂ ll(k - 1)‘fm gw.
FHE MR k 4 ), 153

M.  fD (l)
H/Zrn*-I l'(] - 1)'f
XtFRHh, A
G gty = m! W gt
Hgml']'f ,+i=2m+1(l_1)'j'f
NUE:)

mel) — 1 1 5 oG
(fg)m 0 = Z m!((i-l)'jl+i!(j—1)!)f”8(”

i+j=m+1

= |l_+1_ i) (;)
> mif

itj=m+l

(m + 1)'f(.) W
itj=m+1 l']'

XHLSER T IAIER . 0
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B4 % y=xZcos x.3R y*.
f& FIA Leibniz €#,H

y® = (x%cos x)*
50 , (50 .
= (cos x)% x2 + ( ) )(cos X)W (x%) + (2 )(cos X)) (x2)",

ZANFERXLTLEh W= E=RULHSBEETE. BT

(cos x)'*® = cos(x + 24xn) = cos x,

(cos x)“*® =—sin x,
(cos x)® =-cos x,
Fir LA
y = (2450 - x*)cos x — 100xsin x. O

Frig B R R, SRR R L. RITE LM . kB H 3 BB s\ %L
ML, Bt B AR S, R SRR B Z R A R BUE LRI, BR B
HRBAHRRBWERE TR £ T . RAITERRFEAM =PI ERE
B, LUERFAENEARERBMESTA.

% 3 & 3.3
1. RKUTF y £Fx B S5)"
(1) y=e <, (2) y=x*a*(a>0);
1
(3) y=Va*-x%; 4) y= ;
y y a+Jx
(5) y=tan x; (6) y=(1+x%arctan x;
(7) y=1Insin x; (8) y=Arcsinx,
g ey
(9 y=x*cos x; (10) y=xIn x.
2. (D) % fO0) ==, 3K £7(0);
(2) & f(x) =arctan x,3K f"(1);
(3) & fx) =sin’x,3K f"(n/2)>.
3. RKTHEHFH:
= 1*tx e, S S
(1) y: ﬁ__x,y ; 2) y 1=z -

4. 3K (e*cos x)™ Fi(e*sin x).

5. WA f (- =, x) EHEHFH. 4
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o B3W

f(x), X << Xo
alx — x)2+ blx—xp) +¢, x> Xo-

j6l a,b,c RfT{ER . BE g £ R LA B SR

glx) =

@ & 3.3

. m,neN".iFH;
g(—l)*(:)k“ = {

09 mgn—l’

(-1)'n!y m=n.

DT usv,w B BIRT S EREGIERES CGuow) B Leibniz A3, X B n€N".

L& fa(x)=x" e SKiE

fron = Shre
. & f(x)=arctan x.3KiE .
P,..(x)
{n) - n-1
7o = aeen

Hep P, HBEBRMEARR(-D" 'n! & n-1KEMHRA.
. & f(x) =arctan x. 3RiE. ¥ nEN" &,

n) — — n M L
f(x) = (n—Dlcos ysmn(y+ 2),
H y=f(x).
B fa(x)=x"Inx (nEN*) SRIRR
(n)
lim L2377
n—eo n‘

CREWR p RAELRA.KRIE: (p (N =plx) p" (X)X —4] xER H3L.
DR fO =+ (nEN )R FxD.

3.4 P iEMREER

T HK

XN RIMAREXEARARXE a, b] EHRE f,3FHB f &

La,b] FisE, EEFF Kl (a, b) 17T S EUFBiA i R AR R AL 2 S 2 T i
.
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WERTHE 0

TN 3.4.1 FHEH f:(a,b)~R. MBI H x € (a,b).FIE 60,818
A=(xo— 8+ X0 +8)T(asb), I BEY x€E AR, f(x)Z=f(x),B) flx) B fEA
FHIBKMEIRARR f(xo) R fTECa, b) ER— I RKE. xo I fHRA—TRBK
=0

Folih, BT LE XL f #ECa, b) ERBRMEAR/ME R

e/ IME AR KB GERR AR , TR/ ME S AR KA S GEFR A RE S

B YRR E AR RES REEXE La, b RS LA ESGRER—
S, € RERESN—N TS/ NEF A A R K EBUR/MEMFHIE. E-
3.7, x10xz, %3, xs ERRARME S BUIHLUE, X1 5 x: BIBRDES X2 5 xo IR
KIES.

o a xll Xz X xa b ~
3.7

M 3.7 5 W, 4% ME fCD) BRI f(x) B K. BRI, f ZEX @] [a, b]
EHBKESE/ME. R f EX K EARRERAREE. 4%, WRELa, b]
BB xo b, B8 f A ETECa, b] EMBOK BB/ EL IR A f(xo) BRR—1
T YN

SR f7ECa, b) LRI S, FIAHY Fermat (825, 1601~1665) 3 4 it T
PR DT 2

EHE 3.4 1(Fermat) FHRE f EHBRES x € (a, R Z, MLH
[ (x)=0.

MR % f(x) BRAKE. KEX 3.4.1, 77 60,8 Y x€(xo ~ 8rx0 + &)
B A fCeo)=fx) . B, 5 xo — 0<x<xo B, A
fOO = flxo)

X — X

=0,
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s H3F OBENTHR

m% xc<x<xo+61ﬁ,l7ﬁ$%i§
flx) — flxo) <o.
X — Xo

FHHEER f x)FE.BI £ (x5 fl (x) FHEBHSE. EU EFHANMARER
PorRNS x—>xg s x—>x0 R EI

filxe) =0, filxe)<0.
lﬂlttﬂ\é‘ﬁ f/(xo):(). 0

EN3.4.2 R x0€a.b)H f/(x) =0 M8 xo  FRARE f —NHEL.

EH 3.4.1 R R REFER o] S RMELS D A3 R (B R X 4 A R 33
BRAEBN. IR f(0)=x°,x =0 REN—MES BREAR—MRE
£ Fermat EFAYJLAE R IR xo BB f FARE S BTE(xo, f(x0)) b H R
y = fCOBIYERIEE B AKX KL 5B TAT.

EFE 3.4.2(Rolle( ¥ 42,1652~1719)) % R¥ f #Ela,.b] Li%E%E #E(a, b)
FA%, B f(a)= f(b) IRATEE— §€ (a, b) . #18 f(§) =0.

R MXELa,b] ERELZRE f —ERBEHNR/ME,ICH m;B—ER
BEMRKMEICHM. MBEM=m, 4 f Rla, b] EREERE X [ =0,
H it (a, b)) HHEM— 2 § ABRT FE L TR A

BM>m BT fa)=fb), Al m EM hELHF -ARFAEAREC
(a,b) b BB . XBT € 2R —IR{E A, K Fermat B3, 50 f'(§) =0. 0

YE 4 Rolle EFA M, RA1KE -

Gl1 HE2n REWA

Q(x) = x"(1-x)" (n &€ N").
KiE: n REMX QW TEWO,DHFE n ANEAHEREFA.
iERA  F|H Leibniz E#.itHE Q m M 5.
O (x)= (x"(1 — x)")ym™
! | ! ; . )

=2 i"!’]:! (n’j-m (n’i-j)!<— ixmi(1 = x)™i,
HEELH. X m=0,1,2,-,n - 10, FXARNETIFHERERX xQ - X,
55)ii4

Q™) = Q (1) =0 (m =0,1,2,-,n - 1).
B, B Q0= Q1) =0,#R# Rolle EHH, 7 £€ 0, 1D,#18 Q' (§)=0.1&
B3 O'EXE[0,6]1 504,11 LW E Rolle EEE &4, HLELE 1€ 0. HK
7. €6, D, F18 Q"(7)=00i=1,2),XB 0<n<0.<1l.BHHR Q"E=4KXI
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HEHHE

(0, 7. 3.0+ 721,072, 1] L #R%% 2 Rolle EEA KM, HRFE 0<6H<E<ES
1,f#78
Q”(EH =0 (i =1,2,3).
UHARZE T 25 B E 0<A <Ay <<-<A,1 <1,/ Q"'(A)=0Gi =1,
2,,n—1). EEF
Q" P(0) = QU (1) = 0,
- ﬁfﬁl Q("_l)E[:(hAl:l’[Al ’/\zjv'"v[/\n—l ,ljiz n /I\IZIEHJ:ﬁMﬁE’: Rolle EEB‘J%
H:’})kﬁﬁ?g%uﬁﬁ 0Tty <Tpyg<lowo<lp, <1 9&1@
QW (p) =0 (i =1,2,,n). 0
o BES VTR B, KERIE Rolle EH#E) 8| Lagrange (K488 H ,
1736~1813) ¥, #r M) 3| Cauchy E3. 76X B, RIIFRIFEHA -1 EH, B
5 Cauchy FHEELIR FREMHY.
S| 3.4.1 ZEE f 52 %Ea,b] &S, fE(a,b) LR, IHH A(a) =1,
A(h) =0, MLHFE—K §€a, b)), #18
F (8 = 27(Er(fa) — f(b)).
iE SIARE
P(x) = flx) — QA fla) + (1 — AN fCb)).
HEENTE.TH ¢(a) = e(b) =0. B RE ¢ #% 2 Rolle EBEHFKM, NTIH
rE—H €, b) . 18 ¢'()=0.H
' (x) = f'(x) = A" (x)(fla) = f(b)),
¥ ERALR. B
&) = 2(Er)(fla) - f(b)). a
RIS R34 1S EH3 43 THI 44 UETEWE
FH4.3.1. HER

Ao = E=E a<x<b),

m5I#E3.4.115H:

EHE 3.4.3(Lagrange) W f7Ela,b] %L, fE(a,b) LA R, MFE—K
€ (a,b),#18

ftb) — fla) = FE).
b-a

E—ILREM P . XR— TR EERER, FF 0l Lagrange RIEEE.
HEBRINRER LXNILAFERE. EXE e, b] L. B R y= f(O A
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L B3 OBHWEX

% AHABEX AN NS (a, f(aN5b, f(bHEERRK(E 3.8,
RMWERFERXFHALBEHNMER. FRANEER . HE#HL y=f(OBH—IHNEL,
AHEITFXEBEELHYE. RER, Rolle EHE Lagrange H{E & T 455

v )
é (&, £B)

(a, f(a))

o ;1 é b x
& 3.8

BRATFERIRIREH 3. 4.3 WEsh ¥ B L. 1% f REEMSSIE, F S EadiE
RFAla, b) EEEHER (b - (@) HaLD LD g a, bk
B . £ 3.4.3 XM, 7 (a, b) PAETEXPERIRT 2 &, B ASTE § AbRomRed &
B (OBFRECTE a, b] R B HE.

Lagrange H{HEHAERESHM .

$12 JEBR:arctan x 7E( — o, o) F—FELE.

iR fEB x1,x: €ERLH x1<x,.fEX[E][ x,,xz ] |, BREC arctan x #% 2 P{E
%EH"J%#F?@%#E 56 (x, 9x2)’ﬁ1§

arctan x; — arctan x, = (x2 — x1).

1
1+ &2
AT

0<< <1,

_1
1+ &
B LA

| arctan x, — arctan x; |<<| x; — x, |
Xt—40 x1, % BOL-EMN EEREN - I 6=, R B | x1 — x| <6 MAE
X15 X PR T4, BF

| arctan x, — arctan x; | < ¢.

XA arctan x 7E(— o, o) F R —FHELEM. 0
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MU EBERA PR SRR f EFFIX 6] (a, b) EHH F 89T B2, T
4 ffEla,b] E—ER—BUESEN.
B3 P 0<<a<<B<m/2.3KIiE:

B-a <tanﬂ—tana<'3
cos’ a sB”
iER 7K a,f] EX ¥ tan x AP EEHE, I RFE §€ (o, B fF1]

_B-a
=t  cos’é’
B TF7E(0,%/2) L cos x Bk %W EE Ml 0<a<<B<n/2,7]1§

costa > cos’ € > cos’fB > 0.

tan 8 —tana = (B — @)(tan x)’

FE&
B-a_B-a

cos?a cos? €

Bl4 B fAEKEa, + <) EAF H lim (=08,
lm@ = 0.

x>+ X

iER HH Lignmf'(x) =0, FTLAXTE R e >0, F7 A>0,% x> A Y,

L (x)|<<e/2.7EX B[ A.x]FFl Lagrange F{EEH .18
f(X) = fCA) = F(E)(x - A) (A<E<x).

—tanﬂ—tana<'/3 25 0

A
| fCO) = fCAY | =] f(&) | (x—A)<%(x—A).
TR
| fC) 1<) fCA) [+] flx) — fCA) || fCA) |+%(x - A).
i) A

|f(x)|<|f(A)|+£(1_A)<|f(A)|+i.
X X 2 X X 2

B A =max(A,2]f(A)|/e)» Y x>A'BHH O<|f(x)|/x<<e.XFRIEAT
flx) _
lim =0. 0

x—+ x

#it 3.4.1 R fEla.b] LESE.EC(a, b)) LTS, N EE f #Ela,b]
EAEBENTRTVERGR,f =0%&E(a,b) EL.
il SEMTIHE, AFIEAXSE. R f =07 (a, b) LR ERF
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#3F BHHRX

Exsx€La b, B xy<xo o BBATETE §€ (xavx2) B f(x2) — flx1) =
O x—x) BT (=08 f(x) = flx), IR f #E a, b] EBEAH
SBAHSE, FTUER_REE. ' 0
MERARATUBE - TR MR RE f S5 Ela,. bl LES. &
(a.b) +A1S, 38 =g #(a,.b) LR R4 f-g #Ela . bJER—TER. H
TIEHX S, RFEHHC N T oRE f— g BIF].
Bl5 EBR:Y x€ (- =, 1),

arctan % t J; = arctan x + %
iR SHEBERER A>0,ZERXE (- A, LR HEET 5 R

- an LT X
f(x) = arctan ;—

g(x) = arctan x.

KFizBERH

_1

1+ x?2

St x€(- A DS B f- g BFIHEMWEREIFRE—ER. BT 0€(-A,D

H f(0)—g0) =n/4, 8 f(X)=g(x) +n/4 EE(— A, D ERL. BH A BR{EEM

X AT AR RTE(— =, 1) EAL. 0
FEAIEA R B ER—MIEB S . HSL, RAR St iE i f1 5

ML, REEZALR

fi(x)=g'x) =

ana+ f = ety
th,4 ¢ =n/4,8=arctan x ] §iE.

B RINEELRERFEE - THEEE MRS -8R g Ela, b] Lk
2,7 (a,b) LR, B gla)#g(b) . M4

_gb) —g(x)
=6 677 <x<
Alx) 2(b) — g(a) (a<<x<b)

ME—NEEMNEE. MRBRITFEFXE (a, b) E g" OO0, ABRMBIET &4
gla)#g(bYM . XREIE gla)=g(b), B84 H Rolle T, 7ETE £€ (a, b),
#8 g'(5)=0,1x5 g’ (x)#0 F)E.

WX RS A RASI3 3.4, 1,50 B8H .

R 3.4.4(Cauchy) &R¥ f fig XA a,b] LELE. ZEX Bl (a, b) LT
F. B x € (a,b)B, g" ()0, XM AFEFE— 8 € (a.b) . {#78
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f(b) = fCa) _ £ (&)
g(b) —gla) g'(&
E ER BB g(x) = x,Cauchy F{EFEHFKIRIL N Lagrange {EEH. A
W, Cauchy {HEHR Lagrange F{HEHERIHES .
A¥ 1Y Rolle £, Lagrange F{HEH 1 Cauchy PHEH, fii— N EERE
— ARG, BTSRRI M E P EE R, EAA —23t R M RFE - X R B
BERE,EHXELa,b] EEL EFXE(a, b)) LA ELERPREFEFX
B(a.b) L EF—H EFE.ZRHEELE -1 BEAERL—. EHART
X RS FEHR” R T X — S R MR, T Rk X R S 5
PE.
FR {18 DarbouxGA#i,1842~1917) EHE RN AT HERE.
EIR 3.4.5(Darboux) R f#[a,b] AR, HA:
(1) SR AR f(a) 5 f(b)ZEK—YIE;
(2) fRE—LKRMTE.
iERS (1) SCiEHE a8 f(a) f (b)) <0, BF4aA € (a, b)) f#18 (&) =
0. Rk f'(a)>0, f (b)<<0.HF
f(a) = lim {0 —f@
' * X —a

x—~a

FRLAFETE 6:>0,% xE€ (a,a + Sl)ﬁ,%>0. BT x>a,.BE f(x)>
fta). XHEK

Fb) = lim - L&

x—=b~ x—-b
BRLUAEE 8,0, % x€ (b= 8, bit, L[ o g e ity o>
fCb) XA f(a), f(BOERAR f #ELa, b L MR KME . B0 A §€ (a, b)) . [#18 f
£ € SBBRKME. iy Fermat £H,78 f/($)=0.
BER [ (O<f (D) EBAT (@5 f(bZEK v, 80

fa) <<y <fi(b).

it FOO) = f(x)—yx, B84 F' (o) =f(x)- vy, T
F'(a) = f'ta) - y<0, F(b)=f(b)—y>0.
M LT IERI S, 774 €€ (a, b)) #18 F'(§) =0,8p
f(& =y.
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i H3E BBMEH

(2) ARGEE. IR xo B fI—AE—RKEW L IA f/(xo +H f/(xo =)
#1777 . TRt Lagrange HAEH, 7[5

Y _ o T f(X)_f(Xg)

f(xed= fi(xe) = xlir:: e —
= im £ G2 = x0) lim f/(£,),

x-xg X — Xo x—-xg

EHE xo<E<x. BTFY x—x; B, E—xs BB f'(xo +)FFTE FTLUH
f'(xo) = f(xo+).

@2, TT5E £ (xo) = f (xo =) A 7 xo AbiELE. X5 xo £ fRIEESFE. O

MR fBla,b] EAIESE RS, B YRA M EH, Darboux EHH & LE T,
BpfE f#ELa, bl EARELE, EMRAANMEN, X— SRS EBTEAERER. N
X—HRG RIS AN EER SR E f 15

f(x)=Dx) | f(x)=RW,

H D(x)F R(x) 435K Dirichlet BR%X# Riemann eR%¥.

% 3 ;| 3.4

1. BB SHEBEMZH ¢ 8 £* - 3x + c =0 7E[0,1 ] L EHRHIR.

2. BRI fEGa. D LT H fla+)=f(b- ) RERMMIF K. Kk FE—m £€
(a,b), {418 f (&) =0.

3. EBATFIIARSEA:
(D) [sinx-siny|<{|x—yl(x,yER);
(2) py? Mx— yIS<x? — yr<px" '(x — y) (0<y<x,p>1);

3) b<1n%<“ - b o<b<a);

“ _a-b _ _ )
) Wm<arctana arctan b<<a — b (0<b<<a)
4. WRMfERLEE n MRE.H p B— 4 n RETRX . HEBRARZENY o, MBEH
AR X #188 f(x)=p(x)G=0,1,,n) SRIE:FF7E E KR ao= F7(6)/n).

5. '&#’ﬁ Qos@1+Q2s°"" s, ﬁfi
a

ao a, n-1
— L+ e+ 22l g =0,
n+1 n 2 "

KUE: B, aox” +a; x" '+ +a, x+a, FODHE-IFTH.
6. RRY fEFKXE(0,a) LA, H f(O+) =+ o JFB:. fEX=0 WEEZEELTHR.
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BESVHE O

7. & xf (x) — f(x) =0 %—40 x>0 ®3r, H f(1=1.3k f(2).
8. W fEEXE[a,b] LA S, H ab>0. RiE . f7% £€ (a, b)), f18
af(b) — bf(a)
a-b
9. ¥ fEAAREEHBR N AREMRE BTELa,. b LiESE . fECa,. b) LA F 8. A fE—
mEE(a,b),E1g

= f(&) — &8,

f(b) - f(a)
b-a
10. BRI SRR f RS FTEY +y=0— M. iEH. 2+ (2 B—1H1E

8
11. FFSE 10 FpaE R GEH M TR Yy + y=0 WRBEEER

y(x) = Acos x + usin x,

L&) 1>

XE A5 HEH.
12. % fAEC-r.0 BA n RSE B lim £ 00 = LKIE 70 = 1.

i@ & 3.4

1. REE fH5g (-, +o) LG, HEE — o M+ oo b5 FIFF AR BRARMR; XY x
ERM. g ()F0. IEB] . FFHE €€ (— o, + ), {15
[+ @) = f(= ) _ f(&)
g+ =) —g(— =) g'(&)’
2. MERY f H5eg WIS, BXt—1 x. 80F
ftx)  glx)
fix) g
I f WIEFRAARNZERZE.Z0H g H—1PFE.
3. X p BR—1MERBEBIA, BHE— N BIR
q(x) = A+ xHpx)p'(x) + x(px)? + p'(x)%).
BRETE p()=0F n MRKF1HRFEERRIE: R 90 =0 ELE 2n - 1 K[
HYSEAR.
4. ¥ neEN",H

’

ftx) = Ecke"kx,
k=1

Hep Arsdastsd, ﬂ?ﬁ**ﬁ%ﬂ‘]iﬁwncﬁ"wc" BAENRO H‘Jiﬁﬁﬁl‘ﬁlﬁﬁ f
EERAZPDNILTR?
5 XA ffE[a, + ) LR[S, f(a)=0,HY x=a B H | f () |<If(x) | RIE: f=0.
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Dy B3F OHRBNRY

6. WEM f7E[0, + o) %, B 0<<f()<x/(1+ x?). iR . FF1E £>0, {575

foay . 1-8
f® = gree

7. WERE FE0,1] EESEO,D EAS,.HHE fO=0,f()=1; 3R ki ky»rak, &
1£E-:B"Jn /I‘IEﬁERﬁETEE(O,l)EFﬁE n fﬁ**ﬁﬁ]ﬂ‘]ﬁh slascs iy 7&'15;

n k' _ n
.Z::'fu,-) - Z;k

3.5 FIHSBBFsRE

FEX B, Brif “BE ot ek B R 46 IR 5T R BFE 16 52 (X B b Ay B A 1 L M LA R RE
PRETE X X ] L By B IMEFIER R {E . E—FPTIEBI ) Lagrange #8583y X o
FEM TERA IR TH.

3.5.1 EiAM

PR B RV . B R R B BRI MR . 5 BRATA -
EXE3.5.1 HEW fAEXME[a,b] &L, F(a,b) LA F, B4 fH#E
(a,b] Ei#3¥ (BOHRSVERER, [ Z0(<OERE(a, b) ERIL.
ER e EYE. R ffELa.b] LI T —5 xE(a, b)), XREMf x + A
€(a,b)H—] h, At h RIEEEEERAE, 85
flx + h) - f(x)
h

>0.

4 h—0.8F ffEx [, BT
) =0 (a<x<b).

Hefelsth, X f fE(a, b] LA, ATLAEH £/ ()<< Xt x € (a, b) AL

HIEFEa M. ®E(a, b)) E /=0 XHEM x1,x2: € [as b]H x; <x:, 4K
Lagrange*h (B350, 7§ |

f(xz) — fCx1) = f/(E)(xz — x1)»

Hep €€ (x1,x)C(a, b). Bl f() =0, AR f(x)=>fx). 0

%ﬂﬂﬂbﬂ%ﬁ(a’b)i f,<0 Bﬂ‘,Xﬂ:EﬁT X1 ’sz[a, b]ﬁ. x1<x2,ﬁfu1’&ﬂj
fx)=fxy).
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BEL/WEE OO

KT RAN, B TENFES RN

B 3.5.2 &K fEla, b] EESE E(a,b) EATR. MR f>0(f<0)
FECa, b) LR BB 4 f #ELa, b] ERA&E 1% A E B 1Y .

IER ST 3.5. 1 TS RIERA B —HE . 0

N 2 HFRNTE Y, EFE 3.5. 2 B E BN RERLAL » BV RE 3 O™ R B 0D M R
HARULTA = IEM R AE) SR B, B f(x) =x* BRE(- =,
+o0) | RTEHBBE,HE £/(0)=0.

fHE(a, b ™% G SRR TSR

TR 3.5.3 BEK fEle, D] LEL, EFXE(a, DHRBRTERITEZ
A EGONIEGIBA f1ELa, b] B R 3E G HEmE) .

WEBA BERTTEM x15x2, 5 x, € (a ,b)&b’f’>0,iz_¥ X <xp<loo<x,.F
B fERRBLa,x ] [xisx2 155 [x, s b EEREZEH, BTEC(a, x1), (X1, X2,
e (Xns b)J_‘_’f’>0- lﬂﬂt,EEa vxl._.]’l:xl 9-x2:|9""|:xn ’ b]B‘Jﬁ—/I\IZIE]_t,f =
TR R . H, fE[a, b1 L, f R HE BN 0

T A E R T AR R R — N BRI

ER3.5.4 FREfAEXHELa,b] LESE, EEFXEI(a, b) LAIF,HBA f
fELa, b L™ A& (4588 MR D E R £

(1) X4 x€(a,.b)B, =0 (f/<0);

(2) E(a, HWEFRIFFRME L, f70.

B SEIEMENE. BERE 351 AT, /WD RLER. IR Q) RREGH
B BIFE— i (a, DEEHFXEERX L [ =0, BAEXMFRE L f R—
BYCEMY f7ELa, b] ERR A BN . XHERIER T &4 QOB _ELEN.

FHEFA . B&AM OS5 @RS B >0 kE# 3.5.1 4, f #%£[a,b]
FRBEK.EE xi,x€La, b HF X <xp o 18 f(x1) = f(x), A x€
[xrsxz oA f(x0) = f(x)=f(x3) . SXFHATE(xy,x2) & fREB NTFECx - x2)
+ fl = O,ii‘ﬁ%{’-‘F(Z)ffﬁiiﬁfuRﬁE%éi X1 ,xz€[a ’ b],ﬁ_ X1 <<xz N’f(xl )<<
fCx2), B fHELa, b] LR HEIEREN .

A, 24 x € (a, b)), i f(0)<O0 B¥E(a, b)WIEFIFFXME L f/#0,7]
DA f #ELa, b] L R™HEHEEAY . 0

ERAT R B, TR BY R A HE R A E A SR

Bl 1 SRiE: Y 0<<x<n/2 B,

2 sin x
_ < o A
T X

<1.
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iy 3% BEMRH

A BT 0<<x<<n/2B,0<sin x<x BREAMMIFL, RN AFIER LN
B—TA%ER. HERE

1, x =0,
f(X):{Sinx 0<x<£'

x 2
BT
, _ Xcos x — sin x T
flex) = XIS X (0<x<3F).
u&aﬁnmx%ﬁ: x<tan x,:»iam%n f(x)<0 X} x € (0,n/2) BAL. B, f %
f(E)<ro, B %<% 0
B2 ¥ neEN" RIE:
e >1+2% + %+'"+x—'l (x>0).

11 nt
iEHR  FA¥cER%AE. 4
e(x)=e -1 +x) (x=0.
BR.0(0)=0. —Hr 3K
¢(x) =e-—1>0
St x>0 WAL X FEH ¢ E[0, + o) ERHEBEM . FF5l, X x>0 8L F o(x)
>¢(0)=0,80 e*>1+x. FHit, n=1EGBIER.

i
x? x"
e>1+— 2—+--+n—!.
22 pRAL
_ o Xt e xTt
$x) =e (“1! T +<n+1>!)’
Hep x€[0, + o). B, L0 =0 KIAH R,
¢I(x):ex_(1+ 2'+".+%)>0

Xt x €0, + )AL X EMELO, + oou:&ﬁ ¢ RFRRIEME. FF 5, 5 x>0
B, A ¢(x)>¢(0) =0. XIER

X x_ oo 4 X
e>1+ 2+ +(n+1)!. 0
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BESHEE 0L

3.5.2 fRfE

7E 3.4 o RATE SGE R AE S RRE, FE HaE ol 35 xo BeREL f M — TR
BHA KB f xOFEBAME F(xa) =080 xo B fHI—MHEA.BRE.E [
xo O] T M xo AR G0, BRE f(x) = [ x |72 x = 0 LR /IME (3
Br b BE/ME JEX— SRR f &, BRXE f(ORFE. RAZHE.EO
BIAE] » R R | x | R F“AEIE W, TAE O A, BRI E, BT LA f(0) R &R/
8. XFPREH H— MR, BRI f R @ e R L R f M — R/
B T RIS BN ER DR [ —MRRES . XHEER -

EIE3.5.5 R f#ELa,b]LESE  x0E(a.b).

(1) IRHFEER 6 >0, FBFE(xo — 8,x0) £ />0, MFE(x0. X0+ O | /<<
0,34 flxo) R fB—A TR K, FriF P HBIRKE"RIE, H 0<|x — x| <o
B, fx)<<f(xo)s

(2) NBRFEER 6>0,BE(xo — 8, x0) E f/ <O, MTE(xo,x0+8) | >
0,34 f(xo) R fBI— ARk /ME, BTiB“ AR /ME” B3, 2 0<<|x — x| <&
B, FC0) > fxo).

R BATAFTIELD, BACIHWIEARSHTELEMM. HEH3.5.2 7]
M, f fELxo ~ 8 xo ] L RFEHEHIEH) FTLAE x € (xo — 8 x) B H fOO<<f(xo);
Rl —EBE, f 7ELxo,x0 + & | L R“H&HIFA . B x € (xobx0 + )BT, f(x0)>
fGOL B flxo) & f —A T H8 R KE. O

HHEE, FEANERTERAEER (£ 7T S BHESGRE x| E x=0
HI1E L.

HREXFWEE , FEEXHENEE [ A ECHEMRE ST —0, f 48
AEHBEMER. EE B

.1
o = {xsm; +l x|, x#0,
0, x = 0.
BRI ESAEER, (OREM—MR/IME. BHRE Y x>0 B,
fi(x) = sint - Leos L 41,
X X X

F)?ux;r_‘t)] "leN’E 9%‘
f/(i)= l-na(-D*"=1+(-D""nr.

nw
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o B3FE EHRHNEH

M KGR 1,2, f (- ) SRR RES B E B 62>0, B S 1

X[8]€0,8) FEA REFR.FE( - 6.0) L BNt ;XAfE3 3.5.2 SABERA T .
THMNEERTEFR - EHFGF, PREH AL f W RPFE.
EE3.5.6 % f7Ela.b] LiFLE. xo B fO—NIEA. #H—5,& [M(x)TF

R4
(L f”(x())<0 B, f(xo) & f B— 4G K18 ;

(2) % f"(x)>0 Bt flxo) B f B— A4/ ME.

ER HBATRIEHD . HTF x0 2 fH—DEA. [ (x)=0,F&

TPAC. 2 R A2 lf ME.C)
x—-xux - xﬂ X—+xg X — Xu

BEHAELE— 6>0, 8184 0<|x — x| <o HF,

SR
X — Xo

AT, 2 X € (xoox0 + OB, FC0O<<O; Y x € (xo — 8420 BF, f(x)>0. K

EH 3.5.5(1) 5 f(xo) 2 fBI—N =4GR KME.

AT B 5 B RAIER (2) . 0

R [ (x0) =0, KBTS RERAB AT AE R . B0 f(x) = X%, 7(0) =0, %A x
=0 A& fARMES. XM f(x)=x*, f7(0) =0,3XB} f 7E x = 0 &b Hs MR/
B f(o=—x* B, f7(0) =0, 3XB f 7Ex =0 R BU=M AR KA. H ik, 4
[ (xo) =0 B, BF/A HADKMAAGERT S £ xo LRTHURME. RITVHLE 4.2 ¥
fFERHE X A E] 8.

BUTE K i oR B0 B /IME 5 5 (B I 8] B, 54 () BB A5 2R K A 98 48 A L
FAME. RIMCEmE, ER f EEAEXWARAXE e, b, HEEIE
HB/MEFMBRKE. AT XEEREL, B/ MEMBKELAKRARE, AR LI
BENSHFARER. SR [ ABRXEGE/MED A X MEFERHE—K,. (AR
BESHA—ERE 4. Fln, BE sin x Z£(— o, + o) FRE/IME. B AESD
FE-151,BRE/MEASEXBESEHELREA.

WoREL f TEla, b LS. IR f MBESEFXE(a, ) WA, AR E
RDRERRER. B, Bkt f BRMES RFE f H2ERESSKE/H
Mmmia 5b FTABMSEPERRE. MRXNEERSEREAN A B4 REIH
B XS FRE. RYB/MIBESBRROER D3R f£la. b EHR/ME
HBXE. & ffE(a.b) LR[S, T f MHESHBBER.ICH 1,10, 1, 1R
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HFMBER OO0 I

BNMNABE AN H P I — 2R ES AR
min(fCa), fCt1),fCt2) 55 f(ta)-f(D)),
max (fCa), fCt;), fCtz) = fCt,),f(b))
RES f E/MESBABEGAREKR—RAITHONE. RENE, Y G, bR
BEET IR A A, XEGERARNGEEETE RS, BIERE f ExsEa b
BB MBS SR BRI R , F—FF LK.
TERITKRE LT, ‘
B3 i fo=(x—-D(x-22 KRB f EXE[0,5/2] EHB/MES K
K.
B’ Xt fRIH.1EE
ff[(x) = GBx-x-2), f'(x)=6x-10.
MBS x=4/3 M x=2.HF f'(4/3)= -2<0,f"(2)=2>0. iE# 3.5.6
H,x=4/3F x=2 5258 fB7HRIESFTHEBRAMER . XA

£0) =— 4, f(%): %, f(%)z 2i7 2 =0,
HBGXSEZ G5 f7E00,5/2] EMB/IMERN — 4, B KEN 3/8. 8F —Fha]
EEHPER, EEEL,1]E £ (x)>0,FL f KA EB/MESBAES

$R-450;7[2,5/2]F f/(x)>0,FF A f MK A ER SR /MES B KE S5
R053/8. EFAEKELL, 2] L, B EHERER, B

0< flx) = 5(2x = 2)(2 - x)?

1/2x—-2+4-2x\3
<7( 3 )
_ 4 _3
=7 <3’
Al W, f ZE[0,5/2 ] EB/MAR — 4(FE x =0 b BE)D , B K{H R 3/8(FE x =5/2 ALHX
2, LA 3.9. d

g4 HREE-FKE EHEFERELSSWEERE. XBENIE
HEMBMEKEFETER b(E 3.10). AT REBKATE b SN mE R
Al REHL K, [a]3X B 7K IR B X475 /B RE A3 BE 2

M BENLUEE 3. 10 A 0 SkZIE . B HARTEE LR b+ 2bcos 9,
FiR bsin 6, BRLABETE AR A

f(® = (1 +cosPsinfd O<LI<n
4 f(6)=0,15%
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T B3I BAERHERX

y
o i/_\2/215 x
-1}
-2}
-3t
-4
m3.9

(1 +cos@cosf =1 — cos?4.
2B o==/3.HF f(O =f(x) =
0,18

3 2
1(5)- 30 >0 \ -
FTUASRE 2 180° — 60° = 120°R4, 45 tH 44 b—=]

BB I A AU K 3.10
SR AP 3B A S X880 5
HENEE. BB f/b*)LRE

(1 + cos 8)2%sin? g =

(3 — 3cos §)(1 + cos @)3
i 4
(2)

3-3cosf =1+cos @,

Bl cos #=1/2,7FED 6 = n/3 B RL. 0

5 Kn+14ZmMK

XA -x)"" (i =0,1,,n)

(0, 1] LB/ ME S B KME.

g ?Eﬂﬂ_\ﬁ’g x€[0»1]ﬂff’7§

0<xA-0""<1 (i =0,1,~,n).

Hi=0m, BIARA - )", X R—A TR E MR I BT x =0 B, R EURE
BRE LY x=108, BUSR/MAO. % i=n B}, x" BFHBEHN, B/ME 0 55
KIE 155 x =05 x =1 BE.

Wi |

<
PSS {2
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KEIHEE

WM i=1,2,,n - 18, x(A-x)""TEx=05 x=14BYEHN 0.XHKE T
B /IME . B RMEAEQ, DPLAE]. FEKES. 4

(X' (1=-"H"= ix"" (1= = (n=Dx" (1 - x)"!

= X7 - )" - nx)
= 09
BME—MEES x=i/n A<i<n -1, XtUEBXES . BB AXHESET
Elr = D" (2 1,2,n - D). 0

n

n
XA () R (R4 . BT LA R S5 07 2 R . AL RL(TF - AR E AN S, AT 48
(n = D' (1 - 0" = n - DA -
< (i(n - Dx+iln - A~ x))"

n
_ (i(nn—i))".

Hi

xi(1— x)n <—"("n“ DA

n

APESYAMNY(n-idx=i(1-x),Bl x=i/n BESL.

Jt2Ee Fermat YAITERGHEIF A 2 LA B EM S BB A R85
2. UL TEEE B SN B LR E LT . E TEAFE S, RITM Fermat J&
MRS SIS E R,

Bl6 RAMMBIHNE, EMLFEENSFE. EFS A HPE -2
AERE A RTE —&R B.URE—H NS A §710 5 B, HX R EEREN
BRER? :

i XARIESE 2N LURTE I E X E. REHN RS RERKENE
K EHELXLA—H P HAENE ABEZE P HHBIEBESI3 1D . # AP 547
KMFKA A BP 5 REMIAABGXFNALRH . 5 A SEBESRL
FHMERESHNAA S B,.%%4d=]1AB|,.h=]AA |.k=1|BB,|.3#i%
|AP| =x,#84|B,Pl=d-x.FE

| AP = VR* +x%, | BP|= VkZ+({d- x)%.
WEXFEMA TP HEEI BN a Mb,IRAEEMNE A 258 P 58S B FT
= Byat fa] 2

T =L v+ v ad-xn.
a b
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T B3® OEAEKNER

KRB T B/IME. 3 T(x)KF .18

T (x) = —X— - d - x
a vht+ x? b vk*+ (d - x)*
2 2
T"(x) = h k

2+ x50 bk + (d - x)0)Pe

BH T (0)<0, T'(d) >0, B LIZEAE— &5 x0 € (0. d) f#18 T (xo) =0. T">0.
o T RS RE. B, T S x, BEE—B.7E xo & T BUSE/IME. 5 xo
R

Xo _ d — x,

a VI + x5 bvkE+(d-x0)%

Bp
cose _ cosf
a b -
XIERZE WIS E . ad
A
h
j——— J—x ———-I
anJP By
Ay
k
} x
|
B
3.1

T BB E, NERTTS RN &, el LI T Fermat 175373, T
H AP S8E 30 vl LAGIERA . an& 3. 12 FrdR ik AR%E, | BC|<<|BD|,a = L ACD,
B=n—-./BCD.H D MHZAC, BC fEEZL . EE4FHEH P, O, NF
| AC |-| AD |<<| AC|-| AD | cos LA
=| AC|-| AP |=]| CP |,
| BD |-| BC |>| BD | cos /B —| BC |
=|BQ|-|BC|=|CQ].
ESPid

cos a coS a cos 8
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HEDFME O DT e

| BD |-| BC |

< cos B

X kR
lAC| , IBC| __ AD , | BD|
oS a cosB T“cosa cosP

B a, b ARIRNEFMI TP ERE . KITHER.F

cosa:a=cosB:b,

M L EARERTE R
|AC| , |BC| _|AD|  |BD|
a b a b -~
XIEREITRERE.
M 3.12
3.5.3 M™%

WA fEXE T EHEX. ER fERy=f(OGxeD. EREME I L
B—E R . M EREM AR SERN ER B R X A M.
R HERIEMAEEME y= FOOERZEHANRAZEI—FHTH,
W EREL f e T | o 8 (convex function) , AT LAEEEK f 71 F RO,
A 3.13 B kB ERMHT.

B, BMNEBLLRNYILHABBRIRNFRALR. B 0, 0€1,A 1<
X AEBHUE x€ (x1,x2), WHE 3.14,4

¢ = 224
X2 — Xy
AR

X = (1_ t)x1 + X2,
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Sl R3E OARMEH

XHE €0, . ZEARBES (X, y) 5, ) IRENELZBR L, WA (x,y) . 7EH
E}ﬁ(xl + V1 )5 (X2 * Vi )5 (X3 9}’2)Fﬁy&EMEﬁEﬁ%L9 dﬂ*ﬁ{y\*’?‘\ ,EI%H

S

Y2 — N X2 — Xy
MTTAT LB y=(1— Dy + 1y, (0<t<<1). B E (x1, fx1 ) H (xa fO))REE
— 5%, AR ARTR B LT AT LAR R K
O = Ox + 1x2) <A = Df(xy) + tf(xz),
XXt —4] t€ (0,1 E3E.

v | 4

(x2, y2)
X,
/ = G2)
: (x1,y1) (x2.y1)
o a b x o X x X2 ?
3.13 3.14

AT REAFHRE, BATZ A =1-t, 0=, FR A >0, >0H A, + 2,
= 1. 5K, BATTAT LAGS th ™ ek 0 T 3R E X

BN 3.5.1 BWRE fEXET EHES. MR x1,x: € Ty x175 x5, LA
FAEEH 21,2:>0,H 2, + A, =1, %5F

FQuxy + 22x2) < A f(x) + A2 f(x2),

WER f 1 EROES. IR ERAREXIMEM x1 7% K 41,20+, =1
AESBBOLBATKER f 7] ERFEHROSRY.

BATEGIEAT R EH

EE3.5.7 #fEXET LR REMXHEM X1, X2, x, €T UK A1y
A2s A, >0, H Ay + A+ +A, =1, 5F

f(i::\ix.-)< i:lif(xi)- 1)
R fRT EA™RONEREL MY X, X, x, AL, B
f(i:lixi)< i:/‘if(xi)- (2
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BESTHE O

iER  RFFPAMNE. Y n =2 6, XIERMREFHLMBRBEXL. H# n=
k=2 BHERRRAL  BRATTHKIE n = k + 1 BB HE AL, ' X1, %05 X1 € 11 A1
Azsersdis1>>0.3F H

Ar Az Foeee + Ap = 1.
/7“\

Ai
l_Ak‘f]
G >00=1,2, k) H py + pp + oo+ 1 = 1. XBTER

Xy paxy + o+ pix € 1

H (i =1,2,,k).

TR

k+1

k
f(z;{;x,‘): f((l - /\k+1)2#,~x,’ + /\k+1xk+l)

i=1 i=1

k
< (1 - A f( Zf"ixi)+ Aks1 f(xhe1)
izl

K
< 1- /\ku)z,uif(xi) + A fxan)
i=1

k+1

= ZA,f(x,-).

Hit . ISR 2 fF A1 J:E’J&E?_J%'&BT SHEMT n €N, A% (DAL

R f BT R RBIREG I X0 x00e X, ALHE. RINEFEEAN
WEA. 2 n =20, %1, x; AEMHEFHRE x1 7 x2 HE X EHALES L. RIX
n=k B, AEMAES B B X X X ARHEE. WREFH X0, x2,
s AEMEIRA LRIFRE S BN ANES N YRR IR x =
=X, Fxk W

Z#le = xlzl‘, = X1 F X

ﬁﬂﬁﬂﬂﬁﬁﬁﬁﬂﬂ%—*/‘T—#%?ﬁt é%ﬂ%ﬁm B2 ARER @ —Y) nEN-
FRAL - 0.

EIE3.5.8 & fEXET 2B NIRRT X1 x0500 5%, € T, LARIHE
%:B,'JiEﬁ ﬁl’ﬁZ!""lgn ’ﬁz:%it

Z.Bf(x)
f(ZBx/ZBK‘ (3

ZB
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L B3 REMEH

IE 3 f%?‘z’%ﬂll’i‘].ﬂﬁﬁ% xl’xzv"'oxnelKé*ﬁ%ﬂq*ﬁ(s)q:&jﬁﬂzﬁm
AES.
iE HF2

A= BB (i=1,2,,n),
j=1

HHEM3.5.7 L FER. il

AMTEFERX (D 53 FHN Jensen(EFE, 1859 ~1925) K& XK.

ER3.5.9 mE fEXET ERMEE, Y HUEER (x5, x) T RAE
{ﬂxe(xnxz)ﬂé‘

flx) — flx» <f(xz) - f(x) < flxz) — f(x).
X - x Xz — X Xz — X

fRT LR &Mk, 4 H A (DO HBMEE M AES.

PRl S EM .Y xE€(x1.x)B,IE

X=X

x2_x>0’ AZ_—>09
X2 — X1 X

4)

A =

2 X1
R4
A>0, 2:>0, Ay +a.=1, H x=2dixi+ Ax:.
H R E S AT
fCx) = fQArxr + A2x2) <A f(x) + A2 f(x2). (5
¥ FCOBE R
flx) = A1 f(x) + A2 f(x),
ZBERAKXG), 73 .
A CfCx) = flx)) << A (f(xy) — fx)).
A A Aq FRIBR EXRPIL, 153
fO0 = ) _ fla) = [0
X - x X; — X

B . BRIFE-NENEGER MR b>0,d>0,H a/b<<c/d . MBAEK

b<brd<a
X—FLAIEAATEER T HITE. Bk
a = f(x)—- f(x1), ¢ = flxz) - f(x),
b=x-x1>0, d=1x,—x>0.
FIAE AR GE) , LERBEHAER ). R f BEROLREL 2RO P HE

+ 165 -

(6)



BEIHHEE 0

HERET RO ES . LEEDIIES.
ot RR (DB, BAR(6) t . WK (6)FF 1R 18 R KT B
6%, w78 R (5) X IESFR f7E 1 £ s (B0 & R B0 BIE X O
ME—TXMNMERWILAEXEAHBN. £/ 3.15 P, @it THILK y=
fOOM=FZ,ENHART - =A% . AERNDOBJLRRR
P, P (R P, P; IR PP, M.
X IE R T . R B — R D B SR R B

y 1 )’;f(x)
P,
Pl P
o X1 X X2 X
B 3.15

ER f HESE S NELT A8 f AR TS LREAES . BARITE

EM3.5.10 % frEla,.b] EiESE. ECGa,. ) LS, W f#Ela,b]ERME
B OMREO H— MRSV ERMER, f7E(a, b) Lg% .

Bl EH.B(x,x)CT(a,b)ox 5 R x <x<x'<x,. %63 x,<x
<xz Fﬁfé@ 3.5.99152:%5&

f(x)—f(x,)gf(xz)—f(x,)gf(xz)—f(x); 7
X — X1 X2 — Xi Xy — X
X <x'<x, FAEM3.5.9,78
f(x )’ - f(xy) <f(xz) - f(xy) <f(xz) - fo ). (8)
X — X3 X2 T Xy X2 — X
HADHEAREFEAMX @O MHELAEX, B
fCx) = fCx) <f(xz) - f(x) <f(x2> - fEx'). 9
X — Xi X2 — X1 X3 — X
ER OB, L x—xi x'—=x; .18
fom <L 20 o (10)
X2 — X
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T B3F BEHEXK

XEIER T RS,
E f%F*ﬁﬁl@ﬁﬂ‘J%ﬁfFéﬁﬂ]Eﬂ*ﬁ x" 9?%/@ x;<<x"<<x;. X;J' X <<x”®
ARXQOMEBARER M x <x; BRAOHEHAFKXH
£l < f(x*} - f(xl)’ fxz) —_fix”)
X — Xy Xy — X
BHF f BN RE, FEH 3.5.9,18
fCx™) — f(x1)  flxy) — f(x™)
. < P
X - x X2 — X
HE D8 o) <<f'(x2), B) f Rk . SEHIESE.
x oM. fECa,b) LigtE. 3HET x € (x1.x2), B Lagrange #{H & B 7]
HLFEE SE€E(xH-x)5 7€ (x,x2) . {618
flx) = flxy) - f(o), f(x2) — f(x)
X — X3 Xy — X
BN E<x<<n,BFLL f (O (), AT H
flx) = f(x) <f(xz) - f(x)

===
X — Xy X; — X

FIFEH3.5.9, 78 fELa,. b I EHMER. BEHE L, Y f/R#EER, f(H<
. ERRERP RS EBIARES, AT f #E(a, b ERHBAGER. O

Y ffECa, ) EEZHS8E . RINBE TIINAEREFErEHE.

EE3.5.11 REH fZEla, b LEZ.FEGa . O LEE_HSE.N f#
La, b] E AR T LERMSER,f" >0 % (a, b) LR T f #Ela.b] LR
PR R T BE KSR, f =0 % (a, b) F .3 BE(a, b) LT
HTFXER [ AMEZET 0.

W 1%L, ThEHE3.5.1 5FH3.5.108H:FE 1418, \THE
P 3.5.4 5EM3.5.10 #EH. ‘ 0

Xt BRI R B AT Jensen AR AR HIFFZ EMASER, X ZIEH
SRR — R AR .

Bl7 ®aaz,a, Bn MALHENER.EX

a1 asa, x = 0.
ﬂﬁfﬁf%( -, + w)memﬁ%%ﬁ
ERR Bl 0<<a<<B.FMTIEB f(a)<<f(B),BD

< f(x). (1D

= fi(p.
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KEMMHEE

a a .ee a\1lVa I B ces B\ 1/8
(al+a2+ +an) <(ax+az+ +an) ) (12)
n n
ibi=ai.a;=b°.p=8/a,RADKE
(bl .§.bz-‘.....q_bn)lo'<b{’+bé’.g.....pb{lJ
n n

B

a

(p =£>1).  ad

Bglx)=x" (x>0 g’ (x)=px" ', g"(x)=plp-DxP2>0,AM g £
(0, + o) b oA H N BB EH 3.5. 7 MIA%KR ) . AR (12) 7. 78
XA 4 o007 ./ 2.8 FHHFI 4, BF15

2

8 8 1.8
Varaya, < (HTEEIT AT (g 0.

n

B a<B<O0, M- a>—-B>0.%t ar'sas'srha,! XEBAWA LGSR, 5

(@i + (a7 )P + e+ (a7) P\ (@i + (az")™® + - + (a;') "\
( )< ( )™

n n
1
(alﬁ+ag+..-+aﬁ)—l/ﬁ<(azlz+a§+ +aa>—1/n
n
1 BI48
as +ag+ - +agz\'e ai +af + o+ af\V*
(= ) <" ) as
EXAHF 4 f—~0 ,H75
a a cos a\ l/a
(al +a2; +a,.) < Va,a;+—a, (a<<0).
XBUER T f R (= o, + 0o) E™ G % 0

MEM3.S.7THE. AEXDOMOP, FRXBIMAEFLERGR ay ==
a,. I FOSFD, B R EMER L FH-BERTEHAER .

+ g, + - +
"alaz---a,, <a1 azn an’
k#%)ﬁ)[.%ﬂ{l“_—“" a,=a;=+*-"=a,.

AN BEHIEH .
. af + af + -+ ai\V*
Ilr+n( " ") = max(a;,dzs " san)»
et
. faf+af 4+ e+ ain\Vx .
Ilm( " ") = min(a;,az,*,a,).
X—»—o0
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rc B3E BBNEK

% 3 & 3.5

. BE3E 5 RS B X1 b s
(1) fx)=tan x,(—=/2,7/2);
(2) f(x)=arctan x — x,R.

EARER
2
(1) x(x —arctan x)>>0 (x7#0); (2) x = 5 <In(1+ 0)<x (x>0)
3 P
(3) x = F<sin x<x (x>0); (@) In (1 + 0 >EELE (),
. EBAAREX:

(1) X 0<<x,<<x,<xn/2 B,

tan x, Xz
tan x; ~ x; '

(2) Y4 x,y>0 H B>a>08f,
(x° + y)Ve > (xF + y#)' 4,
(3) & x>-1,1
Q+x)r<l+ax O<a<<D),
A+x)=1+ax (a<0,Ha=1;
(4 #% p=2,% x€ 0,118,

(%) + (7)< za+ .

@S 0] A SRS H £(0)=f(1)=0.4 F(x)=x*f(x),KiE A7 €€
0,1, F"(5)=0.

. PR f AEXIEI[0, + o) FAIS, f(0) =0, B f/ %8 . KiF: f(x)/x 7E(0, + ) |
th R

6. WERE fERLAERA f"=0.5E8. f HEEERL.
7. SERH f g X [a, + o) biE8E, Y x>a B 00 [<g'(x) . iFB: 24 x>a B,

| f(x) = fla) 1< g(x) — gla).
(1 - x)(x%eV* —e*) > 0.

. SRT 5 R B B K B R/ ME
(D flx)=x*—2x*+5(|x|<2); (2) f(x)=sin2x — x (| x|<n/2);
(3) ftx)=xIn x (x>0); (4) flx)=x*-3x+2(xER);
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10.

11.

12.
13.

14.

15.

16.
17.

18.

19.

20.
21.

22.

(5) f(x)=|x*-3x+2| (|x]|<10); (6) f(x)—arctan

1T+ x L o<k

FER W e — s E L X e — A S AR IR SR, 6 E AP i 9
3. IREEEE R HCN #1821 55 K T LR £ BE L T AT S /e

Wfiﬂﬁ@l— +y— 1.0 FAT F AR AR TE e B T BUR K7

TR —E M ESEEkE . HE SRR Z A Z e, RERE/N?

M¥EH R MEARKH BB E TR MR — T EERRE L, i st BUR T A T Ay, T
R AERE KT

W 0<<a<<lb<2a.fEX[E[a,b] LiTiEWHML xy=1. XML LG SEVR, ©E 5K
MERFFITHE x=a.x=b BE—1TBE. MXZRLMTL, A EFERENE
REX?

KRR n WIE LB E n MR x L x xR — S ,mﬂ,@s@ (x - x)?

T x° AEBUSE/ME.

REFHRAER a Z2x >R —YES a.

BRE f7E(a, b Ei%sE, SRE f7E(a,b) Li#s# KiE. 2] xELa.b]. B
(b-x)fla)y +(x—a)f(b) = (b—a)f(x).

FIWTLL T R B f A

(1) ftxry=x"(p=l,x20);

(2) ftxy=a*(a>0,xER);

(3) fxr=In = (x>0);

(4) f(x)=xIn x (x>0);

(5) f(x)= —sin x (0<x<x).

IEBI T IIAER, H18 KX 555 L I 5l

(1) gn*m mr=ng(gn + a5 +e-+a~)/n.,a>01H a#1;
(2) Y xyyxz,005x, >0 0,

Xyt x, ++x
n

(3) i& Al’AZ&"'?A">OE_A]+A2+'..+A :1 ﬁl']XT—*ﬁ] xiZO(i:l,Z,"',n).ﬁ

xl x2 ZAIXI

HERH [/ — IZHJ:WWA&E&z*m%J&&ﬁ

¥ f:La.b]=R HMEE. WRAE c € (a,b) {18 fla)=f(c)=f(b),RiF: f Ji{a
PR

W’ a<<lb<lc<d.RiE:.# frEla.cIRk[b,d]ERHME B4 ffEla. d] LHEMD
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o H3E BEMBHK

R
23. SR f#E[a, b] k%%, (a, ) E KA R, f(a) = f(b) =0, HFFTE c€ (a, ). f
8 f(c)>0.1FB 7 €€ (a, b), f#18 f7(6)<C0.

i@ M| 3.5

1. % I B—AJFKIEL f &1 ER k% Rik:
(D 7E 1 EHEESEHAESER S MAESFEE L HE L<fIxt xe T R;
(2) ® xE 1.3 fIHES x AEES, RE [ S x HESE N fESx LT T
(3) #Fla,bICI. M x,,x,€[a,b]af . H
| fCx) — flxd) I<KM | x3-x1 s
Heh M a5 A sk BUS SRR .
2. & I A—AFFRE, B fET EANERY— RS LERGR . NE—8 cE 1, EFF
HE—TH a,EH
fx) = alx-c)+ f(o)
Xt —4) x € I WL . X IAE B LT R
3. RE fERET EATS, N fET EAMBEH TRV ERGR BER GONT
EHE &KW L.
4. & f:.[0, + )R, AX{E x€[0, + <), FH x= f(x)e/* . KiE:
(1) fRH&HIEH;
(@) lim f(0) = + e

@) lim L% -
= ln x

5. it p RETA. MR

1.

P’(x) - p'(x)-p'(x)+ p(x) =0
TE(— o, + ) b7, RIE: p=>0.

6. BRI A=(ap) (i j=1.2,, n)PHR—YITLR B ER HEITHRUAKR &S| 89
AL x B—1n BIER.EPBHARER. 2 y=Ax.H& x 5y WoBRH A
XiaXzat s Xy B yisyzess s ya . KUE: y1 Yo ya= a1 X270 X,

7. WMaHTERN

y(a) = A,
y(b) = B,
He q(x0)<0,A,B AEH. MRXANFBRIE La, b] LHELMM, WL RHE—H.
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BEDRB G D

8. /\P(x)—1+x+2—'+ (nGN’).SkiIE:

(1) 4 x<<0 B,
PZn(x) >e' > P2n+](X)§
(2) ¥4 x>0 1,

e > P00 = (1+ %)

9. % feCla,b].E LB
flx +h)+ f(x - h) —2f(x)
hZ
BRI xE (a, b), ERBBHELE). H D f(x) =0 (a<<x<<b),RiF:f(x)=
cixte, HF e, e, HEE.
10. SHEEBVIERE n, il .Y x< 0,0 ,{BHR

X sin kx
; > 0.

D*f(x) = lim

3.6 L’Hospital 3:1

B f 5 g fExo HHESF (ATRERR A xo ZAMD A RE . XY x—>x0 BT f(x)
— 1, {BE g(0)—0, Htai A e E A" R R % THRIRE X —HERITE

i LB A itk — AR BT 1 =0, XA
1= lim f(x) = lim g(x) fi"))

f(x) fO

XA, AT e E A A fs
lim ftx) = lim glx) =0

Z TR

lmf(x)

—~xg(x)
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A L. TR AR RSB EAE B S SN ¢ (R — MR

FRFRARE)IC S, RARKRE O o] LARTERRE”. B2 2.8 /Mg 5 1~ &”,
AR HATHIC S RE AR T .

W F Cauchy ¢E%ﬂ-ﬂu§%ﬂi§@]*%ﬂ*& MRE)— R A BB Ik JA)

R B AR BR AT IHE , XS RGN AR BR B4 A IR 955 2R . B i B 0] LA AE 2 4% PR
MAERRAEEE.
EI 3.6.1(L Hospital(#% sb 1k 1661~1704)) & f.g fE(a.b) o] R .3 H
g(x)A0Xf x€ (a,b)AL. XiF
lim f(x) = lim g(x) = 0.

+
X—=a I—=a

TEX LR T , INRIKR

lim L%
—at g (X)

FEFH A <) . RAEH

lim £ = i £
x—a* g(X) x—=a* g (x)

iERR  #FREX
f(a) = gta) = 0,
PAREF f.g #La,b) FRYESEH:. FIA Cauchy h{EHEME, X xE(a b)) H
f _ fo = fa) _ f (&
glx) gx)—gla) g'(&’
X a<6<x HHATI, % x—>a B K §—>a*  Hik

lim £ = i £ o i 0

a8 e 8(E) g ()
AR E R HORIE — MR R B0 R AERSE [ g 5 2 R R A
25 EAT

0

TPAS. 2 f:(") = limf:(X).
~a" 8(X) a8 (X)Lt g (x)
ERBHRIR, XL BATERLET %,
RATHEEL I T B A L Hospital BEIISKR-O BUG , HO9H 22— Fh e 4 20
BT ATULT L7 R B ULBRIOR . LIRSS RO MR A7 CE A8 AR, IR
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FELHAE 0

R ARE X BARRRE S £ L Hospital SN B M RAOEHE B B &
T RE PR BRI A SN 5/, I BRI EHE R IEFRR R E
7B L B SR . X RERE A U A RR AL, SRR

B11 R lim DO

W lim e - gl B =l S = 5 - 020, 0
B2 IR lim %f.

B lim TS = S — i S8 i = :

L’Hospital 24 x— + oo ( — o8} = ) Bfth R ESLHY, B ABATE -
EE3.6.2 RELKfrgEXME(a, + ) AT, H gx)#0 % x €
(a,+°°)BE_TL,#E
xlirg f(x) = lﬂr}° glx) =0,

wax im Lt ont 4

. flxo .
lim —— =1 —.
— g(x) faciid g (x)

UER  fEHR x=1/1, 0 x—+ oM TF (—0" . XB, HATH
llmf( )— hmg( 1 )— 0.

0" t—=0

RKEH 3.6.1, 7] Al

limM f(%> lim—( ‘
BRI PEIRETE
f,(%) . flo

= lim g'(1) = .
t

MRFER—RREEF . H

limf(x) = o, limg(x) = o,

X B FRAR FR
f(x)
glx) .

lim
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FESES XF -1 8 ¢

R SRR BOAR PR, 4R 07 B P B R PR % T AR R B9 7 " i — IR

{5 2[Rt A MR ¥ L Hospital Z: ).
EIE3.6.3 REHf HSgE(a,b) LA F,g(x)#0,H

lim g(x) = .

+
Xx—+a

HSRAR R lim f,ix;
lim FO i £
x—a® g(x) xeat 8 (X)
iER 4
f(x)
! = lim
lim 75 (D

TATRX | AE R EIERIEHA EH, M [ = — o8 [ = + &}, iFB R A
B ARBR (D IHMERAEH >0, FE— 60,2 xE€ (a,a + 0)ET,

f(x)
g (x)
Ht, Xt (x,c)T(a,a+ 8,4k Cauchy PEHER, HEE € (x,0) . f§i18
OO = fle) _ (&

Il —e<C <l+e

! - = — + £.
<o -go g !
ENES]
flx) = fle) _ (f(x) _ f(c))(1 B g(c))"l
g(x) — g(e) g(x) glx) gy’
BE c Xt x—~a” BRI, H
f(x)
li .
Py < Lt
/5'\5»091%
. f(x)
1 .
MM S
FIAFFERY LTS, B 0T LATR Y
lim mf fx = 1.
et 8(x) T
Xt
fx) _
x—l.I:l g(X) l D
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WEMFHRE S0 D s ]

FEXAE A, BT kA L TR, B+ ar i . D IR R, A
A X TEELEMERA K4

linlf(x) = o,
B lim D e R S 0B MR ERA L BRRA L

L.’Hospital 0. &40

lim 2580 = jim 1 4+ lim S8 = 140 = 1,

x> x—o x>

B2

(x + sin x)’

lim ~—~———=~ = lim(1 + cos x)

x—+ (X) x—+»o
A TR & MG BT BB, lim ST, R
tim L2 rpe e
reat 8(X)

FIFEH3.6.3, JLLASG— I EX 2.6 WHRBIM T EHILIEF KNER
YE— 3R 24 x— + o B, A%
Inx, x*(x>0), e, x*
FRIF K. ATLMER & ERABFR, E— PR — T ERHH LS K. F
%k,
In x .1 1 1 .. 1

Am e = M e T M T O
WIEEH n R n - 1<p<n, TREZMEM L'Hospital B0 n K2 )5, 7115
-1 -2
lim £ = g lim £— = p(x -1 lim *—
x—++o € x—=tw € x—=+o €

= e = pu(pu = 1) (u—n+1) lim xe =0

x—+o X

i %Y <)

. e . -
lim = = lime*'™™® = 0.

x>+ X x—=+ca
B EIX—NEXE WA RTFEH L'Hospital B:0.
EFE3.6.3 h HESRT RIS K&, X XA B F- oo o) iy 3k 7 (#.
B3 % ffECa, + W)Lﬂﬁ,ﬂxgpmf’(x) =0.3RiE:
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o H3FE BENEX

tim £ =g,

X—*+co X

AR R g(x) =x—+ o JIEM 3.6.3, 7 %1183
lim fo lim f'(x) = 0. O

x>+ X x>+ ®

3.4 iyl 4 & F Lagrange H{H & BIE A XG0, SZH L, MEMN
e TiF%.

B4 % fFfECa, + o) AR INEX} «>0,

Li?l(af(X) + xf(x)) = B,

R« lim fC0 = B/a.

EB B a0, lim xt = + o fEH 3.6.3,78
xef(x) _ lim ax® ' f(x) w_L xf (x)

x° Pyl axe!

lim f(x) = lim

x>+ o0 Xt o

= lim (fC0 + £ (0) = aﬁ 0

T E R RET AR SBE]0 « o BI” o0 — o FI” 400 B ¥ o0 RIVHEHFL. X
HICSHEXAEREIIRIMNERHER . RE S8 HHT %k, RAET LR

B SR SR RS P L Hospital 3 U £ 2.

5 SRR lim x*In x (#>0).

x—~0

B OXR0 - o B EAT UL S 1.

-1
im 5 == o lim o = - 5 lim = 0. 0

%l 6 FKWFElin}z(secx—tanx).
B ERC e - B AR R,

lim (sec x — tan x) = liml—w= im $8 X - ¢, 0

x—>n/2 x»x/2 COS X x—=x/2 SIN X
#17 SKAEPR lim (sin x)*.

0"

B XROCHR. BT
(sinx)x - exlnsinx,

HATRAFTRK lim xIn sin x, X B R0 « o B”. HF
x—0
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xlnsin x = xInx + xIln—= sin X,
FIFF] 5 R, IR
hmxln sin x= limxIn x + 11m n 10X
x—~0* x—0"
=0+0«Inl1 =0.
a g
lim(sin x)* = €° = 1. 0
x=0"
&8 R#HFR lim (tan x)=?°~,
x—~(x’2)"

R O BT = n/2 - 0, Y x> (/2) 7 B 107, TR R
FRAE Y

cost\' _ ,. 1 _
}lﬂn(smt) =hm s = b
XEFHTH 7R, §
%4 3] & 3.6
1. B THIRE:
(D lim—Sr=e" | (2) lim@nx =X,
-0 sin ax —sin bx ' 0 X — 8in X
3) limXCOtf_l; @ lim)c(e +1)—32(e‘~1);
x—=0 X X+ X
(5) lim +"'_x; (6) Iim In xIn (1-x);
crte x—~1"
(7) lim x*; (8) lirrll xla-o,
0" L
. a\“, 1 1y,
1€)) !‘IT(COS P ) 3 (10 I:»T(ln x—l)’
. 1 1 . 1\
an lim(— 1) a2 limx((1+--) ~e);
1'x x
(13) lim(éarccosx) ; (14) lim (zarctanx) .
X+ T -+ @ T
2. 1% fHES x b B S8 ORIE .
f”(x):li f(x+h)+f(x-—h)—2f(x)

hZ
RN R f R BT SHM R ML f7>0.
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3. RFEONE—BBAE —MELIYE B f(O=0.FX g(® =f(0), B x70 B}

g(x) = f(x)/x. 3RilE: g FEMARB A H ELE M FRE.
4. & ffECa, + o) LA[F. IR

lim (fCx) + xf (nx) = 1,

ﬁEHﬂ:xl*iEnwf(x)=1.

5. ¥ f7E(a, + =) LA SE. MR
lim (fC0 + 2f o) + f7(x)) = 1,
B lim fCx) = 1, B lim f'(x) = lim f"(x) =0.

3.7 A B E A

2.3 WHE KU . REE =F BRI BFIRE  BREM@ s (A
) B, HEERR A REEEN EENLS. NEE L&, REHHE
BIE A GBE L IEYE O — M ER . (BR AEE RN KRB E TEER
ERBUE BB BTN E ERERABRARENER. A2, BFZHE
& B — R R REAER R R, UEEWM 7R EMES. X
BT REERNEE. R SANSE FIHHEIERAERRG IR, 7R
%0 2 [B] A 2 HERR M H 42+ 0 B A 01 S5 eR A0 1R (B R R ATTX BB A 43
M BRBAEE” FBRAREZEHNME. XBAR:H— B F L EEATEN
o, AIEA R R NG B AR S G ERIIHAZE LB R BEN /Y. T E
B T AR R B JLITE S  BUE AR B M R 50 — (A9 K.

— R UL FEAE B Z B BRATINL H B IR T I =

(1) BAHE R R RE SO AIE R, LA < eR B R P eV

(2) BRBOREEA RN, X AT L5 S 3 Xt R A 0 X B QR 4R B 1 X FR
BB AR AL BATTR T BOR s — 2 X RR B R 40 AT LLAT B R0 5 18 35

(3) RPREEARAH, X AR AREHEE— 1M AMZ N ER.

FERE X 3.5. 1, FAMTRE SOk R B AN 24 O BB AR (BT R 5 | #E BT i 1D R 3
A M BR B X 8 4 1] T HL 4 FR AN X £6 42 9A) . (B2, 78 ek BUFE L i B 4%
AT HRE LT, 2 — f R KELE A R BT, ATHR y = OO MERLE
R IX[E) R MY A Nt A BT 7 X Rk
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BESVHE

X 3.7.1 R f7Exo BPIZE(BIE xo EPDAE X 7 xo —MER
y = fFOORTERE MR 75— MR R M, AR AR xo & f —TH R

B Y [ xo BIESSAH TSN - FEET, xo HEAMDESMER [ (x)
=0. At XA R B AT KOG R fOo = x', BAXEH f7(0)=0,/0
x=0FE fHBA, XEEN f(x)=12x2>0(x7#0), FFLA f £ R L B™=# N
B AR 7 (xo) =0,3F B [ xo B—MBUEE, 75 — MBI AE, 7T LIBTE xo &
SEER y=fOBH A EHRRES, MAEDH S LWTRITHE y=f(x0)
SEETRIPM. X —WEXT RBIEER AR .

AT R LIRS IR AT RE U B, 30 75 E 5 | B R BT R A

EX3.7.2 (D MR lim fO=a R lim fCO=b, WK y=aHy=bAK
y= QOB —RKFEILLE;

(2) IR lim f(x) =t o lim f(x) =+, MP x=x0 K y=fOKW—FK

BEANRL;

(3) M a20,#15 Er*nx(f(x) - (ax+b))=0 Eﬁx!.ir_nw(f(x) —(ax+ b)) =
0,UFR y=ax+b Ky=fIB—FFEHLL.

KFHE LS ERNEREE R EFE LK. Flin, y=0R y=

FOKFBIRLZ  x=n/2 M x= —n/2 B y=tan x KWFHFZBEHHTIEL.
AR y=fOOMBEHEL? B y=ax+ b By=fO)M—KFHHEL.
BT

1
1+ x?

E(J_

fx)

0= tim L2 Cax by, () iy a,
x>+ X X—++ o X x—»+ o X
Fir A
a = lim @ »
x>+ X
AT a . fErTLIA
b = lim (f(x) - ax) (2)

X+ oo

RKig b XM FERRBIELH LK.
B REM y = L .

. + x)?
BT 00 = {52 R
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¥3F HHNFR

lim f(x) = s llm f(x) =+ .
x—=1"
Hl.x =18 y=f(X)OM—RBHATITL. EH:F
fx _ A+x? __ 1
“‘,lli‘l‘T Jim Sad o 4’
b o -a0 = i (G 4 5)=- 2.
i LA y:—jx—;;% y = fOOR—RBHETHEL . 0
BAETT LAF) B KBUE R

(1) ¥hE R E S5

(2) HEBBREEA TEE. AR MR

(3) e eR A3 W X 8] AR B 45

(4) HaE REA MY X 8] B 5 455

(5) WE R REHHEL

(6) 3Kt —SuhERk S A (H.

B2 ERSZIHAER f(x)=4x° -3x HERK.

B XR—TREFTURAFELD, + o) Eitig. RSB

f[(x)=12x*-3, f"(x)=24x. £3.1
BRI x =1/2 & f 7E[0, + o) o — 1 1
MBEE. EhR L, 1/2 RB/MES B/MER T (0-3) (g-+=)
fA/2)= -1 RESR[ -1, + =) ®Ef - *
FEL0,1/2] F ™ ig s i, 324 x>1/2 B4 7 + +
B, TELO, + o) B/, f N A

BLLEERBEAF 3.1 4.

MI\FE31UR f0)=0,f(/3/2)=0,EEHE y=4x°* - 3x WERT
(A 3.16).

B3 R

f(x) = (x-1*+2Inx,
YE R B f WIEMR.
B fBE R, + o)  RAEMFEMEMNE. ITE 5.8

o = %((x—%)z +%)>0 (x> 0),
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EMWHE OO

>0, x>1,
n _ 1——
freo = 2( >{<O, 0<<x<1.
$#3.2 Hit x=1 2H . Etahmf(x)_—oo,ga]
0"
* f(x)

«©-D Tt =0 R SESIEL. B a= lim

+
- —+®»%ﬂf&7ﬁﬁ+ﬁfﬁ%.$§}ﬁfﬂ)—o.
ff[(H=2Kk#%3.2,018 y= fQCOKMERK,
7 M Al A 3.17 PR

B3P, RIMAMEL THE L—
MECHAFARB— T EREARA EFEERTR? IRFAIRIFAEFHE L
WIRZE, R TR BREIIES, B“M . YRITRE - IMLEN B ERAERN
FaANWEES, —BEMEE, IR WU . XEAEREERTLERLEN
A RSH- WL 7 RN

~

- +

b

-y

7|
v
4,.-
2..
) 1 rl
3 0 T e
—24
_4_
H3.16 #3.17
(1+x)?
B4 AERB Y= g2 MR
0y + :—‘—»
B R fO0 = ") BRI SR~ o, 1), (1, + o). E S, 8
’ _ GB-xAQ+ x> ” _ —2_
Foo =g '®O=qg 5
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B x=3Mx=-1R2HA RE fAfEEELSI.3.

o B3E BRMEH

%x3.3
x (—o,-1) (-1, (1.3 (3, + )
f’ - + + -
f” + + p— —_
f N A A N

XA 1503, B A EHEL 1 = ) MAHER y = - 5 (x +3), A
fC=1=0,f(3) = -2,/ 5 HEHRINA 3.18 fi/~.
Y|
-1 _1o 2
8 T ——3 x
B 3.18

T H 4k .
(1) y=x*-2x+10;
(3) y=In(1+ x?);

5 y=

(7 y=

X

1_
X
2

x?

+ arccot x;

% 3 & 3.7

2 y=e"‘2;
4) y=x—-In(1+x);
(6) y=x*e *;

x4

(¢:)) y=—(1+x)3.
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F4E —nHIFRINE

——Taylor & 22

1% 3 &, Lagrange PEEMAILIRRERFPEEENEHE,. RIEELE T
ERIFERA. EAFE D, RKATEIE Lagrange E B — SRS, 5 HFTIBRY
Taylor(FE#),1685~1731) E . AT BILIEHG KL A E DRI LAE: LEA
— G P R B L B TG RE AR D 4 [m] B, A B KR 4 #R AT LLA Taylor i 33k
ok BT Taylor FHZ G, Fafsk EFATE AR LIRS, U — R ERKE
BZH HRE - SHSBRET, —BARL/NHER. AXTE X L, “Taylor
TEHE R — UM F R TS AR 4

4.1 HREHIB

eREL f:(a,.b)—>R. [ f £ x0 € (a, AT S AIE L, BIRFR
lim flxo + Ax) — f(xo)
Ax—=0 Ax
FEEEICER f(xo). HILHEmM
flxo + Ax) — f(x)

Ax - f'(x)
4 ax—=0 Bt B—NEF /D HE B, 4 Ax—~0 B,
flxo + Ax) — flxo) = f(xp)Ax + 0(Ax). (D

WM ZE R BRI f S xo e — DR HA R HPE TR
BEEBER Ax BIFFREMERELHE Y Ax—0 RR L Ax BEESE /.
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L RB4E AWML FEHTE

L f(x)F0 B, R(DODAEBME-NRE Ax RBHEF/D. 5% 0.
CHEEENSR BEREEEENER X—HREE fES o LT FHE
HZ TEHe.

FAMEL THEHE X

EX4.1.1 BRBfEGQHEFEEH o€ Ga.b) MRFE-NTEE
A (75

flxo + Ax) — f(xo) = AAx + 0o(Ax) (Ax—0), (2)
MFReREL f A xo ALFTRE. R ER ML E B0 AAx T7HA f 7 x0 LB
Wik df(xy).

BRI RO, f 725 xo 40T B, D TER] — s AT 3. BUTE TR R R 4R
X R : ISR f T xo VT A xo BB F? MALKBEFEERF>HR
¥ARBERMA A7

R ax FERA ) B ER L. F3H

flxo + Ax) — f(xy)
Ax

= A+ o(D.

A Ax—0, 078

A = lim flxo + Ax) — f(xy)
A0 Ax
KR fESx 0T, TH Ax MARBRER f T x LHFH
HATUERA T - X A B R BRI, 7] MR R—4F. EXEBBIHE . 4R
i1 f FES xo AL RIG8RS RN T RERE f BA X (DR EMER. KA
BUER T

= f/(X()).

df(xe) = f'(x¢)Ax. (3
ARAOEAAIRMABZL . BAENELER A TEMUER Ax, MALRA
Ax BIJRGE. BRI, E LRI A S ERRAL. fln, R —RE+, RI1H
h RBRAEROBER AKX RNSER df (xo) = [ (x) h . FZE. MER
B fECa.b) FAIPGLIRA df (x) = f (x)Ax XF—4] x € Ca, b) BT X 455K A9 06
Bfo=x,8

dx = (x)'Ax = Ax.

XRA. S x BAZEN. A dr=x, PENRTERETFTE BN XHE—
3, 2 ) LR

df(x) = f'(x)dx. (4)

BE N ERBEMSOEL. FHMLE y=f(OBEBR. URBKE
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(xo 9f(xo))&bﬂ4‘])g]g£(@ 41)@*?'&%%)‘(&[]1:
Po=(x0-f(x0)), HIZR EEEM A5
P=(xo+Ax,f(xo+Ax)) MLk L 58 Py PEHI A
Q=(xo+Ax,f(x0));
T=C(xo+Aax,f(x0)+ f(x)Ax), HERTES Po VIR EEL x = x0 + Ax
HIAZ A

y [ P
T
Af(x,)
P df (xo)
Yo=f (x0) > o
7] X0 x, + Ax 7
Ax
4.1

F I AT
OT = f'(xo)Ax = df(xo)»
XEOTR#HAFSHAER. WARHRKAE— ALY ETEERSL VLS
¥ HIBUEE . Ak,

TP = Af(xo) — df(xo).
ERBRNBERSREHMAZE. XM Ax—~0 BF, TP Ax = PoQEE B
Tog5 /N XS, NE 4.1 AT LI R B 3.

BERS— T A XM — 23,

(D 5 R Ax B—DNFREERE EMRBER [ (xo) . XM R RBME
MBRBNELEL A AxE(— o, +x);

(2) 2 Ax—0 B, 3553 5 RSO B M £ FUULE L Ax BB /b

(3) ML E R ZR VIR HER .

MAEATRMHTREEE R x — xo . BAKX DA

F(x) = flxe) + f(xo)(x — x0) + 0(x — x0) (x— x0). (5

EARFRATLMER f7E xo AL RTHHIE S MR (2) AR AL T X RE B BUE R
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ol BAFE —TWAFHTE

F: % x — xo | #1257/,
flx) & f(xo) + f(x0)(x — x40, (6)

BReRBUE fOOM LLE B R (O HHH x MEAMEBRRE. BT y=flxo) +
f/ (o) (e = x) BFEAS (x5 fQxo DAL R BIILR TR X RUPEX — R BYiL S, ih
£ y= fQOW AR EL (B Z S &) kRE. ERAFF.

Gl 1 XA r BB HEFE r KRG () =nr?, BHERMN r B
r+ hGXE h aJLLRGAEDE, BRRONEER

fCr+ h) = f(r) = 2rrh + nh®. D

XMEA T ELR. ¥R r S¥ERAr+h D
FAFECRTERYBEFMERE4.2). (DA
HE—TAI LB - TMEEHEBR, EAKE
2nr (BPNBEIRAR ALK . KR A X BR h>0.2 A
TR/ s AR TR A AR AT Bt A B B SR e I AR B ]
PAEMIREZERAR (DS HIEE —0, A —We] Ak
fhit B HiRE. d

ERPEAME - T HENER(r 2
KW, R LLE IR ZE RV LR ERSEHN,.E B 4.2
Xt —E S, ERA YR AN E I BB b B R
ZXMETF A

%2 itE sin305.

B OHALITREFAEMNRBELBRME. BT 30°%F «/6,.5 A% F
0.001 454 4GIKED) , Fr kA

sin 30°5'~ sin(% +0.001 454 4)

2 sin = + 0.001 454 4cos ~

6 6
= % +%§ X 0.001 454 4 = 0.501 259 5---.
HRARHKERR 0.501 259 1., EHEEFE/NIREHRELN L. 0

(B , R T B MR T S R 2R 8. RT3 x — xo [ R/, A1
B BN RN AR SRR AL BT R AR 22 A T SR AR X s )
T3] 4.3 YRGB R,

2 oTRGZE. RUSRRBTHEMNE . XU T OB B K.
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BESWHE DD

&3 sk dxb.
# dx®=(x%)dx=5x"dx. 0
{5'] 4 Sk de(xz—l/x) .
® HZm
det®-1Vo = (-0 Y4y = (xz - l)leuz—undx_
X

= (2x + %)e"‘z’”“dx. 0

— et , % T R E Y N E B ST . A T HIE N .
(1) d(f+g)=df +dg;
(2) d(fg) = gdf + fdg;

(3) d(£)=%,ﬁqﬂ g70.
BITHIE FHIAK. B
o(L)= (Lyac= €y,
Y g

_ gfidx — fg'dx _ gdf - fdg
g g
MR ¢ B—1NERBR de=0. B LiRR(2), 85 d(cf) = cdf, BIEHEHEF
Al IR B E BT Z 5.
MAERNTAT AL H“SE"M B —Mics. BB e IE, f W3 RBBHCE
[ EAR OB dx, 52
dfix)

== = f'(x).
dx fix

KRR IR S TR AT A B Leibniz i85 i LR EHHY
W 5 B EENMAHE,. A SRGHRAINE. e, XA RS E gERm
ToAILARE SRS .

By = fOORHL M dy = f Godx 35 x BYRE. TR oAl g, WAT i
H dy 4,38k dy =dddy) . JR4

d’y = d(dy) = d(f'(x)dx) = (f"(x)dx)dx = f"(x)dx?,
XEB dx? = (d)? MAR dx? =d(x?) =2xdx. R d®y Ky = f(x)B = Fi4. o
R OO R ARAHE y = fOOMEBHS -
Ey = dd®y) = d(f"(x)dx?) = (f”(x)dx)dx? = f”(x)dx>.
« 188 -




Tl BAE —ARAEHTHE

R fEx A n REPHWLHE
dy = f"(x)dx".
HfA LS
d" (n) —
dxy" = f>x) (n=1,2,0).
HAERBEMHAARBEENEL. Ry=f(OHx=90(). M1t FEP HIEX
SRR, o (O MERET f HE . BITTLIE X E SR y = f (1), iX
it BERBEE. ATAMS AR
dy = (f- @) (t)dt = f' () (t)dt.
XArdx=¢' (Odt , RA LK EBHE
dy = f'(x)dx. (8
miE x 2AEE, EX ABRBAL. XS, 2B LB B LAY B BB ik & xt
ha B RERZIEHRN . XA — RS EAN A L.
NEMMT XA TERANAZHREENL? BIINR y=f(x),x =
() REBER

d'y = f(x)dx" (n=2)7?
ERBEEN. BN y=ex= 0, HILBESEK y=c" . FiLh dy = 31%e" dt,
AR
dy = (61 +9r)e"dr?, )
1]
e*dx? = 9r'e” dr?. (10)
BR, & y#erdx?. R(10) AR (9L T —TFi 6re’ dr?.
—FEEBL X y=f(x)x =), HI—M B A M, 18
dy = f'(x)dx.
B X ad x F1 dx ERRZ ¢ BIeREL, BT LA
&y = f"(x)dx? + f(x)d?x.
5 x BATEMBEHEE. 27 f(OEx X—TH, AT EHEsREEERXAS
bk

% 3 @ 4.1

L 3R y RF x BI85
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1 y=1, (2) y=arctan (ax + b);
(3) y=sin x — xcos x; (4) y=In(x+ v/ x*+a*).
2. W%,
—dx, =_dx |
(L dC =%, (2 dC =775
3 d¢ ) =9%, (4) d( ) =2x+1Ddx;
M
(5) d( ) = (cos x +sin x)dx; 6 d( )=—3%
VI+i®
(7) dC ) =e *dx; (8) d( ) =cos xsin xdx;
_ dx —_xdx
(9) d( “nx’ (10) d( )——m,
(11) d( = cos’ xsin xdx; (12) d( ) =sin*xdx.
3. B ou,v,w ¥k x MATHERE K y XF x 8954
(1) y=uow; (2 y:v%;
3 y=—1 ; (4) y=arctan =
JuET AWt ow’

(5) y=In(u®+ v*+ w2,

4. SRV HBREMS RERE v

(1) x=y+e'; (2) x=y+In y;
2 2
(3)%+#:1; @ Vx+JVy=Va (EH a>0);

2
) L= /Z+y2

X

5. FIAMSEEMITE .
(1) v/80; (2) sin 29°;
(3) arctan 1.05; (4) 1g 11.

4.2 35 Peano &AM Taylor g

AR KB f A xo AT A £ —THAR(G):
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O HAE —AHLSFRTHE

f(x) = flxe) + f{x)(x — x0) + 0(x — x0) (x—x0).
MRLFFETED x — xo ST /M B4 LR AXKBEAEMESL. Bk A
KRB HXFERRE L [ (x)FEMRE T, FOORBAREEM x — xo B—1 2K
AR FFEBHIREY x—x BRI (x - x)? HHPEG /N #Bx—F
RAAXE WX . HE

flx) = A+ B(x —x0)+ Clx — x0)? + 0o((x — x0)%) (x—>xp), (D)
He A,B,C BER. WWEXNERBESHE . RATEEE A, B, C ZHE?
B4 x—>x. B
A = lim f(x) = f(xq).

X“'X()

EXFRFEGT RADEERN

M = B+ Clx —xp) to(x —x¢) (x—1x¢).
X — Xo
£ EAMPNL x—>xo 8 fTEx 67T, 18
= limi('t)—_f(xL) = ' (x0).

x—+xg X — Xo
RHTRE C,.EEE
C = lim f(X) _f()C()) _f(zlto)(x - Xo)
xxy (x — x0)?
Xt E XA A L'Hospital 31,18
ol @0 1L G0 - )
=xg  2(x — Xq) 2 x~x, X — X

BT [ xOFTE, TR

’

C = —21— f(xo).
BRI RAITEH T REE—K— KL, B
FCxo) + fxo)(x = x0) +%f”(xo)(x—x0)2 2)

FAREBEXDHER. BARZIXNQOBEIHERX(DMERR? BERESE
H9  3X J& PR DA i —IK L'Hospital 30 , 818 i

FO0 = (fxad + /o) (x = x0) + -+ f"Cxo) (x = x0)?)

lim
x—xg (x — x9)?
< lim f(x) = fiixe) = f(xo)(x — xp)
x—~x 2(x — x¢)
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ESHHAE

1(. F)=Ff(xe) »
= g (tim T - )
- %(f”(m — f"(x)) = 0,
FFEAZR (1) BT
BT X, ASHEA A R Y.
A4

EX4.2.1 HEHE fESx EBEEE n NIV XE n BEESENIE
BE.2
T.(foxosx) = f(xo) + %f’(x(,)(x - xo) + %f”(xo)(x - x0)?
+ e+ nl!f"”(xo)(x - X",

HRERN f1Exo Ay n IR Taylor LIK,.

RNATIHEEMEH:
EHE4.2.1 RE fESx LAHES n BB NHE
f(x) = T,(faxosx) + 00(x — x5)") (x — x¢). 3

R F%CERME. n =10 ERN QL. B n = k 8,3 L. B
T’k+1(f,)€o;x> = Tk(f’9X0;X)¢
M A L' Hospital &N AMIAHERE . 15

hm f(X)_T[H»](f’XQ;x) _ 1 . f,(x)_Tk(fly.xO;x) —

= l 0.
x5y (x — x0)*" k+1.5% (x — x)"
FiBAY n=k + 18}, () RAT. 0
A
~

R,,(x) =f(x)—T,,(f,xo;x) (n :1929"')9
FRE IR 451 MR R, REEHENZIE .

lim R,(x) _
x——xo(x — Xxo)"

XFFRBIANIHRA Peano(fR I i, 18562~1932) & IN.
HAPELK Q) AGHE ik, SR

FOx) = fCxo) + %f'(xg)(x — xo) + 2—1'f”(xo)(x - xo)?
+ et %f""(xo)(x — X))+ 0((x — x)")  (x = x0).
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S OBAFE WS FHTE

XN ARXMER T BRTRE—TZS, fERAEE n KNEBIKX. HHHE
—IAR—EEG Y x—>x, B 58 T30 58 =T oo RKR x — xo W—Fr 2B
""" 5N XA EXLIET TR xo BIES . — MRE 28 eREAT L 20
XkEMMAE AN EREBERUERRABE LW EEENEEINREEZK
UHE T k. BAKRT—MEARLZ I, B2 R A E AL 5 A9 2. B &R
BiE.Hi,EH 4.2, 1 RIRREE— SIS HESHAE N TA.

PRE I

s 14 (n)
T.(f,0;x) = f(O) + f (O)x + ! (O)x2 + e + mx”

11 21 n!
A f B n K Maclaurin(ZE 75375, 1698 ~1746) L TH =, . FHR #E,
FOO = Tu(f1050) + 0(x") (4)

AR Peano RIAY Maclaurin BE. AX DO BEHEBUERE f B
Taylor B F 3\ 8 Maclaurin R F .

$l1 3K f(x)=e" # Maclaurin BFF=.

B BT EHOP=e k=12, 0 e WEMFREX=0LBEARNL. F
Y x—~08 . H

€ = 1+ x4 hx? 4o+ Lxm 4 0(x). 0
21 n!
B2 SReE% f(x) =sin x 9 Maclaurin BFF=.

& mT

fo o = sin(x + )k = 0,1,2,0,

FFLAL 2 Kk RIBEE, 4 0) =0. Jesh. B H
fEY0) = sin(k7r+ %): (— D*.
UL, 2 x -0 BT

3 5 2n-1

X X

i = X 4 X _ .. — 1)n-1 2n
sinx = x = 37+ 5 +(-D Gn D7 T o, a
B3 562340, wTUAER : 4 x—0 B, F
cosx:1—£+x—4—---+(—1)" X + o(x*1) 0
21 4 (2n)! ’

Bl 4 SKeRE f(x) =1In(1+ x)AJ Maclaurin BH K.
B 2iEH
fx)=In(1+x), f) =0,
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gFSHHE

fo ==  fo=1,
” _ -1 1 - _
f (X) = (1 +x)2s f (O) 19
»w - 1 '2 4 - 1
[70 = G, [T =21
—%ﬂﬁv
(k) - (_ l)k—l(k — 1)! (k) — — k-1 _ [} -
f*(x) = d+ ) N A (1) (- D"k -D! (ke N).
:j:%ﬁ x—=0 Nvﬁ
ln(1+x)=x—ﬁ+x—3+---+(—1)""'x—n+o(x"). U
2 3 n
#5 KEE f(x) =0+ x)*(x>— 1)K Maclaurin BFF .
R OIHE M5B
fOUM) =20 = DA -k + DA+ xR (k= 1,2,-).
%x:()ft}\_titvﬁ
RO = A =D —k+1  (k =1,2,-).
Eﬂlﬂ:ﬁ%ﬂig x—0 Hd-vﬁ
QA+ x)* =1+ + —A(AZ'_ Dyepo A= 1)";1((1 —n Doy o(xm.
BRXEBM A ALREERE.BARITEREHTS
(A)= AQ-D=Q=k*+ D (p _ 99 ..,
k k!
, A\ _ N
EAE() =1 FRAARK
A
1+t = 3 )x"+o(x") (x = 0). 0
k=0 \k
Bl 6 SRR f(x)=arctan x A Maclaurin BIF=,.
B BT fEx=0AAEENHNSE.BHEH4.2.1,8
2ntl ek
arctan x = f (O)x" + o(x®) (x—0), (5)

=0 k!

Hrh neN- . [ ana] b £ (05 k.
B f(x) =arctan x,78 f(0)=0; f’(x)=1+—1x2,1§ fo=1.
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ol BAE O -ARIFNTE

EEZR A+ x5 (x) =1 B{FH,. X x R n Br S5 FIFH Leibniz A2, 15

(1 + XY (x) + 2nxf ™ (x) + n(n = D f*P(x) = 0. (6)
¥ x=0RAKG6),15F]
fY0) == (n = Dnf"Y W), D)
XE neN . HRAD,A[1§
w0 = {0’ Y n A E%HT,
(- D*2k)!, Y n =2k + 15,

j‘ii k:Oqlst"'s'fﬁAi‘t(S)’@iﬁt‘j
— S (- Dk 2k+1 2n+2
arctan x = E:—x + o(x*"*%) (x —0).
= 2k +1
ERBEE L, HE
x3

arctanx:x——+x—5_...+(_1),. 1
3 5 2n+1

FIFH RIBE R E T5 R A Y arcsin x (] Maclaurin RIF =, H i H LT HE—
AR SRA .

33 LA X JLA Maclaurin B R R A B A RBOMENE, ETCIC. 0T
RA Bin ETRBA L.

Xif oR BAE AR BT R 15 ZE A ) B n = 2,3, AT RS L R 57 B 15 2
RIE NS E B E, FEEN S EX B AE, MK R (OBAEEN
fhit, RE—FE T Y x—>x Bt , BRE(x - x0)" BT/,

B XK, HF Peano RTIA Taylor ARNME EMHEEMN/EA. fEXE. KA
3 & I PIITURE P » 35 — R SRAR BR - 55 — R AR b i7HE eR B AR K R/ RIRE.

Bl7 HERER

x4 o (x?), 0

. e'sinx — x(1+x
lim - 3( .
x=0 sin® x

iR RA%sMEE/ME. BN ERERIRS

e‘sinx — x(1 + x)
3

lim
x—0 X

HAHEHME. el . AT EXFH 0 FRITA x =07, A T =B E
FNTMEETHE. BT

e*sin x = (1 + X +%2 + o(xz))(x —g—j + o(xs))

3
p X
=x+xl+§+o(x3),
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BEIMEE

B A

3
e*sinx — x(1+ x) = % + o(x3).

AAERR%ETF 1/3. 0
S A L'Hospital 5 I 3 fif 58, AR 3L 06 00 8286 F = I BRI, A anix B 9
FEHE.
%8 TEHR
im(x - xn(1+ 1))

B 4 x—>ooft, /x>0, TR

(10 2)= L ghvo(d)

X
A
X - x21n(1+%): % + o) (x> ),
M ATR B9 FR A 1/2. 0
B9 KRR
. sin x — arctan x
0 tanx —sinx
Rt

tanx—sinxzsinx( —1):sinx(1—cosx)

cos X cos x°
W x—0 Bf.sin x 5x HZEMELF /M, 1—cos x 5x2/2 HEMH L /. cos x—1,
H R R % T

2 lim sin x —Xz:rctan x

x-+()

XHEHA
sinx —arctan x = x — %xs + o(x%) - (x - %3 + o(x3))
= %x‘"‘ + o0(x*),
FrLARRFR%F 2/6=1/3. 0
10 SRR

. 2a na
Iim cos *++COS

a
cos .
= nJn nvn nvn
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D B4 AWM FHTG
® ic
P, = cos —?—Zcos 2a cos%a;
Xt b BT, 15
InP, = >In cos’%
k=1
2
ﬂﬁﬁ%iﬁcosx=l—%+o(x3),i§
k 1 k*a? k®
cosnT‘/lzz 1——2— n? + o(—g/g)
_ _lkzaz ~1_
=1 2 nd * 0(11)
BT In(1+x)=x+0(x),d[78
ka 1 k%a? 1
In cos =7 3 ln(l 5 n? +o(;))
__ 1 k*a? 1 1 1
== g re(n)teln tely)
—-__l kZaZ l
= 2 53 + o(n).
TE
; ka _ 2
;ln €os - 33 = 2’1 Zk + o(D)
__a* 1
=" 575 —=n{n+1)@2n+ 1)+ o(l).
B B ig
limin P, = - &
fimIn Py ==
A
lim P, = e /. a
# Peano RYHY Taylor EHARMBRREREHAE HTH.
EIE4.2.2 WEW fEx LFHR kK IS FE
f,(Xo) = f”(X()) = e = f(k_l)(X()) = Oy f(k)(Xo) #09

B4
(1) X k HEEET, xo R [ B (ES.
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BESHRE 0 T

(2) Y4 k REEETE P (x0) >0, xo B f BFEIR/MERE fO (k)<<
0.0 xo & f BB KIEA.
ERR BT f (xo) == f* "V (xy) =0, R Peano KRINH Taylor €, 15
F9 (x0)
k!

f(X) = f(X()) +
B AT H

(x — x)*+0({x — x)*) (x— x0).

fCx) = flxo) _ f* (xe)
(x — xo)* k!
RO HBHHE—TR—NEFTHZH BRI /NE, Bt x—x, B,
RO ARG ERENTFS.

(1) %4 k BAEE, R f° (x) >0, ARG HHBBIEM. X4 x<x, B,
LB (x — x0)* <O, M f(x) ~ flxe)<<O0, B fx)<<f(x0); 2 x>x
B, Cx — xo ) >0, =T fCx) = f(xo)>0,BD fFO)>f(xo) XV xo A& f BIR
A Y P x)<0 B, iHER—HH.

(2) 4 k ZE%E, RO LN 7Y xF£x, BHERIEMR. IE [ (x)>
0, R4 % x FEATEIR x0o BAET x0 BT, A f(X)>f(xo), B xo 2 f B4
W /IMELES . J0SR 9 (x0)<<O, [AHR, v I xo B f B P“HE AR KAE S 0

+ o(1). (8

% 3 M| 4.2

1. HETHIRR.
2
. cosx—e £/¢
(D tim S

. e —ef
(2) lim————5-
«=0 Sin ax — sin Bx

(3) lim (xs—x2+%)e‘“— VEFI);

X—*o

Ca7P)s

4 lim ﬁaz;_z
x—0

2. WY fTER xo BHERTLARR A

fG) = Dlaw(x = x)* + 0((x — x)™),
k=0

(a>0).

[ REBER

(k)( )
a, = f_k'x_"_ (k =0,1,+,n)?
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X

i e - LRI ERR

i (14 ) (10 5 2) (14 ) ]

- B’

o] & 4.2
. R 1 n+l i n
foo = (1 2) - (1+2))
R f B9 SO AE .
. RiE:
. n* 1\ . o1 11, 7 _ 2447
lim (% (1+57) = nt+ % - g3n + 357) = 5760
. BIE  BIR
N (2x = xP)HF - 24t
2 %
etk xR,

. % x,=sin x,>0,x,., =sin x,,(n>1).iIE%:lim n/3x,=1.

+

vll
n+

By = >0, 220 = in (14 220 ) (n>D) EH lim y, = 2.

—Ftha ¥ ¥ T

4.3 ¥ Lagrange £ Ml Cauchy TRl

Taylor £ #

# Peano RIUK Taylor EH, EWMKRMNC LB B, UEE TFHREHK

FE— 4G R B R RE S5 RGE AT, A E TS R BE KB NRHERE. AT %
AR X — R, Te BRI BAL” . A TH

EIE 4.3.1(Taylor) & fEHKE(a.b) EH n+1 S8 x0,x B(a,.b)

FHEEM A IRA

flx) = T, (foxg3x) + R, (x),

A

Q)
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HESWHE

(n+l)
R.(x) = { (j)‘(x X)), @)
wHE
(n+1)
R.(x )—f n'(f) - 6" (x — x0)» 3

KB RN TFxo 5 x ZEH—E. —BORR, XM PHY § BAHEEFHN. K
()T 4 FIFR A Lagrange K£INFI Cauchy I .
iERA  id
F(t) = To(frtsx) = f(1) + 2 f(k;(")( - DF,
k=1
AR 4
(f(k+l)(t)(x 3 t)k 3 f(k)(t) (x 3 t)k-l)

F<z>—f(t>+2 KD

Ck+1) -l e(k+]d
—f(t)+zf (t)x—t)k—zw(x—t)k

k=0 k!
o f(n+1)(t) . ,
= + " (x - -
i (n+1)!(x D" = f ()
_ f(n+l)(t) _ "
———(n+1)!(x L (4)
—_ n+1
@Eﬁ%l}ﬁs.zx.l,ﬂmﬂ‘@ﬁg(t)zF(r),Mz):(;‘—_7’0) 7E X 18] [ o » x ] (B
iﬁxo<x)j;ﬁﬁ‘3|f£3-4-l»ﬂﬂd‘4‘¥?ﬁ ee(x()vX)’ﬁ‘?g
F' (&) = A’ (E)(F(xo) = F(x)). (5
EBBEY
A =—(n+ 1 XD (6)
(x = xg)
R (D FERLARK(), B
(n+1)
7 ey == +1)——$-)—m(T,.(f,xo;x) - FCO).
n! (x 0)
I BN
(n+1) E
f(x) = T.(foxo5x) +{ +(1))'( - xo)"t.

X LR EUER)

_x—1 ' _
_xO,BllJ,\ ()=
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TE4E —ARSFHTE

-1 ARG,

X_XO’
{(n+1)
f n!(E)(x—E)n :—x_lxo(T,.(fsxO;X)_f(x)),
BrlA
(n+1)
f(x) = T,(foxg3x) + fn—'(E)(x - (x — x0).
XA REEIER (3.
MR x<<xo, 53 HH
— n+l _
Ao =1- (=L a =1- 2L,
X = Xo X — Xg
BPRES B (2> F1(3). 0

FEE.ERQH ,EFR 2 =0,FFH
flx) = flxo) + f/(E)(x — xo).

X IER: Lagrange P{EEH. A, Taylor E# & Lagrange F{HEFAHES .

BTXMEREEHERARZE , BRITHATUEXTEEANMAREE D
$HE ML) KB R A 2GR R f IR ZE . FRINE, HRA1FE f VX
MNMEENARIFBERR P | — MR/ R B IR T .

YE4 Taylor AWM — R, RITESF B A EBEMREAKX.

R f:La,b]>R. HF S (a, faN (b, f(b)Frk L RSN
1, Bp

I(x) = b:;f(a)+x_gf(b). 7)

b b -
It f EX A a, b] EHERMERRE. sR% f 51 WJLFAIKRME 4.3 Fim. R f
fE(a,b) LA B LA ARATET LAXX MG E W R iR E 1 At

v

MH4.3
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BENFRE

£®4.3.2 ®fRa,.D]ILHELEER . E(a,. D LHE _MEH. | A
(a,fCaNF(h, FIDOBEHRIERE. R 1 (a.b) LB ER N M, I 2%t
&8 x€la, bl E

| flx) = 1) 1< %(b - a)’.
iER 18 fOOB R

fx) = =4, (8)
B2 (7 FI(8) , (1R
I(x)—f(x)zg__x foO) + E28fby - fG). (@

F|F#F Lagrange RINA Taylor ¥, H
fla) - f(x) = (a—x)f(x)+ La- X8 (a<< &< x),

2
FBY = fCx) = (b — 0O f (x) + %(b XD (x< < b).
L EFHRRAROBED, BITEA f OOBELSIRMY. ﬁﬁﬁﬂﬁﬁ,
1(x) — fx) = b= "’2(*‘ —@(X=Lprgy 4 2= X)) A0
b F L 250, 22X >0, 3 B EAIMAMET 1,511
| 100 = fon (<=2 xma) (X =8 grgy |+ Xy f7epy 1)

M, _ I\_/Ib—x+x—a
< b - x(x a><2( 5 )

= %(b - a)?. 0
EEXAMEH BT M BN KR E R BB R XA 5 M RN, B2 y
= O WIRBUEBTRITL. XL R A JLAT .

BRI KA B F o2 >0, 25 >0, A= £ 2 % F 1, Htst

A0 HAFESFMMAELNTF (55 f"(p 2. gy Darboux EH, % f"HE
HEYE, A ANRETLERN (O, Hph $€ (a,b) . XFEHE )

1(x) - fCo =%(b—x)(x—a)f"(§) (a << b). an
AR, RITHE-RER“WER =004 f £la. b] EBM B X—5515.
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D AR AR ERTE

BERMNKEER L -6 FPIREY SR Maclaurin & FF X &
Lagrange & 1.
#11 Xte*,H Lagrange KRIN
R,(x) =
EH:FG?;EOEXZI‘E]/% BZE/X,:]:E
e‘=1+1i!+12‘—?+---+:—;+me+—&1)!x"” O<o<D. 0
BTN BHELEE 3.5 TR 2 R EBTIBRT.
g12 3t
x3

inx=x-%+X s (D™
S X = X 3! 5!
H Lagrange RIRE
Rz,,(X)z

&
(<]
(n+D1¥

n+l

x2n-—l
@n-D1 ¢ R

x2! 2n + 11()
2n + 1! 2

— (_qyn _COSE o
=D DY

HPEEOS x ZE, BT LAEHE §=0x. XHE—%. &
Ren(x) = (= 1" 2S080X__on1 (g - g < 1).

sin(5+

2n + 1)
XA B RITANEZELBFAT £ X—W. AL EZBROME . FFUK
lﬁigflﬁ RZnﬁﬁK%RZH—I' D
g3 Xt
_ x2 x4 n x2n
cosx =1- 21 + " + (-1 2l + Rapa1 (X)),
541 2 254pl, 118
N _ ¢_ qyn+1 _ COS Ox n+
Rz (x) = (=1) 1—(2'1_'_2)!x2 2 (0<o<D. a
B4 EEREInQ+x). RE
n1+x =x-%2+% 4D E LR (0,
2 3 n
H Lagrange &%
R.(x) = & x V< o<1). 0

n+1 (1+ax)™!

s HFx>-1,%
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BEMTRE

n

(1+x) = Z(i)x" + Ra(x)+

k=0
H Lagrange RT1 2
R,(x) = AQZDQ 7 1) g4 geyanignt (0 g < 1)

(n+ 1)
H Cauchy g1
R,(x) = AQ = l)r;-!-(,x - ")(ffei
£ 5 B, RANFIFFIZR THEAEXWRN, XREAREHF A+ O GXE A AR
EIEEEO/E Maclaurin BFFAY, 7E( — 1,0) X — L Bl , Lagrange R I AE T F 3k
{Eft1T, FIFH Cauchy RIS MEAE. K| x | <18, BHA x>-1, A1+ x>
1-6>0, ATiA&

)”(1 Y a0 et (0<f<D). 0

(iva) <L
HERRMITESAE RN 0 B —TLEBQ+ 00 BT x| <1, A1F
1- ] xI<l+aox<<1+] x|.
At

LAQA=DQom) Ly g i x> 1,

I R.(x) | ) (12)
| AQA '1)’;';(/1— n) |(1_| x DY x [t A< 1.

HEXE, SR T AR R A AREHERE. 7 20 thag 50 44, Xt Ay
AR RFE R B g BB E B B BCE T S B TAER A 4E A HRHES
ZETAT KA E BB ERE D B (1910~1985) BB E H — iR B % — % MufiT,
REMINNEMMAEREGNA. BEZ RV EXERECAHER. HREXF
1956 SEH— BB EARRME . KAMBE E T A(RRE R X MEE R GEt
B/ 2V ARt L E S ANRATEXM XN E BRI RES, EEARR&EFHRE
BRARE-ER? FAANRBIRFER, —FXRE. LR L, X30RE Taylor EHH(E
BB —0I1F, ARG NFERBZRE T BRI ES RHETEA L
R sl 2R — B8 B R G T FRE TEEERERSRFENIE AR
AEBUBETTE. TERIEFXERA .

Bl6 K2V HIEAME.

B ORBR—AECERER .- ENSKRI S 2 bR Fln, B 1.2=6/5, B8
SIKFTR2.48832, 2 X T —4E. TR

- 204 -




HA4E T FHTE

5 5
2= (2) - ((3) -2)= (§) (- %),
4 5=1526/6°=0.196 244 9--. T, FIf Taylor Bt , 8

1/5_§ _ 1/5_§ __l _L 2__6_ 3 _ ..
2 = 2= = (1~ 56~ 558" ~ 30 ).

IR ATBRBGX IR AL ME, 5 B R 1.148 768 6---. BLLE] . X EUE
FE R e ? XA RTR AT XEF, A =1/5<1,n=3. Hit, RHFER
A2)dh A<<1 B AR, NA

1 1 4 9 14

| Rs(— ) K e = o= o= o= (1—8)45g

= 687%(#)4/534'

BT 6§<<0.2=1/5,#

1-6
53)):4
21 4 = ven
| R3(= &) |<ﬁa = 0.000 249 2---.
XUEERZE AT 3/10 000. HEFITERE L 25 =1.148 698 4, F R FHA 1K
it 0

TERE— M BARBRIE IR E K E T
R IE R sin x, R H—MRER .
® BT x6[0,n]’ﬁﬁﬁ

| Rio(x) | < 2 < T = 0.007 370 4
10 X)|\1—1!\m— .

XREFFREM. EE 4.4 F,EE T — K. ZR AR B RAILK B sin x
Maclaurin ZIRAX A ER. ZEXE[0,n] £, LIRETMAKNEBR S y=sin x HEH
JWFEA—E AREAEHF CMNZMMERN. X5 FEE RO BESREEY
1. 0

WimtE I R ERE Taylor £ A9 K 5. 3L AE A 7 H B X o 4K
HEERE. — N ELNBTFREK

9
!

=

o
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y
y=T1(0, x)
y=T5(0' X) y=T9(0, x)
19
o x
y=sin x
y=T3(On x)
y=T«0, x)
ma4.4
e—l/x2 . X ;é 0,
(x) =
f 0 ’ x = 0.

XA R 70 B B AR RERKA FH. MAZIEHETE x =0 b TR KA
T 5EER (O MFEB u=1/t ZJ5, TR

§ = lim £2=S© f‘O) = lim " = lim % = 0.

1—0 U= eu

HULFE

A -1/4%
00 :{xse s x#0,
07 x = 0.

ROVABPPBERKIEN 4 x#0 H n€EN" B H
fo 0 = P )ev,

XE P, (OF t B3n WETK. 5 n=15, EHTERHREIE. ) P (1)
R ¢ 893k RETA L MA S x#0 Bt

e = (m(e?) = (DR ()R

Pia(t) = 283P, (1) — 2P (1).
HIHARIE, P (DR t B3k REFAX. EXFH P (DRt 3k + DHKREM
2. BAERIER f () =0XF—¥] nEN" L. ARAE. Y n=1RHELEH
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L BAR WA EH T

. B fX0)=0,F&
f(k+1) (0) — ll_Il(';l

(k) . fk) k)
FO 0 tf © _ o P

0 t

TR TY u—obf, IR e BIATT v EBANEHEFT K.
RIS, f B R F—AERK

SHEES, H f20)=0(n=1,2, |

3,-). B f ¥ Maclaurin ZH R {8 i
%F 0. [ i, b AR L K, \ ﬂ
WABEMHEXT f(x) (xF0) BB 0 -
FTH—! Epr e, f(x) =R, (x)
(n=1,2,3,), BIRWAGER B f 4.5
AE!

XA R — MR A S RE. ENERNE 4.5 iR B Y x =0 R
B ERE/ME 0, (BX —FHEAR L FHER 4.2. 2 KiIESE.

BE FXRAE M Taylor &35 FH#H+F.

I8 i fZ[0,1] B _mI%. R

RO <1, | fD <1, | f o <200<x <D,

ﬁEHBXﬂ"ﬁ/l\ x6[0’1]s7§|f'(x)|<3-

iERA | Taylor E¥,18

FOD = fOo + fOO - x) + %f”(é)(l —x)? (x<E&<D),

m quu(Zu) = 0.

u—>o e

FO) = f0 + OO =0 + 2o -0 <1<,
B LA P 15
QD = fO) = f/(x) + Lf(EA =07 - LD,
FE.HEEH x€[0,1]. 58
| F(x) 1= | fD ~ £ - %—f”(&)(l — X%+ %f”(v)xz
<IFQ) [+ fCO) [+ 2 | f/&) | (1= 02 +% | £7(m) | x?
<2+ (1 -0+ x2<<3. g
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B9 W frEla, + o) PE=ZHIH. WFE
lim f(x) H xlirgf”’(x)

X+

EFAHBR U
lim f'(x) = llmf”(x) lim f”(x) = 0.

x>+ ® x—=+co

iEM B lim fCx)=aq, lim  f”(x) = B. il Taylor 3, 7§

Ji€?)] L8

flx+1) = fOo + fx) + (x<&<x+1D),

2 6
f(x—1)=f(x)—f'(x)+f(ZX)—fén) (x —1<<yp<<x).

JELA LB, 1%
flx+1 + flx =D = 2fx0) + f(x) + %(f’”(&) ~ 7).

#LLHS x—+ o, H1G
2¢ = 2a + lim f"(x).

X+

MTii#% lim f"(x) =0. i Taylor E¥,7%

fl/(E)
2

LS x—+ o B8 lim £ =0 BERAIDPL x>+ <, H1FF

flx+1) = f(x)+ fi(x) + (x << &< x+1).

a = at 4.
6

B %S B=0, EﬂxLirpmf’”(x) =0.

O

A EAE SR B E, lElFﬁ ‘FTaylor EHFEMNERERATIN.
Taylor EEBEREBEMNERR, E— MAE SWIES, W RE0UE Sl A 2 0R R
. B e BB R BE— ﬁﬁ%ﬁ?@ﬂ‘]ﬁﬁlﬁ—-ﬂﬁﬁﬁ% Peano 470 ) Taylor
SEHE, A MR BT B 2 A 8 B AR BR » FT LA BB AR Hu B 9T BB B AU AR 1L
# Lagrange R #1 Cauchy R f Taylor ¥, A] LA FRE i i0 R Y 5214
PE O BT DUIE B — 26 R 5 0. BATTBE AT LAFI A Taylor 8 38R i85 o $FE—
SRR ME ., AT AFE R - (BRI — A R E) B B 2Rk EBE— N E 2
HIRE. MR, RATLAUX —PMEFRIT BB, LIER ERE—EWNTERN

ESPrE= T DA T

HHEATAB EEATIREIRY Taylor EBITHRMFLAZE MEED BE

BLALR — O B TR, IR T K.
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% > & 4.3

1. BEDIR 1+2x +3x2+4x3 +5x' #E x + 1 BRI

- FedEERKES R f 7E x = 0 A Taylor BT .

1+ x+x?

(1 f(x)= 1—x+x”§§u x BYPUIK

(2) f(x)=er B x HIK;
(3) f(x)=In cosx,B&| x B751K;
) f(x)=tanx, 55 x KWHIK;

= BB x K

RIS E MRS R f TEREE S xo AbH) Taylor ZTK.
(1) flx)=sinx,xo=7/2, 58 2n K;

(2) f(x)=cos x,x, = 52| 2n iK;

3) flxry=e* xy =1, 58| n IK;

4 f)=Inx,x, =2, 5% n K

(5) flx)= 1+ — % =0,F82n+11K.

IR f Mg (-1 FERKOR,H
[ f ) — g I<nt | x| (x|<<l.n =0,1,2,).

(5) f(x)=

KiE: f=g.
. ¥ x>0 8F, 3KiE : XHEAA] nEN ¥}
PR PR el
X‘?"'?_' 2+§— 2n-1°
@ M| 4.3

R fTESR G H n+ 1R H [ () #0008 f 7E xo Ab%& Taylor A B FT .
FCxo+ h) = fCxa) + f/(xadh + e + %f‘"'(x(, + 0.h)

Heg,€(0,1).3KiE:
1

lim 0, = =7
- B’ fEXELa,b]EH B FH, Ef'(a)—f'(b) = 0. 3R AEHE ¢ € (a, b) {578
| f7Ce) |>(b = | foy = fead |
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3.

2
BP0 =1+X+ X

BroR¥ f#E[0, 1] EH Z“Hr SR, f(0) = f(1)=0,3 B7E(0,1] L R¥ f WE/MER
- 1.3RE . HE—5 €0, [#18 f/(&)>=8.

LB (ko — 8yxot O EH n BrFELH

FrCxa) = f(xq) = oo = f70(xy) = 0,
{8 ™ (x0) 70, fFE xo AbiESE, B 24 0<<|h|<<s B,
fxo+ h) = f(x) = hf (xo + 01) (0<<H<1).
iEfA .

. _ 1
lhlllr()] 6 = plitn-b

x" .
1 2—!+---+n—!(n€N ).

(1) iEBH . Y n H{ERET, P,>0;
(2) iF8H . X n HEHET. P, AME—MLETES:
(3) i€ Pou ISET A x,(n=0,1,2,) SKRIE: HF{ x, B WA T — .

. BRI S E[0.2] R F(O) 11, | f I BIfI<1.iFEMAEXAKE E, | <2,

B 2 R&/PMIHE.

CREK FER ESKAIS. 4 M, =sup| fX(x) | <+ o (k=0,1,2).3RiF:
XER

M < 2M M.
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58 RESHHEH

5.1 [kt

EE3E RICRF¥LTRIBE. MENWSRE. KEABERLGH . IE
it EEMNNS . BE. RNENTBHRRSNBZE, BRFERE. Rikk
PLCMBERMIEE F 5 HEXR

F'(x) = f(x), 1
X B x R X E L BBA F A f R XE E—RAEE. Mtz E K
A RE A LMER E R E RN A EN— A R, A AT KFERE?
REBEEEREENEMN? XELXIE 6 ERMA BN BRI FEHEHE, A 68
ERHLT %

MR F RS — T FRREBLAIHEMER e, H(F(D) + ) =F(x)+c¢'=
fOOTHF+c R fHERE. X8R F 5GC #&2 f 7EFA XA _E RS,
R4 H#

(F(x)-Gx)) = F(x)-G'(x) = flx) - f(x) =0,
BRF-GUR—IEH XA, MRAEMFERRAT fBI— 1 EREF. 3
LBRPUK{F+ c:cERVEH f MR REABN. XM EAHIEN

Jf(x)dx. (2)

st [ NN B [N ERER. [Odx A BRBAR. MA@ HHFE

Ra AR ABE XA BRIX B 6 TA YA GG — P ARIERICIZ.
HENTKREB [ EM—NRREF 25 . M UXHERE .

Jf(x)dx = F(x)+c.
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XMARXSARK
F(x) = f(x)
ZeR—EE. PHATX—AZE MR- TRITEARBHAOXWIERTE, 5L
AT AR = AMARKER . R FBRAKERE L.
BMAERNTT LB F] — KA (HP c FREFL -

1
— A — A+l —_
dex-c, dex—l+Ax + (A #- D),
J%dx:ln|x|+c, J'e"dxze"w‘c,
Je"dx =e" +c, fa"dx = —l—a" + C,
Ina

Jsinxdx=—cosx+c, J.lz dx =—cotx + c,

sin® x
Jcosxdx=sinx+c. J 12 dx = tanx + ¢,

Ccos* x
J;.dx = arctan x + ¢, J 1 dx = arcsinx + c.

T+ 12 Ji-x

ENMERETEAR FEERRE. RIVEXESGES | Zdr = In | x |+ c.
M x>0 0, x| =x,
(In|x ) = Unx) = l;
X
LB x<O08f.|x|=—-x,
(Infx D' =Un(-x)) = (x)
-x

Bt X AXRIEHR.
MR R EAA E B B9 RE Lo LRI AT LU B AT & i

(D (Jf(x)dx)’ = fC0;
2) JF'(x)dx = F(x) + o, RS HIE B RR . S 2

* |

[aFo = Fex + s

3 [(fCo + glodx = ff(x)dx + Jg(x)dx;
(O R c BARETFT OWER.NHE
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T F#S5HE RBMFEN

ch(x)dx = c'[f(x)dx,

R UL HEOT AR BRGSO E R . BAVERE 70, BENAE ¢ =0, M EXH
AAET 0. MAENREELHMES  XHER T E X EHRAEL.
AT X, ATSAT AR E S H AN e oy il

I(sz + %)dx = Jszdx + J %dx de3 + 4J %—dx

x3+4In| x|+ c,

x* - -
j1+x2dx_J(1 1+2 de J1+ 2dx
= x — arctan x + ¢,
Jtanzxdx = J( 12 - l)dx = df —de =tanx — x + ¢,
cos® x cos’ x

J cos 2x dx = J cos’ x — sin? Xix =

- j(cosx - sin x)dx
cos x +sin x cos x + sin x

= Jcosxdx +J(— sin x)dx = sinx + cos x + c.

] FIX S0 18] B AP BT, FRATTSE AT LASK i 2 T S R B R ek 3. (H R, X —
RARRBAGAN . CLF¥LE LRI ERBRN T EMEEIT. RITX BT
IR ERARR, B—FMES ML X, B R fERTE.

Z& 3 & 5.1
RFIARER:
D [z + xdr;
3 J(l - l)«/)7dx- (4) Jcoshxdx-
xz H H
x+1l _ gx-1
(5) J-sinh xdx; ) Jz—loxs—dx;
) je, Flaxs ® [ VT=sinzxdx;
dx ,
9 jm; 10 J.COSZXdX;
o2 . X .
(11) Jsm xdx; (12) J- g xdx,
x4
(13 )Jcos xsintx’ (14)J1+x2dx’
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5.2 e

5.2.1 SERaE

B u5v REENT SR BRSFEL,

(uv) = u'v+ uv'.
Xt R BEARAER D B3
uv = Ju'(x)v(x)dx +Ju(x)‘v'(x)dx.

FREOEDBEEMEEEEE c . REARAAINAERIPNASEEEFH.F
LERAERF -NAERSHE, Rt R BEELES FEEFH.

MR ERERIAAERS RERPH—IeERE R BAHI—1 BRI

BUHT RIOWEZRFERUL . BMFEREBEHR. flm. HPHE—ITETHEH,
1A

Ju(x)'v'(x)dx = uv —Ju'(x)v(x)dx. (D
Xt 8] LU AR
[udv = wv - [vdu. @)
XM AXBUESBRILR.
1 35| xedr.

B OXH,GHERR e, EFRER IR ER. HRE, REEXPHH—
PMREEBERERODOFY v, MB—-NER o BRE-FHAN. HBE IR HEE
ff o' F v APLLERTI A, Wi u'v WAERD S TRE . Han e merr 4am
YE“E 277 RUETHRE L, X RN KENSHT PO ks,

FELHFIXAEFH, ERFEMRATERIFAEE. RFS u=x,v =" 3
T7.3X68F ' =1, BB x 87, M v=c LA vV BE“E L. Bk, R
AR H

Jxe"dx= Jx(e")'dx = xe* — J(x)'e"dx
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0 BES5E REMBEN

= xe - [erdx = xet et + 0
ERE—A R B RIERTHREREFRAEZK.
12 [ rerdx.
B EBelITE.R
[xrerdx=[x2(enydx = xer - [y erdx
= xter - 2[xerdx = x% — 2(xe* - [e*dx)
= xle* — 2(xe* —e*) + ¢ = (x? — 2x + De* + c. 0
13 313In xdx.
M ARAARD.H
[inxdx= xinx - [xdinx = xinx - [x - Lax

=xlnx—de:xlnx—x+c. g

TEXFPLES IEFEER - In x KRZEERERLNFHRE 1/ x,
1 R B R A B B, P RAE A B AR Atk

Bl 4 ﬁ‘ﬁje"ccs xdx ,Je‘sin xdx.
# FAIBRSE.B

Je"cos xdx = e*sin x — Je"sin xdx,

J.e"sin xdx =—e*cos x + Je"cos xdx.
XRE—PMRTFENERBA T BAE. HI#Ed

1 . !
Je"cos xdx = g(cos X + sin x)e* + ¢,

Je‘sin xdx = %(— cos x + sin x)e* + c. a

FEFSHLT . R HARR B XEH R, T HEKE T — M EBBIER
GEARRAROA S0 . X B 23 28RS, BIVB BN EE TR EBE IR R, T2
FH—NEMAFEER, HPRIRRAB/NRIE. X8, £ LEREZ )5 SAES
ARG R . IR IBHEHER L RNBWRAF T

+ 215 -



&5 it
Jcos" xdx, Jsin“ xdx (n &€ N*).
B XE—NRERD PR cos” x 531% A

cos xcos" 'x = (sin x)'cos" ' x,
2o Ul 1 Y5208 Pl =R L

Jcos" xdx = sin xcos" 'x + (n — 1)Jcos"‘2xsin2xdx

sin xcos" 'x + (n — 1)J'cos"'2x(l - cos®x)dx

1]

1]

sin xcos" 'x + (n — 1)Jcos"‘2xdx - (n - 1)J’cos" xdx.

B LA

1 . - n-1 >
Jcos" xdx = ~,sin xcos" lx + cos" 2 xdx.

HER, EXGANAERS T ES NSRS T 24~ AEREFHAXAA
X BIEHHNHTH

Jcosxdx =sinx +c B de =x+c.

REZERET—TERE—1 BKE n WHEMRE.
Felsh, w7 AR F

jsin" xdx =- %cos xsin""lx +
Feplh, % n=21,%

1 .
Jcoszxdx = =(cosxsinx + x) + c.

n-1{_. ,-
Jsm" Zxdx.
n

2
M2
Jsinzxdx = f(l —cos’x)dx = x — Jcoszxdx.

B LA

fsinzxdx = %(x — cos xsin x) + c.
Hn=30f,F

Jcos3xdx = %sin x(cos’x +2) + ¢,

Jsin3xdx =- %cos x(sin*x +2) + c. O
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5.2.2 #iTiE

TEH R R 5 BT MR RR B F R R G BRI HR 7.
HITEEPABIT

&6 ERJsinaxcos xdx.

R MR REH sin’xcos x. EHE—TEAR sin x BIRELHE - PMEK
£ sin x 3% FHZE & BB R AR, RS H

. 1.
Jsm%ccos xdx = Zsm“x + c.

EAREE, AT LARUE R AR RIERY. 0
& 7 SRJxe"z dx.

R IEFHRBELE.
xe* = %(Zx)e"2 = %(xz)'e"z.

Rt HBETF, Hh 24 e B x BREL 5 —35 2x EFRE X I

REARBMREAX.H

(e”) = (x2)e’.
X3
Jxe"zdx = %J(e"z)'dx = %e"z + c. d

ML, RITATURSE — B HE. REFR BRI LSRR EA T,

F—THARE NI TEER ¢(OMEBE f(e(x), MBE _HMPER ¢(OHE

PR 9 (), RAEH
Jf(so(x))sol(x)dx - jf(u)du. 3)

—BSRUA O GAH—NREEL M LA w = e BER x BB RO
MERBETEIERXCOBNTAS T x RFBRIEL. XBF, NAHB Y

fCeCon @' o) s TR I (RIFIE A BEAR AR BH f( u’%'#ﬂ

f(ujg—‘; = (PP (x).
XMAE TR (DB IEFH:.
pis k|9 xmamazo.

ax + b
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KEMTBR O T

& BT
1 _ 1 (ax+b)

ax+b a ax+b

a4 u=ax+ b, \

dx —ljd—u:llnlu|+c:lln|ax+b|+c. O
u a a

ax+b a

In x
1§|]9 EKJTCIX
# EEIUno =1/x.E1%

J'ln—xdx =Jlnxdlnx:lln2x+c. 0
X 2

EMFTA SRR ENAR—F, XOOTUNESTHE—HABS —%.H
THERXNER  E— I RERANFAT. GRIOIEH 2 -y =(x+ G-y
R, REERADM: MREWR(x + y) (x — y) = x* -y, X RILH T RER
I 73X B, B 6 2151 9, ATRAREX (D B ERIFEMEAE , BT R
BREUS R P TR B e B, LA — TR — 1 R B 2 0 T 53 — T 5 A BR )
BB XTI MR BRI R R IR EB, “BRAZY . FF—L07 BB —
EZM. BRFHEEXMHTT, RALZM0EE . ROTHRAT LB G MR X —
T E, B

[rewdu = [feoen e’ oz, (4)

Kb u 53 THITu = e(OMT x B eR¥y. Houh B R ZiLHT ISR ek R
ﬁ‘%)‘(Z?ﬁ@J”‘Wi EFZHE . XERAEEN. EE —&6T.

8110 5k | 95 gbs a0,

R RATFE, IR a =1,FB4 arctan x FLR—NIEEE M /EIN T d9 4%
Jo:x=at, M dx=ad:t B

_dx lJ' 1
= = —arctdn t + ¢ = —arctan = + c.
a? + x? 1+ 12 a a U

Bl ﬁﬁja 25in? x(-ikxb‘coszx’ﬁqlI ab 7 0.
@ aT

dx d(%tanx)

a’sin’ x + b*cos’ x ab(l + (i)ztan"‘x)
b

?
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T LA

dx 1 ( a
— — = —-arctan|+—tan x)+ c. O
Jazsmzx + b%cos’x ab b

i 12 ﬂ Ja% = dx JHH | x|<a.

B NTHREFREEPHIRS EHEHRIT x=asint (|1 | <n/2D), F &,
VaZ— xE=acos t.;XE(E5H

2
J Jat - x*dx= azjcotzldt = %(t +cottrsint) +c¢
2
= a—arcsinai + % va?-x*+c,

2
XERITFATH S 0ER. a
- dx
B3 k[ st a >0,

B ANTHAEZXMNAERD ERNEHZ—TESIE 2.3 0% 10 EHE L
FR 25 # XL ey e 5 -

cosh t = %(e‘ +e'), sinht = l(e' —e ).

2

ENTE LT = &R AR

(1) (cosh t)" =sinh t,(sinh t)" =cosh t;

(2) cosh*t —sinh?t =1,cosh2t = cosh®t + sinh?¢,sinh 2t = 2sinh tcosh ¢ ;

(3) x=sinht WREHEHFt=In(x+/1+x2),x=cosht IR EE K=
In(x+Vx*-1).

MAX=RUE.ZHELEPHRERS. (EERERH: x = asinh 1, dx
= acosh tdI,W"a V1+sinh’t = acosh ¢, F &

aCOShtdI:Jdt:t+c

.[ m acosh ¢
ln(&— ‘M)-{- C
a

In(x + va?+ x*)~1Ina + c.
HFhna B—1MEEHU c—-na REEHES.EMEXTER

=In(x+ va®+ x%) + c. d

a® + x?
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BE¥ESEE 0

Bl14 K| V7T dx.
B ETERH x = asinh ¢, WJEFHHTE R
J vat+ x¢dx = azjcoshztdt = %ZJ(I + cosh 2¢)d1

= %Z(t +lsinh2t)+ c

2
“a(IX+‘/2 12x\/a2+x2)+
= n c
2 2 a’
:%ln(x+\/az+x”)+%x va? + x% + c.

7 — s R X R ME— R TR RIEBT R AR E FRHE B 13 Y
AERIY

J\/a2 + x*dx = x va? + x* —de va?+ x?

A — X —d
_ . ) 7 _ at+ x* - a*
G  v—a
=x«/a2+x2+afm J\/a + x?dx.
RUIRME> 5.5 :
jmdng/m+§j—_azixz.
HAK 13 MR, BB
J¢a2+x2dx2%\/a2+x2+%zln(x+«/a2+x2)+c. U
15 _
wis &

B Su=1+/1+x,1
1+x=(u—-12, dx =2(u - 1du.
Ay

[ e oo

=2u—-lnu) +¢
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D B5E RBHABER

=2(/T+x-In(1+/1+x)) +c. 0
ERTHE, RITEAR QOMAER AR B A " M ERE" R, RRENTE
FIME. SCBR b XA RO ZER], A KR AR “RT”. HE T EHHF.

1§|] 16 _RJ.SIH\/_

& REESLENE N

1 =7
_:2( x),
v X

AR 2B

S"\l/_‘/—dx = ZJsin Vxdvx =—2cosvx + ¢;

MR BNELERES , AFAMEWRIT x = 2,0 dx =2tdt, FTRE R
sinvx g, ZJ sint, 4, - 2Jsm tde

Jx
=—2cost+c =-2cosvx + c.
BRI RFEENER. 0
% 3 M| 5.2
1. RTFHARERS:
Q)] Jarctan xdx; (2) Jarcsin xdx;
(€)) Jxarccot xdx; 4 szarccos xdx;
(5 Jln(x+ V14 x3H)dx; (G)J«/—x—lnzxdx;
(D szcos xdx; €)) J u
cos’x
(9 ja“"#dx; (10) jﬁcosh xdx;
x
(11) [cos In xdx; (12) [sin In xdx.

2. % p B~ n RETR. Bl p 095K SHRFRIRR | pCoedx,
3. 18 fo”(x)dx ]
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KELHE O]

4. RFHRERS:
(1) J‘xe“’rz dx;

2
(3 j‘“—"dx;
X

dx
% cosh x’
N J
sinx’

(9 J —sin —dx;

(11D J-m(ab #0);

(13) Jcos axcos bxdx;

(15) jsin“xdx;

ap [ Qextsinx g,
/sin x — cos x

19 J cos xsin x :
¢ a’cos’x + b’sin’ xdx

dx

D Jacos x + bsin x'

23 J—x—dx
1+1Inx

<25)j xdx

I+t A+ D7

@n je/?dx;

29) Jarctan Vxdx;

n/'2
(31) f"—
v1+ xm?

cos xsin x
(33 J 1 + sin* xdx

5. #EFHAERY

ABHEAR.
. 222 -

dx (n € N");

(2) J—"—dx
V1-x*
X
@ | s

dx
(G)J—-——*-—:
V(1 + x)

dx .
(8) Jxln x(nin x)’

(10) Jarctan X dxs
12 Jcos axsin bxdx;
a4 Isin axsin bxdx;
(16) [sin®xdx;

(18) Iz-ds#;

20 |

COS X + sin x

(22) J—%dx.
V2 + cos 2x

3
(24)Jx—dx
V1 - x?
(ZG)Jd—x;
x vVxt+1

(28) Jx’e"‘z dos

(30) stin Jxdx;

2
(32)Jx—d
/x2 + a2 X

Jln"xdx (n € N*)



D RS RBHBPEN

6. F#C x = asinh ¢ 8 x = acosh ¢ fELLT &8&:

2
) j(x2 + a?) ¥ 2dyx; (2) J Jx_;‘Ta_zdx;
&)) J vV x% — a*dx.
7. RTFIMAERS:
_2N\ g, J xe*
@ [(1-2) evdxs @ | 2 dx.
8. R B¥ f.iR:
(D fi(xH = %(x>0); (2) f'(sin’x) = cos’x.

5.3 HBEReRBH) R L

FriEA R RIEFAN LRSI, A TRER, R M

_ Px)
R(x) = 0(x)

MBI P 5 Q BREZTR, H HENBEARANT L. IR P KB/NF Q
A R R RESG IR P RBA/NT Q BKELFR R Xl fERR

e AT BB — AR B S TR A EAR. i, T R
RS BB RATAT FIUER

X _xX*-x+x _ PP -D+ X
1-x? 1- x* 1-x2
_ .3 x3 - x+Xx — _ 3 _
R ol gl
EHEAMEARZRRT STR - (x+ 2OMEANRTE . B FETAMER

BRESREBH . RITRAFTHRTNOARES RIS ERT.
BIMNMHE—-TMRBER.
EES5.3.1 BRX=PX)/Q)E—NTESR . H4E QOB FER:

O(x) = (x—a) = (x = b)Y (x?+ px+ @) (x*+rx +s),
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HESHE O

ﬁqﬂ as'",bvpyqs"'s rsS %Jggﬁ;pz_4q<09"'srz —4s<0$(l9"‘9ﬁ’,u9”°911
HIERB.RNA
A, Ao ...+L

= + + oo
R(x (x -a) (x—a)! X —a
By Bs-, B,
+ 4 oeee 4 —1
-0 x- b Xx-b
K#X+L,4 4 oeee 4 K1X+L1 +
(X + px + " x*+px+gq
_Mx+N, .., Mx+N
(x2+ rx + 5) x2+rmx+s’

ﬁc‘: AiyyBi,K;,Lis+ M;,N; ﬁ%iﬁo#ﬁ%ﬁﬁiﬁﬂ’ﬂﬁﬁﬁ%ﬁﬂ%“ﬁ*
HER. .

HATEHAX XN E B I, HERS | EBAL5E. EMIER, RRTE
R R BRE P iEE.

XN EBEFRAT, BB TR T FImERFXZ .

(xfaﬂ’ Lﬁf;:fqﬂ (p* 49 <O,

Rk RIERR. B, W _E B, SR A4 2 I o R R B 3 E R A R
RE B R B B . 7R A E R Z 8 b RAR LR —F fT4E— A H 4
KA “EA X" CGERS.3. 1 B EHR).

Bl R EANR.

B ENENITEE N
X2 —4x +3= (x - D(x -3,

WEMS5.3.1,8
x+1 -_A ,_B

x*-4x+3 x-1 x-3
XB A5BEFENRE. 24825185

x+1=Ax-3)+B{x-1).
ATHEASBAPAMITE. F—FRTER 43H x=15x=3RALRK,. B

. -2A =2, 2B =4.
MU A= -1, B=2. 5 _fFER, kB EAFHL— KIS HE BT A,
Ehy

A+B=1, 3A+B=-1.
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ML BAPLAMEE A= -1, B=2.Filt
x+1 - -1 ,_2 0
x2-4x+3 x-1 x-3

B2 ﬁbﬁﬁ%ﬁﬁﬁiﬁ-

2+ 3x
R EHEEITEESRE.
x3+x2+3x+3=(x+Dx%+3).
KEMS5.3.1,8
X A +Bx+C

X +x2+3x+3 x+1 x*+3°
X8 A,B,C ARFEMARY. B LA E0E,8H

x=Ax*+3D+(Bx+O)(x + 1.
4 x=-1,RAERX.BA=-1/4HEAZE. 1B

1, 3 _
e +x+4 =(Bx+C)X(x+1),
Bp
lJr2+)c+§:Bx2+(B+C)x+C.
4 4
B AE O 25 H8E B=1/4,C=3/4. 0

B3 s MRS

B BAHEBEL.SEBAESRER - D ik, RINA
x*+1 _A B C D

x*=3x*+3x*-x x (x-1P (x-1%* x-1
EhEZE.1E

x}+1=Ax-12®+Bx+ Cx(x—-1)+ Dx(x —1)2. (D
WMRRNFEAF LAXME A, HEIHFRERE, LEMOH A EBIZERTRE A,
B,C,D AN KHEF R, BRI E A,B,C,D.BE, THHME L REER
WM. HE. S x=0,RALXMBNL.IEE A=1. ARXDOFHE AZE,
B3

2x2 =3x+3 =B+ C(x-1)+ D(x - 1)2. (2)
¥ x=1RARD,BH B=2. X8 . R %N
2x2—3x+1=C(x—-1)+ D(x - 1)2. &))

R HFSHFATFHXT x KT, H
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4x -3 =C+2D(x-1). 4)

R WO F S x=1,183 C=1. BF  ERXDOEFSHMA N HIX x BRIFEU /L
D=2.

., A A=~-1,B=2,C=1,D=2. 0
HAE R BR R BB T, BT
j—dx—:ln|x~a |+ ¢,
x—a
M k=2 6,

dx (x —a)*
= -+ o
J(x—a)" ¢

1-%
BT A R &R AR s el it 5
Ax + B
(x? + px + *

dx (k€ N*,pt—4g<0).
Zdrl. A

- y _r

x2+px+q—(x+2)+q .

4 a*=q - p*/4. BRI

_ p
= x+ =,
u X 2
GRS
Ax + B _ u _Ap du
()c2+17)c+t1)"(hC - AJ (a2+u2)"du+( 2 ) (a® + u®)*’
EREAE-NAERGTHELKB Y k=18,
[ 2 —du = Linta® + ub) + ¢
Y k=2 /Y,
u —_ 1 2 2y1-k
J(az n uz)kdu T k)(a + u) " + c.
Rk, BeJa A vte
_ du -
o= | oo (k= 1,2,3,00).
YEGr BRI -

_ u u?
L= t ZkJ (a% + a9
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2 2 _ 2
= (a2 +uu2)k + ZkJ ‘(la2++uu2)k?1 du
= m + 2kl — 2ka® 144,

L H#E

1 u + 2k — 1

2ka’® (a® + u®)* 2ka®

XR—MBEAR. REFAAXANAKATLIBER L BB K, R RGNS RN E

Aoy BRI JLAN 2

Iy =

I, (k& N").

du 1 u
= - = — —_— + N
I Z+ul aarctana c
=1 (__u
[z—zag(a2+u2+ll)9
=1 u
Is _4a2((a2+u2)2+312)'

Bla it —5

- 3x¥ +3x%2 - x

# Bl 3 SR, BrRBR Al T N

_[dx dx J dx dx
Jx +2J(x_1)3+ -1 T

- __ 1 __1 —1)2
=—In| x| G- xojthnGx-Dfte

(x -1  «x
T Tt e X

&l 5 ﬂ-gJ’ x_5£_*i_dx

2+ x+177
M@ R RRATTE TS B RAR B R R R B, EIAR BB B B 19, HRIM R A —
AT fER T E SRR B

5x +6 :2.(x2+x+1)'+l_ 1
xX*+x+1 2 x2+x+1 2 xt+x+1
BrLA
5x+6 . _ 5., 1] dx
x2+x+1dx 2ln(x +x+1)+2 +lz+(~/§)2
(" 2) P
5 ; 7 2x +1
= =In(x? + x + 1) + ——arctan + ¢ d
2 B
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Bl 6 ﬁ‘ﬁf (X—E’Ede.

2 -2x +5)*
B S x2-2x+5=(x—-12+22. Fk&F|
5x +3 _ 5 (x*-2x+5) | 8

(x2 —2x+5)2 2 (x*-2x+5)?% (x?2-2x+5)?’
A, BRI A E R4 2

5 1 J’ dx
2 —2x+5 8 (Zo2x
RSB HEARLRTE, EXRh
_ 5 1 x—1 1 x -1
2 ¥ —2x+5  X-2x+5 parctanT— e
- 2x =7 1, x—1
= (X —2x+5) T parctanT— .

0

PA_EJLAMGIF R R — TR A B R B IR R B R HE T o 5L b LR
R E A S E . S S Z T R BB R, BA RN T #E R
86 22 BT AR — 1 B2 K B0 B AR BT A BT R BRI, B BOK Q T SaiiE Y

BRAT.

% 3 @ 5.3
KRFFIAERSGS
W [ g —goxs ® | e HaH
S JW' 4 ,[ x3+ Sx:: 8x + 4dx;
% J (4x +2§3 6) J (x + 2)§2x T2
D | +81§(;x7+ prdxs ® [ Do G T
@ [955; a0 [ 2,
(11>f(2—+w, (12)]1+ o
(13)“1?@; (14) JW—)
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T OESE REmHaEH

5.4 WAHBRLeREA IR B

FYRHEASGHANRE BRI BREETE SR TZ)E, I LM FT BT
B B R AR AR X — R R F B R B B £ K8 M. T ERNA
2 = AT LAME X BERE L Y sR3E.

1) JR(COS x,sin x)dx.

Ein

Z; Z:; a;x'yl

HEERFN x Sy W BWAR . Kb a; ERYESTIAMER. WRR(x, »
A BT NFR R e HEEE. AT R (cos x,sin x) B idiE Y

BT Z ST LA — U A B R . B ¢ = tan %( Lx | <<a) Wi =MIEtE S,
CIEE el N oA o

_1-1 . _ 2t
COS)C—1+IZ, smx—1+t2.
EAIRERR T . B8 ¢ WIE S, Al1R
2

1::2:6082%’ 14trt228m2%'
HHaEALR

= 2 i _ in? i i = i 1 i

cos x = cos” 5 —sin® 5, sinx ZCoszsmz»

BN AT48 8] RS X BAARBEH cos x 5 sinx “HERALEL ¢ = tan T KR

t WAEMRERE. KR x=2arctan ¢, LA

dx _ _2
dt 1+ *°

ZRPPHSE MR | HBER.
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KA EUEH  FE/EBRTT © = tan %( lx | <m)ZJ& » 3K IR PR %L

JR (cos x,sin x)dx
BRI K IR R

) e 2
.[R 1+ t"”l + tt )1+ e
RAERREREEMRT « AR, TRAH BB FERBRE, I AF AL
—% s ot AR ¢ = tan %EJZ x =2arctan t, 72 H EFRATERER”, B2

XAEEL -
itﬁﬂ’]ﬁfv\fﬁ']¥

Bl 1

_RJ sin x(1 + cos x)°
B 1EREE#R t=tan 3 ,JJJJFT%*%}I%J

1

2

zj dt——4t zln|t|+c
1 ax 1o X
gtan’ 5 2lnlt‘:m2|+c.

Xt AT X A AV, A A7 AR ST A HAt R Bt BB 23K 40, W% £ = cos x,»
BT

dx - sin xdx
sin x(1 + cos x)  sin?x(1 + cos x)
_ — dr
(1-HHA+1)
_ -1 1 1
_2(1+t)(1+t+1—t)dl
_ -dr 1 1 1
T 201+ 1)? 4(1+t+1—t)dt’
H it
J dx 1,1, ‘ ’+C
smx(1+cosx) 2(1+t) 4
1 +1l 1- cosx , . 0

2(1+cosx) 4 1+ cosx

THEEFFRY BN R BUEE SR . AR’ ERFEEF BT, &0
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RIGFERE.
ﬁl] 2 +%:J Slﬂ X .
B H
sin‘;x _ sin*xd - cos’X) _ 2 in?x
cos® x cos’ x
1 1 - cos2x 1 1 3
= — - —_ = - + —_ - —,
cos® x 1 2 cosx | 2% 2x 2
ny{g
Jsm xdx—tanx+lsm2x—ix+c 0
cos’ x 4 2

RINEZFH. AR BR BT LUK R (cos x,sin x)F F4L, (BT B4k [=) 8
mME, TREEHRA—E AR VEMNR T ER.

@ [R(x. /3B )ax

cx +d
X an

R(x. /o rt)

AR R PR AR A P LR PR ER AT T S B n 7R EE RS0 T T
SR —#, R TR TTHEREK. AR ad#be B Z10 8w sonti

REBCRAHERIT .
AT EERS EHTT

_ ax + by w _ ax + b
—(cx+d) B U= x+d

B A L
dt" - b
—-ct"+a’

BH AT T—%r AR B R . H I, B BAR ek BB T A B R B

w3 ite

B BUGEERRIA IR — B RN —EEH, k& —T A
RITEIR .
FERITH IR LA B kR LR R HEEN. B A EIERS
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EHE— HERX
x-a b-x_
b-a b-a
BAERNET mMkIT:
=2 = sin’t (0<z<%).

iﬂ_tﬂté’_%=coszt. M

dx = 2(b — a)cos tsin tdt,

M

T2

NG

JEZ%4x = (b — a)(1 — cos 2t)dt.
b—x

Il

il

(b—-a)(t—costsint) +c¢

(b—a)arcsin./z:Z—\/(b—x)(x—a)+c. O

(3) Jx"(a + bx"yrdx \HY a,b B a8,y AL

%t ix 2 B %, Chebychév 7F 19 42 #iERA T - in 52 )’9a—51, = ;1 +y E4M¥

FE — R ERAR 2 B R BT LA 2 BR BOR K IR eR 55 8 U, B B IR R A
BEFFTSF BBk IR . T EBRITIEART—458 . F— 4R IEBH T A A M
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[[(sin 2 /sin£) dx = nx (n = 0,1,2,00.
8. i& fR[0,1]EAELEREL. B >0 IEAREK.
1 1 1
J'Ofu)dxjo =1
9. F[0,n] EHIELRE f R
f:fw)cos 8d6 = J:fw)sin 8dé = o.

KiE: f E£O,DOHNELERIFTA.
10. & f,g #E(a, b] L #%4E. A Cauchy-Schwarz A4 R, .

(be(x)g(,\t)dx)2 <Ibf2(x)dxrg2(x)dx.

B & 6.2

1
J-](l—xz)"de (n &€ N"),

4
3/n
MHY n=2 B EHBNAES.
2. WHERES fWE| ©f COdx = 00 = 0,12, n) E: S (arb) WESH n +1
MEA.

+ 248 -



N B6E BRWRA

. % fFERFILa, bl EEREAR A M= max fOx). EH:
tim([*frodx) " = m.
. B f#ELa,b] b %S AESR B EEE. ARG VP HEER, XN p>0, FEME—K
—M x,€[a,b], %78
1 b
ffix,) = mjafp(t)dt.
SRAE:

limx, = b.
p—o+”

R R RETA BWR
J;f(X)xkdx =0 (k= 1929"'9”)-
UEH
1 e 2
[freodx = v v2(] fondx)”.

6.3 W EAEH

BAERNRR ERZESHRS”. & fEla, b] LT IR AIHEM x €

La,bl,f #Ela,x ] EH AT R BATEAR XA BE, ERIEBAKTE 6.6 TR M.
B, 7T ASE Lok

Foo = [[f(nd,

Kb x a1 fE(a, b] EAR4L. B40, WTLAIAK F(a) =0,1 F(B)BE f #Ela, b1 LK)
B FRB—-ALEMBEFHWHALIFTHENRE. AL LEE, B3 —14] x €
La,b], f(x)=0 B}, F REFEEFHE—ANZSHA DA TR, WE 6.3. i IRER
WED, Y x KB —R/NBER Ax T x + Ax B, B F R8BI Bt
ERRXEL A (2,05 (x + Ax, 03 F4T FHABI B A ELR Z RIKARGEH, /i
XERE R LXHE—E AT —SER IR M Ax| 3 XBE M FR|fI%Ela.b]
W —A ER XA F B— 1 SR

E6.3.1 % f#Ela,b] LAIRL M4 ERESMBS FOo = | f(oar e
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U EFRE & SRR

La.b] Li#EE.

Be6.3
iERA ATEL— x0 € (a, b))
F(xo+ h) — F(xy) = j:"”f(z)dz —J:"fmdz

x0+h a x0+h
:J f(t)dt+J fCeHrde :J fCerde,

XHE hA[IER[fA.{H xo + hE€[a,b].

B fEla,b] LR BEHE6.2. 1, BfELa.b] AR BIf(OISM
(a<x<b). FRHEH6.2.4 H, % h>08,

| Fxo + h) — F(xo) | = j""”’f(:)dxygj”h | fCo) | dt < Mh;
W h<0 B,

I F(X() + h) - F(X()) |:

x(,+h X
j f(t)dtl——— j hf(t)dt‘
Xp Xt

<j:"+h | FCo) | dt

<M(-h)=M|h|.
té‘Z’;ﬁ‘

I F(Xo +h)_F(Xo) |=

J‘“”'f(t)dt‘gM k.

XIERH FEXE (a, ) bESE. FANIEHZSREARNBURZE.ATEAT
xo=a Hx,=b K. a
MR fEENEM, FTLLER F AE AR, BER. RINA .

FR6.3.2 HEE fEla,b] LA E—E xoE[a,.bIbiEL .4 F &
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D BeE EENBS

Xo &tﬁf‘%ﬂ#ﬂ
F'(x¢) = f(xo).
iERA #1245 3
Flxo + h) = F(xo) = j“’”f(t)dz.

T

Flxo+ h) = Fxy) _ 1 1 [
> fxo= 4|7 feod hjxo fxo)dt

x0+h
= %j (fC1) = fxo))dt.
*o0

BT f7Exo AL, SHELH e >0, F7E 0>0.FB Y|t —x |[<s Hit€(a, b)
B O — flxe) | <e.BER 0<|h|<<5.[8%

—_ xgth

1 _
<m€ | A |=e.
XEE
F’(Xo):l'li_I}lOF(xo+h;:_F(x0) :f(XQ)- D
MR T EHEK 2 EREABIREA .
EE6.3.3(HRLXEALE) ReRH fEla,b] FEL. B4

d [ =
def(:)d: = f(x) (a<<x<b).

ERAFEE RN ERESIES | F(Odr R R AR

585 EPEFRBBIEERE AERS” HEHE.
=0 ALV Wi oF i3t
#it 6.3.1 [a,.b]LBESRE—EHFERE.
MEH 6.3.3 A ARG P T A Newton-Leibniz A=,
EMH6.3.4 % fEla.b]EiELE.GRfLa,b] EHE—IRRE A4

[‘rendx = G - Gead. 3%
R 6.3.3.80 FCo = | f(0dt Ra,b] b— A RES HE
fo(t)dt = G +c. 2
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RS x=a. B8 c = - G(a) SBBERARD), BHAD. 0
SR 6.1.2 Mt X EHRMR T .
M T HOSE B L T8
M 6.3.5 WREM G 1Ela, b A ELEN S RYLIA

J"G’(z)dz - G(x) - Gla) (a<x<b).

EH 6.3.5 RS BEAEEN S —MRIE, tWFR A Newton-Leibniz 2y
R EACHOUESHAAWAR: —FE, ERRE— R R R LU ERR
ARG R TR s FH—H 1 BRI —1~ B T 5 7] AR SR B)X A o
¥AS EENEEHAETEE T REFHFZRMXR, LR E5KR2ZME
HIRER.

g1 %

x3
G(x) = J , Y1+ t%de.
R G (x).
BT F = L JT7 2dn, 34 F'(x) = v+ 2. FHl

0 &
G= [, T+ Pdi+| T+

:—J: Y1+ 3dt +J:3 Y1+ r2dt
= F(x®) - F(X?).
L NIE:]
G'(x)= 3x*F'(x*) - 2xF" (x*)
=3x% /1+ x5 —2x /1+ x*. 0
B2 & fHElLa,b] LAEELNSEB f(a)=0.1EH:

['rreoar< e - o2f f oy,
iERH H Newton-Leibniz 223, &l
flx) = f:f'(z)dz = fl - f(t)dt.
FIF Cauchy-Schwarz A%, (408 6.2 RS 10 B .18
F200 < (x - a)J:(f'(t))zdt < (x- a)J:(f'(t))zdt.
2] QIR
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o ReE BEHRH

[[Frooax< Lo - o[ (reanyar

&3 & fE0IEE _HEESE. f(O=f1)=0,HY x€ (0,)R,
fC)#0.KiE :

J" £ (x)
o| fCx)

iERl BT f(O)FZ0, AT f(x)>0.i8
M = oT?<x1f(X) = fle) O<c<D.
A fO)=f) =0, HFHEHEH,. 5§
fle) — FO) = f'(&)e O< &< ),
FQO - fo) = ffiPA-¢) (c<np<D).

dx = 4.

B ULAS
HGE f(C) fop = %
3):4
1 f”(X) 1 . )
.[o fCo dx;mj |f(x)|dx/f( )j | f7(x) | dx

1 7 14 ’ ’
>fm”f (“dx} = 7@ | f'¢p - 1§ |

_ 1 | fler fleo|_ 1
T f(e)le-1 c | Telc-D]
_;>4 0

c(l-¢) ™

24 > M 6.3
1. A Newton-Leibniz A=, , it E T F 4.
D :/Z(acosx + bsin x)dx (a,b HEH;

x/2
¢ JO cos mxsin nxdx (m,n NEE);

4 +1
(3)[ X7 ldx;
1 JVx

1
¢)) Jox(2 — x2)2dx.
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2. # fE[0, + ) b iESE, HERIEME. WA
“tf(Ddr

[\]

J:f(r)dt

—

e(x) =

(0, + o) | BT R bR A
3. #(0, + =) FAESERE fIHREER

J:f(t)dt = %xf(x) (x> 0.
SRAE: f(x) =cx (c BEHD.
4. #(0, + w)Lmﬁﬁ%ﬁfﬁﬁﬂmﬁﬂhﬂxmx Ha Xk, H¥ a,b>0.5KiE: f(x) =

c/x(c HEBD.
5. % f#ELa, b] LTS (B fla, b] L& ELEMFELO . K :
max | fCo |<b_1a|be(X)dX| +Jb | f'x) | dx.

xz x
J f(ode = J.lf(t)dt.

R R BB RN —YIRE f.
7. WRE f L0, + ) LS, B lim f(x) = a 99,

lim ijxf(z)dz = a.
—~+w X Jo

o] &R 6.3

1. & ffEla,b] 7Lk 8. SKiE .
jbxﬂx)dx > bef(x)dx.
2. % b>a>0.iFARER,

b _2b-a)
Ina> a+b ’

j;famdxg (J;f(x)dx)z.
4. BRE fELA S, H f(0)=0, (1) =1.3K3iE,;

J; | Fo = £ | de > L

e’
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5. REH f ELAR,f(L=1,HY x=>18f,F
. - 1
fixy = xt+ fix)”
ik : lim f(x)ﬁ&.ﬂling(x)<l + /4.

6.4 Sr#iRo S5HoT

# T Newton-Leibniz 223, THE 5 ) [A] B8 4 AL 1 5K I R B0 FK) [ . SR IR
R R S TR B T, SRS AR O A X R R AP B TS
BRI S. XEX

udv = dCuv) — vdu
HBAERS B3
b b
J ulx)v' (x)dx = u(x)v(x) ’ —J v(x)u'(x)dx.

X B, EXANME - R H Newton-Leibniz AR B EK. LXREER>H 45
117520 /NG W

g1 iE J:xcos xdx .

W BEAR T LRI IS EOBIS SR SRR | xcos xdx ,FHUA £ TR K

BHBES  UPRBEAUERNRMMEL 0B RS AX. HAHX 6T, ERH
BRI BMET R B RA TS EH L.

x T " n
J xcos xdx = J xdsin x = xsin x‘o —J sin xdx
0 (1] 0

T He
=—Jsmxdx :cosx‘o =-2.
[4]

HHX xsinx £ 0 5 n WAL KENEZET 0. KT IR BB ERE. WREF

RELMATEH B EIBRT, RIKIRAATH X — . 0
g2 HERS

/2 /2
L cos™ xdx, Jo sin™ xdx,
XE m RAERAIE N
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HEpHEE 00T

M FES.2 WIS B RATRIT cos™x &5 sin™ x BYJREH. X BIHAHA
BB ALER, TR ARSI MBR ERITE.
A

~
x/2
I, = JO cos"xdx (m = 0,1,2,-).
AEESH,. A
n/2
I, = Jo sin™ xdx.

XAFRESBBEIER.HEHER y=cos"x HSy=sin"x FRHE—-ITXRFEH
Zx=n/A ERHRBBF 1. 1RHAE,

n/2
I.= J cos™ xdx
0

/2 .

= J cos™ ! xdsin x
0

n/2

n/2
= cos™ ! xsin xl0 +(m - I)J cos™ 2 xsin? xdx
0

n/2
(m - I)J0 cos™ 2x(1 - cos’x)dx
=(m-DIp2—(m-D1I,.
18 B HEA K
L=, (m=2.
m
SAETE m AFBSEENEE. 4 m AEHEKE,

Ly = (5721) (5r=3)(3) 1
ST RS

1+3¢5¢e(2n -1 = (2n - DI,
244+6--2n) =201,
EH X R

[ = @2n=-21
T @2n - D1
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o BE6XE BEHRHY

=Cn-DIlx =
Izn hand (zn)!! 2 (n 19293’ ).

B35 LLEFTBRS R B1E
S S P o

" 2’
=4 " 0

(m—l)!!’ Y AR

ml!!
e84 Eh, RIS 2478 Taylor AR HIBFP LI, BLERM LIRS, 7T LU
B
B 6.4.1(Taylor AR FE LA BBV fEGQ@OLEFHB n+1H
HELES R BLAMIEEEEHN o€ (a,b) . H

FO) = flxe) + -11—!f'(xo)(x —xg) + e+ nl!fm(xo)(x — X)" + Ra(x),
He
R,(x) = %J(x C O (de (g < x < b).
14 I "
Tulfsxo3x) = Zn: f""(xo)(x - xo)k,

i §7
R.(x) = f(x) = T,(fox05x).
BHEW
RFP(xe) =0(k =0,1,-+,n), R"MP(x) = f"V(x).
LN R4, B8

R.(x)= j R'.(Ddt = J R.(Dd(t - x)
9 X0

(t - x)R, (D)

” —f’ (t - )R (D)dt

X0 Xy

- lJ'x R/ (DAt - x)?
2).

1o o yepr o §
2(t XY R, (1) x0+2

Jx (t = O2R%()d1
*o

L - xR”(Ddr
2.
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= (- 1r lr (1 — )"RY™ ()de
n! Xy

= niJ:o(x = D (de. 0

FIEH 4.3. 1 M HLE X B AT INAY SRS 5R , AMUER [V, MEAEKRE
L.
MR TUH & , §EHEH Lagrange &1 Cauchy R % B

Jx (x — D"F"D (Dde. (1
g

M fExo 5 x ZEBLE, RRER P (x - D" RS AR P EHEHE,
i
[" = o coae= Fer o[ - e

— flntD) 1 _ ey | 750
= for () ” +1(x ) .
_ f(nﬂ)(E) 3 el
- n + 1 (x X()) L]
Hp ERxo 5xPH—,. TR
_ f(n+l)($)

R, (x)

— n+1
(n+1)!(x B D HALIN

XIE & Taylor 2v3 K Lagrange &0.
EROPHFERERER 1 5 - O f" P (OMFEM, BN ARG S EE
H,Ep1E

— l * — nfin+l)
Rn(x) = n!LO(x DR (1)de

_ f(n+1) (e)

(x —5"(x — xo).
n!

X IF & Cauchy £10.

MAERFRRIUE B RS T AR

EE6.4.2 R fHEXMI Li&ESE.a.bE .8 ¢ EXE[o.BILHHE
SR SR, ¢La,BDNCI,H ¢(a)=a,e(P) = b, B4

b B ;
Jf(x)dx = J fee(H)e ()de.

iER & F 2f #Ela, b] ER—AREE . R BUR O BAEE, 1§
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S B6E BEHRR

[*fordx = Feby - Fead.

mE AR PN, 7T

(Foo@(t)) = F ()@ (1) = fop()Q (1).
XEHF-0(OR fool) e (OB—NERE. 3F B Newton-Leibniz 243,
Al

B , . B
[7eecre'car = Fe o) = FeoB) - Fr 0(a)
= F(b) - F(a).
XELIERA T
b 8
jf(x)dxz[fosa(z)so’cz)dz. 0
9'13 ﬁEHHX;J. meN” vﬁ
/2 /2
J cos™ xdx :J sin” xdx.
0 0
FA 4 x=n/2—t,Wdx=-dt,3#H x=00f t=n/2,x=n/20} t=0.H
WA
x/2 < _ 0 :m L _ _ /2 m
JO sin™ xdx = L/zsm (2 t)dt = JO cos™ tdt. a
B4 ®SfRERLUT ARMNESRE. K.
f”f(x)dx = Jorf(x)dx (a € R).

XAHLEA, AR BEEA — N KESTHE/ AN XA ErRSE
¥
iR EREST

J:”f(x)dx = ﬁf(x)dx + L)Tf(x)dx + J;+Tf(X)dx.

MEBHBE=NRMERIT x =+ T, Mdx=dt, B x=THBt=0,x=a+T
Bt =a. \TiH

[ reode = M fee e man = [ o,
XA, AHHFE—ITBRGEE=AFSHMET 0. A EED
_[Hrf(X)dx = J()Tf(x)dx. 0
Bis 5| JT-xdr.
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B RiMEE,.POERAERNINEELEIENTER y= V1 -x%.
Hit, ML LR E XN RS REAS —RBHE —-BowER. RIPHAEX/A
SHER n/4.

YEHRIG x =cos 8, dx= —sin 8dG. x =0 XN F 6 ==/2,x=1 X hiF 6=0.
TR

(1 /2
j; V1= xfdx = —J _sin’0df = JO sin 6do

1 n/2 o, 1 n/2
- —J (cos’0 + sin?@)d@ = —j do =
2Jo 2Jo

XERIARTH 3 MEEie. d

BATRI XA F UL e uEH P (DY 1t Mo BB B, FALBE
g e, b]. WBR U, La, b]PHET AN RTLUE ¢(ORSIARIE—K.
Han, 3341 5 a8 B BRI R AR, B4 x = cos 0, Aidik[a,B]=[0,3x/2],
X BRITARDAAR :

1 0
_[0 v1 - x%dx= —L , v'1 — cos? @sin d6

N

= J’:ﬂsin g |sing | dé
* 3n/2
= Lsinzﬁd() —J sin?6d4.
B F sin’ 0 HEAM ~, MG 4, LB E—X%ET
[ singd6 - ["sinzoag = [* sin0dg = ["sin6dg = X,
—a/2 0 ~x/2 0 4
BETRENGR. BARUNN,.BEEDPIMNBEZT . BFiL ¢ BiEBHET XA

La.b].BARY ¢ —F—HMiTd [ a, b PRFE B, B ERNRMEIESFIER
HAEHHT .

6 11‘%J
® 5

cos x’

J‘n/4 dx Jum dsin x J/‘Z/z dt
o cosx Jo l-sin’x Jo 1-¢2

lJ\/_/Z dt J‘ﬁ/Z d:
2( T+:7), 1—:)
V272
:%1 1“ :%ln(3+2\/§).
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E6¥ fHHRH

EHEI RS, RIIE&ETHIT ¢ =sin x. 0
M ERBF BATE B RGRIT R IR A0 0. £ 6] 6 FEEHR x =
arcsin ¢ ZJf5 . &G ALERER ¢ = sin x RERVIPER x. RRLIEERY
FREENL. XMER BTSN ERTRITHENZFTE.
B17 & IR—AIFXME,.RE ] F#ESE.IFH a<b.a.be . KiE:

b
lim%J (F(x + h) = fCx)dx = f(b) ~ fCa).

h—0
B2H - MFEES N T XA ER".

b — b —
Jf(x+hl)1 f(x)dx:J’ l,i"(}f(x+h; f(X)dx

Iim
h—0

h b
:Jf'(x)dx = flx)| = f(b) - flad.

XREAIESE) . A AL B TR R RAFS — AT URRG 5388 f RBE!
LS, G R f TREARTRTE.

EREIEEINT .

WERA  FIRERTT ¢ = x + h RELRSY DG

b b+h
Jf(x + h)dx:J hf(t)dt

b b+h at+h
:Lf“)d’"LJ,, f(t)dt—J fCeHrde.
HASPEER. S
J:*hf(t)dt = f(&h (§EFEDL 5b+ h ZED,

Jmf(z)dr = f(Ph (7fEa Sa+ h ZED.
At
1 b
ﬂa(ﬂx +h) - fGoOYdx = fC&) - f(p).

bkiﬁi9§§ h—0 Bd.’ﬂﬂ.f ﬁgiﬁégﬁTﬂiyii
lhilronf(sc) = f(b), lhif(}f(v) = f(a).

B EIERAMI AT 0

% >3 /6.4

L A TIERS:
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¢)) rsin3xdx; (2 J"r x%cos xdx
] -

/3
4 JO xarctan xdx;

3

(3)j N S
ol + /14 x
0 (3

(5>j Cx+1D VI—x=xZdx; (& J” IInx | dx;
-1 e

5 a
¢p) L[x]sin %dx; 8 Joxz vat— x%dx;
InZ 1
(9 L Vo —Tdxs (10) Jox"ln xdx (n € N*);

an ﬂln(x + VaT T Ddx (a>0);

=2 cos xsin x
(1) [ SO XINL g (gb £.0),
2. % fRR EMEEMRE. KIE:

Ja f(x)dx = ZJ:f(x)dx,

HeP a MEMER.
3. ® f 2 R EHELAT k¥ KiE -

| feodx = 0,
Heh a FIEMIESK.
4. U8 lim J:/zsin" xdx = 0.

5. iEM.
o emn o @n-DI
D lim o = = O @ lm =y = 0

6. i% f ABELERE . KRiE:
/2 /2

(D jo f(cos x)dx = L f(sin x)dx;

@ [ xftsin x)dx = %J’:f(sin x)dx.
7. WS f7E[0,2] LELAI R, B £(0) = f(2) =1.MmF | f'|<1,5KiE.

1<j:f<x)dx<3.

8. HE fE-1.1] LA/, M =sup| f |. EfffEa € (O,l)J;@f%ﬁ ftx)dx = 0,

SKAIE

Ul_lf(x)dxlgM(l— ab).
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9. JEBA .
Jo ([ 5 ar)ax = 0.
10. 3% f [0, + 00 L i#ELE. IHEM a>>0,3K1{E !
L (szf(r)dt)dx = J:f(x)(a ~ x)dx.
11. # fe C[ - 1,17 5K,
lim th‘ e f(x)dx = xf(0).

(8RBT hE R f= 1 )
12. % f7#ELa, b ] E3ELER T . KIE:

b b
(1) }imjf(x)cos Axdx = 0; (2) limjf(x)sin Axdx = 0.

EE- 42k

EEHE fBEERELa, b] ERIRR”, G505 R IEH, X3 & #F & 1 Riemann-Lebesgue

T, AR 1T EPEITLE.
14, #E[ -1, + = ] k& XeR%

1/t

&
f(X) J t (1+el/1)2d

RE R f R RER.
15. #HE TS,
W [y, @ [ st g,
o cosx +sinx 0o cosx+sinx

5] 7 6.4

1 fRABAT MES R KIE:
hm —J ftorde = Tj feHde.

2. %

72 iyl
I, :f SICRLG (= 1,2,000).
a sin ¢

SRR BB lim %

n-ee

3. 4 flm,n) = 2(n)i(m,n €N,

i \k/m+k+1
(D) RiE: f(m,n)=fn,m); 2) HHE f(m.n.
4. % a,b,.n ﬂqIEﬁﬁ,é\f(x)=w.
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(1) SRIE:fCa/b—x)=f(x);
(2) RIE: Y x =0/t . x=a/b B, f% () O<k<2n) NER{E B

3) B EEEH . WM r=a/bla,b HERAEEE),.KIL: J:f(x)sin xdx HEX.H

BCIERH] « NETRERA B
5. & f #&[0.1] %%, 3 H

1 1
J)f(x)x"dx =0(k =0,1,-yn—-1), J‘f(x)x"dx =1.
{ )

KiE . FE—H €0, D HRIfDH[|=2(n+ D).
6. IWEH f7E[0. 1] E A ZELSHLH £0) = f(1)=f(0)=0, (1) =1.3RiF:

J:)(f”(x) ydx = 4,
HIEEAERPES BT HEE.

6.5 nIETEAIR

1245 R IE . HANB TR0 E LMBEA MR # if Newton-Leibniz 22 X3
KD FEA R ERERTHE, LGRS0 Mk Tl R o k. AL
EREEE S TEla, b] LA X —KHFTHRE. HE, B si—E 7 X
— [ EARG RIS, R EESERBEARARXE F—ERTHMX —FE
PR, I RE BMIRIE A . WS, B 7 — e BH B T TR, Hln,. F8E f %
La.b] EATRR AT ABEELa, b IR —AFXIiE L a2 24 f #la, b] LA]
Et, R fI RETELa, b] EATR? XEEBEERFTEUTHETPE S5

BT Al R B AR A R, EHE AT R, ROTE B &R f Ela,b] L
AR-FAMEm LR f Ela. b ] LR EBASTHA. S w=M-m.F o HXf
fELa, b] EHHRIE.

xfLa b IH{Ef 53 &

Tia = X <Xy < <<x, =b,
o B AFREL -] E fHERASTHASFIEAM, 5m,, 34
wi =Mi=mi R wi A Ex-x ] ERRE,XE i=1,2,-,n.

TE X
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S(fom) = ZM Axis S(fym) = Zm A

HORHRENTR f?é:fﬁz\r%ﬂn H‘J.t*ﬂ*ﬂ-r*ﬂ ﬁ-%%tﬂ _tﬂl 5T HEHSREH
fRAE  —HEN. EX— S L ENR f XRTF2# « RS MEARFR, X
REHRAMESESFIIERE X BRE.ENE « BEZG. B Mg
REAG EFNS T RIBTRUE B, BATA

S(fym) << if(&)Ax; <§(fq7r)-

i=1

x B 5;6[)0-1»xi](i=192""sn);%ﬁrﬁlﬂ’*l
#r Bla, b INEZELENDELIE » B2 SRR ESI—50 8, AR
—ABEH n+2 A ERNDELICH o AR —BE, TIRAES | ANXELxi-.x, ]
AENE—a A xr BEERUR,. RITE
ﬂ’:a = xp <l vee <l X < x* < x;<-<x,=b.

XA, A S(fs 5 S(f,zr')B@KFE']Z&J:E?:Eﬁ%‘* miAx; =m;(x;—x;- )8
AT P Z F0

(x* — x;-pinf fxio,x” D+ (x; = x*dinf f([x* . x; D
%, —Fm, EER EKXADT

(x* = x;-pinf f({xisx; D+ (i — x> )inf f(Lxim,x; 1)

(x* —xi-vom; + (x; — x")m;

=(x; —xis1)m; = m;Ax;.
H AT I
S(fon’) = S(f.n) =0.
H—HE.BREA
S(for) = S(UfLmd)< MiAx; — m;Ax; = w;iAx;
<owdxi<owlxl.
M 15 E]

S(fom) <Sfrna ) <Sfrm) twlnll.
2L, AT 15
Stfom) - wllzll <Sfn)<Sf,n).
RATE S
EH6.5.1 B 5x'Rla,b]FNAE L HP o BFEr S LSBT L
ANBT Y4 5T A
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Srm) < Sfon) < Sfor) + koo | 2 Il

SUfm)=8Sfond ) =Sfom) — kol x ]l .

XN ERIEHR B A MFERE RS, TAAREA LA,

Wm 5 n Bla, bIMEANGEL IR« MTE 3 RE8R . B0 5, BRATH
“ﬁ‘%’] w2 b m ?ﬂ]”ﬁ%“ﬁ%“ m o 7,808 mi<<ne. %?}i,#$%&ﬁfﬂi’l\ﬁ
FIEAT LA . B, MRRNTE 71 5 = 8950 SEFAER, LHAR—14
%?H‘Jﬁi%’]ﬂﬂﬁﬂ m + oy siXHUL%ﬂl Tt 71'227(:'(1. =1,2). EE%}E 6.5. l’ﬂ%u

SUfom) < S(fom + 1) < S(fom + m2) < S(fym2).
KR, IHER P2 FRG . — o FIM T HERAEE B — &R L.

MX—FELER. A LHHABNESA TR ATMATHE. BRI T ki
FHEOTHAHHRZH fEla, b] LR ERS. FREMERERA, 2T MR
MEESRE ERARE, X MEUEICH [.558 f ElLa. b EMTRY EH R B
[T RS LR SRFERN. HEEREX

SUfoad < I<TKS(frm),s
X8 i 5 m BXIELa, b IHEfI2E.

&40, 7E(0,1] k% %% Dirichlet iR ¥. X &, £ — T F#%EF 0. — L EF
F 1L B X R0 L LW T RAET 0.MERLET 1.

H—2, AT LIER

EM 6.5.2 (Darboux) Ftla,.b]EMEBRRRE.H

limOS(f,r() =1, lll’rill[rlo.i(fsn) = 1I.

Il 1l —

R BATHEAR SR E—NTERANIERE BN KELH
I = supS(f,n).

SHEL W) e >0, FFELa, b JH— 50 E] no . #75
S(fomd) > 1 - %.
WRE xo B I ANHDE”. BATEEH X a. bJHE—58 », RE

€
IS THES &

H—EH

S(fom) >1 - .
HEL b, MPE 70 5 7 SR AERABRFHIE X6 2" B« 94 S0
B EZZHEMT I A RE5E . HEM6.5.1, 018
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S(fom)=S(fon)—lwlnll =S(fime) —low || = |l

_ € _ __€ _ &€ _ €& _g_
>l-glogpq= -5 -5 =1~
XELIEBA T
lim $Cf,m0 = 1. 0

MERGANEREH f Ela, ] LAY FESDESME.
EE6.5.3 WEH f:La,b]-REFR MUTFT=ZARELHEN:
(1) f1ELa,b] LATFH;

2 "l’riﬂl_l_oi:wiAx; =0, P wi =M —m; BfELxi-1ox: ]G = 1,04,n)
L HPRIE 5

3 I1=1.

ER RAITEEERE(DH=>2)=>C)=>(D)"FIEH BN S M.

BOOBSLICHBMEN 1. TR IELH «>0,77 >0, W BWH R &
x| <6 89928 x,

I—%< Zn:f(e,)Ax, < 1+%

Xt —YME A, Eie[xi—uJCi](i=1,"’;n)ﬁiﬁ-ﬁlﬁﬁﬁ

1—§<§<f,n><§<f,n><1+§.

PNES

KER2).
B R SHELH ¢ >0, BAFLE 2, b] HI— 48] . (178 D i x, <
e FR
0L T - I<S(fon) - S(fom) = ‘_Z_nljwiAxi <.

BT ¢« BRAEBNER FTULHHE I=1.
BERGBL. &’ [=1=1,MHEENSE ~, BF

SUfom) < D) fEDBX: < S(fom).
i=1
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FHBAERC | = | >0 . FHHhEHR 6.5.2 f, Z G PN MRFRER I,Hm

m

lim > fCénax, = 1.

Nl 04t

XIEULH ffEla. b] LA, O
BAE FATRAG A — T WPLE s B R AT ARY.
EI6.5.4 | fREXFELa,b] EHIATEREL W f 7Ela, b] LA
UERR Ak, I f REBMEEL# f(a) = f(b), M fHE[a,b] ER—
PMHEE AR TEE f(D)>f(a).

AT 28 - ;
0< D wiAx;
i=1
= DV(M; —m)Ax; = D0 (flx) = flxiAx;
i=1 i=1

< all D) = flxim) = I xll (fCb) = fla))
i=1

< 8(f(h) — fla)) = «.
k& 6.5.3,f ELa, b] LA[H, 0
FIFEH 6.5.3, RATAT LUIER .
EIE6.5.5 % f:[a,b] >R BELRHN f15[a, b] EAH.
MR BT f7ELa, bl E—BUEL, BXHELK ¢ >0, 48 6>0, 4 5,1 €
[a,b]H|s—t|<<sHt. A

| f(s) = fC1) | << —5—.

b-a
Xfla,b] k#5rE|
mia = xg < xy < <x, = b,
54

M, = f(s)d., m; = f(t),
Hp st €[xi0,x, 10 =1,2,,n) . RE || x | <5.8F
lsi— 6 I<ax, < nll <& G =1,2,,n).
H it

Zw,—Ax,-Z Z(M, - m;)Ax; = E(f(s,) —f(t;))Ax,—
i=1 i=1 i=1
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<b f 3 AX; = €.
ais
Fred f #ELa.b] EATFR. 0
FEGE R AT BT R, RATHE . IR f ZEla, b1 LA R, FHE(a. b1 ER
AHREA WS IRA fELa, b] EbE AT L X — iy B IE B AR A o, (B 7E X
BARF W, F XA U R B R T A NS . BAIEEE T —FXT
RENEMRNITEZ S,

% > W 6.5

1. & p:La.b]>R.MREE
a = xo<lx, <--<x,=b,
HERES—TFXBE (x5 x)=1,2,n) b, p AEERE WK p Kla,b]EH
PR RS & f TELa, b] ERATBRLSKAE : SRR ) e >0, FELa, b] EHIBTHRE p #1
q.#8%la, b1, F p<f<q.3H

b
J (glx) — pCx))dx <e.

2. % ffELa, bl EVFLRIE: SH{EL B e >0, hFEELa, b] FHIELSEEE p Mg, [F8%E
(a.b] L. F p<f<q.3H

Jb(q(x) - plx))dx <e.
3. WY fAEAE—HRKE LR, B lim (o = LRIE:
.1« _
lim 7Jofmdz - 1.
4. R ffELa,b] LV, H7ELa, b]JHMET FRIE A L. 5B Sljpf)miXE o H—H
. KiE .
jbf(x)dx =o(b—-a).

[ & 6.5

1. RE f L0, 1] R, HAEH m FIM, 8 m<f(O<M 3t x€[0,118ar. KiF

! ! odx (m + M)*
.[of(X)dx of(.x)< imM

2. % fe CL-1,11. 3R &M X0 - 1,1] L METBE LK g, F 5
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J] flx)g(x)dx = 0.
-1

IE8: f &L -1,1] EHyAr ek 3.
3. # x(OFE[0,a] LELEFFHEWR

| x(t) |<M+kj; | x() | de,

XEM 5k NEHERKIE:
| x() [< Med (O< 1< a).

6.6 Lebesgue EH

6.5V, RINEATHRAXE LM ELZRHZATRN(EE6.5.5),8
KU TEARRE AR ARBARE NN ELE SH R BRI o, 2
PR R AT A BAR I R BT BB BN EW R EREHEI RNESRE
ZA B X RERNT, TR SRR AR EL AN SE A E N
ERR. FLHLIL. A TR ZE S EE”, RITULFIATHERKEX.

EN6.6.1 BANLHEMNES WRMEBAEH « > 0. FHEZZTHD

FRE{I,:n €N VAR AN—IAEZ,HAD 1 1. 1< I, | ®RFKE
n=1

I, KB AR ATR A N BREE, RFRERE.
BRTERFIE.
Bl1 ERI-MR A REZARE. P4 A —ERFUE.
i AR5t A AATEEE.iCH

A = {a19a29°"7an9"'}-

MEBE e >0, EKE 1, = (a0 —gurmaat g )(n = 1,2, ). B,
AC U 1,.5x88. %

3 S Spe 1.
len|—§22n+l—e;2n—e.

n=1

Bt A RFRE. 0
B2 GERHARMRKEARN 0 WX EEARTME.
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iER AHRFEROXEINFXE (e, b), P a<b. BFREI{I.:n
EN"ERZET (a,b) RAE.H

Z|1 |=b-a>0,

AP“=Z"WhEA b-a %——AEﬁEB’JIEﬁ g
FTIEA I B AR
() EZAHANFMEAFELTNE.
R RATENENE
A1y Ay, Ay
MELH e >0 n e N T A, BEFHE, ﬁiﬁ%E}HZIﬁJﬁéﬁ{lm :n,i €N},

ﬁ%Am;ghm#EZIhﬁ<§nﬁﬁﬁﬁﬂﬁumndeNW@ﬂﬁ¢&
B BAH R

£ ® ]

UIA,, CUl (I_L:J1 I.)>.

n= n=

i P <
22 nl< 250 =
EHIERAT U A, HEWLE. 0
(2) 1 A HENE. & BCA,J4 BHETNIE.
BETENENBE, AT LUSARETHFELER. A D(HIE fEla,.b]ER
FELE S 2k, Bp
D(f> = {x € La,b]:.f fEx AbRELE).
®BIAE -
EF 6.6.1(Lebesgue) RHERH fEABRXE]a,.b]EER B4 f#la,b]
I Riemann AIFRM T ML EFZRBR,D(HRE—NFTRE.
AT IR E R, RITES IR BE— S RIBHES. KEHE,(a,b]
EBEREE fEXEILa, b] EIRBAE XN
w=M-m,
HbMHmHAESf Ela.b]EME . THA. TEAMIIBEEAEET o WS —F
FR.
513 6.6.1 X w REAERES 7ELa,b] LRI, I
w = sup{| f(y) = fCy) l:yi,y: € La,b]}. @))
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iEPB B MAm AIEef #Ela, b LM E . THRA BKLEEL . w=M-—m.
HTFXEER yi.y.€0a,b].F
m< flydD<M, m<f(y,)<M,
Fit LA
| fy) = fy) ISKM-m = w. (2)
BT M=sup{f(y):y€la,bl},m=inf{f(y):yE[a,bl}, FrLh, SHEEK >
0,%# YleZE[a’b]sﬁﬁé

f'()’1)>1"1—i f()’z)<m+£.

27 2
LA EES
| f(y) — fly) 1= fy) = f(ys) >M—-m ~¢. (3)
AR EER ). ]

A B. (Ot FXE(x —r.x+ 1), A w(x,r)id f 7 B, (x) LHIRIE. BR
wrCx, ARG, B2 r E# R, B lim w) (x, NAFFEIC

r—0

wf(x) = lim w;(x,r),

FR wr(x)A f7Ex ALRITRIE.

BIVE -

5136.6.2 R fERxC ] EENAEFTVEFRMBR o (x) =0.

ERR S EM.R fESx ELE. IHMELH >0, r>0 743/t A {H18
M ye B, (x)Bf. A

| f(y) — f(x) [<%.

@%9% }’1,y2€B,(x)BTJL,
L fly) = fly) I fly) = fQx) [ +] f(x) = fly2) |

<~§"+-;—=e.

BRI (X, N<e. % r—=0" , B 0<w,;(0)<e. BT ¢ BIEEMIER, /TL
w](x):().
T B wr(x) =0, HEHHELRH e>0,F7E r>0,#18 o, (x, <
e. B, XHMEM y€ B, (x) , 0
| f(x) ~ f(y) < wslx,r) <e.
XRIIRE f R x dbELE. 0
Xt 6>>0,1c
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Da = {x 6 [a.b]:w/(x) ;3}
EAA -

3|7 6.6.3 D(f)=nCJ1D,/,,.
iERl H5IH6.6.2,8 D, PR SERR f MAELE S BHm
CJ, D, C D). (4)

RZAFB x€D(). A fEx AAREZE. HHTIE6.6.2, 81 w,(x)>0. B m
T K AFER w0 =1/m Bl x€ Dy HT

D(f) ch D... (5)

f=(4) F(5) Bpi8 A5 B 0
513 6.6.4 % f:[a,b]>R.INRFE—FIXE(a;,B8)(j=1,2,-),#18
D(f)CiCJl(a,- B IR K = [a,b]\l_Lle(a,- B IRAFHE R >0, — I 6>
0,4 x€K,y€[a,blH|x—yl<<s BF.HIf(x)— fy)|<e.
iERA FARIEE. RGBS, MAFFE e >0 UK s, €K, 1, €[a\b],
FBYls, — 1. 1<l/nit. B
| flsa) = fCta) |12 eo. (6)
HH{s.}CKClLa,bl, tbF {s.HHIFF{sx, } . ER
'!Ln: Sk, = 8"
BR.s" €K. 55
e, —s" I<<| te, — su, | +] 8¢, — 5" |
<kln+| Si, — 8" l<% + s, =85 |,
BB £ —s" (n—>c) AR (6).75
| f(se) = f(te ) | > eo. ¢
MTF s €K, fEs ELE. EXDHELNS n—, B8
g0 | f(s°)— f(s*) | =0.
12(5 €o>0 %E D
AT XEEZLDN,BEMTLUSAE .
EFE6.6.1 WL S EXE. REMEHANERELN 6>0,D,; EFTWE, AT
DisDyp B RFME G5 H6.6.3 M D(HETME. BAY faR. TR
6.5.3,3H{EAK >0, F [ a, bIB—4 4 &
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Tea = xo <Xy < <Xm = b,
f#18
Zw,Ax <— (8)
wx€D;. ﬂﬂ%xT%xo,xu ooy X PR ERE i €{(1,2,-,m} {&F
B xE(xiox) . AMBEERD/MMY r >0, 8B (x—rox+1C(xi-,x). FRS

TE(xi- ,x,-)J:EKJ%E'IlE
wi = wix,r) = wi(x) =4. €D

WEAD f1 U ABIFRHERD, N (xioax) # F 0§ BRFSRHIBA
M (8) F1(D, 1[5

% > ZwiAxi = le;Ax,- = 62/Ax,-.
i=1

=f
3 ax < g (10)
T
D,y (- (U'(x;_l.x,-)) U {X()y)C] 9"'qu}.
HREH

/ ° __ €& .. &
D"C(U(""-"xi”u(,@o("f o DY T ionT D))
i B3k (10), 48
SV A+ (m+1)

XA T D, RFME.
okt EDNE—AFUME . FAMEBLEEN ¢ >0, FE—FIITXHE
(ai 9;3,)(i = 1929"')’&1&

2e
4(m + 1)

€

<%+§—e.

D(H U (ainB. B i}(ﬁ,- ~a) <z
XHE w & fEla, b] LHYIRIE. 4

K = [a.b]\if:)] (a,-;.B,')-
BRI 6.6.4, % FIRAY e >0, 7578 60,184 xE€K,yEa,b]H|x - y|<

SHF, A f(x)— f(y) l<m.fﬁkﬁlﬁ-%ﬂ = Xg<lxy<o<x,=b,#15
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| =l <&.i8
iw;Axi = le,'AX,' + Zzw,-Ax;, 11D
i=1

XE DS BRMBEE K N onx) = S0 0 BRM, D, Rnvme

KNxia,x) =i E"'J;k*uX¢21 R, ER K N (xio,x:0) 7= SAER
yi€ KN (xis1,x) H5/13 6.6.4,78
w; = sup{| f(z) — f(zy) | 21522 € [xim15x:])
<supf{| fCz) — fCy) |+] flz2) = fCyd) |:

Z1+22 € |:x,~_1,x,-],y,~ c K ﬂ (x,-_“xi)}
€
<2(b—a)'
A it
& - - £
2 wibx <got—b-a) = 5. (12)
ﬁﬁzz-ﬁﬂtj‘wingmu
zzw,vAx,-ngzAxi. (13)
X#Zz FEITLK N (xi-sx:) = T BY x € (xi-ox;) BHox ¢ K, A

x € CaroB) Bl Cxin x) CU Cai o). BT

ZZAX,' < ‘Z_](ﬁ. - ai) <ia

RAR (D, B8

€
20 wibr; < 5 (14)

R (12) F1(1D) ﬁAitm),Euﬁ%i widx; <e HEM6.5.3% f1Ela,b] |k

Gig:8 -
#it6.6.1 # ffEla, b LA R, Beela, b] L RAELARAEK R, 5
2 ffELa, b] L Riemann A .
XEENEE D(HREME.
it 6.6.2 R fEla, b] EABLIPA|fI 2l a,b] EATH.
@F DAFDCDS 75| fI#ELa, b E Riemann ATHL.
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HE.AfIHTRE—RAESH TR . %
1, X x NHBEHA,

-1, X x HEEHET,
m f7EL0, 1] EARTTLB] fI =1 BATFRA).

#it 6.6.3 & f5g7Ela,b] LA I4 fg Ela,b] EHATH.

XEHEAN D(feHrCD(HUD(g).

Wit 6.6.4 R fE(a.b] LAY/ fE[a,.b]LHEEXLBER.BA /S
#[a,b] A

XREREA DH=D/f).

#it 6.6.5 R fHEla,b] EAELIBAIEM[c.d]1Ca,b], f #[c,d]
AT

XREEN D(f;lc,d DTD(f;[a,b)).

#i£6.6.6 MR cE(a,b). WA fTEla.c]5lc, b] LEARA, f 7
La,b] Al

XEREN D(fila,c DUDf5lc,b])=D(f;la,b]).

#it 6.6.7 W fELa.b] L. IR g La. b] EBREBFRAD S x15x20
oo xo SNFNf RS AR 4 g tELa, b BRI WA

b b
Jf(x)dx = J g(x)dx. (15)

PR iCh(x) = f(x) — g(x), BARBREERNDEx s x20 x, SMRET
0, h E[a’b] J:lzx%ili‘ X1s X299 X p ﬂ\%ﬁl‘l@ﬁ’}}&ﬁﬁﬂﬁv Br LA 8 . 5

Fh(x)dx = 0,7 (15) ST 0

Bl 3 iEBI:Riemann B R (x) (W 2.4 FHHH) 8) RIEFAHMKIE a,b]
ERATRRRH.

WM XY Riemann B R (0 e, b MR & LHES A I
RANES, HAEE SR —FWE, HW R oA, 0

M| R OO 7B SR BINRE MIRERRIT 4. 8 F &R 09— R

.8

ftx) =

F'(x) = R(x) (a<x<bh).
4% Darboux EH,R(x)FE(a, b] ENAFMEME. BN RGONEXESE L,
EABRANMER . B ROOBEERBER. BEARSETUNBRSINE X EHE
B
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b n
['Reodx = lim > RGE0Ax, = 0,
a Tl =Yi=1

XH Ei (X ’xi)':FH/‘”f—/l\%}Eﬁ-
FEAIEI TR, AT AR R D B AR R IR A B R R R B R R — &
ATFIR? BEREAR—E. filtn

. . 1
x%sin —, x %0,

F(x) :{ x?
0, x =0,

.1 2 1
Fix) = {2xsm T xS X # 0,
0 x = 0.
WHRIE f(x) = F (x), B4 f1E(— o, + ) F AHFFRK F.E f £ QO, D LA
FLEAEED0.IJELR.

MBS RIE XK E » Riemann Fl £ 8 2 5 & 2 R B R 49 5 F ik
PR FFTEYE FEUE AN 32 R e 2 E B[R] — F X B 2B L B R0, 33X SEBR b 5 4
FEBMESHERE TRENER. A VTHERLE RIEXMEEIERAIL T . Lebes-
gue E I Riemann AJFM A S L EFZFREL SN BERZE, BH T 5EH
WL HEXTELa . b] EHERE f ZEZHE—NFTME A% WK f #Ela. b]
FILEA AL ESE. H, Lebesgue B 3B AT LAY, : XA La, b ] LA R BE f H
Riemannf] K KL BERER, f fEla, b ] LA b iESE.

Lebesgue JBFA T XT R BUEZEMERIE R, NTHET™ T Riemann 453, BT & X
HFS E AFRA Lebesgue 53 i1 Lebesgue 4, XA FME RS
A, BT ER " BEYTZENES (RATHES) L& BARITIEX
e, DB H T BT AR, ENTR SRS T HE RN E.

% 3 & 6.6

1. i f Mg ELa,b] EATFA.SRIE
max(f(x),g(x)), min(f(x),g(x))
fla,.b] AT
2. & fEla b]LiESE, ¢ #Elc,d] LA H ¢([c,d DCla,b].iEMA: foo #E[c,d] L
A, :
3. BRI 2 B f #Ela, b LS W FARS R #la L] LR ERAR
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AL
4. 1% f7ELa,b] LA MR GANKE] (0, 8) C [a,b], BFETE x15x, € (a,P), {§15

FOr fCxe) < 0.1 FCx dx BEBATE?

] & 6.6

1. 3t «a€(0,1], X
f.(x) = [%]— a[%:l.

1
Jofa(x)dx = alna.

UERA .

2. @ f#ELa. b EARSUELITAL KIE: [ OO dx = ORI MFA DBAHER [ AL AU
R,

6.7 R ¥ R &

T g X, B X ER—AF R X (E, B o] R E —2H
R BR, XTIF LR B BEFEARF L R AR B )88, 3 B A& BR ) B 15 TR %1
Eite, A LEH CANBESES. B RERIC 2183 B Riemann
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Ll a, B4 E nEKJﬁJE | = | =0 &, FREGERISERNRENER. AFIEHE
H7.1.1 HRMFE,. T8 | = | =083, RADFH A KRR K
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D BTE Ra¥nEA

znjfym VO + (y()2dr.
XEERE AT EIER thm M EHAAR
s = 2x] Y0 VIO + (D).
MRMBHIFEN y= (0 (a<x<ID) , B ANEF t m Y E ALY
S = znj:fu) Y1+ (f (xnkdx.

B8 HHFRHR a WREMEH.
M ERH a MERETTLIEREH L
y = Vat - x¥ (-a < x<a)
% x BhpERE . TREHEAK(15),18

a 2 a
S:ZRJ— Jat - x%, |1+ == dx=21raj_ dx = 4xa®.

a2_x2

BI9 RIS + =1 (a> b x WIBEFFTA M MR TR ERL.

B WENSEGTEN

x =acost, y=bsint (0<Ct<m.
mAR(14),78

S= 21rbj sin ¢ vaZsin®t + bcos?rdt
4]

n/2

= 41rbjo sin t va? — (a? — b¥)cos? tdt
x/2
!Jnrabj0 sin t v/1 — ¢cos®tdt,
XBe=va*-b*/a EEZEBRM u=cos ,18
1
S = 4nabjo /1= e7u?du.

FIFS.2 ¥4 12 f945 8,18

S =2xb|b+ ,az —arcsin a’ - b\
Ja? - b?
WMRELXHBS a—b" ,I4H
lim —Zaz—bzarcsin —W‘Za_bz = b,
a—=b" a” —
BIRf 1836 8 L5 R.

(14)

(15)
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¥ HAE D

% 3 & 7.1

1. R p T35 B T 22 Y B % B B Aty DX A By TET AR«
(1) ax=y*,ay=x*(a>0);
(2) y=2x—x%,x+y=2;
(3) y=x,y=x+sin*x (0<<x<{n);
(4) ax? +2bxy + cy* =1 (ac — b*>>0,¢c>0);
(5) =mM4£R: r=asin 30 (a>>0);
(6) WAL r*=a’cos 24.

2. (D ?Wﬁl—+yb—z<1 O TR 5

(2 ‘}WEER—+ bl 2<1 MR
3. HHETHHLMIMK .

(1) x = e'cos t,y = e'sin t (0T t < 2n);
x = alcost + tsint),

(2) . O<t < 2nva >0);
y = a(sint — tcost)

— ¢t 3
x—;cos 1)
3 . (a>b>0,Bc? =a*— b*,0< t <<2x);
y=%sin3t
(4) x =sint,y = t,z = 1—cost (O t << 2rm);
5) x = t,y =35,z =63(0<< 1 << 2);
(6) y* =2px(p>0,0<<x << a);

(7)) y=Incos x (0 x < /3

(8)y = V25 - XX (0 << x < 5V2/2).
4. BLERAHBRBIRTBER r=a(l+cos )(a>0). i RiTE .
(1) EMKE;
(2) EEERAMIER: — A B =t W LR R
(3) ELRRMIER — R R = WS R R AR
5. K%k y=sin x (0<x<m) 5% x MIESRE — A =AM IE R Em i mEmH.
6. WL y=sinx 5HELx=0,x==/2f y= 1t (O<I<<DBFTRAFMTHEH N s . Rs()
B E i /MA.
7. B fOoOf[0, 1] LRI, AR R
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TS i RTER OBA¥NMEAR

xf (x) = f(x) + 3x%.
FOHAME y=f(OEHEL x=0,x=1.y=0 FEFEREES x Siles — &L
K A4 BUA R B /IME » 3R M B AR

7.2 Yy H2EH

A A BERSEY BB LA R ZE 15.9 WHRINEAEA L ERSEY
38 b R RO T

Bl KN [ JREN M MHSIMEAB MEKSE LA — A C HRE Y
m,BH|CA| = a. RERMFAZ BT .

B ORIHBAESRE C A(E7.6), F
RS AWML Na, 5 BB Na+ | FEHL
B —/NEE [xo x + di ], U3 — /B2 60 G 48 6
(M/Ddx. MRBEBE—F A BAFH x, 0 7.6
X/ C HZREMEI AN

A fx+dx B

a+l

X

m A—'Idx
o 1 _ GmM dx
x? 1 x*’
He G A5 ER. &£ AB LIEGEBRM5I AWM E5E MR S 2 K855
F:GmMI"”d_x: GmM 0
I Jo x2 aCa+ 1)
B2 HEEEEN m WYIKBEEM.OR h Q35 B = T 55 m 4k Br i
.
8 BEEHLOLK x AL RER m MR HERMS] B
Fxo = G2,
Ko G A5 NHEBM HHIRER. - RM%ETF

W.=| "FGode = Gmm[ T 9
h h X

_ 1|* _ GmM
= Gmeh_—h' U
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KEpHAE

Bl3 W—TRER m HIYE by B = R RN RIS KRNI
HEE vo A BEGEYI AT B HERAIT] 17

B EEERN m YRR E R MBI RS EAREERK A vo BARISIEE.
B 2 BE5 R, 1B %K

L mop = GIM, (D
XE R NHEREYEAE . M IR R, G A5 1 E . B Newton 5.8
mg = G"I;—?, 2)

XHE g RENMBE. d=X (D), BPEF

vo = v2gR = /2 x 980 X 6371 X 1075 ~ 11.17.
XA, 11. 17 km/s FIPIERE B, T AR SFE R L B st 3R E E— R “ARZ
B XA EEME R —FHEE. 0

% 3 WmM7.2

1. BE—IR¥2H 5 m. &H 10 m BB KM, b 7 K. it B HE 2 o K BT = i
#yxh.

2. F— MRS gE, EFEH o, I o LR E— B UREBHFEAITEEXESN
514.

3. A—HBH 1 m &GH2mWEN BEAMEEN T K. BEA - THEHEN1 cm #/hFL. KA
MLRHMEER v=0.6 V2gh, B h ZERETKE, g HEMEE. BIKLBREHF
A H[A]?

7.3 m R M

FERE LRSI, AT R 0 BBl S O m AR, X ERIE 5
“BUESTER. BERNE S OBHEES  EEARINTRTMBEMEN A
B X —1 0, A TE S JLABIF R S — (a1
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D BTE BaFwEA

BE PR A T BUS ", iR AR kA i A
EE7.3.1 EHEx>meN g, f R—1IERAHE
WEEL. WY $&m i, H

(&) ¢
>fco - | f(x)dx’<f<e). o8
k=m m

FH 4 n=[6].0
J:f(x)dx = ki)wj:_lf(x)dx.
BE 7.7 PHEBRER, TR
fk-D <[ foode< fh.
—FE, % k Am+1 3| n Kf,183

ftm) + flm + 1) + -+ f(n - 1)<Jnf(x)dx

Lfm+ D)+ +f(n-1)+ f(n).

)
H—HmE.RINE
o<ff(x)dx<f(6)<e—n><f(6). (3
A2 FI(3), AT 78
flm) + fGm + 1) + e + f(n - 1)<rf(x)dx
< flm + 1) + -+ f(n) + f(§),
FE&
- f(&) <- f(n)grf(x)dx —(ftm) + fm + 1) + =+ + f(n))
< fO) - f(m) < f&).
X
(&) c
> fco - | f(x)dx]<f<s>. 0
k=m m

g']l /T?\A>09f(X):xA’m'J
{€]

A+l A+l
St - & - mt?
n=m

i1 | S

B BEHE
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[&]
EAtL _ gyl .
,,Z:;,,nl = A—'*";l + O(E ). D
@]2 /'?\f(X):ln.X9E>19LJ&
T(§) = X Inn.

n<§

FlAEH6.8.1,18%)

&
lT(E) —jllnxdxigm ¢,
XIER
| T(&) - éné+6-1|<Iné.
R, Y € RIEBSn 6. A
nlnn-n+l-lnn<Inn!'<nlnn-n+1+Inn.
BEtE .93
nn—le-—n+1 < n! < nn+le—n+1‘
XRRXTEFTKE n! B)— T HBBEMGH. ERRNHTR 749, 0
HERE =0 Higwet, FI AL, TS ERENER.
EE7.3.2 B xzmeN"w, f RB—A k50 i3 08 o 55, AR PR

lim (> (k> - | fCodx) = a 4
n—~e N E m
75, H 0<a<f(m).Eiﬁ*‘iﬁ»ﬁﬂ%xﬁmmf(x)-—-0,93[3/1\

L€]

&
> fho = [ foodx - a| < fe& - D, (5)
k=m m
XH E=m+1.
iFfg 4
[£] ¢
g(&) = D ifk> —J f(x)dx.
k=m m
—ﬁﬁ97§
g(n) = gln+ D==fn+ 1+ [ fxdx
=2-fn+D+ f(n+1) =0.
%_’ﬁﬁ9€

gm= 3 (fekd —j:”f(x)dx)+ fn)

k=m

n-1
= DI(f(k) = f(k)) + f(n) = f(n) >=0.
k=m
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L BTE RSENER

HiRH g (n)} R—AEREBHEET. B « = lim g(m)FETE. B 0<<g(m)<<
g(m) = f(m), 7 0<Ta<f(m).
MEH—HBE f(O)—=>0(x—+ ),

[€]

g(&) —a= D fCk) —rf(x)dx - lim(zn:f(k) —j"f(x)dx)
k=m m n—ee m

[€]

3 3
= 2.k - Jmf(x)dx - J[e]f(x)dx

n—e-ws

- 1im(Z")f(k) - ["feodx)

:—j;]f(xmx ~lim( >, fCk) —J’["E]f(x)dx)

e k=[£]+1

n

¢ k
:_I[e]f(X)dx + lim Z qu(f(X) - fCk))dx.

=R =[€]+1

e, RIS PRRBEEXNIEERH—IP LR —ANTR. G5,
ER<lim > J:_l(f(k ~ 1) - fCk)dx

=g =T+

n

=lim >, (ftk -1 - f(k)) = fLED K f(E-1); (6)
A ®p =[&]+1
HiK,
R >- [ fCode=- (& - [EDACED
>~ f([§D) = f(§ - 1. (7
Za5R D), BER (). g
XMNEBRAFEZNA.

B3 WMfx=1/x.m=1 HEH7.3.29HXD.H

lim(g %—lnn): Y

n—=oo

XEMEE v 4 Euler ¥ #—%, A5, Al LIBF|

Sk =mnereofd)
RO BR-NMBEEAMARX EEIF 1.6 PEZREITE. §

THEHR—TRAA @ BENS] T
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BEMTHE

ma KkgHY - D Lwa

B OREMEAMS, = > D L nmemnin s, = 5.4 mF
k=1 A=

Sower = Son + 5t BEBALIM Sppy = lim Sy, = S.ETGBAGHRR S. HAE
1.1 1 ... _1
San=l-gtg =y 2n
_ 1 1 (1.1 1
=1+ g+t (g g * )
BT
1 1 _ (1o 1y 12 1 o1
1+§+m+2n—1—(1+2+3+ o) (Z Tt )
RALEKXFHFHAAK(B) .18
YRS S S S UYL SN SN O
Su= (1t g +g+mrg)-2(g+g+=+5)
_ 1.1 .01y 1. ...1
_(1+2+3+ +2n> (1+2+ +n)
_ 1y 1
—ln2n+7+0(n) (lnn+y+0(n))
_ 1
—ln2+0(n).
EEJHSEMTEr}Ii_pl S2n =1In 2, BUSRBE B FI KA In 2. 0

Bis WA x>10.f>0 W, BAKRHFRH D f(n) SRHFBS

|7 roodx R, Rt g

il XRARDMEERR. 0
A AT AR, B W] DUE A — 8R4
Bll6 & 0<<a<<b.Kik:

2 Inb-Ina 1¢1 1
a+b< b-a <—2—<a+b)' (9

R BRI 1/ x. K x>0 0, BRI B EHEMA(a,1/a)5(b,1/b)
AR FERIR BB ZR B y = 1/x (a<x<<b)Wy k5. H ik, B 7.8 T8 R E R
RFdAEmmR. %F
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SRR Ra¥wEA

E<zlarp)e-o
et <2l y)

XIERA(D FHANAEX.
vt b (2 2 e b1 (B 7. 9) B BB A R

FATHZ x=a.x= b FERNBHOEREFFS TR b - 0. FH -2 ET

RIER .2 b EERE 7.9 pEEERB A/, /75

de b+a

|-

a b
7.8
XERRX DO PLBHIBIAER:
Inb-Ina ~ 2
b—-a a+b’
MR, X a=nEN" ,b=n+18,RDOEN
1 1 1/1 1

n+1/2<l"(1+7)<§(3+n+1)' (10

FT—Vig AR AESX. 0

Gl 7 RELERE e FELO, + o) LRSI H 9(0) =0, IR ANTETEELE
FIREE ¢ ' EAEL0, ¢(+ ) B #EM,. I H ¢ ' (0) = 0. 3{E/] a>0,
0<<b<<p(+ o), RIFAZER.

a b
ab <J(’§0(x)dx +Lso“(y)dy, an

AFESHEHMNY b=e(a)(Bl a=¢ " (b)BFALAL.
iER  RAUEFCF A, AFRWER 7.10 PEBMEBRLERTUHAR
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BE¥EQWHKE T

ADMEFHME. XKADLENK ab NI —SSERAHEE. O
Y y=¢(x) Y . y=¢(x)
(@.0(a) / L@ ®)Lb) /
b
o a x (4] a x

®/7.10

AR (IDFRK Young(4,1863~1942) R&ERX, CAIFFZ L AL . Hlin,
WA ¢(O=x""(p>D, EAREBH ¢ (N =y" " KA g=p/(p-D>
1.XteR% ¢ 5 ¢ ' H Young 7%, 7[18

abglaP.;.lbq (l+l:1)’
p q P q
RPEESHHNY a? = b? BTHOL.
W a=AY",b= B, %{115 3
AVPBY < %A + %B, a2
HPER p H5qikR1/p+1/q=1.RADPFHESHHMNY A= B L.

g‘] 8 i& A1 +Q2+°*sA, *ubl 9b2 9"'9bn Eﬁgﬁxéﬁiﬁ@#ﬁliﬁyﬂﬂﬁx

%K
Sab < (3al)" (3 b)), (13)
i=1 i=1 i=1

He p,g>1,H1/p+1/q=1.RADHESRIIW R VERGER. FEER
A {17
a? = b (i =1.2,--,n).

iR @
F4 q
A = _';uai—v B; = ,,bi (i =1,2,-,n).
S’ Sy
i=1 i=1
AA%ER(12),158]
a;b,- 7 blq

P ,. 1 ,.a‘ 1 — (i =1,2,,n). (14)
(Sa?)” (b)) P 3lar ¥ S p
i=1 i=1 : :
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v BTE RPFEHER
Faxt i K13 nRA0,BIEE R
z’l)aibi < (Z":af)l/p(zn)b?)”q’
i1 i=1 i=1

F(13)181E.
RADFEEF LN TVELRGR . RQADOPFE—-IMNERNES LB
na;7 = nbf’ (i = 1,29"',”),
>al D b!
i=1 i=1
qE
. Dar
% = EL (i =1,2,,n).
ERBEBRR—NS | TREEICH 2, NTTE
a? = Ab? (i = 1,2,+-,n). 0

AERX Q)Y Holder (/K fE,1859~1937) A&, B R — D EMUTF LI
EHARBIBERFEIEE ANAER. X p=q =2 8¢, Holder REXEH

(Zn)aibi)z < ia?ib?,
i=1 i=1 =1

XMY{E Cauchy-Schwarz A&, XSS BTV EFRME R a: =2b; (i =1,
2,eyn).

% S & 7.3

1. & a,b=1. ik
ab<e* '+ blnb,
HHEREXPES B LHEHS.
2. JHEEM a>0,iEH .

a
ANk =

- 1

kzﬂ k +
(R B ARER
:Zn(k+a)«/_ J" (x+a)«/_

3. % f.g %Ela,b] &%, p>1,1/p+1/q = 1.iE8 Holder R%E=.
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KR D7D ]

o< (e ([ g 1),
RPEESYEMY|fI7=Blgl(B REHOB L.
(38R
| f , | g |
Frire™ Tieral”
S5 244E Young REAMEETH a FIb.)
4. 1% f.g tELa,b] &S, p=1.iEH Minkowski( 7] K&k, 1864~1909) RE& R,

([rseerrae)” < ([ 1r1rae)” « (] 1 17ax)"
RS
["1r+qirax<[1r+gimiiflae+[ 1f4gl7 g 1dx,

FH F Holder A%3%.)
5. I 0<<p<<1.iEBH{:

2% 1
KPR

6. i & WIERM . F I EHURE, BT Azt Z‘m Ink.

7. iEHH.
KR« RREEE.

8. FIFHSE 7T BHER.IEH.
PNERY Ik~ (y-Zm2)mz,
XHB y &2 Fuler £%.

9. AHIE 7.10,FH HAFRAD 5.

[a] & 7.3

L (D 8 a,=a,2222a,220,£(0) =0, f(0)=>0, X it f i H0 %58 R %, W
FOO - D a )< S (- D fay).
@ RIE: % r>1 0 R A B .
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FT% Ho¥wpA

(D3 (-D*a, ) < D (- D¥aj.
k=1

k=

2. &

im £33 ([3]-2[ £ ])-
3. - f Rla. b EBMER. f(a) = f(b)=0,H f(a)=a>0,f (b) = B<0. K :

b — 2
0< [foode < Jap 20

7.4 Wallis 223 f1 Stirling 22X

M x € (0, n/2)B},0<sin x<1, A, . X nEN" ,
sin®"*! x < sin®" x <Zsin®" 'x (O < x < —725)
M0 F x/2 YER 4,15 3
J"V n*"* xdx <J sin?" xdx <J n*"xdx.
4]
FIF 6.4 TP, 18

2! Cn-DI!l = __ 2n—-2)!1
Cn+DITS @Em!l "2 SC@n-DI
R G5 E
2n n (2n)!11)?
12 <~ GriD(Gn DI <2
A JeE R, n]
1 2.42n) \: _
limz =3 1( 3-(2n — 1)) -2

XELR WallisGR IR, 1616 ~1703) A K. 23 TFE 2B 25, Wallis A #.7]
B X

22!1
Jr = lim 2 %%
""“(Zn)'«/_

fE R Wallis 22 X8 — AR, I ATRAUES T @AY Stirling (7 FF 4K, 1692 ~
1770) A3 :
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BFEMTHRE

nt~Vanx(2) (n ).

TEHE R Stirling AKX Z AT, BH AN ATEXHE -T2 KEHAE,
nt =1¢2¢3n, EHELRBIHAK. Y n—cff, XR—IHFKE, MBAR
IR B EHE TS KHEEIERR. RRBHH R, HRENE G R—
MEERMAETHITRENR ARRTECHBAHRE. AEEHES K E
FKENMBAEHEHERI. BT BRXT BB AR, 4 n RAH, KN
n! B—ABRfE B E T RNESIRE R, B—FREEMNHE.

(a1

a, = 5m (n=1,2,2).

HItE
ety
B 8,18
lna‘::l = (n+ %)ln(l + %)— 1.

A n+1/2 %% 7.3 WHHAER 10,152
1< (g m(i+ )< (r ) (5 i)

2 n+1
18 £
o< (neg)m(1e)-1< (7~ wv1)
BT LA
1< cenGa) = i_ (2)
n+1 etn+1

Miﬁ(Z)EiilE‘JK%iﬁ?%%ﬂ{an}%ﬁlﬁﬂﬂﬁﬁﬁﬂ,[ﬁﬁ’ﬁﬁﬁl-ﬁ}'iﬂ a,=a W a=
0.2 ba = a,e”"“", U lim b, = lim a, = o. HX (O HAKAEX, 8 b, <

n—eax

brviBI{b,} BT o TRAE «>0, ATTH
e di . (n)22 2
L
XBEDSLAT Wallis 3. 3XBERIFBA T .
EHE 7.4.1(Stirling A &)
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L BTE Ra¥WEA

nl ~ «/M(%)" (n— o),

FRAREFATUBR — N ERANIERX. BT e, BEBIHFET o. (b, BT
H#HT o« FTLFE
a,e’V’” = b, <a<<a,.
S 1<<a,/o<<e“" Bl

!
1 n: <e]/(4n>-
(n/e)" V2xn
® i BT L 15
0 < 4nin nl 1.

(n/e)" V2nn

1
iC 0, = 4nln ————  BP#8 Stirling AR5 —TER
(n/e)2xn &

n! = (—2—)" 21(’!60"/(4") (0<<o, <.

RAVRE—FIF BRI T Stirling 23K 4L
Bl KRR

. 1\" nl
lim(1+ )"~

f&@ i Stirling AR, AFITE
2xgm((1+ L))"

n-—ex

BT 8UE .15
n(nln(l + %)— 1): n(n(% - ﬁ + )— 1):— % + o(1).
it BroR ARBR 8 v/ 2/ €. O

% 3 B 7.4

2
L % nsoonf fiit () 0KRITHRIBY.
2. i -
lim ﬁf_]u - x*)"dx = Vx.
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3. RiE:

—1/2
lim (- 1)"(

- n

)JE:JL;.

4. ¥ y A Euler ##(. KiE .

) n el Ik _ VZx
lim JEI[] A+1/kF e

5. WHFH(x KR xx01 =0 (n21), B lim Lo =1 iEEA.

nxd = 2.
(4275 . F Y Wallis 230.)
o] A 7.4

1. FAARER

WER

2. % neEN" 4

_ n-1_ n-1 n-2 .y n=-1 n-2 1
Se =l et e w3t T T2 hr 3 o
3RIE
.S Jx
lim —=£ = -
ll““’ﬁ 2
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Gl

F8E TERHYWELM

HHFEFETETRTREHMM MR S¥. A TERBEREZ R &
FHEMXER. T BEYHNTUARBREFARKE T AR MEZHEERE. B
MEE ERRBX LR, AT R KA BRA T, RITOH % B—1 B RIEHK
TFHEZHMBNEE, IRFELZTERY. NAERERITEEE TR EZ TR B
R F MR THRIMEAZZE R RAEZERE. AL TET
AT EA FRY4EM Euclid(BRJLE 18, 2977 330~Ai 275) % A1 E A HR, AN £ 4
BERBUERTE n 4 Euclid FRIMF4 LE M.

TSR E RINEXBEE XN ESNHE”. & A,BEHINMES. R
i1 X

AXB={(a.b):a€ A,b & B},
HrZHh A EBHIREK. —BKIHE.AXB 5BXA BRAHEHN. R AXA
gl A% Bl
R’ = RXR = {(x,y):x,y € R}
HEVEH S22 R fiF48E00,1 7, 3R mAetrF LA
0,0, a,m, a,1n M D
VY S A TR Y IE 5 T 6 52 b RO ER 60 5 245
EEHBRENBE, T RHBERN TN BIARNESHRMRE 3.
WALA A BEANES VA
AL X Ay X X Ay = {(ar1yaz,ya):a; € A; (i = 1,2,+-,k)}.
BIMNAREMNICS
A* =A><A>\§---><A.

k4
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8.1 n 4 Euclid %3[q]

RITEXEE
R™" = {(x1+Xx2s 0 x,):x; € Ryi = 1,2,-,n}.
AR, n B (X X2 x D) AN RBENEFET x KRR
X = (X19X25°9X0)>
K x IR FH—N R UWHRERE— AR £ A RABANRIEFHTXHAN
BRE. B x; KAxWEi Mok B T0BBEFTHEEITH 0.8
0 = (0,0,--,0),
AR MELDR.
RAVATLAE R thig X MmkEE . %
X = (X19X25 9 Xn)s Y = (P1s¥V2s"*sYu)s
FE X
x+ty=C(x;+ Vi,X2+ YoorrsXn t yads
FrREE x+y REE x My .
BEXBSHMBMEEE. R AER, xER, EX
Ax = (Ax;1sAXz0° v AX, )
i Ax B x 1921 5.
RINIE XMXFEFEE, R R PRHREIEHE. F5 W, BEAMELEE
R HREMESE, BBRWR, X x,y,.zER".H
xX+ty=y+x,
x+(y+z)=(x+y)+ z.
AHEFRL O+ x=x.
HATME
= x = (= Xys = Xzs°**s — Xa),
FRERMBIER x= (X xz, xS G BRI
x+(-x)=0.
Fiz B e B INEE R R WS, MR AER 541 x,y€
R".H
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s #8E SFREEKNELEY

Alx +y) = Ax + Ay.
AN SHEM A, £ ERIER

A+ m)x = Ax + px,

Alpx) = () x,

lex = x.

WHEULEEXWREZENES RN n dEERZE.
ME.BE N #mEZE R *@Iiﬁ“mﬁ”ﬁﬁﬁ X=(X1sXgst* X))y =
()’1’)’2!"%)":)'%)‘(

(x,y> = Zx,-y,-.

XR—NEE WERNR x 5y AR,

NRAFLUTHEAMRE.

(D) <x,x>=0, HPFESHT HHMNY x=0;

(2) <x,y)={y'x);

() {(x,y+z2)=(x,y)+{(x,27;

(4) SHEMIEE A FAx, ) =2(x, y).

T (D 5 Q)4 FIHR AR IEEEMI R, ENM0IEAR T2 SR, 0
B x=(x1sx2s 9 X0) s Yy = (Y19 Yasors Yu) s 2= (215225522 ) IR A

<x,y+ zZ)= Ex,-(y; + Z,') = Z(X,'y,' +x,~z,~)
i=1 i=1

= inyi + Z":xizi =X,y +{x,2).
i=1 i=1

HIES THEE (3) . M (4D WIEBASE R 5 32, AR
LA B RT CAHE R XHEM A, #ER RAEM] x,y,2€ER", A
(Ax + pny, 2> = Alx,2) + p(y,2).
XRMRU BRGSO EFR AL ESRE.

EXANBRYEEZE R, A n % Euclid 28, BiFREKK = [H. K HX A
ZHEEXESHEAK. KFEHIE, 7E Euclid JLA ., AT U E S S5 S 2ZEMNE
B ABROKE. . mEZERIAESE. RIBEER, ERKZE R" fREEE L
B SX s JLfal &

XHEf[EE xER™, E X

Ixll = /Txx0s
Rl x Il 8 x KRERSATEBHEFEFRA-DERNLR, YERE x K58
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BEITHE ]

¥ AT LIERA M BB R A U T =&
(D || x| =0, HPESHEMNY x =0 BliL;
(2) M AER, [ Ax |l = 1Al | x5
@ x+ylI<lxll + 1yl CAEARER. FEXBIWETDERERE
F7E A>0. {18 x = 2y.
MR M) H W E, AT REA %K (3). 7 n 4% (B 4, Cauchy-
Schwarz A% (R 7.3 [ LB NBRRTR A
(X, 02 < Axyx)(y, ¥, Q)]
EEMT
x> < U xll Tyl 2)
FIAR ), ErfE
lx+yl*=<(x+y,x+y
={x,x) +2{(x,y> + (y.,y)
= fxll®+2,y)+ lyll®
S MIxlz+2lxl iyl +yl?®
= x|l + Tyl
i (P EES R WA HFENRTAEXRQOPESHIMEHNF. B 7.3 T FE
A>0,{#78 x = Ay.
MR x 5y HBAEEmE,B4H (), [H
| {x.y) |

< 1.
Tx 0 Iyl
KR, AT AR 19 € [0,x], (78
_ (x,y?
oS0 = Ty &

XA O RATUEL AP ETEEx My BERA. BR,(x,y> =0 HHMNY
0=x/2, X RAVFFE & x 5y EX. FEE 0 AIguAARIEMEmRAIER.
BEET W@ R aR. T3 n fn @R
e, = (1,0,0,--,0),
e; = (0,1,0,--,0),
e, = (0,0,:,0,1)
R RAA R, H B ERIERR. XA ARRA
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0, isj,
<e,‘yej>:6ij: 1, i=j,
KB i,j=1,2,-n. X n MEBRMMERGLIRER. F—THE

X = (X1sXze**tsXy)

#HATLAR AN

x = anx,-ei.

BiE.RIMNEXAR x5y BMEZR | x—y || .RAS, WS EMER2—
MNMERE. REUXFRESNHNEEREA S TE. EEAXNRE: x 5y BIHE
B%ETy 5xEMER. &F

x—y=(x—-z)+(z—-y),
Fr A
lx-yll <lx-zll +lz-yl.
XHEEEN=ZALTIER.

MEL RS L, FRF A MR s B =8 R" (B R =18 R™) HBERKZE H)
RAREN. WG 7ZER" PRILADEREZ R NFEELT EMEF =428+
JUAD R B 2%, 3R A AT R .

B, R a€ R, r >0, RATILES

{(xeR": [[x—al <r}

FRA R" Hlha AL LD r ERBBKIZH B, (a); T4

B.(a)={xeR:llx-al <r},
EFRAR B, (a) B EBRME LA = A HRK.

W ECR". INRFLE r>0,1§8
ECB.(,

ML ER—NBERE.SEFREERAENERR I mEN" . FE x. €
F, % || xn || >m.

HTSENFE - RTHENERZIIN EFEENEENTEH. & mXn
i3] i3 :
an Qi
A=

aml "o a”m

EX A BITEECH
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lal = (2 25a)™
SR XA BB )T, STRR EBURIRAERE A BB mn S B, FIEA A R
TR J R A TSR TR 161 T TR A e 6 O TR B AR
I, | A Il >0, %5 4 BT A = 0 B ASL; RHEMIEH A.F
laal =tal Al
R A 5B RRAKER. R4 A+BAHENHFA
lA+BI <Al +IBI;

BE.HARmXn MM, B Z&EnX| ﬁW—FsﬂB/AﬁfR AB HE X IFHEFTLIER .

ABI < Al IBI. (4
HEL L, A=(aw),B=(by) B4 AB Wi 17.5% j 5| L %R
Zaikbkj-
k=1

B Cauchy-Schwarz R =, [ H

(Eakbk/ < a% by .
RMZE.1BE

1 ABII2= 33D ( D auby)’

= || 121 BI?,
F¥izE .- /Ll ABI<<IAl B .

% 3 M| 8.1

L. % x=(1,1,,DER".RIE: x S/ AL BIrE R e e, e, TAME.
2. & x,y RERERSS 6] R FIR, 0 RaX B4 18] 2 18] 49 32 A . 00 B X 5% e B AT -

fx-ylz2=lxl?+Nyl*=2lxiIIyllcosé.
3. & x.y RBRECZS 8] A5 AN AE 5 IE 38 ) ) B . ik B ) e 3 AR
Tx+yll?= x>+ yll*

4. % x,y HERESEPETEER SR E . IFHETRE .
lx+yl?2+lx-yl*=2C0xI>+ lyll®.
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L R8%E SEBEHMELY

5. % a,b BEREKEEFTAARES.IE 2r= [l a - b || >0.5RiE:
B.(a) N B,(b) = .
6. & X = (x1szy"',X">.ﬁEEH:X;j"{£:%—:E4J xeR"?ﬁ

1 n "

= i < < [

\/E.Z; [ 1< x|l ,Z; I x; |
7. ﬁEBHXTJ"ff:%:BKJ x:(xlvxzv"'9X,.)6R'l9ﬁ

max | x; < || x| < nmax | x; |,

8.2 R SRR

Wx, €ER"(i=1,2,),Fk{x; } B R" FH—TRF.

EN8.2.1 Bix )RR FH—NEF,a R MAMERLBEN >0,
ENEN Y i>NBH

| xi —all <e,
HATHFR A a B {x;  AIERER , ICAE
!irgx; =a B, x;—a(i—>®).
XEHHFRRI (xS TS a.

RN x T a, AT LA MR AR N HEELREN >0, FELEER
N,% i>N B8, x; € B.(a). ENBEBRILFIRER : AELUS a AP LHERE
2/, — E BB BN SN — I, (1R 7E X — TR LA G 0 & TUER PE 7E X BRI

SR EF—F, G T3P R

(1RSI x; S AR A B B AR PR b R ME— Y 5

(2) W EFLERB AL,

EE8.2.1 &}1}2 X;= a,}irg yi=b, A4

D E.IE(x' ty)=aztbh;

2) MEfI AERF

}irg(;\x,—) = Aa.
IER R BN, FHiZEBITER.
EX 8.2.2 B{xi IR PH—NEF. MRIMEFAEW ¢ >0, NE
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WEIVHE 0

N* .Yk, I>NELAE || x— x| <e, BRATRFR x: } B—ANBEERDOT.

STEBEETR . BRAF SRS FI ER—EE , RIMBARAER . ER FEE
B E R GER? EREEEM, FEHT — SR THEZE, BRIDRIERX—
.

#i{x;} & R" PFH—IEF]HR

x; = Cx{P?axg? e, x?) (i =1,2,000).
e k=1,2,,n, 8
,ILT xi = ag,

LA FT x HRO BB T a=(a:,a,,+,a.).

BEHRS S RBWAEFAXRAR? XA THEHEHEPRBEESR.

EEB8.2.2 limx; = a FHF LRI x; HEFREHAT a.

iERl ®NAEBRWAER

Lo 1< e | <L Xt 141 82 [+ oo+ 207

(k=1,2,0,n) T § €N"  BELTRL, 2 lim x; = 0 B, lim x{” = 0(k =1,2, -,
n) Bl x HEBIET 0. R2Z & x: #HABWST 0,015

mC| x{? [+] x5 |+ - +] x? [) = 0.

i

i i 7 B8 lim | x; || =0,B8p lim x; =0.

Xt —RHIETE (BD @ R 0 FHIE) . BB =5 (xi — a} B ERFFHRIE L FTIE
BHERAFIXA S L, EEBE S5 x T a S Fix A BRET a
AR O

Bi1 7ZER . EEAT

BT » .
lim (1 + %) =e, lm~t5=1, lim(1 —%) = e,

i i-e |+ 1 iwo
F)fl«‘)'lLT x; =(e,1l,e71). 0
EE8.2.3 {x;} HRAFINNFS VERGR(x: ) REX LY.
WA S EE. RS x ) RET a, MXMEELREN >0, FFE NEN- fE
BYEi>NBLH I xi—all <e/2. BN k,I>N B, H

llxk—all<%, la- x| <§.
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CHBE SERERNELH

FR BAEFIN=AFEAEX.F

lxe -l < s —all + la-x |l <5+5 =

2
XL x; } REEA T
Fa . BAER (x, V REA ST AAEX

[ x* = xP |< |l xxe —x2 |1 (G =1,2,0+,n),
ATEE (x5 (G =12, n) BREAF], T LAENTRESES]. 4
,llrf.} xiP =a; (= 1,2,2,n),
AT RS x HEBWAT a=(ar,az,0a,) HEH8.2.2 8, {x;} 2 i—>o
WIS T a. i

HX N EEMIERE S HIEEHE 8.2. 2, — 5 X S 5| Ay Wt in) BB 0] LA 4L
AREE AR I (6] R . T E RS — M F

ETE 8.2.4(Bolzano-Weierstrass) MAT—& R H S5 A] DLk B s+
J=¢ 1}

iERR AT R® FHE R SFIEIEHA.R FRHERRE—FEHN. R {x 2R
FR—NMEREHIE x; = ({7,287, x$2)=1,2,+) . ;I TF

| x < e | S M G=1,2,0),

B xi”  R—1F A RIEEF + 1 Bolzano-Weierstrass & 3, FF4E{ i } B F
FUL Ty ER lim 0" = a0 B g Y W R— A FES, BT AFRTE ), C

{ir}s ﬁﬁllm xi? = a, WA {xy YW BAH R, L (kT EE
llmx§"’=a3 BAE(k, Y, iy Clid,id

xl_(x(k)xék) (k)),

EH:Fllm x5 =q,(i=1,2,3), B4

lim x,, = a. g

|—+co

HARITEA XIS E IRAR T LA 285 b #lan, RA1A XM E
B AR RABSILARR” S EE TREEREN S22 HMMAER. X
RENERFIFIET Tk X—FF R F” AT Ak E A58
L8

a = (a;,a;,as).

% 3 & 8.2

1. % R* 9, %€ (51
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HEMHHE

x, = (iﬁ) (n =1,2,-).

n
SKIE :lim x, = (0, 1).
2. IEMEMS.2.1.
3. EBA: BRECE [A] R SR B B R 69
4. {EH BRI AP R B A S 2 A 569

5. (xR n BRI RBOAF FEEEE D) I xier — xo || HOEEL KA {x, K.

8.3 R EyFFEMAL

TS TS BB HIAHE, RATE LB AT A F A X [E &SR8, 7E
XAXE E WA R/MEMBRKE, FEEXXE FE-BuEgEm. BE, £ XHE
b EEERBUEAS — € R A XS X R, A RN X EFE RHXE. 5
RAFPEZE" B EZRBTERERADKA—H.

HRATBIEER L X SR RESERECRR, FRTBN A R FAE” LA X it
. R TEX R FRHAE, BRI R FRFFEIRE.

ENX 8.3.1 % ECR".MAH a€EHHAFE r>0./#18 B, (a)CE. 4
a REWM—I AR . A& EMNEENATABNESICEE . HZH ENR
8. MR E =EJFAFE AR FHFE.

U ERSEN EWRTSEWEE —EFTUSERTE. YRR 5%
RIFE.

HEXA[H E'CE.

ERATE LT

Fl1 R EERFEE(x,y): y>01 2 R PRFFE.

iERl M EFFEPER—E a=(x.y) . Hb y>0,/E“BR” XM EFER
—ANEDB,(a) B —H(x .y))YE B, (a),

(x' = X2 + (y — < y?,
1L 518
2yy" > (' = 0+ (yH)r =0.
B y>0,FH y' >0, XRAF W, y O AR L FE A S AT a B ¥ FHE—
e 322 -



CE8FE SEEBRERNESH

AR BT BRI E— TR, 0
2 ¥R BEEE-NEZEHRANERER PHFE.
iERl B aER,EEBES E=R'\{a}).FB—A x€E, S r=]a-x| >
0,48k B, (x) . {El—# yE B, (x),H
lx-yll <r=1\llx-al,
AL y7#a, X% y€ E, AWt B.(x)CE,ffLA E BRFFE. 0
%3 % r>0,3% B.(a)BFE. '
iEBB Bl c€B,(a). S d=r— |la-c | >0,4E8 B, (c), AL
B.(c)TB,.(a). HXLEfEB xEB, (o), || x—c || <d. H=AEAEX, A

lx-all <llx-cl +llc-al<d+ llc-al =r,
Hifi xE B, (a). XIEBT B,(c)TB,(a), il c BB, ()N E. BHF c 21F
B, B, (a)EH NS HE, BikER B, (a) BFE. 0

5 33t B0 AT FF X (R EB R R R RFFEE.

EE8.3.1 XMEE E.EWHIE BFE.

iRl IR E =, A AL

WE S AER c€ E°, B ¢ & E H—MH&EWEFFE r>0,{#18 B, (c)CE.
il 3 AT, BR B, (o) PRI — S8R B, (OO M A, At B E MH & XEER
W B(OCE T c REWHNR . BF c BEHHE—KL LU EE2BHNA4d
B, B E"RIFE. 0

EH 8.3 1 MERTLUER(E) =E".

XFAERINMNBAUOTHEEEH:

EIR8.3.2 ZEZFER" H.

(1) R*, SRFFE;

(2) B{EN R W—"FFEEKE HPET « RKE—THBITRELBLIHE
U E, LRFFEUER BN FRMFFRIFE);

(3 B By Ezooee, En RARNIFE I ASEN B RFF AR T2
LRI

EH (DRBABM, LERS5E).

fERLa€ U B, B BE 1418 o€ Ea. i T Es RIFHFTLL a RE, 19—

TR HRFE—1TE B, (a)CE;, ARE
B,(a) C LGJ’Ea.
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HEMWHRE O Do

REH a U E, P55 E 2.

AL aeﬁlE,-,EpaéE,.(i:1,2,---,m),mlJﬁ7ﬁ£ ri>0,fH78
B, (a) CE; (i=1,2,+,m).
A r=min(risras s Fm)s W
B.(a) CE; (i=1,2,,m),

B
B.(a) C(\ E:.
x&H o £\ E; 68T () E; RFF L. 0

HBHHMNE, EH8.3.200F, FEN I BLMRARMY, XM RMEGE+IE

BOEER B (a)(i=1,2,-), X8 a €R", EfIHEFAE R
;61 Byi(a) = {a}.

XA RIS,

B ECR",ig E°=R"\E,ff EA A& E HahENRE.

EN 8.3.2 iR FCR".UFR F AL N F Z2HAEK.

HTEL—ARFAEN . 5SERS.3.2 WMENGE, RITIBE X TESHH
AMER R E,.CR, HY o XKB—MEVRE, WH

(NE) =UE., (UE)®=NE:.

JXFR % De Morgan({2EE#R , 1806~ 187 1) XHB IR, HiF I R E &R T 400, BT
HBOTEM.

EI8.3.3 7FEZS[E R .

(1 &R BHI%;

(2) F{F R R F—NEHFEE, HPEE o« XE—TMERETBALZK
%QIF“ EHEUEEZANHEMZEME);

(3) & Fi1,Fzy, F %ﬁﬁﬁ’l\ﬁ’l%,ﬂl&z#ﬁi@lﬂ th R (FRNAER
HRHAE).
iEBR HATHIEH Q)  HibhiEE A 2R,
BT F. Z2H%E. 8 F; &% . B De Morgan XH{HFH, F
(NF)* =UF.
ERMARRET IR RIBEHE 8.3.2(2), WHERIFE, B UF, £
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- H8E SEXBEMNESHY

PH4E. 0

IERTERAEMEIT.

B4 @F 1A, 7E R FHBEMEASHTETITEPNSTEARNESE
Zif-
g5 2 REMS.3.2(3)a A, B R FHAEREAN ST ERTF
£, 7t R" PAHRBA ST ERALE.

Ble 7ER" . IFERMIERALE.

AT HBE-ATKBIFEMBEEAIN —TERARAEN L RNFES
ABBAX A B, (a)\{a)WIELL a FERL A r>0 FAZRH 0B, iC
3 B.(a),B

B,(a)={x€R".0< [[x—al <r}.

EX 8.3.3 % ECR".% a€R" BEXHEMMER.: XEM r>0, 5 LK
B, (a)P BFH E P& BAFRE a HE HRRRASBRRA.

WHEE.EWERSATUETE WA LURET E. fiin, #5h E% BT X 8
(0,1, X0, 1JFHEHMETHERS.B051 REQO,DHR. & EFHERE
E MER S NHRERN E WIKLA.

EXN8.3.4 HEECR MERAMESEKRNE WIE.CEE R E=
EUE . ¥ E HE M.

EHE8.3.4 ERMENKEIUVERHRECE.MME=E.

iERl LEM . {EBec€E,(IEa€E,fIRIEE. MR a¢ E, B4 a€ E°.
EAh E B, BT E<RFFE. TRFERK B, (a) f£18 B, (a)CTE", LA B, (a)
FRAE EPHS.Hlta ARENERS. X5 a€EFE.

%M. % E'CE {TB a€E . X a WARRE GRS, B OH r>0,F
BB ()P AE ESRWE L B, (a)CE . XEW ER—-ITHE NME £
4. 0

#it 8.3.1 ERBAKMANSLEZRMERE, E F RTS8 R0 72
E .

iR S EMH.®E PRRSUETN x  BRB a. MR SFIFREEREN
H.BRY KSR E a=x, CE; R Ix ) PHELREANS.IBA a€EE'CE
(3 8.3.4).

ot AR a€E VA E BATLIGEH SF{x, ). #78 x,~a € E,Ff E'C
E.fR7EFE 8.3.4,E BRIA%E. 0
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BESHHE

R, XBEFMEARRM MBS BL L, FEERARFEXARRA
RS N, SOARE (x, ) 0<x?+ <R EXHENES. LWEES
MEFENRAENES. I, R" MTEREXEHEMNES. AL ATLHER,R" $
BEXANEIRAEERTF XAMES T (LETH8.5).

EE8.3.5 EMIEESHAAE HEME.

iRl B a € (ED . R ¢ FRE MRS, WEE—PK B, (a), H
HEEZAH E PR—NE.BHl B, (o) FRE—SEIE EWERS. 8 B (a)
CCE) SXiRBCE ) —R—AFF4E, AT E'RIALE.

FHiE E BH%. LR E'= 2, X8 E=E, RIEH E A% FI. T8 ac
E.Wa¢E.A a¢E ,BHFHE r>0,18 B, (a)FEA E PR A8 B, (a)C
Es, A EERFE.BE BAE. Wi E' -0, XEE E hBs s (x, ) Ak
R a, A {x, ) PEEFENARP S MREFHE -TIFHWELET E. BB
4 aCE'CE;MERPE —FIIHHAELRBT E . TEBIEB E'ZA%L. il a
€ECE.#H#E#i£8.3.1,5 E RIA%£. 0

EHE8.3.6 ERETEMNWEAITE.ERESE ME/NNAL.

iER W& BCE. WM bE B, WA 1 B, (b)CBCE,Xk#H b RE
B— A s Eilk bEE,BTLL BCE".

HIRF%E FOE TR a € E' HILM E Ra] AR AT x, )T a., 55
{x MU LIBERE F PR SR5. BF F BA&E, RIEHER 8.3. 1,7 ac F, ¥
FDE'.X FDE,f[}, FDE'UE=E. O

EX 8.3.5 WAL ECR", (E)'RHEFRA E MR, E B9 S 2R
HE MSMBBERRE ENNADRARRE MIMNEHERNE MARKR.E AR A
KRN E B3R, idHIE. 1

REAR . A a BE WIMNE MLFEE K B (a)  FREFTLAE EFH
FoR bREWIHR S, BHUSEEMR B, (O PBEAE E FH . F E°H
oY=

Gl7 R E=R".B4 E =E.(E)=0E=.

$18 WE={a)RM&E XK, E =Z,(E)=E,JE=E.

Bl9 RERR P—FEHKELMWAHLE M E =, (E) =E,dE=E.

#5110 4 E=B,(a)(r>0ER" {y¥k. X8, E =E,

(EY ={x€eR":lx-al >r},
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0 B8E SREAKNESEN

AE ={x€eR":||lx—al =r}.
BZ 5t —Y1% ECR",E . (E9)"5JE AR, H
E"U (E$)"UAJE = R".

XELBENEE . RIMTA“HXEEEE"(E®E1.5.2) . FER" R, 52 HNH
ENEEEHE. ATHAX —EB . AFTEIHFHEE EMNERWES. RIESME
CR",ig

diam(E) =sup{ || x -y || : x,y € E},

MEXNMECHES ENER. B diam (E) AR SHMNY E B2EAM.

EE83.TUAEEREE) W{FNF#d,i=1,2,3,-)R—H%EH.¥FH
FIDF,DF: D %

lim diam (F;) = 0,

BaNF ARE—— .

iR BAFi ARER FIUMB—T ieN AR —K x, €Fi. ;1T
{FYER—1TE”, LA

{XisXis1+Xiez2"} C F; (i € N").
HIMERTRD, 2 kL 1> 0 B,
lxi = x| <diam(F) =0 (i— ).

KR xR MEER ST RS T— R a B{F}GENDHOERALE. B
2 k=i B, x € Fi Tl a € Fy X—41i €N" 3z Bk a€ O F..

IR XA bE (\Fi M a bEF,(i=1,2,+) Tl | a = b | <diam (F,). %

i 85 | a= b =0.80 a=b BTN F, RHAE. 0

% 3 & 8.3

1. WIS BPIEENES ARt A, A FIA,

={, L1 ..,
(D ZERPLA= (155 }

(D ERF,A={(x, ). 0<y<x+1};
(3) A B R AR SE.
2. 1‘& A = {(X7y):X9y mﬁﬁﬂﬁ}* Ang(At)Q*ﬂr‘)A.
3. iEH: pE A H— A KN VELEMER 3 —8) r>0.5 B.(p)NA#D.
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4. JiERA De Morgan X8 5.

5. iFBH:2A = ANCAD)".

6. IEHA: A" = (A%)".

7. 3EB. (1) (ANBY=A'NB’;(2) AUB=AUB.
8. (1) fEHMESIF.} 18 U F, = B (0);

(2) fEHHFFEFNG,) EB NG, = Bi(®) .

9. ¥ I H—I8FrEE . IEH:

(D a@CﬂDIA_,; @ (YA DUA;.
RO AOFXRETUAHRY.

10. & ECR".RiE:IE 2R %.

11. % G,.G.CR" RFEATHLHITE. ERN .G NG.=G NG =J.

12. i& P:R*—~R, E{&id, 33 (x ., ER:L P(x, y) = x. P MEBERF. & E AR F
FERIE:P(EYERFHFE. HHEAF:A RR #HHAL. B P(AIRERBH
%,

13. E RAEMESVERIFREDIE.

6] & 8.3

1. ¥HE&EH ECR",iEHH . 0ECAIE.

2. GHRPIESHERIFE. RIE: G LU RRAEZARNEASMHIF X 649

3. i FER FISHAERALE. IEH . MR EARE—IHAKXE.BAE—ERLH— AKX E
§k 2 F £ 8] 8O E A3 I IX 8] 4 i i -

8.4 FIFBMESSE

FESCH L, RITEA R AREZERE"(EH1.9. D, XM EHER"
WA HRLRIHES .
EX 8.4.1 WECR".MR E FHE—RINEME—-FIRATE F19—
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B8 E FEREBREAMEGH

&£, UFR E & R F—1FIRE.

THEHHEHEEYT R PRFEELR LREERAE.

EHE8.4.1 R" FHESE NNEENASTVERNRE AERALE.

iERR S EW.WMHE E XR, AL LR —N SR x ) CEHE || x; |
>i(i=1,2,3,). BRAT x A RS FF]. Btk ERFIRERIIEE.F E

FEMLE, Hi#EL 8.3. 1, AR LS x, ) CE, {§18 x,~a (i—~«),{Ha€EE,

FE{ x; } M — Y FIIERKST a € E, \Tii E RRFIEE.TE.
Zo. R ERERMAE. ER—E5{x, ) CE,MERAFRH. #K Bolzano-
Weierstrass £ (EHE 8.2.4), A {x; } AT ST I { xi, 1o 17 x4, ~a (i~

). JlN ERZFAEH{x | CE,H a€E, ;XKW E B—1IEE. 0
EN 8.4.2 % ECR",f={G,}2R" FH—PFFEK. 1R
EcCUG,,

WFRITEKR fBEET E.- AR S22 EN—IFEE.
BR./={GHBET ENEBERE MEMacE, —EF—-ITHE G, €/.1F
Bacg,.
EH 1.9 14EHIFRIT.ZER P . M ERAX AR ERRBEZEH, ILART R
RERMES AR AREREER? AMETIA:
EX8.4.3 RECR".EHBMENE-NTHBREPELARNFE. BN
RELAAL E MAE R B4R E H— 1T RBE.
THEHYEHZIEL T R FEBEMNRLE.
I 8.4.2 ECR" AEBEN—IMRITLEFMGEE NERAE.
R XREH.RENERE. ZELEE0=(0,0,-,00 /5K . L mEN®
HHZHIIR B, (0). [H R
ECR" = [ B (0,
BT f={Bn(0):mEN" } & E — M BE. N f FALLERARNTE DA
By, (0), By, (0),+++, B, (0),
EAMRER E H—1N 8% 4
s = max(ky,kaonk,),
B ECB,(0),Hlt ERAFRH.
HiEERAE XRFIEH ERFE. & pEE.WNE—-NME qEE, LER
TEFEST/NER B, (@) {875 B, (p)N B, (@) =&, XB¥% r>0 55 q HX. FiF

« 329 -



HEMTEE O]

XHMER B, (LK EBRE EN—IHEZE. BT ERESE . HFEARIR
B, (4:):B, (@) B, (qn.),
EfER Em—NHEZ. 5H

B, (g>)NB,(p) =& (i=12,,m).

é\
U :'61 B, (p).
FLE,U BUE p ARRLEFCERSERR/NFB— TR U 5
-@1 B,‘. (q,)

A B E\U= 5. diti% pe UCES M p 2 EMMA. 1T p R EF
LR 4 T LA E-R—FFA AT E B,
A HETEE T RATH =
d 2 TR F65r . 8 E 2 R iy
d RIAL, RITEH E R R P EHE.
y n FRRIER.. IR E 7R EBE. WA
( R® hFFEM( G, ) B E — 1 FFH
. #.81(G.) WIESHRTHAEEE E.
AT S T . B E A R
ol b £ R AR 1= [a.b]x [c.d]. 48
o 18 ECILA8 1 5B % M AN G
K,.K;,K;,K, (K 8.1), 4
I =K UK, UKs:UKj,, O

H

diam (K;) = %diam(l) (i =1,2,3,4). 2

BT E ARES{ G WEBERTHRE R, TUEX (D FHFEED K At H
HF. (575

H =F NE
AREL G  WEEARFRE R H (2, A

diam (H,) = diam (F, (| E) < diam (F,) = %diam D.

FHE F (D@ smA MER 66, RR ZEDHEAFER F. 158
Hz = Fz ﬂ E
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AEEH{ G, WEBAR TR R, A

diam (H,) = diam (F, (| E) < diam (F;) = %diam (F)) = %diam n.

EMNER—EHA U LR HEITTE ANmMEA—FMHAE Hi=F«NE(k=1,
2, ENTHE THI &4
(a) HDH,; D

(b) diam (Hk)<2lkdiam (N—=0(k—=>);

(c) BN H, #REEg{G. ) NITFEARFEES.
M@ MDY E, {H ) REASEEHEGEH 8.3. DKM, BmfF7EHE—/Y

g€ (\Ho BN E€E.Ti{(G.) R E W—AFFli% U ER TR G. € (G,
#1718 §€ G,. NIMFFTE r>0.f87%
B.(&) C G,.
MO FNIE, ATHUFE S KB &k, {8178
diam (H,) <r.
FREMEES x€H . A éer s BT LA
| x — &l <diam (Hy) <.

X x€ B, (H)CG, . B H CG, . XFI()FIE. 0

MEF8.4.1 FIEM 8.4.2 WiB.ZER" F, 8 FHA N EMEBE=1%5MD
BEE. A AAENT BEEMEBE T EMIHE PR BEHEE CRMIER.

% 3 M| 8.4

1. R PREEET . ACR REEE.iFH . P(AVHEEHE.

2. R A,BCR.IEFA:AXB HEBEMRITVLERGZA MIBEHREEBE.

3. iEM:ACR" HEBEMEIVERER.ZF=(A'ER PH—IHEKR.HE
ANNAD = UE A Arr AEF BB AN VA= 2.

4. R ACR" WB—PEFTEEA FHRE—NERS.IAHK A B Fréchet (HF K,
1878~1973) ¥ f. iFBH . 7£ R” &, Fréchet ES5H'E R LM AY.

5. & F19F2y°"’Fk 1"'% R" *%qﬁﬁm%’ﬁﬂ FkDFk*l(k>1)-rﬂ%@'ﬂﬁﬁ[ﬁ]’:ki
7 FNIES BB X7
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WEMSNHE

[@ A 8.4

1. % ECR" R—ERHAE.(GIEEMN— I HEZ. IEH . DEHE o >0GEE R
HIFE %G, Y Lebesgue D . {F#B HELE S FCR" HRE&KMG
FNE#Y, diam(F) <,
TREEMTE FEEM{G I PRI FHEFREE.
2. RAE 1 BAMEICIEH . (G IR R P HERALE W— 1 TEZE  BALEMNG,  F
AR EENMIREHR E WITHE .

8.5 HaerEEN

TERTE TS — TR S FIFR 0 O, BB R AT & X E— 4 X (8] L HI R
¥OHITH). KE M — e R ERAERNE, B, =" ENR—F"H.

WEEHMGE R GRS EREN S & LA M. X R WFEE, Ri1H®
EMR"ER -RF"HAE . B Z TR B MG, Q23 EEENS
£ HiY.

BE. RIS

EX8.5.1 WECR'.MREMIE—mBAE=AUBHERHAZIT,
B#,3H ANB=J @B THR:

ANB #g M A NB#Y

Fl ELH — AR IRAFK E B R FH—NEESE . RE R E REEN.

X, YRV E AW ESH AHEMESZHE . Ky 20 FH
— N EENTMERSEXMHEAT . E A RERM.

ENX 8.5.2 FER" P, i@ FFE R B ; X8 0 PR AR O o X 3

fE ECR" BEFFEMIERT B0 E T LA LRI R a S miE L.

EFE8.5.1 FE ECR" WEFEENTETLERER E AESBR B
PSS TFEZ 3.

iER SER.RESHBXE=AUB. K+ A 5B REESHE.FH ANB
. MT ARFE.ANE—SEHARB WERS; I, i F BRFE.B
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 H8E SEBEAMELH

Mg —SIMARA NBERSE. XMNELAUER
ANB =A'NB=4g,
Hit E AN EEEK.

FW. MR E RNEE . MAFEASHLESE A #B.H15 E= AUB, 3
HAREBHBRRE . BHAEANERS. M aC A BREacERTER
Fr&E 7278 r>0,f#3k B, (a)CE; XA a A2 B MER S, 74 s>0, 8K B, (a)
R B R E. A TEABRPE/NNEE— N HETE A F, 0T A BIFE. XTFRHb,
B i hFE. 0

HEREL E RA X EARE#EE. RITE

EE8.5.2 R L,ESEEENAENUERMHRE HXIE.

R SEM.RERZR LWERE. ABRARMMEA a, b€ E. ARG a<<
b. iNREEIEH a, b]CE. B4 E SR E. BINA—H c€(a.b).fHcEE.
£45

A={x€E:x<c}), B={x€ E:x>c},
XEt A, B 2iEEM . H E= AUB. BRME A FRERS(MRFANIH <
¢ FTLA BHRA A MRS, [ APHREREB MERS. XA ELRNEESE
. 7EFE.

xR E R EME—XEL1ES E= AUB,HP A, B ZEFHNAH
ZHETSE. BT A, B BIESW, AIRFEELE a€C A, bEB. AKX a<<b, TR
(a,b]JCE. AREMFE(a+ b)/2 HHEKEFo. BRI ERBTF A FHAB
ar=Ca+b)/2,by=b;®/M,% ar=a,b,=(a+ b)/2. FHBIEX 47 X @ BRI
B, A e AIE ar, by ], P a €A, b € B (kEN*) . F XX 8] B4 3t

BN e E ar—c bi—c (k=) RIEE, MR c€ A F4 cEB MM cEB’,
XEH ANB #J. KU, c€E B, A'NB#J, Ll E BiEE1. 0
R T I ERA ) — A SRR EER X BT AN E WA E B S.

EX 8.5.3 W ECR".MRESEENMA poqC EHHB — K “ELEMR”!
CE¥p 5q ZB8ER, WHKSE EREREEN. TG R PHELEME ], 215
LRTRASETRE:

x; = @ (t) (i=1,2,--,n),
He ¢, (i=1,2,,n)EX[E[a,b] L HELERI. B
p = (¢ (@), e(a),,¢,(a)),
g = (g, (L), @2(b),yoe,0,(b)),
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BELEE

1 FH X 18] &) 2 38 14 » 7T LAGESS
T 8.5.3 HEEHE-EREEE.
iERl W ECR" R— 1 iEM&EEE.H E=AUB, X% A B BREAMK
MAEZ %7 A PAER—&E p 7E B PER—Sq. WA - KREZMZL TCTE #p,
q FLUEERR. 4
D) = (P11, @2 (1) s, 9, (1)) (a1t < bh)
2 I MsE0i8, #4
F={t1€[la,b]l:®d(t)E€ A}y, G ={t € [a.b]:®(t) € B}.
SH.FMG REAMENIESESG.H FUG=a,b]. :iFXE[a,b]R&E#E
£.FNGMFNG EABIMEFELH -MAE. AR cEFNG M c€G'A]
BB {1, CG,. 15 }LTE Li=c. T @roPareeen 0, ELE,FTLL
}_ij[_!‘p(’i) = @(c).
—H B @t )EBI=1,2,3,),A[H &(c)E B ; B—F M. FIH cEF, X5
D(HEA HEBE (ODEANB , ERRTE. FFUES E BEEN. O
BRRI®, EBENAR—EREMREEN. XHMEGFol A& 8. 5. K
X—EHAEERECR, BB EENTERXSE.
%1 fER" BRI
iERl RIMEMR B, (O BRAE . A AFTIEHECREEN. E]R p.q€
B, (a), EEXWAMNELXR T MARE
o(t)=(U-Dp+1g O<Lr<).
BANp-all<r,llg—all <r,BrA
() —all=A-t)p+tq—Q-1)a—tal
<lA-op-a)||l + lt(g-a) |
=A-Dflp-afl +tllg-all
< 1-r+itr=r,
A ¢ ERSERERRB, (a)N,BP B, (a) 38 B @ K, ATt 28 /. B e+
BRI X 3. 0

% 3 & 8.5

L. GERH . X 23 B Pl B SRR U5, X R AR T = il S E B R E R Y
2. HACR". QR A BERITENEAE RIE: A=, HE A=R".
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UORBE FEEEHHELH

[@ & 8.5

1. i ECR" JEias RiE: E i RERIE.
2. % E= (G ) RNy =sin,0<x<2 ) EB. E RIEHE BTREBEEN.

8.6 ZAFRRETKIBM

2.1 W RITFEAMN AL R - RO ESZERBS, A TX MR, H
BT B RBWBEHASEEMEXE.

ENX 8.6.1 % DCR", A f: DR A n STRELHP D KRN
REf WENEL T f(D)CR K% f .

BE xED, BRIHBEIEH x = (X1, X2, x,) . XFE, f FEA x € D ALFTEUA
{EFI[«‘J\'_%ﬁSZf(x) 9‘&EILREEE f()C1 s X249 Xn). EBE@B—W%EEEKB%:FE-WB‘J
0. (i =1,2,, FH fRBATR.

BT EZLREHIEXZE HERREE XL ICREHIRR.

EX 8.6.2 % DCR",f:D—>R,5 a€ER" D W— M REEBLE(BaeD),
g B— R IBRSHEEA T >0, FE 60,4 x€D HOo< [ x—a ||
<8 Bt H

| f(x) =1 |<e,
WATRFRRE f S a WERR L, WA LAY x #8 T a 6, f(OEET [LicHE
limf(x) = [,

x—+a

B SR SRk, Bk
f(x)—=1 (x—a).
PSR . f AT LATE S a S BA S I EBME f EEsia FE XL LR
x—>afid B f BRRE, SE (O BAXBEFE.
Bl1 X IR

ftp) = fix,y) =

2

X"y
xt+y

2

p = (x,y) £ (0,0).

29
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BESFHE O D

SR f 7 R\ {0} HA 2 S EAX TR TRITHKE EHRR lim fip.
BT

xZ 2
<y =l

FTLASHEB B ER >0, 6=Ve . 4 0<|[p-0]| = || pl <68}, H
0<fpr<lpl?<<s® =c¢.

0 f(p) =

I

XELIERA T
mf(m = 0. 0

e R T ERBMRRAN,, ZHPHETELEET — MR ERBENWELGW
ZE 4k , B A B AR PR AE 7E ELAR S5 38 B ASRIEAR FR TR 7 . (B X 2R B R IR Y
& . REE U, D PSR EMN— MR SBIET DA &RAREM®RE, fn,
Al ARG EMMARINELS M8, L r] DURE O 2 1 580w, B G 15 1
BRREES FFHRE  BREBAR R AT AR BRI T B A AT

EE8.6.1 i DCR",f:D—R,&H a€ D . HEHRIR

lim f(x) = I
B NERER  HEF EF{(x; ) CD,x;7#a(i=1,2,3,-)H x;—~a(i—~®),
BFIR R

}irg fixd = 1.

iERl DEHHBER.FLEBITIEZ.

MAERIEBAFT . ISR f £ a ARLL] AHRBR, MR HE—1 e0>0 X—1]
TEN" ,ATIBRE—PH x; €D, WRO< | x; —a | <V/i, HFER|f(x)- 1=
eo. XBTEF{x; }CD Hx;—~a(i—) ,HEHKI{f(x )} AL AKR, 5%
FIE. 0

B2 e R

fp :xziy ~(p = (x,y) # (0,00

yl
TR £3.(0,0) hb AR FREOFE R4
B RYE

_12]xyl 1
|f(p)|_ 2x2+y2<2'

UL RS f e B E BRE R0 B R S AR FRASTETE .
BES si=/i,05 ¢,=(1/i,1/i)(i=1,2,+), 50 f(s)=0,f(t;) =
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1/2 (i =1,2,), M lim s; = lim ¢, = 0, Bt f 7R 0 ARRAFFLE. 0
B3 e
- Xy
f(p) - x* + yz

7E0,0) ZbAIHRBR .
M INEE p ERHEIx=0 FURAKRIM, BRE f(p=0. 5B EEL
y= kx ﬁrﬁlﬂ:ﬁ;}ﬁﬂjsﬁ

XE A HEEEENIR. XRW, YANERREANESELMERN FREA
B, R% f BE T EEEMN, FARRURIE f ERSEBRBOEFELAE. FX
EGSEHEERIL y=x BETIRESE, f REFEFR1/2. Bl f £0,.048F
R 0
HATHE , 3 —TC R BRI FR AT A AT A NE 3. S50 b, X 2 0 s B 1R FR
s . WEESHMASEEN. Rl RITE -
T 8.6.2 i DCR",f.g:D—>R,a€ED' . tNE f, g FEEERIRR:

limf(x) =1, limg(x) =m,

x—+a x—=a

MRAE -
(D Iim(f+g)(x)=1+m;
(2) limfg(x) =1Im;

3) yﬂ(gi)m:’%,ﬁq: m-0.
IERBARIRE .
T 8.6.3 WERHE fEUaER" AL r HERHFEANZLIRB (@) EF
E 3 B lim fCx) = [;—Teek 8 ¢ R AMOHZ LU = {1:0<] 1~ 1] <o}
EHEL Blime()=m. Hig
f(B,(a»C U,
|
lime(f(x)) = m.

x—+a

iR 7& B, (a) PR —TWET a 8925 {x; b, AR o BUE T 51
{fGeDCULFFR Nlim f(xo) = L RFPERRERROE SHN.H
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YoENMMAEE

lim ¢(f(x:)) = m.

j»oo

HEM8.6.1,78
lime(f(x)) = m. a

x—=a

TETE 8.6.4(Cauchy K& E#) % DCR",a€D’,f.: D>R.IBAER
lim fCOFFFERITEST BB AR SHER AR e>0,777E 6>0,{H18Y x', x"€
D H

o< lIx'-al<s MM o< |x"-all <&

eSS E, — A | f(x) — (XD [ <e.

TEBA BT LAGH BB 3 2. 4. 7 SR #EAT . 0

2575 Bt RSO AR BRA A oAt & R 7. 0, B ek %K f 7EPIER B, (O MYSNEA
EX, IERINRIHEAMAER e >0, T LIRE K>r>0, RE [ x || >K . EE -

| flx) =1 ]<e
R X BTE A
lim f(x) =1 8 f(x)—=>1(x—>0c0).

x—+

HE R FEX B oo MIBTEI A AEHF L IE 15 T E MO FTA 2 28, R 1E th B B RO 15
B2 g R B R AT P AR 2R

% > 21 8.6

1. B H T3] U B E SO :

() u=x+Jy; 2) u=v1-x*+/y*-1;
() u=+/x"+y" —-1; D) u=v1-(x*+y");
(5) u = arcsin -'xx; 6) u=In(x+y);
= =/x: = .
(D u=flx,y)=Vx; (8 u =arccos 3.
2. B2 T 9 =0 BANE SO, FE L R AT
(1) u=Inxyz; (2) u=In V2-(2+y*+2%);
1
(3) u=f(x»y,z)=szy2; (4) u = arccos iy
3. HETHIHRR:
(1) lim SRXY, () lim (xt+y)d
(xoy1=t6.0 X (X —=(0.0
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2

. In(x+e’) . Xy \*
(3) ‘.r.)l-rlm),()) m H (4) :lg?‘: (xz + yz) H

(5) lim — £ 33 (6 lim (x*+ y*)e ',
ier=x"—xyty gl

yo. oo+

4. {FBAFEH 8.6.2.
5. WJCHRE ffE (xor yORME—FLSHEFEX. XEEEEMN y, MREBER
lim fCx. ) FFFE. B2
“ e(y) = lim f(x,y),

X—*Xq

ER—EXTE yo EFHEEG IR Vlin;l PINEFE .S
lim lim f(x,y) = lim ¢(y),

V—=¥g X—*Xg y—=¥

FRZ AR f R (X0 yo )OI — P RORBR . K0t , 0] LAUE L5 —1 RIRARRR
lim lim f(x,y).

XXy Y

(D HHERE
2
f(x,y) = )H—x*_%
TR AL RS RUKAR R 5
(2) it 8
. . . X . . . TX
!lm l|r=r=1 sin x4y’ IIIE l‘l*n;n sin 5% + y;
3 iHHE
lim lim—*—, lim lim —X—.
smve g 1+ X0 PSR e 4
6. i%
flx,y) = (x + y)sin isinl
x v’
iEB . f IR QPN BB RIAFE  BEERR
< l'li—rono())f(x’y) = 0.
7. % lim f(x,y)=a F7E, X5 yo WFHF— y kB lim f(x,y) = h(y)FFE.EH:
x=mxg X
)H-"r: ‘
lim h(y) = a.
y=¥

8. IEHA .3 LR f 1ER — sUAL MBS R UK AR FRFNAR BREBAEZE , T5X = ME S H%.
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8.7 ZAREHAE

B, RATRIHE L R . %

EX 8.7.1 & DCR",f:D—~R,a€D. MBI TEBLALEN ¢ >0, 6>
0,f#18% x€ DN B, (a)At, A

| f(x) - fla) [<e,
MFRERE fAES o T a RN —EES. D P fIEEZESKRA S B
=

MR f#ED BN R EEGES, WK f D Li&ELE.

FE . ffEa Wb, BEUNIES a MBEEL. ENL8.7.1 iy o @ERBK
BTAEN 1.

Bl1 B DER M—1THEBRFE. I, B D={p,p2s=spn} EXEH
f:D—'R A f(Pf) =2,0i=1,2,sm)»iIXE A1+A29 s Am RIFEAEWELFR4
KEBEN8.7.1, ffED Fi%4E. 0

a B E WL s, kR % a € E, fFE—1K B, (@) {#FH PR a Z5FH
A E fER. B, MR E ABRBE RN SIHRME . IBA E PR RN
SR f: DR TE D FRIN B AL B RELD.

Y aeDND'A,f S a LEEWTESLESMER

limf(x) = f(a).
B2 & fA—EHEHEH BRATCHEEEES LEEESEN.
B3 Wx=(x1,x2,x.). F LR
fOx) = x; (i =1,2,,n),

FRZh x TEE | PR ERRR N f7E R ERES R

iFBl B a=(a,,az,,a,)ER" . FPA fla)=a,. T

lf -f@l=lxi—-a; |<l|lx-al.

HLA] LR % f 7E R" L RESEM. 0

HTEZEREHEENE L SATERPGEENE XHE, BLENEC S
X} ¥ S R ECUE B A A AR S R B AN RS2 R B A NGE B IR GE SR AT B A
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- B8E SREEBRMELEH

PR ELREHHREE . 230 BB EETH ST REEHNFEL. B
B4 HZE xi,x,x, SEESAERKA . FEFE MS B AR
BB IR P(xX)=P(xy. X203 X, )F QCx) = O0x1 X205 x, )8R n
JCEI. B 2 MK 3 LS, AT
IimP(x)Q(x) = P(a)>Q(a),

R
limP(x) _ Pta)
x—+a Q(X) Q(a)

U I N T

(% Qa) #0).

24,2

L

Y P L2

B fEAWAD T EWHIE, BE(x, ) A 0,0 BELSM. FER— 1T/
% 1 FEIEH lpmol fCp) =0, FrlL F#hFEE X f(0) =0, f7ER* L4bhbiEs:. O

Ble & f(x.y.z)=sin(xy+2z),0| f7fE£ R® Fi%4E.

R ZH xy+z B—=xZ0, HE R LbhbiES. 4 o) =sin o,
MeRREMESZEH. D EALEESZSE. f(x.y,2) =sin(xy+ 2)7E R® |
EEE 0

Bl7 &

xy
. ( ’ ) (090)9

0, (x,y) = (0,0).
e f s,

R é’.(x,y#(o,om‘,f%Eéﬁ%.ﬁﬁﬁ—ﬁﬁﬂ’afﬁu2*Eéé?&ﬂﬂl’jggﬂp)*
FFTE LA f S O b ANiEESE. B2, f 7 RO\ {0} [ 3%4E. 0

ENX 8.7.2 W DCR",.f:D>R.IMPERAEN >0, RFH. 60,1818
Yx,yeDHIl x—yl| <sB.H|f(x)—fly)|<<e,MFK fTED - —BE&LE.

HE X BARTTH,L, X H RS DCR{L[ek% f: DR £ D F#HE 8k
LM FER b, W R ETEAT 54 D L R—Bukses.

B8 PR

fy) = =22 (x4 y2>0)

x2+y2
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HEMTHE

TEHE U {0} EAR—BUELE .
R M xA0 8T, || (x,x) = (x.0) || = | x| ATLMEE /N HE

| fCxox) = f(x,0) | = %
MRl WL f AEHE U b A —BGELE. O

BE.FIE:

EM8.7.1 & DCR",f:D—~R.H [#D L& MR D BEBE M4 f
1ED L —8i4%E.

iERR FIRGER. IR fED EA—BUEE, WEE—1 0 >0, HGHEM
PiEN"TE D AU BFAD ST x by b fHB

lxi = yill <=

2]
| f(xi) = [y | = eo.

BT DRESH . RIER. BT LU S (x; } Fa] AR 751 {x, ST S

x€ D GXETAEAEK

Iy, = x 1< lys, = xe, I+ I xe, = x|

<g o lx —xl <+ lx -xl.

AL AT HN Y i~ B, yi, —x. TE
| f(xk[) - f()’k, )‘ |> €n
F.% i~ i fRYESH.G
0 =1 f(x)— f(x) |=ey >0.
XPHEFECATHER 7 fED ER—BUELM. 0
B9 EE fER" Lﬁé’;ﬂé,#ﬂmﬁl@}i{g FOOFEBER.BA fER L
—Bukse.
iERR AR FRTIRAR BRI SHERBEN e >0 LFFTE r>0.F8% || x, |
>roll x|l >raf B
| fx1) — f(xy) 1<e. @))

EERAB B, (0 ER—MNHRME WEFIEE ATH fEB, (O LR—

BOESEH . TN e >0, FEEE 0<1.HBY x,, x, €EB,  (OH | x, - x. || <
OB AILMEBALER (DR WA . . ER H | x, —x, | <&. #1451
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- HBE SEEBHNESH

X1 X, PEH S (RPIRE xOTER B, (O, B — S x)HE | x. | <
r+1.3X2EN

x| <lTx-xll + 1l <s+tr<l+r.
XA RE | x, — x: || <& BIPIE x1, %2 BERBHERE | xi [| >r, || x2 | >7,

HEF R FEFAIR B, (0 Z . TiLHb—FERE . B EERE R (1D WL 0

ER8.7.2 ¥ DCR".f:D>R,H f#ED F#EZ. IR D REBE. M4 f
BB f( D) R BEE.

R D EREBM MMBRIEMN. 7€ f(D)FIER—EF{y: ), ME D &
H—EH x; ) f#18 f(x)=yi(i=1.2,). BT D BINER, S5 x:  BWEL
IFF x, VT D 89— x (B f & D bH9ELE R FTLA

,“ﬂ}f(x"i) = f(x) € f(D).
R UL MG F y P Al LB B 7501 i, b (48
lim y,, = lim fCx,) = f(x) € fCD).
BRI F(D) 25 R, Hm L2 BB 0

HYERERRARAE. RS 72 WS SRl —CIRERAEMRBE
RAE. RIMERSH, ELERET —FILA REMBE RE? LHAEBRBRA
7 BERGEM. W, (o) =1/x EEREO, D FiFELE, EE f(0,1) =
(1, + ), i (1, + ) B—FERE. R f(x)=1/x FEFELL, + <) FiEL,HE
U1, + ) =(0,11, M0, 1R RHI4E. [, & 52 ok R T EBLRTF 4.
Bln, f(x)=x* BFEC- 1, D EMESEREGER (-1, 1) =[0,D, M0,
REFE.

YeRET 8.7.2 B9 BRATTA

EME8.7.3 X DCR",.f:D>REZ.INEDR—-MEBE. R4 fED L
REELEE R/ IME R K ME.

iR EH8.7.2H5FRI.M(D)RR EMEBE NAERAE. B (D)
FLHAMTHA. &

M =sup f(D), m =inf f(D).
BIEEFHANE L HEBERR i % x. €D, #15

M>f(x,->>M—%.

% i BIBlmSf (xi) = M. BX f(x) € f(D), T f(D)RHE BT ME
f(D),HMETE a€ D.§18 f(a) =M. RFEATIE. 774 bE D F18 f(b)=m.iX
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LEIHE

RAES R f 7D PP S a b 453 KB AE R/ ME. O

xof SR B R R IR , ISR SRR f TER X B A E IR S AR BUE .
ALEXN XA L —EH —Saff f BEE. — . EF e MEEE”. X1
EEFERTEXRBAEEE L. MAREECHWESRE L. 6.8 D={a,b}C
REN fla)=1.f(b)= -1, B8 [ BEZLRE. D HEHE.H D PRA LM
[ BEE. X 2% B RBETE LR E N ERERIE T M E M IEFE.

B, BRIMNTFETIIEH.

EME8.7.4 & DCR" 2—&E#E, RY f: DR BEZW. B4 f(DIYER
RS

ERR BESEX f(D)=AUB.HY A, B RAHCHIEZE. TR

D=f'"A) U f'B.

Hep f /(AR fFUBRIESEBNHAR. B D E@EMEm. T’ M (AOEHR
STUBRBERER fTT(BOFRERI ST (AR HE x. B f RiE
LERRBG ALY f(x))—~f(x) (i) . HF{f(x)ICB, f(x)E A, XFEH AHHEB
HIBER A XHERIEA T f(D)E R PRIEHEE. 0

EEB.7.5(NMEEE) | DCR" B—NEHE B DR EL. R
a.beD MreR #18

fla) <r < f(b),

RAFEFE cE D FE f(e)=r.

iERl BIEHES.7.4,0[ 4 f(DYR R M EEE. KIEEHES.5.2, (DRI
H. BT f(a).f(bYE D), FRLACf(a), f(b)CF(D). Bl r€ (fla),f(b)),
135 re (D), BIfFfE—5 c€E D.f#1] f(e)=r. [

RERINRIEATREESRNMIFSEEREHET AT EEENHEL . Xt
MR ERMERERB TREE VEHEBE. A EZRBNNT EHEEEKET
BRESE I Y i

YEARNTHER  RITE—DRXEHF.

W D& R" PRHALKE. IEIHEEN x.y€ED RIFEMAC[0.1].H

fQx+ A -0y < Af(x) + (1= D f(y). (2)

MFF fRHD ERORE. BR . CRBTRMNEEHEES M.

Bl 10 GEBH X D EARE R D ERESEREL.

WERR i f RORED ERO R RITEEAEE D M TERTELE
H7EDPER—n BERFARKTERHEIE fEH A ER.AFERQ) .5
B
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- B8F FXERANESEHY

fax + A = D y) <max (f(x), f(y)).
XL fFELREB {Ax + (1 - D)y 0<A<C]) B EAEIT [ TELR B M S B P K
# BAMWEAHS. EH EMERSBEfEH 2" MTHA EEMERKRE. B
W.ffEH LA LR BHAREREHE . E0 fED WIEMERFELF LR H
ik fHEH FWAETR. ARNIE LFFESI{x, 1 CH, {iﬁllmf(x )= — . [H
F HRREE, (xi  PHARETI (x, ) (£15 ggg xi, =x0€EHCD. T D R
B FTE r>0.1818 B, (xo))TD. B i AR BB | xi, —xo | <r. FR

Il (2x, — X, ) — Xo [ = 1l xo — Xy, I <r,
B 2xo — x4, € B, (x)CD. B f BN AT1§

fCxor= f( 5%, + 5 2xo = 1))

g%f(xki) + %f(sz h in).

BF(2x —x (R—TEFEIfEHEFER EEXPS i—>o, B8 f(xo)
= - oo XREAATEER . HW fEH PATR HOARERERE. fED WIEEER
BTELEETH.

BAEEW] fED Li%% £ a € D, #A]

iE f fEa S IR r>0, 818 B, (a)C
DAEH x, y€ B, (a), EH x, y. BHES X
B, ()WIIRAT 2(E 8.2), Al H R y

z=y+Aalx-y). r - 2r
BRIlz-yl=lx-yl .BRAA>1.HATF U
1 1

x:72+(1—7)y.

Fr LA
flx) < —f<z>+( —%)f(y). M 8.2
2l
f(x)—f(y)g%(f(z) f(y))<2A—M (3)
XE M=max{|f(x)|:xEB,(a)}. XHF Al x-yll=llz-yl =r.fFL
T<r I x-y B3 B
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HESFTHE

FCx) = f( <%4 I x -

BT x,y £ B, (a) P REFERM, FFLL
| fo - fo I<EMx -yl .y € Bar.
R f 1E B, (a) & —BGESE, HRTE a LhiESE.

yI.

4 3 & 8.7

1. SR T o R f BEl T 56
1
(1) f(x,y)={ Vxi+y?

, X2+ y* >0,

0, x=y=0;
{).C+y‘,x2+y2>0.
(2) flx,y)=<x*+y?
0, x=y=0;
{xsin-l—,yio.
3 flx,y)= y
0, y=0.
2. %
flxoy) = ﬁ (Cxay) € [0,1\ {1 DD).

RIE: f #EER—BUELE.
3. % ACR",pER".EX
p(p,A> = inffllp-all.
BZRE pRIEEA KR IEH.
(D) #H AT M A={pER":p(p,A)=0};
(2) XHEM p,gER",H
lo(p,A) —p(qg, A I< Ip—gqll.
X e(p, AR R" LRGSR
4. % A,BCR".EX
P(A,B) =inf{|p-ql:p€ A.q € B},
W HES AMB 2EIMEEE. IEH.
(D EHARNEBE MHFE—S a€ A H78 o(a,B)=p(A,B);
(2) F A.B HEBE . MEES a€ A bEB.HBla-b| =p(A,.B);

+ 346 -



- B8E FEEEBERWELSH

(3) ¥ A N BB AL N o(A,B)=0 4 HLY ANB#J.

5. fEHFA A MHEE AL B, 315 p(A,B) =0.

6. % ACR" i F . iEH] FHEMIHEE c=>0.{pER":p(p. A)<c| RREBE.

7. POELERE R R BEBUEM . (. RIE- 8 H E={pER": [(p)F#0! B
HWE.

o & 8.7

1. % A.BER" PAMRHALE LW . 7E R FAYELERE A, #H15
h(AY = {1}, h(B) =10}, h(R") = [0.1].
2. % A,BRR FARMEZHAE. IFH . FEAHTHE G MH . #18 ACG.BCH.

8.8 ¥ & Wt &

B NS T8RS LT BEIEN DCR" B R™ 8L
Hom=100FATE R T n JoREC HATH fRBRZX B f: D~R™ . Hp DC
R". 5REMBEEAR . XBERATEE FLUEERMENE"ZE m 4ERKKE A
Ao R—A m g & HRNA y = [0 (x € D) RF/RZFBRGT AT X R
BESMNE (R T BEZSM) SR TERBMICHERAEN . HEN YFE . X xc
R'.M yeER". Xy EEHEREY = (y1oy2e o ¥ )T X = (X0 Xp0mta X, )
MALBE— TP HLETLHET m > n JTLRE:

yi = filxisxzsoraxa),
Y2 = falxiaxasesx,)s (xisxzyo0ix,) € DCR".

Yo = [ (X1aXzerrax,)
Bt Rt Bax HE . st B RABTE T m NE XFEDCR" EAYERE. #iH Y
FHETEXAE D b BHE R™ Py — NS S RAE D LEX T —/7ER”
PEERN R BERH. RITBX—FLERRH
F=isfossfuds
He fi: D-RFR fRIE I AEERG=1.2,.m).
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KESMHR

Bl1 ABEmXniERE

an A
A= :
ami A /
H aijER(i = 1-2;"';"’1;].:1929"'sn)eﬂﬁ/£\i§ﬂ%ﬁlﬁ%it
Ba X1
}iz — A X.z
Ym Xn
FEHRET — MR 3| R™ MBS X PG PRIELR RS, X & —Fh M R 3| R”
F4) B ] B ) B S5 0

TEX B, B A 8 CEME S 7 & R f R 17 %, R" fl R™ # &2
Euclid z5 1], 2 8 AR . A EE”, ol LU 2 Qi imin”, Btk 8 AT
PARE X B S AR FR

EX 8.8.1 & DCR",f:D—=R", X ac D ,pER" . MRIMEELTEN
e>0.FHE—N 0>0. B xeD HOo<| x—a || <<SH.FH

| fCx)—pll <e,
ARt fESa FEWR p.idh
limf(x) = p,

W] LAfEie A
fix)—p (x—a.

FAJLAIAIES , LR R A E LB AT ARR R SEBLBEHIER B.(p C
R™ , LFE—1HK B;(a)CR", Y D P & x LK B (a) F8T, B RULTE
BRB.(p)H.

EE:—BRE, ERRHROERAR, BRARTFEBRRLEFS m.n LUR
X3 HRUMRETXZPAB=E G RITKELEET.

5 n EFEMEFIRSER TENNE -0 B HRAET S —H, B4t
B FRE AT AL TN E— 1 0 BT A B A R R R BF 5. B ki, &
i

EE8.8.1 & DCR",f:D—=R",a€ D' ,p=(pi,p2s:spn) ER", f=
Sroferrsfu) FRA

lmf(x) = p

X-=a
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C F8E FEBAKNESHY

LHEAY
limfi(x) = p; (i =1,2,.m).

x—a

MPEEHEI—TEH 8.2.2 Wik . —E SN A LRGIE R BAMSIHY.
T B E 45 R AR B B AL

£ 8.8.2 % DCR",ae D', Xi% f.g:D—>R",3#H

limf(x) = p, iLrE‘lg(x) =q,

x—~a

FRENSA:
(1) XHEf AER, AU H Liig(kf(x)) =Ap;

(2) lim(f(x) +g(x))=p+gq.

x—+a

EN8.8.2 iZSE DCR, f:D—>R",a€ D. MBWMEELEMN >0, 7F7E
00,184 x€ DN B;(a) Bt H f(x)€E B, (f(a)), MFRBE f 7E&5 a 4biELE.

X fFED RS — S ERESRT RIS fED FiELE.

REAE B fFAED M —sa AELE, UWHH AT f M8 REHIES
a AbiESE. LRI R B 1 PRI EBLSTE R ERESEN.

XFELHGTA T A% E -

EME8.8.3 & DRR HHWITLE.f:D-R",.fED LEHEEMNTESLELRN
B AHEEM R FHEG.f ' (G)RR" FHTE. X8

FUG) ={x€e D:f(x) € G}.

iERl S EW.R FTED LiEZ.G B R PHHE.EIE [ (GO ER" 1
FE. MR fFOREE . CHRRAE. AR x € f1(G) W f(x)€EG.H
H G 2 R” PFFE IFTE ¢ >0,1#18 B.(f(xo)CG. XA f 7E x, Abiksk. *t
WIAE e >0, F7 6 >0, HE x € B, (xo).[HH f(x)E B, (f(x4)), B
F(B; (xo))CG,AM B;(xo)Cf ' (G).XIESFULE] £ (G2 R" PHTFFE.

7% M ATE x0 € DX T4/ e >0.i8 G= B, (f(x0)) .0 G & R™
FHERBE.f(GORER FHFE. B x € f (G .#F >0.1#18 B, (xy)
Cf'(G). B f(Bs (xo NCG. XHRU. WIEEMW x€ B; (x0).F f(x) €
B.(f(xo)) B frEX SbELE. BT xo 2 D PIEEMS. B FED PiEZE. 0

WMRIHEBLREN e >0.FE >0 Y x,yeD H | x—y || <o Bt AT fF
BfCo =y | <e BSLAEAFRBLST fED F—BUELE.

BR.EEBBERE U ER—BUEEM. IR DCR" B—NERAE. B
AR f: D—R™ FED bk —Bl%4E.

Bt FIED F—BOESENHENY f BN ERETED F—BuEs.
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KEIFHE

H5EM8.7. 1 Y. R1A:

£ 8.8.4 % DCR",f:D—>R™ 2D FMESEBRG. iR D REHE. I
4 fHED FR—ELEN. '

FER X —EH, TURFE B EE 8.7. 1 MIEH, AT HERENRE
5 A4 45 X8 SRR ) B RO T

ST E ST EEEMNE T EAEHE:

E8.8.5 W DCR".f:D—~R" %D k&% . MR D R FHEEE,
4 f(DYRR™ PH)EEE.

X—EEMNIEA S TR 8. 7.4 BIEBAZE L.

5% 8.7.2 V47 . X BRATA -

£ 8.8.6 ¥ DCR",f:D—~R" %D LiE%. ik D & R* PHEREHE,
A2 f(DYR R™ P ERE.

% 3 & 8.8

1. # f:R"—=R" %k, ECR".Kil: f(E)Cf(E) . At A% T A E) = f(E)?
2. % ECR, f:E—~R".iEB]:
(1) # E RIA%E.f g0 f @S
G(f) = {(x,.f(x)):x € E}
B R™ ' hi
(2) # E ZRBUE,. f %54, G(HILREBE;
(D) # GUHOREHE, W fiEs.

o] = 8.8
1. ¥ ECR" 288Uk, f BE bMESERE,i8 f(E) =D iE8 . B4t f '€ D Li§%E.

2. UEBY A0, LRI 847 B A b A — R — R SRR 5T .
3. WERA - AFFEML0, 130,11 [0, 1] By —RF—ROELEBR ST .
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FE S ED  RMNEETR I LR RB N HESLN. AT RBHNIEL,
B R R R BB LR N B TR R MM ERAEMERL. TR BT
FERAERK RS RS, A m— T EE S BEN T REESR RN AGEIHEE S
H— R GTRI T 15 Ha e T8 S BRI X R FTiB e 07 S50

9.1 JjIa EHME 8

& [ R—AEAE R x0 B f HESUIH— DAL B2 f7Ex AbERE
XA
f(XQ +h) - f(x())
A .

f(xy) = lim

L8R, X ot B E E XA MRREFERLAR.

X B R EAIEE, BMEIE x0 5 h B, MM RXIRBREEME
XX REAXE b B—AmE, MBANRAESGTgHE h AR HEE.

WHE DCR",.f: D>R.Z[E R" PHEfI BB u(Bl uHL ul =D
MYE—AF ). X R UL, R FRBAIER FEM— A SERE—AHH. AE—4
M xo€EDM—PFMu, 88 xo 5 xo+tu WMELKRI TR X REAE u BE
£ . BN sgE

{x:x = xo + tu,t € R}

HMX REHL .

EX9.1.1 #FHAEHE DCR" 'ft D—R.u B—1FHM.x, € D. tNREEFR
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EEE

lmol fxy + tut) - f(xq)
HEBER. BRI MHRBERE fESx LiBAE u FRFH.ICH
of

EE(X()).

RBAR.EL ()= fxo+ )  IPABRTREEE ¢ Y|t | RA/MTHFEE XL,
TRFR (D IER R ¢ 751 =0 LM T ¢ (0.

MR uB—AHE-Bull =1.B2EBFI| —ull=lull =1L R-ut
B—AHm L XEA

flxo + t(=uw)) = f(xo) _ flxo + (= Du) — f(x)
t -1

EERHFHNS =0, EFHER—& xo LLRE f 7 Ru 515750 —u W7
S HAHENEMEERHRHTS.

i1 HE TR

2xy
. (ng)i(OQO),
flx,y) = {

()

X%+ y?
1, (x,y) = (0,0).
XEHEfR] 7 ] u ERAT LSRR u = (cos @,sin O HIFEA L X B 0<<f<2xr. B xo =
(0,00, 408, H
©(t) = f(xo + tu) = f(tcos @, tsin §) = 2cos Gsin § = sin24,
e =1.HEAR. Y 0=x/45 0=5x/4A 0}, F R SHHEELETE; MAHEL
i) 6 MR, BRE © 76 1 = 0 A AFELE. Wt ¢ (OARFE. XKW, FHLER f #
(0,04 REEBANT71H]
(2.2). (-2.-2)

22 2 2

EHEETHMSEK. 0
THE T 5 A A 1] B

e, = (1,0,0,+-,0),

e: = (0,1,0,+-,0),

e, = (0,0,--,0,1).
PRERE f 1E R xo REWTT5 1] e BT O REON f 7 x0 LIS | DN —B RS HL. iCHE

J
;){(xo) & Dif(xy).
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L B9F SEXEBERENWI¥

#‘fl’j{ D,' :52_%]%1 /Fﬁwﬁg?(l :1927"‘971).

AT, EETHTRERARSEE AR R FEOER LA 7 E
FPIE”. A X = (X e X2y s Xp) sﬁﬂ]ﬂeﬁ'g D]f(xo)- ﬁk%liﬁ(l) A
f(xO + tel) - f(X())
t

= 1lim f(x1 + t,xz,"',x,,) - f(X1quq"'9x,,)
0 4 )

WMEBRE—IHRAE. EERAHNERRAMNE-ITTHEREMAERHTH AT
B O . — i, 313 Dif (xo) WIBHE , AT XTEE § NRBCRT, [ HHKR B
HERG=1,2,,n).

P12 EE=JTTEE f(x,y,z)=x*+y+cos yz.

d .
f(xu) :D1f(X()):lm
E)xl 1—0

BAITE
d
_f(Xsy,Z) = 2X7
dx
d ,
—f(x,y,z) =1- 2yzsin y*z,
dy
d 5 . ,
—I(x,y,z) =— y’sin y*z. 0
dz

B3 7ER" L ITREEL fOo = || x || B9 FE
m i&x:(xlox29'"’xn)9glg/£\
f(x) = (x} + x5 + -« + X2)V2,

E i, 24 x40 i,

Dif(x) = %(x? +oxh b x2)M2a2x, = ”’;"” (i =1,2,,n);
% x=06},1% u HE—-HENFH W, XFH
fCw) — fO _ Jew| _Jel flull _ Ll
{ Il t t
ERE 0 R RATELE. Fe5H, f ER SRR S BB ARFE. O

Xt U BB L RITREE RSB ENL . RXE DCR?, f. D—
R.BNHEX TR EE R 2= f(x, y) . HAp(x, y)€D. Z4RK K= E R® F11y
HE

G(f) = {{x,y.flx,y)):(x,y) € D}
PR fER. ER—KRAAE D LAhE, FT T s MIWELRSTEELR
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KELTHE

EHYL—,'.‘?\(Xo,yo)GDﬂZﬁ Y=y Ejfmﬁ z:f(x,y)i&~%¥ﬁﬂ1?£~ﬁ

XA
MR
-
y =
AT LA A%
-
y =

2 =f (x.y0)

z=f(x,y)

9.1

fix.y),
yﬂs

f(x,yo).
Yo.

252 S R I A= f o yo) Re— TG B K
FCsyOTER xo ARF x MBI TR
T AR TLAT R X B A = fCxo s o)
IER BRI A Cxos Yoo S Cros yo ) A
DISAORIE. I (R PR f (o yo) B
L

z f(X()yy)9
X = Xo

E,’é‘:(xr)’)% ,f(Xnv_YO))ﬂUJ?%E/‘J%I'%-
g%_tvi-l‘ﬁ@ﬁ f(xl 9x2""~xn)B@

n MRFBAFEFHWER BRIX(DOHBEE-F N FRFEHRRE 45
HBMHBEI.2THPHHA n MRSFECRIHTBE T M RHENAK.

% 3 & 9.1

1. (1) BRE fx.y) = xy TEEE fESQDLEFH u=(1,//2,1//2) 875 1 LE.
(2) | flx,y)=(x—12—y* . 3K SO, DAEHE u=(3/5, —4/5) BIF [ FH.

2. WRRE flx y) = Vx* =y IR,

3. %

0,
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fx,y) = { EF Y

RALTEERLE Jr 1) f W77 18 S B EY

, xP+ vyt >0,
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C E9E FEBBUNNLSF

TERFRIE S AR 5 f M ) SRR
IR f(x.y, )= |x+ty+rz EFHE x+y+z=0 MBS IBEAKENER f
FHEE S8

ad ¢
SB[ =xty+ /TE YR f(o D, £(0 D, f(l 2), §<1 2).
(2) B f(xoy)=In (1+xy) +3.5R5 ](1 2), £(1 2).

(3 Lﬁf(x.y)—e“" +sin x%y. :R f(l l)ﬁl f(l D).

RS
2

(1) z=xy+>; (2) z=tan%;

y y
(3) z=x"; (4) z=In(x+ y*);
(5 z=arctan%; (6) z=sin xy;
(7) u=ex+y¥+a, 8) u=e";
(9 u=x"; (A0 u=In(x+ y* +2%);
(11) z=In(x; + x,+ -+ x,); (12) z=arcsin (xZ+ xZ+ e+ x%).

o] & 9.1

B a>b>1.iFH e >be .

@ DER *E‘J&Eﬁhﬁb—»k.yu;‘ﬁ%,%ED FARGTMf D bRk,

9.2 ZERABBIMS

WHE DCR", f:D>R.E—H xe€ED.hER" . HF xo & D W—1TWH

w80 || A | 5/, AT LAME xo + h ELED ZH.

R 4.1 PR TRER BRI E S RATA S
E)‘(9°2-1 i&h:(hl7h29""hn)-ﬁu%ﬁiﬁ§
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BEMHAE

f(xo+h) = f(xo) = D xhi+oClh])> CllhI -0 (D
i=1

A Az Ao RARBTh BOH 5 I8 ATRERE S 1L S xo EFTREIEHR 20 A0,
j‘j fT:Ex() ﬁl‘ﬂ‘)%’(ﬁ-lﬂﬂf
df(x())(h) = iA,h, (2)

MR fHEHED LB —SETRL R f 2D AR REBER.
MK DRI 35 df (xp) (R RERBBEEENFEER > - ERELEHNE
B h MR FREERE NXANE L R, ZTEREAHMT SR TR K
A I E SCR—B30 . FIAKX O F i S TR BE R
fixq + h) = f(xy) =df(xe)(h) +oC| h]|) C[h]| —0).
W FERM x0 = (Xysxy s X, DA RITRBRERX QOO BBHERE A, A2
A RERMTA.AK. S h=C(h,0,,0 , X8R H
fCay + hysxayorox,) — flxy,xgeeyx,) = A hy + o(] hy |D).
B AT 18
fCxi + hyaxgsox,) — flxiaxasoax,)
h,

= A+ o(1).

% h,—0.1%
A = Dy fixy).
—fR. A
Ai = Dif(xq) (i = 1,2,-+-,n).

KRR fTEE x, ABRTAT . f A —U—M RS HE

df(x)(h) = 2 JJ;(Txio)h,-.
EE9.2.1 & f1Ex LRGN f U7X, LhiESE.
iER R fAE X, BFIRGIBAR (DRI Y h—>0 0. h,—~00i =1,

2. )L XBFdf(xo) (h) | = |Z")A.~h,- —0. XD ATH, RE || b || ®FEL /)

BUATERR | fCxo + h) — fxo) [EEE/N BRLA f 7E x0 bESE. 0

YRR R ETE  BEE— S B IR ATE M s b PT84 T B3
WMAMRBEFREEZX — AN —H SWE. AR . EZ TR A HEXR
R, B, i R F AP E AR AR IE R BE — AL M RT M. B T E MY
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P EOF SEBERMMAF

BT
1 BFRITERE

Xy —
, = (x,y) # (0,0,
£ :{ p y

xZ + yz
0, p = (0,0).
B f BE S, A%
20,0 _ 2f0,00 _
Jx dy
{B7E 8.7 TRy 7 b, B 2488 f 7E0, 00 ARESE B f 7EA 0,04 ARaTi. O

é\

Jf(x) = (D f(x),D, f(x),++,D,.f(x)),
HHRE NG f A x 2 Jacobi (FEFT H, 1804~ 1851 % BE(1 X n S5/ , B
H L FNYE AR 2 T SR B R — B 3
WE, BRATE R PRy s x B BE RS E, B
X1
X2
x =

X
U FASERERERR. x WBER R RGOSR X1 HE
h,
hsy
h = A
h,
XMEEMME—LE RS S — SRR X, BB T LR AR R X
]
df(x¢)Ch) = Jf(xo)h. «))
PR f B Jacobi FEREHLEiC A grad f(E V), B
grad f(x) = Jf(x),
FRAOEE RE f B .
AT A E SCRT LABCR T RN St T X, X R e BBt LB 7 (8.
EFE9.2.2 BE fFEX AT AN NS T EAERBAL:
f(xO + h) - f(xo) = Jf(X())h + Z":ﬁ,(h)h,

i=1
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EotTHE O

41 h| —00},
Bi(h) =0 (i=1,2,-,n).

iER x4 h—~0 B, BRH
hi

L Sk, 1= | DB T | << DY | BiCh) |0,
” h “ i=1 i=1 ” h ” i=1

Bt
iﬁ;(h)h; =o(lhI.

FRBRE X 9.2. 1, B¥ f R xo £LTTHK.
ShEW R fEEN9.2.1 BXZ A2
r(hy = f(x, + h) — f(xy) —~ Jf(xo)h,
Yl h| =08, r¢h)=0Cl hI).BH

(ki rCh)
r = (2 TRTE TR T

il 4
(h) h
(h) = T L (i =1,2,+,n),
g Thl ThT ¢ n
BT
' |%|<1 (i = 1,2,0,n),
BARER B, (h)—>0(i=1.2,--.n),3FH
f(xo + h) = f(x) = Jf(x)h + D, B:(h)h;. 0

THREHEAW T R f S BN — R &G RITE A S
EX9.2.2 BIE DCR",x€ D.AEER xo WE—FFEHN x, H—1
4813
EFR9.2.3 HE DCR",f:D>R.x€D. TR D, f(x)(i=1,2,+,n)
7E xo BI— AP FAE BTE S xo AbFESE, W) f 765 xo AEAT 1.
R XS n A Y n =10 G0 BAR, B NPT HEHNS
BAAERERETM. REREN n -1 ERIEHM.
FALE flxo+ h) — f(xo) 5 PERSY
flxo + B) - f(xy) = K, + K3, €y
K
Ki = flxy + hyyoax, +h) = flxy + hysersaxpa + BaoisXxa)s
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B9 SEXBEKMK¥

Kz = f(x1 + h]!“.sxn—] + hn—]sx,,) - f(X]s"'qx")-

5t Ky & A—ui s EEHE, 15 5

K] = ;)f (X1 + hl,'",x,._l + h,,-] »Xp + 6h,.)h,.9
dX,

He g€ (0,1). FHIE K, ME M,

aJ
K1 = f
dx,

(xodh, + rys

A

7 2
r, = ((f(xl+h1,"',x,,-1+h,,-1,x,,+6h,,)— (f
IxX, X,

= B.(hh,.
RS 3  xo DI SEHETTRL % || b || —0 Y,

ax,

(xo)),h,,

B.(h) — 0.
Fi

)
K, = 7xf (x)h, + B.(h)h,. &)

ERRERITHE K, L. RI\EEH9.2.2, 7147

n-1 n-1
Kz = Z:;(_;‘).'xf(X())h,'*'Z:;B,(h)h, (6)

| hf| 08¢,
ﬂ,(h)—bo (i:1929"'9n_1).
mR(4)~6),HE

flxo + h) = f(x0) = D,

i=1

Hebp B (=0 || h || =0)(i=1,2,,n). BR—KEME9.2.2, 0H f 7E xo &b
Cik & 0

TR R HOE LR R T — A T4 & F R RO E &K H
. Tl

[¢

L xorh, + >IBi(h)h;,
IX; i=1

(x2 -+ yZ)Sin xz + y29 (X,y) —_,é (090)9

f(x,y ={
0, (x,y) = (0,0)

A0 O AT B E TR SHCL ,%mo,ow#mﬁﬁﬁﬁé%fﬁﬁﬁﬁ
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EELWHE D

SeiEB X —4is.
WEA f(x1ix20.00x) = x1.IB4

of . o
Jdx, dx, (7x,,
f7ER" PRy — QALERRT L, T B
df = dxl = h].

lﬁlﬂyﬂﬁ dx, = hy,-,dx, = h, 9E|ﬁﬁﬁfﬁﬁ$ﬁfﬂgﬁﬁ—ﬂi&ﬂgﬁ
df(xO) = Zn: ;)f(x())dxi.

i=1 9X;

EIR9.2.4 & fTExo AEFTHG N fAExo AEEMERTTE u = (ursuzsorun)
B9 77 8 JARAEAE , T EL

%(xo) = af(xo)ul + oeee + af

JX) dXp

(xO)un- (7)

UERR 5 X, f 7E xo AR AT WA
f(X() + tu) —f(xo) = Zn: ;—f(xo)tu,- + o0(1).

i=1 9X;

LIRS

‘ + - LI
E(XO) = lim fxo "‘t) flxo) _ 5 axf(xo)u.. 0
i=1 i

FEHIH 3T TR f(x, y) . ZE 8 (xo» yo) AE¥E T ] (cos G,sin 6) B J5 [6)
BE
r7f

)
(xn,yo)cos g+ 7—£(x0.y0)sm 0.

ST =JEERE f(x,y ,z),—Aﬁ[‘ﬁ]TUFﬁﬁrﬂ%ﬁ(COSa,cos B.cos y)RFR,
Hep o, B,y BX—F 45515 x, y, z BRI A, XBHEX A7 0 87 B S5 R
af af af

——COS a + —COs P + —CO0s
ax %7 ay Bt 37087

EELE fEx SARAHL WA D AR 7T 9.2 P 1 Bt BiXHEMN
Bl
GZLEpTR. REERH. AR EEEMT REZEANE 9.2 iRl
AT BT &, RITLUERA T IIARE:
& D& R" FH—NXIK, f: D~R. R f ENMRIBEED L, R
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P ROFE SEBEHRNMLHE

TIstiE f AEX B D LESAT . B8 D b4 &% 22 o] 5 i R R 4H S Y 8RB iE B
C'(D),H D b2 ELRBABNERICHC(D).

y

BN 7 j
4 BL
AN
yrete
9.2

% 3 & 9.2

1. &
xty ) )
f(x,y)={x“+y2’ x“+y >0,
0, x=y=0.
SRAE: B fAER AU AT SR (BRI AL [ R AT,

2. SRAE: BREK fCx,y) = VTay [EER SR AT
3. AT E e : BR¥K f(x,y) = xy 7E R® PHE— G405
4. SRF PR BRI E R AL BT
(1) flx,y)=x*+2xy - y*, TEH 1,204
(2) flx,y,z)=In(x+y—2z)+e " ’sin z, S (1,2, 1) 4k;
(D) u= VAT xE e AR (s e 0 R R £+ £+ + 120,
(4) u=sin(x,+xj+ e+ x0), FEL (x5 x555x,)4b.
5. iHE T 5 &L f 1 Jacobi 5HIE: Jf.
(D flx,y)=xy%;
(2) f(x,y,z)= x*ysin yz;
(3) flx,ys2)=x cos(y—3z) +arcsin xy;
) flxyaxzamrax,) = (b + x5+ + X212,

6. WEHA : TR
2 2N .8 1
flxay) = {(x +y )sm—x2 " yz, (x.y) 5 (0,0),
0 (x,y) = (0,0)
7 =~ af a .
E(0,0)&bﬁfﬁﬁ;fﬁbﬂ@ﬁﬁﬁ\{ﬁ-ﬁ‘ﬁa—ﬁ,a—ﬁﬂi(o,mﬂxﬁﬁ‘

- 361 -



AR

i | 9.2

1. i% f€ C'(R®),f(0,0) = 0.3 . 7 7E R® | HITELLRM g1 0800 1578
flx.y) = xg (x,y) + yg.(x,y).
, Caf . af ‘ af . af
2. & f(xvy)ﬁi(xc,)’o)ﬂ‘]%/l\@ﬁiﬁ u J:ﬁig)(,a*ﬂ:?;%’EU Lﬁﬁﬁ%:ﬂﬂ%aﬁaq’
ﬁ"/l\E(xnv)’o)&titEﬁsﬂ;Q\ f(X9y)E(x()OY())mﬁﬁ-

9.3 BRI

R E DCR" »f:D*R"'iEfB@ﬁﬁﬁak%fl 9f2""9fm NEE f(X)E”lE
f](X)

fz(X)

f(x) = (x € D).

fm(x)
WE x,€ED,hER" . BT xo B D WHA, AL STLBRFES/NI | || . #8
xo+h€ED.
EX9.3.1 IMEBH FHE

f(xo + ) — f(xy) = Ah + r(h), e
AP AR—ImXn B, ERTENMET h.3+H
Qmﬂff%L=m @
TFRBGT f 7E 55 xo ALRTERE. HFR Ah B f 75 xo SRS 124E
df(x,) = Ah. (&)

HER.EX @) P, £ 5 THITEEHR m 4EER R 8] BB 1453 178
RO n HERKERZS R ETE R

HEX 9.3.1 FH . FE—NABE =L R EIE B B R — SR HEmR
M AERTEER HER.

HITRBBEETBEET EE A FRTTRRTREMA 4. 0,8
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FO¥E SXBBUNNSF

am b a pn
R (DOBBME | R F2
fi(x()+h)"fi(xU): Ea;,-hi+r,~(h), (4)
i=1
KRPBRE—TFER rtOME | MR AR BB
ri¢ch) = oC||h|l) (h—0,i=1,2,",m),

A Rkt f 7E S xo A3 B HUCS EHETE o 2 RETE xo 2bRT 3. B B K
(4),~7 B8 3|

i = UWilxo) i _ g myj = 1,200,
dx;
i
Af1(x0) 2f1(x0)
Jf(Xr)) = H : [
A fm (x0) Afm(x0)
ax, T k.,
PRz st f 7855 xo &bHY Jacobi %EBE . E&— m X n . TE
df(xe) = Jf(xs)h. (5

BMEZ MMM MEETENERE h M- RERS, TR R
BERELICEX S B R X — W EB R E AR . B R Jacobi EREL R B Y

R B 2 Uit BT f 7E S xo MRS T EMRA S BERES x
SRt Nk e T 9.2. 2, AT LASZ BRI .

EIR9.3.1 FHBT f Exo BB NFELE Jacodbi R Jf, B Jf & ITE
i‘E,'E—:"\ X0 ﬁﬁﬁi,ﬁ!‘]ﬂﬂiﬁﬂ‘ fi‘E,'E\ Xo ﬁﬂﬁﬁ

B ERERA I, R R B SA E EENE .

M2 WARBREIMN—H . RINAETEHHNEXL:

ENX9.3.2 XFFE DCR,f: D—~R".WHE fED FHE— S #8ZELE, N
i fe C(D); unsk Jf £ D LB — SAab#ER&ESE Mid fe C' (D).

WfECH(D). HEHRI.3.1AIH, f D FHE— ST Bk fED
EE—SEES X fECD). MR, & f€CH(D), W fECD).
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BEMIKE O

# > ;| 9.3

1. 7458 ST E T 5859 Jacobi ZEEEFIRN Y
(1) f(x,y)=(xy* —3x%,3x —5y*), FE (1, — Dik;
(2) flx,y,z)=(xyz? =4y, 3xy* — y*2) ., FE/5(1, — 2,34tk
(3) f(x,y)=(e*cos xy,e*sin xy) , £E s (1, x/2) 4.
2. HE FHIkSH Jacobi 4.
(1) f(r,8)=C(rcos @,rsin 8);
(2) f(ry8,2)=C(rcos @.,rsinf,2);
(3) fCr.@,9)=(rsin fcos ¢, rsin @sin ¢, rcos 4).
3. B DCR", 84 f,g: D—R™.KiE.:
(1) JCcf) = cIf o ¢ BEEG
(2> J(f+g)=Jf+Ug;
) Y m=18f,F J(fe) =glf+ g
4) Y m>185,F
Jif.g> = gl + fUg),
KB, g BRREEE R FHNEL.MAERB R 1Xm BEEESm X n EEHE.
4. % f:la,b]>R", FHX— t€La, b, H || f( || = HEKIE: Jf =0, FHXF K
1B LT AR
5. % B,y IR EAELERE. RE—DM R B R o fmess f.EB

alx) 0 0
Jflx,y.2) =1 0 B(y) O
0 0 r(z)

6. B f:R"—=R™. fIR
FQx + py) = Af(x) + p#f(y)
Xf—4) x, y€R" FI—HJA, £ € R BOL, MFR f REMERRS . IERH:
(1) f(0)=0;
(2) f(-x)= - f(x)(xER");
(3) Bt fEIf(e) . fle) - fle)ERHE . HP e e, e, B R PEBRA LR
Ch=
7. & f:R"— R™ RLRvEmst. 55K Jf.
8. % E:R"—R", X —¥] xER",H E(x)=x,# E Jy R" LS. KIE-E B—
NRYEE, H B JE=1,.5X8 I, &R n BratimeE.
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P B9F SETERHNUSE

9.4 B & Kk &

ERTERBNMA%P. B EERBAKRFAR”, BT B gk,
METIHE B BRE B R EC . A S IR R .
AL
THE9.4.1 RHEL DCR",g:D—>R™,g LR x, € D ALrl . Xikt fHEE
g(DYM—NFFEMBZER HB S g(x )T IRAR GBS fog TEA xo
OGIRT O =
J(f o g)(xo) = JF(g(xo))Jg(x0). D
WA 2 yo=g(x0),A=Jf(y0),B=Jg(x0). 5 W B REmXn R, A
I Xm .
SR HEIE A
| (fog)xo+h)—(feg)(xo)— ABh| _
e X )
ARABEN 9.3. 1, M J(fe-g)(xy) = AB, WBPR (D). [H g, f 53 BIFE x0. yo 4b
Al LA

0, (2)

g(xo + h) — g(xy) = Bh + uCh)y, 3
K luCw) |/l R —0C| B | —0),
Flyo + k) — fQyy) = Ak + v(k), ¢))
Hep v [/ k[ —=0C| k[ —0).
ic
Lkl - ey, Ll - g,
|
|uCh)|| =ed R, Jlotk)] =72¢k)| k|, (5)
B
lim e(h) =0, lim 7(k) = 0. (6)
I hll -0 Ikil—0
XTEEER) h, 2 k=g(xo+ h) - g(xe), BAHN (D F5), 1§
Ikl < IBh| + uCh) | <CIBIl +ethnN || h]. )]
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BEHE

XERMNESSAAT 8.1 THAER (D). AEHAK (D ~(5).(D .17
| fog(xo+ h)—fog(xo) — ABh ||
= || flglxo + h)) — f(g(xy)) — ABh ||
= || fyo + k) — f(ys) — ABh ||
= || Ak + v(k) - ABh ||
= || ACk = Bh) + v(k) |
< [ Aull Ch) + 9¢k) || k|
< [AlleW) R +92¢Ck)C| B +eCh) R .

& 1k
IS~ g)Cx + h)”_h’]T g8x) ~ABRI i)+ (B + eCh) k).
HHAXGBERQ) . XERITEIFAN. g

ELHEMERD, X g=(g1r 818 TED EFAHLf=(fisfas  fOFE
g(D) Enli. 4
Vi = 8ilxysXxzsm0x,) (i =1,2,--,m),
Zi = [ilyisyaesym) (=1,2,-,1),
LB GBS 2 = fog(x) Al FIMIRRTR N
z; = [ilgilxis s xm) s @m (X0 X)) (G = 1,2,0-, D).
XEF z; Xt IR FEOTRERERR AN

dzy . dzy Az, . Az (N L In
dx) dxn ay IYm || dx) Ax,
: Pl= : : . (8
dz; .. 9z dz; ., 9z | |IYm AYm
dx, X, Iy AYm ax, ax,

Ferl, Y I=10),F:
Wit 9.4.1 iFz=f(yi,y2om sy ) B—A m JURI T RE, HPEN TR v,
(=125, mINERPEE(X X200 X, ) R AT R
Vi = 8ilX1sX2s5x,) (i =1,2,---,m),
4% &R
zZ = flg1lxysXxas s Xn) s s 8m (X1 s X205 X,))
e n PR xR EE W H

af a af Agm .
“7_2—_f£+...+_LL (j =1.2,-,n).

Jx; B Ay, dx; AYm IX; )
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PRI SEXMEHNMNF

iER EX®H,41=1,0018
In N
dx, dy,
(22,0, 222 (22, 02 :
ax,” Tax,)” \ay,’ dyn '
F)xl F)x,.
AR (9). 0
&1 &f(xleZ""9xn)%_'/|\ n iﬁﬁﬁjﬁ&&9ﬁqﬂ§_‘4\gi x; X

BHEAR OB, ()i =1,2,,n). 4 (1) = flx; (t)yx2Ct) =,

X, (0, FRBEAKXGD,7TE

x ()
@'(0) = BB = 4, (10 x5(0) w0 xa (1) x;i’)
xﬁét)

= }D L (0 xa(E) s xa (D)X CD). 0

=1 ( i

812 RITRM fHEEN—HIRTE. R

u=fx+y+z,xt+y"+ 2%

IR — B w250
B IHE RPN ES -
B E=x+y+z,
u—-f(f,’]), 17:x2+y2+22'
TR
du_ af 96 , af a7
dx J&dx avax
= f(x+y+z,x + y? +z)+2x§—{7(x+y+z x2+ yr+2%),
XE L T LU 5 552 AR 0
%3 lﬁiﬂi/l‘:m:&ﬁ
x=¢(s,t)9 y:‘/"(s,t)
TECsos to)) LT B H X0 = (505 20) 5 Yo = P(Sas to) . IR U u = f(x. T

(xo ~YO)&tEIﬁoﬁskﬁégﬁ
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Mg Oy T

u = f(e(s,t),P(s,1))
TECso s o) REBIPT 0 F 5K
B’ RELKO,. TR
du _3f e Afady au _3fae  If ad
as  Jx Is ayas’ at  ax It ayaz'

*E(So ’ to)'fﬁAu_tW‘jhtnﬁ“%

au(S(),to) = af(xcy)I())_(Sosto)+—§(.’Coyyo)—¢(S09to)a
P d J
%(So,to) = af(quyO)'—(Sogto)"'_)f(JCoyyo)a_stb(Soyto).

B4 i ulx, AEELEN—HrRFHE G

x = rcosf, y = rsind.

(Ge) + (5%) = (52) + 5(55) "
iER RELKOD,TH

dJu _ du Ju..

SKIE:

3r = 9x cos § + —7ysm 6,
1 Ju u du
-2 =_== + ==
76 Ix sin § aycos@

R U LR HF 7 MEpE10).
& f(xl 1 X299 Xy )Eﬁi}ﬁéﬁﬁ,ﬁﬁz

n (‘)f
df = d i
f .Z;axi x

ﬁu%(xl 7x29'"7xn)2:% g@%ﬁﬁﬁ%%&f‘ m /I\Qﬁtl slas s lm, H‘J@ﬁ

X1 = X1(tystas"slm)sXy = X2(t17t2y"‘9tm)q"'9xn = X, (tystlyyere,

ic
g(tl9t2""’tm) = f(xl(tlvt29"'9tm)9"'9xn(t1’t29"'ytm))y
i 1278
=~
dg = >, gdt,.
= at
BT
9 _ A% g
at, = <4 9% at, (i =1,2,+,m),
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B9
B LA
dg= 33 (3 7L Tt ar
Mizﬁd = 2o
BIE & EE f s
df = E aaxf,d

HA R (1D A1) AT LUE R (s xa s
B AEH (s xz o
EW RN — BB R R

% 3 & 9.4

1'&“:f(xz+y2>.iililﬁ=y'7—“ 24 .

ax X ay
MECETY

H
2. W u=flxy). ﬁEﬁx Ix ay

d 2 d
3. Bu= f(lnx+—) jEHg . x 7; y7_;:0'

4 B u= [P+ P AR (N3E = ¢ 0Tk,

dy
5. RAT u H—UIRIH:
(D u=flx+y,xy);
(2) u=f(x,xy,xyz);
(3 u=fix/y,y/2).

6. u=flx,y). Y y=x*0t,8 u=1,#ﬂa—u=x.ska—u

Iyl y=s?
7. B u=x*y—xy’,H x=rcos§,y=rsin 6. :R—u ﬁ
8. W flx,y.2)=FCu,v,w), K x*= ow,y* = wu,z* = uv. 3RiE:

dx dy Iw

Jz Ju av
9. RLLT# J(fog):
(D) flx,y)=(x,y,x2y),g(s., 1)=(s+1t,5°— 13, FEEQ2, Dhb;
2) flx,y)=(plx+y),o(x—y)),gls,t)=(e', e ");

FEREHRH WS ¥

12

xR AEE,BRERIMERR AT
XD BT RERE f —Br R TEX R AER. XN E
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BESHR L]

(3) flx,y,2)=(x?+y+2z,2x+y+2%,0),g(u,v,w) = (uv*w?, wsin v,u’e’).
, N N
10. BB S yr2) o Re— AT RS T W T SRR L s Ui €1 ey e

Ju
2R P = E AR . RIE:
LY + R+ GAY = (G2 60 Gl

Je, de, de; dx dy dJz

jo] &R 9.4

1. ﬁfGC‘(R:’)ﬁE%.XfHFgﬁ‘Jiﬁ a,b,c,
Laf _ 19 _ 19

aax bay «caz
R ERV TS LERNFRE.FE g€ C'(R) 1]
flx,y,z) = glax + by + cz).
2. % f:R"—=R.ME3 t>0,9€R, H
fCxyooatx,) = (x50 X,)

MFF f & q KFWEREH [ 2 g KFKKBHOEFLBERMER. M xERH

r)f n:)f
+ eee + = )
JXI(x) X, c7x,.(x) qf(x)

Xy

9.5 gk Y)E A i &9 V)T

WERIMAER T AR
x = x(t),
{y = y(t), (aK<tPH),
z = z()
HAMBERXERA
r=r(t) (a<t <P,

HE x(),y(),z(OHERXME I=[a, Bl L EETS, HE R &G
XN+ (YO +(ZUN?P#£0 (o<t <P
BATEH B X LKA MIMRFR AR L.
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CFOE FREBAEHBHWHHF

FEEFJ:EEK—,@;PO,ﬁW%% r(to):(X(t()),y(to)yZ(to))fi«ﬁP%P_t
B — AN EERR r() =(x (), y(1),z()) . ZEEIFEIL PP FRMEE

r(e) —rty)
t—ty

M1, B EILR Po P RRALBE LR ML I 755 Po BIYIER. XK. RAVBA T
ek I 725 Py LT VIS T B — Al &

. —r(t
r'(t(,) - hmw
=1 t — 1ty

e hiigk ¢ 155 P byl e & . st BpRHIER ¢ £ Py VIR T RN
x—xCty) _y—ylto) _ z — z(1g)

x Cty) y ()  Z o)
T E I MY)E &
e =,y (D, 2Z7an <t <P,
WS 7.2 WA, & T WK FRRA

;3 7
S :j 7 Co) |l dt.

= (x" (1) y Cte) s 2’ ().

EEBHN + HIRE
su>=ﬁnﬂunmr(a<t<5y

ERFENMERESR r() ERHABME LE—S r(OX—BIK, 2
— S RS EX KT,

ds(e) _
dt

KRB s (OR ¢ BITHE 3 3E e B, BCRT LK 1 1B s Y R SR A L 3k, 15 21
1= 10s) X MR RGEIE R I XU, X — BRI MK, ST UHER S
HIRAE M BT BEMSE. LWIKIEASEAERSHER. FIW, F 508K
KR AL I H ELBA 5 3 Tt i 2R A oA L AR

B . RIEHBSEFTBEBESEN r=r(») . RENEH s ENE—HERE
A . X B (D), FeAi 145 2

/ _ds _
Il rCs) |l =4 - b (2)

ERPZEENMKSHERBYFEE, RERK A1 MEE. WREE. r (DR
Bk I L& Gabmefilme. R, Sylm ey e, Bl r'(o || =18,
RIS /NI E L

s = ||l >0 (a <t <P (D
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BESVHER

s=[1r@ilde=[dr=t-a,
Bl t=s+a. BEH.t RN = LBEEHIK.
Bl1 EESEHIE
x = acosai, y = asinai.
WHBREMNEPOERES EEN a WEA. B FIHET
r'(e) = (—sini,cosi),
a a

M F ol =1,570 + BIZBERINK. B L. RA 0 FrBE AR
BYIE [6) FF 4R AR AT & Ml FE shat 3 I A BE . BB 4 a0 BRI
ATHENYIEEMTKME S, KT US| HZ B THEENE
it
EXN9.5.1 ’D:r=r()(a<t<POR—BOLBIL, r' ()5 r'( + A1)
ZIEBIT TR A0, r(t)5 rt, + AD ZEMIKIE N As.ﬁn%lml AO/As | TE

TEBARRIEAR PR A I T r o) bR B3R 380
k(t() = Aﬁ
As

ﬁfl']ﬁ*ifﬁumﬁﬁﬁﬁmﬂﬁBﬁﬁﬁ-ﬁﬁt’fEiIE%—FﬁH‘JEIE.
EE9.5.1 MK M:r=r(s)(s BMRKBEONE "B —TAME
a(s),a(s+ A a()ZHEMEAICH A0. IR a(s)FAT 2, IBA

’ _ A8
la') | = 11_13'“ 3)
iERl EHEE,.E
‘ _ . a(s+ As) —a(s) _ ||a(s+As)-a(s) I
o' = 1 fim @A =0 < Lottt
- lim 2sin(A0/2) | _ sm(AB/Z)H
As—0 As As-—O A@/Z
_ i | A8
- EE}) As |’
ERIFE(E9.3). 0

EXTEED, SHR M SHERRNRE a(HOMTERMNEE . BRLE
FEZAALRYIEE. S a(ORE AL BMER (9B, R HHBRRR
RiZMRIE s bR k(s) ,FTMNEHE9.5.1,748 .

EEI9.5.2 WI:r=r(O)B—FUMKNISEHME,. R4 e %R
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B9 SEXREHNKL¥

k(s) = | (.

r a(s)
+As P
< a(s) 2 4‘
a(s+As) a(s+As)
9.3

B2 HETURAMBARERN
r(s) = us + v,
HbPu 5o hEHE,FE |ul =1.X6,YHE T(H=r'(s)=u BEAR,
M " (s)=0,M1#F k(s)=0. R2Z, R k=0,80 r"(s)=0, HTTH r' (s) 2%
mE S r(s)=us+v, P u 5v AEHE.

AL eI H . HERAIAEIER &k =0. 0
B3 FHel ris)= (acosai,asinai).
X H
r'(s) = (—sinai,cosai),
r'(s) = (— lcosi, - isini).
a a a’ a
FR. k()= () || =1/a, PR B 2% FH L2 0 F %K. 0

BARBMEZHESE IR r=r(DBE . XESH t FHRIMK. EXFFA
TR m+E? BT

dr _ 1o,y dt
ds - re) ds’
(s QAL | AN i |
ot = (gg) o g
H5 LA B X R R BUE R B R 18
dr  d&r _ .+ » dry?
ds Xag = T xro(g)
dr ~ dr dr \
S pawng B 5 S miE s, s
B e T T i (TR de|?
ko = | 930= 150 xS = e x o) |4

BAE{drll =|ds|.FFLA
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REMHEE O

3 -3
- ]g“ = |

dt
ds
LR B YA
k(o = "ﬁ‘r),(f)’](a’) ” )
B4 REHRZ
r(t) = (acos t,asint,bt) (a>0)
kiR
B HETE.S8
r'(t) = (- asin t,acos t,b),
r'(t) = (- acos t, — asin t,0),
r' X r" = (absin t, — abcos t,a’).
SJlid
Irll = va®2+b%, x| =aa®>+ b
RALK (D), B3
k = a—ff—bz
ERE—TEFE X5/ ERZHEFTEN. 0
BAERIHEHEMYIFE. R FHHiEEEA =FERFT.
z = f(x,y) ((x,y) € DCR» (5
PR E Ay BN RR. il
z=val-x* -y (2 +y?<a?) (6)
KRB S AL a FERK EERE. XFHRRFTAWSHIOE A EMETT 2

MY ELZMMERE REHELT A, RhEAERAHAME. fla, RSN
LR R a MERE LA T (6)
z=—Va? - x¥ -y (X +y<a®)
PN REERR, ATERR EIRE, FERR T HERE.
W=TCEHE F EXEXBOCR k. X8 0 bR E

F(x,y,z) =0 7N
RN — K. R T e, 8 THEN(D EEE—3%k
HEIER“ESCHMEE, AEAX F im—ERE.Flm, & FEQ LREZEW. EE

dF aF JIF

iﬁ?ﬁﬂiz/ﬂﬁgfﬁﬂ "3y szﬂ_lle.Q FESN &M
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CHEOF SEXBEBAUSE

S5 AMEHAL, ERSRME LA BEERBFBOD. BB F I
WE RN RN TERRNER AR,

AL HBRRHmH— MR IR FECWQ), FER(D TR —HKEHAME. X
At gl K IR 255 18] R 4B = N8R4, — > Rt A< 5 . 55 50 WA = il i e SR AN
AR BB ERA FEARETE. MARARBIaRA F, HELRFE
BENAS (RBREES) BAKMEIMBHNESRA FoOoBRAE. XA FXLFEE
RAVRE 5k X s Em AL, VRN ERZ T, X 2RAELHE. Flin

x*+y +z¢-a* =0
TR R PLUR S AP O a FERHBRE,
Xty +zi—a?<0 F xt+yl+zi-al>0

A RARERK BRI A

el AU

B po=(x0+y0,20) € D BT (7)) EH—DS ALEE—FiT A po HIHH
R ©.ix T ISR ER

x =x(), y=ylt), z=2z(1),
FESH 10 MUER po - HBEITBRI=AFERAKD BB—DRTF 1 )9E
%R
F(x(t),y(t),z(1)) =0.

Xt X PR o K783

ﬂ:(po)x (to) + —l;(pf,)y (to) + —(po)z (1) = 0.

MR RERER, £

(‘) (7 (7 / Fs ’
(7)’: Do) 5(170)' F(po)) (x"Cto)sy (to) sz (o)) = 0.
XKWL D ESpo UM ESHE
JF(py) ='(‘7F< ) ‘”;< ‘7F(po>) (8)

FEH. T I Bihm b S po WE—FWMAE. MA@ BR—IEENEE. XHE

B, BT S po AMEMTIZRTE S po AEMI VIR R ILTEIAY » X AN B AR R R B (7D

TER po AEIVIFM, T 1) B () FR P E (7 7E po LK — 1 ERER.
B, BT (7 TE po = (Xos Yo zo ) IV FH TR R

J Jd Ie
(x - x0) %(pn +(y = o) a—’;<p0> +(z - z0) ;—‘Z(p,n =0, (@
XEB(x,y.2) BYIEHE MR LR,
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HEITHRE

il tn , 5 ZE R
F(x,y,z) = x* + y* + 22 —a* =0,
E,ﬁ(xmyo-z())&l:-EH;‘:Q(S)EH%&'IE]%(XO,yo’ZO)-iX%—/l\?Elﬁ]EUI*H’\J'Iiﬁ'JE,
A LA YESN R . R T SRER VISP E 5 72, (), W15
(x — Xx0)x9 + (y — yodyo +(z— 2z9)zo = 0.
‘E‘ﬁ?ﬂ(xosyoqzn)%ﬂiﬁj:ﬂﬁ,ﬁd:itilﬁ[’—%fﬁ
XoX + Yoy + 20z = a®.
XL RBRET M (X0 Yoo 2o ) BIYIFE T
T 2t EmH G SrT AR R T #
F(x,y,2) = z—- f(x,y) =0 x,y) € D),
EB(x05y0) € DA 20 = f(x05y0)  IRAB AT HMITH M —NMEHE

d Jd
(——f(xg,yo),——[(xo,yo).l). (10)
ax (7y

HANOFH kR BHRE=108K 1, FrLER 2z B IE [ fA A8
/2, 0] LAFRIE B (10) % _Ei% E iRk . F857He

J d
(—f(X()oy())q—f(X()yyo)y - 1)
dx Jy

A AMEGIH TR XRMEFAEREFHERNTE,FUENHERET
of Po=(xy, Yoo ZO)E"Jﬂ]SFE- iXBifJJiIZEB‘JﬁE%I

d a
V4 —f(x“;yn) = (x - X()) 7£(.¥09y()) + (y - yo) T{}‘(X()o_)’o). (11>

MEAFE =R T AERBENSEER. B r=r(u, ER,, KFEBH
(u, €A XE A BSEFEEOuy LH— PRI 2 r=(x,y,2), K1
Z:r=r(u,v) (u,v) € A) (12)
B—kSiuhm. £XQ2) Ao BE R EK . L2

x = x(u,v),
{y=y(u,v), ((u,v) € A). 13
z = z(u,v)

EELZBMHFEAARME > WEE 8. MRNADREE > HSHEHTR. BR,
FRADMAD ZEHFEREER T 48, FURMNTLUAAFRA) A3 £
—[EF.

Bl5 & p.€ER B—IEEMNS .a 5bRAp. BEMFHENHZHHEE. X
Bt i1 a 5 b skAEY-FE A LA m&E 712

- 376 -



CE9E SEERANRSE

r = po+ ua+ vb,
XA, BE(u, VESSEEE AL O
Bl6 FROAELWRIFESERN a B

HREASEITE

x = asin gcos ¢,

y = asin fsin ¢, (14)

z = acos §,
HPBH 0, o) MELTEERE A =[0,r]
x[0,2x], WA 9.4. 0

ATAEHE 5 WS 807’ (13) B/
ENSHELXE A BIS EAIBRGS
r:A—r(aA) = 2,
L 9.5 F1E 9.6. KRk, [ B LA E
—,ﬁ(uos'v¢))6A,4ﬁAﬁﬁ(13),ﬂ%1§EJ:H’\J—,ﬁpﬁ(xO»yo,%o),ﬁé“F
xo = xCUgsVp)s Yo = Y(UgsVe)s Zo = 2CuUgs Vo).

YR AR S TTREXBLE 5 E R — 8 X S LA R
z

@m9.4

v)

@/9.5 9.6

BAE. 2 v= 00 ESPXE EXRE—BRFITT v BIRNEL. XL v= 0
RASEH R B
x = xCusv)s y = y(u,vy)s z=z(u,vy),
XRASE v AR INE S FH—BRHME, XAMEHRAME = Eiu ik
(AARBEE u FEZN) s AR vo BIXTRERFE R w B, A H u LR
BEETHIE . X0, 5% v = w,.IRAaE S LRhL
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BEWHEE

x = xCug,v)y y = yluy,v)s 2z = zCuUy,v)

PRl s B v BHR (A RE S v L) s A K wo XRCE A TR v Lk, v il
KMEHETEANME S, — i, RE— & u A — Ko thgoEdlims Ew
— s i, S ER S rCuesve) RE u iR = vo Mo iiZu = uo @S
AT, (uosvy) BHIE = FAIAS rCun.vy) BB ER, LG, RITT KK
(uo>v0) € A R ERIS.

bRk EF 6. XA ERTE LAY 0 AR TR ¢ = FH. ENRKRELNE
g, MERE LE ¢ AW T RERRI=¥H. ENERALNSER. SFBRET
(0,n/2)BF, BRILGL . SEBBE T (n/2.0) 0. BB . R R R 7T R S 4L
sz Ak, Bk E R HA S RAME— - REL M — KRG KA.

W&

P J
;—r(u, Uo) = (_X(U9U())s(_) (u;U())s (u, U())) (15)

i S fu gk v= v, B9EI . B,

”'(uo,m (g—fjmo,')j—ymo,u), (u(),v)) (16)

TR S B9 v BIZ u = uo BIYIME.
Tl R [0 B

Jr
Ju

SrARME 3 ER(ue,vo)2bH v fIZRBTIMEM v iR YImE. A Ti—F
INPUX I (a1 8 A LT, FAT4R S T R T HAYiTie.

Wu=ultd),v=0)RAPH—EMLZ, iR uo = ulte),vy = viiy).
X—B MRS r ZF.ERME S LR —FMAK, E4L53 S LA P =
rCuos vo)  FRLLBATFTUUERER u = u(D,v = v() & 3 bt po X—S 0
&, ENMmETER

d
gy v) E’;(uo,vo) an

r=rCulCt),vie)).
Xt ot kT, BEEREN, A] 15

dr (7]‘ ’
=1 = +
ds Hu w o Jv

Iy,

=1, RALK.H

dr _ar
dr L=y, du Jv

HARY T S Eid R po BAEM— &ML & po LW IRBEEXAD FHH
« 378 -
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Tl B9 FEXEBHEMHMLE

AN E MRS R, il S LR po BRI —RBERTER po AEBITIL
e —VPE L, XMEAXAD FIFAEBKEKFE, YRBRXW EEAHL
. RAVEXAFEE LR 3 78 po ALV, L2

a—r(uo,'vo)xa—r(uo,vo) (18)
du v

d
W Z A po bB9— N EER.
FHi, B (18),(15), A AT AL B = A (u, v AEFERE

(H(y,z) 3(z,x) H(x,y))
A u,v) I u, )’ aCu, )/

A QD TR R, BEARBM M. A, RIDRITEERE. BT

(19)

[rexro 2= roll2lr,ll2=Craer)?,
HE
_ e = (9x\*, (I¥Y, (3z)?
E=lrl “(au) +(au) +<au)’
_ ) _ dxdx , dydy | azdz
1F=r * T audv + Audv + dudv’ (20)
et (3EVE, (), (22
G=lrl®= (E)‘v) +(a'u) +(8v> i
E.F,.G HAhdthms NE—EAE, N
| ruxr,|l = vVEG — F%, 2D
NI}
1 3(%2) A(z,x) a(x7y)
(a(u,v)’f?(u"v)’a(u,v)) (22

JEG - F?

R S BB AR, B n D, R B, B AR (22 WATET L - 1, /8516

BBk R, LR SR CDMR. 4
r,xr,

MAEREAITIRRU ERCHOWAAR + TRB -, HERASHFHE. BRESH
RIS 12 B, HBATEXT i =€ 678, I3 4% (2) HA A S A H R
T BIRHMRFEAE 4 BR0A .

B8 A A o fn 8RS O 0B Sk B 5 o T, AR R A 24 R il i RO T AR
r=riu, VFHEBERE r(u, VERBFENENEERS B B (uo, v
€A

n== (23
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BEAHHE

ru X Pyl cupovg # 05
MR ruos vo) M 3 EREM G BN FRAFR. Y S ERFAASEHREEN
AL PR S CRIEN g . 45 . FLRFE . #8248 IE U il . B AT BRI E 75X
— &M R E , 7 TRIE A AFEE VI FEAMEEE.

RIE, ihiE > 7 — SAL R U] AL 1 &2, FRER A 22y s 25 )L
T RARE B9 » AR GBI T S BT Bk BR B r, X r, il
HRSEB T RITR RN, EAREHAELRR LSS REEFETLXR?

BASE (u, OBIFHSE . OFEE NI BEHN . —HESE T F R R
XFE

u = u(s,t), —
((s,0) € A). 24)

v = v(s,t)
XAt HE = B THHSEFTE

r = r(u(s,t)vv(s’t)).

ZHENITTE, TH
ar dr _ (dr du _ dr dv dr du  Jdr dv
as Xﬂ— (au s +(7'v as) (Ju at +r7‘v r7t)
= (a_ua_v_a_ua_v)ﬂ ar
ds at It As/Iu” v’
Bp
_ dCu,v)
re Xr, ———a(s’t)r.,Xr,,. (25)
B (25) A B, REMET(24) B Jacobi 175X
d(u,v)
(s, ) 70

A EARSERL ARAMTE 3 MIEE BT MERSBEN, ETFTHEARER
%, 2l

au, A u,
>0 ® G <o
FeRSE .
Bi7 SRE16 PRREMIEEE.
A NEC)
rs = a(cos fcos ¢,cos fsin ¢, — sin §),
r, = a(- sin #sin ¢,sin fcos ¢,0),
Fir LA
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C BOE SEBEHKHWULE

E=4a%* F=0, G = a’sin’9,
M8 VEG — F? = a’sin 8,3+ R
ro X ro = a’sin §(sin gcos ¢,sin gsin ¥,cos §).
Bl 1 » B 1T B B o ik 1] B
(sin fcos ¢,sin fsin ¢,cos §).

TRBRE SR FTRAD . H—FE AR ER

(ai,al,ai): %(x.y,z).

XF/ARRRME L SR EERURK R, BRI B A k& . a

FTHESWE—BARE,F,G, AT LLUTEME LMK, & u=
ulH),v=v(R > EM—FKME, XRMEXEGEETE

r=rCu(t),vit)).
i
dr = Crou’ () + r 0" ())dt,
IMITHIFTT =
ds? =dr? = (EQu/ N2+ 2Fu’ () v’ (1) + Gu' (1)) di?.

HIE MK AR

s = J VEW? + 2Fu'v + G(v)ide. (26)

XR—AER S BT PR _E BRI H Bl 2 B S A SR E

TEE—16T.

B8 SR 2E—Y) R BRTE L AP ST IR E BRI B 2 F , A X P S BT E 19
BAEARNKBEWMA A R/,

WERA  RIEBI6 PRIBKRE X b, p Mg BE EMB S AEK—BE, Wik p Sq
£ S MEI—REL L. BXFESHNSETHR G, ¢0) M0, 00) . K 6, > 6.
XA S PTRERIREMAICH T, R T T RE

g =06C(t), ¢ =9(t) (ty,<<t<t).

BAR26), I BIKE

s = Jl] Vat(6'): + a’sin? - (¢")2drt
o

>aJ:] 9 ()dt = a () — 0Cte)),
RPESYEMNY ¢ =000 ¢" HER o B XML T FREHAp 59 %
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BEMNHE 0

SR EeE B KB, i
alg(ty) - 0Cty)) = a(h, — 6o)
R — BABRAK. .

% 3 & 9.5

L RSB r(D=(e'st, D 1=051=1 XPEARE .
2. BHHPHMAK

2t 1-1¢
e et)

SKiE: XHER] t ER 2R r(D 5EE r'(OFEMER. MXRE—K2HL?
3. PHEFEZR

reo = (

r(t) = (e‘cos t,e'sint) (t & R).
KIE:fZEML LT — S . VMBS 2 FEEHREM n/4.
4. REHMLREL
r(t) = (x(D,y(1)) (aLt << b)),
THRSER x.y Ela,b] FiESE, T (a,b) LAIR, A (€ (a,b),H £ ()F0. BAVFK
H(x(a), y(aN5x(b), y(bIFRIRENERBE N X KSR BRATZ. KIE. LR
LELE - SEBMEREXS ENYIR SKFAT.
5. W a(1), b( )RR FH A B R, A ) RFT A BE RE - IER
() ADae' =2"(alt)y +a(t)a’(1);
(2) (alt) « b())' =a’(t) » b(t)+alt) « b'(1);
(3) (a()XbUN =a’ (HXb)+a(t)Xb'(1).
6. BAIFHMBRE a(DAREMKE. KiE:a(D5 o' (0O BRIERH.
7. it E
XTASh h<r<2m.
y = bsint
(D RKWEAEF—SLEHTHE;
(2) IEAMREMAAEER  A—E SRR . EEIHERE RSN ZE L& —
=
8. KT AL,
(1) r(t)="C(acosh t,asinh t,at) . P HEEH a>0;
(2) r(t)="(a(3t—t3,3at?,a3t+*)), P EH a>0.
9. HITRFTEHE—KREMLK:

- 382 -



10.

11.
12.
13.

14.

15.

16.
17.

18.

19.

20.

21.

22.

v B9E SEXBRHBNEKSE

{Jc2+y2+z2 =9,
x? — y* = 3.
HEME FI— &R po=(2,1,2) SKHMIZRTE po ALHIHEFR.
KR 3 ith TS RE AL Bk 8] B AU T AR

(1) x*+y*+22=4,p,=(1,1,/2);

= aretan - . p. = Y,
(2)z—drctanx,po (1,1,4),
(3) 3x*+2y*-2z-1=0,p,=(1,1,2);
4) z=y+ln%,p0:(1,1,1)‘

SREEERE x% +2y* +32° =21 LA EAT T M x +4y +62=0 B FmH.
UERA i z = xe LETRYIV-EHE SRS,
B HIEEC A (BB xyz = 2 SHERE
x—:l y—z + Ei =1
at bt
ER— Y, A S E U Fm.
P EER S MWEMBEREAARAXFIMEEX — A% REE
xX*+y'=a* 5HiE bz=xy HJfH.
SKAWBRE

TAEMEREYS x Bz ISR A N,

KREE *+ y + 2= x WY E.FHEETEFmx -y z=2fMx~-y-2/2=2.
EH:HE Y +Vy+tVz=Va >R FEERS LR EBRTHELBRZMY
HE

WEEA: MM F(x—az,y-b2) =0 WAV FHSE—HLFT . P a. b HEH.

8. i F (A ﬁ—:—f)=o BT T — M L B @ bye WEE

z-¢
WA ax + by + cz= @ (xXP + y* + 2 H po = (xor yor 2V E BRI R S5 H £
(X0sY0+29)FCa,b,c)FH.
SRt

F(x.y,z) =0, G(x,y,z) =0

HIZELRTE Oxy FH EWBH AL R,
R LATHES E,F, G-
(1) WEERE
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BEMKE

rCu,v) = (asin ucos v, bsin usin v,ccos u);

(2) Snt Ul

r(u,v) = (acosh ucos v, bcosh usin v,csinh u);

(3) HhEMYmE

rCu,v) = (u.v,%(z—j+z—z)).

23. @ E.F,G HMEr=ru, »WE—BEAR. 5
I = Edu® + 2Fdudv + Gdv?
Rz E R E—BEFK. ORIE: 1=dr’.
24. CHRMAERE —EAFR A
I = du? + (u* + a®>)dv?.

SR EAEIZR w=v M v, Bl v,(Go)X—BRIkK.

9.6 FReRBERE

A5 FriTie B [e) B, B ER e BCFF TERI (AR, NMUERE T X TRBHEAEE
IR, RIBT L 7E S M oAt o 3, FlIn B ie M HRIEFRE S . A+
SEEMINA.

TR E.9.6~9. 8 WREBMHXN. BERAMMERX=VHALT REEN
RERITHERER9.6.1 MR E LFHERMITE . B T XA, AT
X =T RENFTEE T ERMER.

AERRHE.6.1 Za7, RITHA IS X N ERHYEARE. i DCR?
B—HE . F:DRE-NTEFHNEEE x5y WRP FRHE

F(x,y) =0 (D
MEX D hE S G, M T H—FRE. D FiE 4 iX —FR | M S 2R E /L D
B —&hsk, TR (DR ZHLNEAE.

W BRI E 0L : B — &, X R PR &S FHZ, B D h& A S k&
X —RE XX (DFFEXH LR EREE:FE . RDE—ME%
2 B (D EPR EHAR— RG] XaT k" D FAAEMEAR. RITHER
IOF 224 HE R 53X 7 A AR it B A O

W(xoryo) € D,IFH Flxo,yo) =0. ATHY B , B 4 XF — S0k ¥K F fin AT
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CB9E BFEERRNMAF

L5 LA RTE S (xo 5 yo) ISBIE B ERE— AN EEZ AL B (D BT E TR v
= fOOBR x=g(y) @E . KRIMB LEARE— SRR IR AFTROD &
Bl y=fOH x=g(N”.

WA MEFERE AT RAMNBH —F , NERN FEY. WFAEE
X RERY AT 1 R B, T S Bk R H A BT SR PR

B —MARNFT. R F,)=x*+y -1, BB FER EHAEXL.WE
Flx,=0M&ENeERAMER x*+y' = 1. ESMEAE L BRAC-1,0) 0

(1,004t , 7EEL AR5 — 5 4 , BB AT .21 y=f<x>,‘m,¢1zmm&r.sg—‘;< +1,0)

=0 BA KERHY. X FR b ZE AR EBR (0, — DO, DZAM EHMME— &

4t ASFTLMRE x = g(p) KB ZFTABISN, 500, £ 1) = 0 A XBKH).

EHREH9.6.1 ZAL.RANER R 1,7 & R PRFEAXE, MFR 1 X
A R FE—NEIE, ERR S AT TRASRH. B, & 1,G=1,2,--.nER
FRXELARA I X I, XX T, & R" F—n fRKFE.

EFRI.6IREHEE) WHE DCR*, R F: DR iR ZMH:

(a) FEC'"(D);

(b) F(xo,y0)EDHFF(x0,Yy0)=0;

) OF(;(;}, YO)#O

MAFE—NEE (xo» y ) WFFEIR I XJCD, #15.
(D - xel, FB F(x,y) =0 J PEHE—HFf();
(2) yo=f(x0);
(3) feC'(D;
4 B xelwt. g

aF
, E(Xay)
flo =- 9% )
:‘)—y(x’y)
Hp y=flx).
. g d s
R gl R o gk i ) B E— A (xoy o) TFAE T

dy
I'}XJ. R I'}XJCD,BfEI'xJ L%>OFP%X¢&§£{%EE’~J x€I'.Flx,y)
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¥EMTHE 0

FERXE J RIS RE. ] J = (¢, d) . HEMAD) , TRMH
F(xo,¢c) <0, F(xy,d)>0.
H & (O BEEN FEC(D) ,HILFES xo BFFXIE ICT 182 xc 1 B,
_ F(x.c) <0, F(x,d)>0.
fH 7 5 R B B E A AR B —1 x € [ FEM—H— 8 I81E
fO)ECe,d)=J, {318 Flx, f(x)=0.XMIEAT D, BR fIHED).
R TIEH G M) RATFEKIEN fAEIFXIE T EdEg. F i, ZiE# f 17
xo AbiELE. X R+ HER. BN EREEGTITUEL AEEE yo BXE J B
BE 2/, XA [ —ETLIRGES/D #1584 x€ I BXRM f(x) e, kg
[ fCo - flx |<IT | HAp T RRRKE J HKE.
IR x, €1, yy = f(x)y M x,, y))ETXI. HH Flx,, ) =0,

ALY 0, BF A F 228 Cxr oy R R B o yo) AR RE K . B B

ﬁﬁﬁiquﬂ%ﬂ»ﬁﬁgﬁﬁ(xn)ﬁ)%%ﬁ% LXJ,CIxXJ, B xel, BB
F(x,y)=01EJ, L FME—f g(x), g fEx, Ao RFZER. RMBAME—HEATH, 24
x€ LAt f(x)=gCo), XM fESx, MREEWN. B x €T WEEH. TR f &
I FREZEY.
BiF f%EQHM . B xE B h B/ fEB x+he€l. b y=f(x). k=
fCx+h)— f(x). i F ORI, R AIER 9.2.2,7]75
0= F(x+ h,y+ k) - F(x,y)

_ aF aF
= ax(x.y)h + r7})()c.y)k + ah + Pk,

Hb o 58 R Y h —0,k—0 i, 2—0,5—0.
B, h—0 &, HEIERAEH FE€CUD H k—0, AT Y h—0 B B HE

(x+ h) - f(x0) (53 * )
limfx flx =lim£=limax7
R0 h k0 A ne JF + B ’
dy
Rp
——aF(x,y)
/ _ dx
f (x) =— F ’
“(x,y
(7y
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D EE SEREKMMAY

Hehx€1 Hy=fo. R (TH, [T L. O
g1 HE
xX’y? —=3y+2x* =0
EAA.DSAL.D)FAREERE TR y= 008K /.
R 4 Flx,y)=x*y?—3y+2x°, %M1 FQ,D =0 & F(1,2) =0, 4}

aF — 9x2y —
ay(x,y)—ny 3,

Fq1y=-1, 2Eq,2) =1.
dy dy

E.ZE Q. DMEESE

Fan
f’(1)=—7; = =2 = 8;
231,
dy

EAL,2)MIEER

_aF
ax(1’2) —14

%(1,2) -1

XM FA BT REANEHEBLEBERTFTENER . BAIHE x2y? -3y +2x°
=0RJLIERRE y W _IKFEB. NFESMBEH y Xt x BKBICR. S, DAY
2 ] AfR18

fi( = =—14. 0

_3-/9-8x"
y 252 H
AL, 2)5E5%5, o] LARR1R
_ 3+ /9 ~-8x°
y= 2x? ’
BHEXNL LA REBCRKS . TTLARBHAE x =1 LS. BUUEEHTE—T, U
R AT R EESS RIE L E: .
B2 HE

sinx+Iny—xy® =0
RO, DREFHET B y=f0 R f(0).
R S F(x,y)=sinx+Iny—-xy*, 384 F(0,1)=0,A

2F0,1) _,  IFQ,D _

Ix ay 1,
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KE¥EaHKE

330124

%f<o.1)
o =-2%% = 0. 0

F 0,1y
dy

XA FIE R R E AT X REARNEENFT R F(x.y) =0 PEHER LY
y Xtx FEXXRE x Xy WEXKER.

VEI X ANEIF2 05  RITEXT S 9.6. 1 fE—F MU, LUMIEIEE 3.

HABMWAEAE—SANEENBRENRR AR IEX N TRITHENEES
¥OERNGEXHERHER. E—REEZT . ANERK f FEAREEBY i
B FER. XM R FNESL. BEAMAEHEMREAXMEW. ER. f K
B— T RELE A ERF S R E .

B f —BRARAHBHFET RS ER. BE f A€ XHEEZNIERE
EAGERLETE M ESESTRER. B EM 9.6.1 MIEWH, X4 x€ I i, —F M|,
Flx,0)<05 F(x . d)>0 ar: B—FmE. % y fELc.d ] ER/PNEKE, F(x, )
By G R A ME— T SRR o R FRT S K R 569 77 35 BETT AR
FOOMBERRINA A ENBREE.

BREEMNEL :A2RXOALBIE BARBE%XSTHEHRAESRSFO & X4
AR AR HE S k8. ieFY e T o RIMNAESER

F(x,f(x)) =0,

XK FZ )G . AT 1§

aF
ﬁ(x,f(x))+

OF
y

BB AR (). XTI R ET LA BN AR EE L.

EFEO.6.1 BERRBFECHENKELEMNEL . AX N EBAIEBA PRI LIE
i EBAX B 2 AR ST RS A, TR EM—IK.

EE9.6.2 ¥IFE DCR"',F.:D-R.HRE KM

(a) FECY(D);

(b)Y F(xo,y0)=0,iXx8 x,€R",y,€R H(x¢,y0) € D;

© m—ﬁ“y’&);éo.

(X, fCxNfr=0 (x € D.

BBATETE(xo s y ) BI—NERIM GXJ, K G Bxo ZER" H— 1488, ERFF
yo BI—AFF X [a] . (#15 .
(D XFF—1x€G. HEE
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CHOE FEEBABMMLHE

F(x,y) =0
EJPEME—®.ICH f(x);
(2) yo = f(x0);
(3) fEC(G);
(4) % x€G Af,
IF (&,
71;;") =- aaiv((x y: (i =1,2,,0), (3)
ay XY
Hep y=flx).
B3 AR

sinu —xyu =0

BB 4 =[x,y R, L

B EEATH u BRRx Sy HREEBERXBART x, y WESEX.
Xt x RIS/

it

¥ x5y BB, X

af__ M
y cosf - xy
Hep fRRSf(x,p). 0
Bla FEz=z(x,)RHFE
fx+zyt,y+2zx) =0 4
B R T 5557

B Sé=x+tzy,=y+zx . MRWHEBEHET x RIHFE. 15
(1 4z,\, 23z o _ 2\ _
ae( ax’ 1)+;7—r}<r7xxl xz)_ 0.

M bt 218
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FpHR O DT

az __ _aé ana?
ax 9f1+g_f:_1_'

RIRRER T 35 T LAEAS

dz __ _ay d&y
dy af1  af1°
aEy anx
WA AR Q) RIHE . X BHER (D W LRI R
F(x,y,z2) = fx+2zy ',y + zx™"),
#}E XsVsZ %ﬁiﬁﬁéﬁﬁ‘,:}:%
aF _9f 3f z
ax  a& anx®’
OF _f1,9f1
dz 3§y agx’
ALK, B8

oOF __ 9z, 9f

dy — agy* ay’

aF af _fz
dz __ax __ 3§ anx®
dx aF af1 , af 1’
—— __+__
dz aky anx
aF af _f z

2

az __ady __ _ag 2&
Jdy aF ﬂ' ] '

1
Jz 2y ay
ARAMEENERE—HFY.

% 3 & 9.6
L X F A BRENRES y (O
(1) x*+2xy— y* = a;
(2) xy—-Iny=0,580,1)4k;
(3) y—esiny=x, Hp¥E¥K €0, 1);
(4) x¥=y*.
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RO SEREHAMLSE

2. MTFFTR GG
(1) e —xyz=0;
2) f=ln§;
(3 x+y+tz=e P GRAHBEWERELER;
(4) 28y —xz* - 1=0,fE4&1,2,1)4b.

axdypz _

3. &% F(x,y.z)=0.3}2iE:ayazax

dz
ay’
Az . dZ
axﬂr?y'

4, &F(x—y,y—z,z—x)=0.i+ﬁg—ifﬂ

5. Flx+y+z,x*+y*+25)=0.11H®

5] & 9.6

1. B flx,y, D) RAIEE g KF KRS z= ¢(x, Y BRAFE f(x,y,2) =0 BENEASR
B AR p(x, y) B—RFF IR
aF

2. i D={(x,y):a<<x<<b,—ee<{y<{+o},F(x,y)¥E D Lﬁﬁ,ﬂ£>m>0.ﬁﬂﬂ:
F(x,y)=07ECa,b) L FFIEME—MIFELME v = f(x).

9.7 M ER

AYHHNBREMI. 6.2 BEEE.
BAEH m M HFRAMMTEA
FilxissXnsYV1s*"syYm) = 0,
{..., (D
FulXys = sXnoVio s ym) = 0,
HPBRKETH M m+n 2TFHFEOME. MR ITBADOR-NEENY
R A ENFTBEDSRBE"y sy EREHPHE IR x10 0 x, B
¥, 8P
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BENHEE S

yi = filxys s xa),
{)’m = [ (X1emsXn)s
X Xy . x, En MBI I THEIES, T4
F, fl
F=: 1|, f=1]%|
F. fom
MiEFBHDE R
F(x,y) =0,
Hea 02 mx1 WEEE;MEX@EXR
y = f(x).

W FEXEREDCR " L E m X (n+ m)

OF, .. 9F oF,
r7x1 (7x,, 9)’1

aFm s aFm "7Fm

(2)

3
4

aF,
AYm

aF

Jxl ‘:)xn ‘7}’1

HiES R JF = (J.F,J,F), K

OF, . OF, IF,
axl axn f7)’1

JxF = 5 E ’ JyF = .
;)Fm s ——;)Fm aFm

IYm

aF,
Y m

aF,,

ﬂxl ax,, ;)YI
J.FR— A mXn%EE.mMJFRE—ImHik.

AYm

BT XEERZE BT LRI 7R RS R T8 .
EE9.7.1 BFE DCR",F.D—>R",# R FH&MH.

(a) FECY(D);

(b)) H—H(x0,y)E D fF Flxg,y0)=0;

() F75= det J,F(xq, yo)7#0.
AL (X, yo ) HI—, G ¥ H, {#15.

(D X g—1 x€ G, HFRGE H PEE—HBE,.IEH f(x);

2 Yo =f(xo);
3) fECH(G)H;
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FB9R FEREEKNNMLF

(4) ¥4 x€ G 8,
Jf(x) =~ (J,F(x,y»N'J F(x,y),

Hre y=f(x).

iERA HATFBREAD FHBRANBHITIEN.

Ym=180XDOPERE-NFTE.FXEHRRZEH.6.2. RYETEHTE
Hom—1 0}, e RIEFRN, RITKREE m NI RIER, B (D B ER.

BHF detJ,F(xo, yo)#Z0 UK FECH(D), AHRE D LT —SHE
det J,F#0, BT AR B FFEE Dy . fF(x0,y0)E€E D, CD,¥HH¥E D, EHE—5
&t%ﬁ;ﬁ detJyFio,")'CH‘j'fﬁt?E D, :F‘Hﬁ%'lfﬁ D ﬂ?

H &4 © . aT85 m %

(53t 0x0r0)

PHE—PTEARETE. ATELER, '’
aF,,
3Ym

(x05y0) #0. (5

BB —iD 5, filan, 4

U= (Y153 Ym-1)s ¢ = Yms y = (u,t).
FI3E, HRAERFER yo= (- o) KBMEICT uo 5 1o HEX. XH—F, R (5)A]
LS R,

aF,,
at

(xgsUgsty) #£0,

X&
Frn(xosttgstp) = Fru(xe.y0) = 0,
HERE 9.6.2 AT HIFFLE (X0 Ug+ 10) FI—NEPIR(G . X G 1) X JC D, {#75

) XMB—H(xWEG, XGpor, HFE

Fn(x,u,t) =0
) PE—RE = e(x, ), XBERE ¢:G. X G 1 —J;

Cil ) P(xgsu0) = to;

(i ) € C(G, X G p-1).

Bl AT E R AT BA(D MRS — % y. B
ZIAHAMAETC X100y xns 1o Yo IR TEHEMMR B M REEA
KRDPHAMMBEE m -1 MHER, UEETE y..

PA B B s A R 7 R B R M T T R T
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WESFEE D]

FERADPRTEI m - 1 M RHENEZEEN

(P,'(qu)zFi(x,U9¢(X9u)) (l :192$""m_1).

% BBk
D,
Q= P |:Ga X Gy =R
D1
EHREUEH @ WA EBH=AFE . ETAHBARE T .
BRoEC FHAT

D (xo ) = Fi(XorUosP(XosUo))
= Fi(Xo-Uosto) = F;(x0,y0) =0
(i=1,2,ym—1),F7A ®(x5,uy)=0.
BUAEUERH det J (X0, uo)F#0.
RGP ET u; (B yD(j=1,2,,m - 1)KFH, 15

d@; _ IF; + dF,d¢
au, r)y, aymau,-

(iyj = 1,2,2ym - 1).
BFCiHRE
Fn(x,u,9(x,u)) =0,
ik B w CBD y)(j=1,2,-+,m - DR, 15
Fpn , IFn 29
dy;  dym du;
FIATTFI MR L R SER (D 8) , ]

:0 (j: 192,"'9m—'1).

(‘)L oo '?Fl aFl + aFl (’)SD (‘)Fl + t:)Fl aso
In AYm ay1  Aym duy Ay, dym duy
Fm ... Fm| |3Fm  AFn 3¢ IFm  3Fn 39
ayl (7}’”. 9)’1 aym ‘:)ul r7y1 aym au2

90, 99 IF,

duy AlUm-y  AYnm

= |0®my . IPmay IFm

duy AUmy  IYm

aF,,

° 0 AYm

d

= agm(xo’uo’tO)det(-’u¢(x09UO)).
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C ROF SRRBEHHGMAE

BEXMF O, ROMEDFET 0, HM
det (J @ (xq,u,)) # 0.

BT Xse R, B @ HEFERBPN=FKM. 7IX & APHRIZ AT
EHAEEIL (1), () M) TS & B XU, FFES (xoy uo) AP
GXHun'1CGu XG5

O YxeGrt, FBR O(x, ) =0 Hp- \ PEE—F u=g(x), HPBs4t g
G—+H,-;

@ g(xo)=uo;

@ geC'(G).

4
f(x) = (g(x),p(x,g(x))) (x € G),
H=H,,xJ,
TR f:G—~H. BATEEH fHRFMD,.(2)FQ).
Y xEGH,(x,8(xNVEGCXH \CGrXGp-1» TRHD, 7
Filx,f(x))= F;(x,g(x),p(x,g(x)))
= P;(x,g(x)) =0 (i =1,2,--,m—-1);
BIECTH,XE
F.(x,f(x)) = F,(x,g8(x),¢(x,8(x))) = 0.
HZEU LB, BHY x€G B, A F(x,f(x) =0 Xt T fHED.

BHOFMCi ), TR

flxo) = (g(x0)»P(X0,8(x0))) = (U, P(Xo,Up)) = (Ugsly) = Yo,
FREA FR(2).

BROM ), B f % RG).

BRI  BINEKUEN THEECHMZAET FERBRY fHEEE DA,
). R THREIEN fHiBEM . FL L, Y xe G, FAEER

F(x,f(x)) =0,
t EXEEKS B3R
J.F(x,f(x)) + J,F(x,f(x))Jf(x) = 0.
MT7 D L detJ,F SbbRAE, LA J,F BT 4B 7E L BUE A E, B 1
Jf(x) == (J,F(x,f(x)) " J,F(x,f(x)),
XIER ).

EHITIANAFTEEMEREN  MA LR IERHIBEMRT R #E

FISR AE LR T 12 4H A AR R T 2.
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BFESMHERE OO D

#1 &
X1y2 _4X2 +2en +3 =0,
2.XI1 -~ X3 = 6y1 + yz2€08 y» = 0.
HBE 51 = ~1xa =10 = — 1,31 =0, , =1 B9 Jacobi J6RE (7).
X BEHE AT, AT ERTRE , B R E =280 a8 A
K RPN ETRAIN=AZETH R B HBERIE X1 x2, x5 B TR, y,)
5y, B x1sx25x3 BIRREK.
SBEHPRENTRNLERZHNA FL 5 F, R x = (x5 %2, x3),y =
(y1s¥2)s

[Fl(x,y)]
F(x,y) = .
F:(x,y)
T2
IF = (” 4 0),
2 0 -1
[ 2en X
J,F = , .
-6 — y,siny; cosy,
% x=(-1,1,-1,y,=0,1), HKEH
J,,F(xo,yo)=(1 ¢ 0),
2 0 -1
2 -1
J,F(xo,yo):(_6 1).
E3)lid
dxi dxp dxsz| 2 -1\l -4 0
dy: Ay @“"(45 1) (2 0 —1)
dx, dx; Jdxi
:l(l 1)(1 -1 O)
4\6 2/\2 0 -1
143 -4 -1
_T<10 —24 —2>' .
B2 &

z = flx,y), glx,y) =0,
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s RO% SERMBHMMAF

Hop f Fg #0R TR B R 3.
BE1 —FHE.-TAN g, Y =0 HBEBRERE y= () . RERAE -

£, z B x R
z = f(x,e(x)),

-ﬁ%z;’i%x?ﬁ%;
dz _ 3f af :
dx ax(x,y) + ay(x,y)qo (x),
Hf y=eox). B—FHE
a_g
"(x) = — 3%
o (x) = 7g ,
dy

B LA
af af
dz _ (ﬂa_g_a_fz&)(g)“ _ («7_g)“ dx Ay
dxdy Jdydx/‘dy ay g Jdg
dx dy
Ho i B4R FBAE (e Q0O AL BRE.
EXFEET, AABER9.6.1, AW R g 3.
B2 4
F. = f(x.y)—z, F,=glx,y), F= ? ,
2
mH
of af |
dx dy
Jg dJg 0
dx dy

JF =

4175
iy
(?y ag
=8+
8 o 7
Ay
BL.RE®EO.7.1WALHE F=08E y 52z & x R IHFE
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HELWEE O 0y T

dyy (2 )7 (2
dx _ ay dx
az|~|ag o) |2
dx ay ax
af
ag\7! 1 Jx
= (;‘)—;) ag _ﬂ' (')g :
dy dy Ix
i FPRE T .53
af

% _ (a_g)"(af ag afag): (a_g)-l dx

ay/ \axay ayax

dx

HET R, F— MBIk EEER R R —u.
% 3 & 9.7

1. X784
{X2+y2+22 =1,

x+y+z=0,

S 2 G2t LR,

2. ¥HE4A
{x” +y:-z=0,
xt+2y* +3z2% = 20,
N dy_ dz
R G e
3. MHEA
x= ek,
t
p 1
y = t2+?9
z=1+ %,
. dy_ dz
ﬁﬁdxﬁdx'
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P B9E SEEEENRLSE

4. SFFHHRE,.E Jacobi 4

2y |

ax 2x
[(’)u Jav
du Jv

(D xu—yv=0,yu+xv=1;

2 )c+y=u+‘v,i:M

y sinv’
5. #%

u? - vecos xy + w* = 0,
{u2+ v —sin xy + 2w? = 2,
uv —sinxcosy +w = 0.
L,y = (/2,00 ,(u,y v, w) = (1,1,0) b5 Jacobi 5/

Ju  du
dx dy

dv v
dx aJy |’
Iw JIw
dx dy

_— B} N P 1
6.1&u-—f()hy,Z,I);g(y,Z,t)—th(Z,I)—O.TI’ﬁ:axﬁlay.

9.8 e

AT iHEE B IR S s EH”, Bl — THE R BB PH R EBFE
REEEEFRIN. R(a, H)R—-/"FKXIE, —JLEE f: (a, b)—>R, HH
fEC a,b), Xi& x0 € (arb) B f (xo) 70, HHERM . AP f (x0)>0. /1 f
B, —EFE(a.BC(a,b),F18 x0€(asB),[a-B]C(a,b), HY xE
(a BB E f (x>0, XFBAE(a, B EERE f BHEBEH. I yo=f(x0), A
=f(a) B=f(B), BATE(A,B) L HEEREE fTHERE 1 (y) = xo,
fof 'y =y3ty€(A,BYRL.f (A, B) F%EZTH#,.HA

D) = Faxn™?,
Hep y=fOx0), 350 x =1 ().
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WEHIWHE i

DA b B 4 38 A1 BT LA BT R R 77 0 SE R K P B AT . B 0 R 3K
Flx,y) = f(x) - y.
TRE LR R FIFFE D= (a,b) XR. A (xory) €ED WA
F(xosy0) = f(xo) =Y = Yo~ Yo =0,
HH

aF
ax

BRFEC(D)REE9.6.1 BALIERE R . FETXE (a, ST (a, b
(A,B), #1858 yE(A,B), & F(x,y) =0, FR f(x) =y (a2, BOW
HHE—R Y (yEC(A,B),3#H

AF(x,y)

SN E)y 1
! =- = 77 ’
S =Gy T T

Jdx

(quy()) = f,(X()) #0

Hepy=flo.
T8 35 B 5 7 2 [R) R B A 7E RE B 56 2R IE A0 3R R oK 350E PR R] B R R 7E
EIHRER.
EHEIS.I(HBHERFLHE) WHE DCR", f:D—>R",HE:
(a) feC'(D);
(b) H xo€ D, {#7%
det Jf(xo) % 0. i
12 yo = f(x0) BRAFELE x0 BI—EBIR U Fyo B— 4P V. ([#15 .
(L fAUHO=V,H fEU ERHS;
(2) 2 g BFEU EMBBRGT, g€ C' (V)
(3) Y4 ye Vi,
Jgly) = UJf(xN™',
Heir x=g(y).
iERR 4
F(x,y) = f(x) -y,
XBSTEXTE DXR" F. B FEC'(DXR"),3#H
F(xo,y0) = f(x0) — Yo = Yo — yo = 0.
Ah, B & A4 (b) 50 ,
det J .F(xo,ys) = det Jf(xo) £ 0.
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CHO% SEBEHKHWMLF

KEMI.7. LR EH) . FFIE xo BSRE H My, WS V. K+ HCD,
B8 E—E yeV, 5B F(x,y) =08 f(x)=y #EH hHEM—HE,icfEg(y),
Herge C(V),3HY ye V &Y,

Jg(y)=—J,F(x,y»N"'J,F(x,y)
=~ (Jf(x) (= I,) = UFxN™,
XH x=g(y).

S U=g(V),ql] V=), f 5g H MBS, RTHAFTIEH U BFE&.

B L,

U=HNf'(v),
XEUVHBVEFZTHER AT V ERIFEM S RESZWRS, B hEHE
8.8.3H fFUUVIRFE. XHH RFE. L UBRFE. 0

FEHINELARE. XITEHAREFRTMER, RN, REES f(x0 M
EEAFEE LS. BIEY det Jf ED FALRETE, RITBAEH T4
FDYFRAB—ITEH— N RHREEANGFESYERS, i1 —RATHEXKTEEN
A f7Ef(D) EH kst

BE.FUNTHER.

EE9.8.2(F st FE) WIHE DCR",f.D>R",HE:

(a) fEC(D);

(b) X — x€ D,det Jf(x)540.

A G=f(D)YRA—FE. XE:

() fRD FH&gTt,

R4«
() FEM G BID LR f R X — ye G, &
fofi(y) =y; (1
(2) f'eC'(G);
3
JFF'y) = UF(xN™ (x = fHiyn. ¢))

W BT RGBT f FER AR, B (D SRR
L. EHE 9.8 1URERS R EHD RIE T B RS WA EwE—H. B TRIEKS
BRAT ORI R ER AR RS, BT A2 L RSB &R TR RFFIERA f(DYR—AFF
£ MAER—KRyeG.FHE—H xEDFy=f(x). HEHE9.8. 1, FL x B— 4P
UMy H—MB VR V=AU, Bl V=f(OCFD)=G,XEH y &
CH—THA BT ycG RERN. XKW G 2hNAHER L G EZFE.
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KEMFEE O

H TS EHSRE S, RITA LT E X
ENX9.8.1 BFE DCR".B4T f: D-R" HRELUT =A%
(1) fECH(D);
(2) fRD LHBE;
(3) det Jf(x)7#0 %t—4] x€ D 5L
BAFE fRD EM— /1 IENRE.
REA R E NS f B9iBedt £ f(D)—D W& — [ENB5.
FLEBRERIE. RN EEEXTHREA
Filxyeex,) =y,
fe(xiaeersx,) =y, H

falxiseeoyx,) = ya
TEERNS L EZRNEEN . FEEE—F, BT IR BE. A4
. EEAWE THRNNBBEAESEKHRYE. XRER, R x, BEHEA
FCx) = yo BI—F8. 48 yo — D R/DHES) 0. BRAFTRA () =y + 1Y
g xo+eld xo MIRE | e | EASRK.
AR A LA IR E T -

da L In LS IU TR I
(7)71 a)’n (‘)X] ;)xn
: = : : (4)
‘:)xn vee ﬂxn '7)’" 9}’::
Yy dYn ax, Ix,

AT 1B _E$E Jacobi 17530k

Iy dy,
r7x1 ‘7-xn

1S JERLED ZRa

A(Xy s Xn)
dYa dyn,
;)xl an

AR ATE (D PN ERAT 51, AT 45

ACSEITY 0 N 1 5
(‘)(ylv'"9yn) (‘)(Yl""y!n).

d(X sty Xy)

Bl1 R RE
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K rfg XFx,y MR
® o1, 58

ar
ax

a6
ax

ar
dy
a8
dy

B2 &

; a(x,y)
Tatu,v)’

Tl 9% FEXRBHWKLE

ax
a6 1
27_X r (
ag

rcos § rsin «9)

—sinfd cosf@

———
o=
SIS
|

& ATRAT LA EEF S

Hi

9(u,‘v) -
a(x,y)

BAK(), 117

_Y o, f

<
-
<
|
-

Ju
ax
av
ax

Ax,y) __ 1 0
alu.,v) 3

% 3 & 9.8

1. ¥ DCR", B4} f: D—-R". R f{BFFEBAGTTE, WFR f I— N FBRE. 6T FIBs 2

ARTFYLST

(O f(x,y)= (xqul);

(2) f(x,y)=(e"cos y,e*sin y);

3 f(X9y)= (x+y92.xy2).

2. % 1 BB =g £t E I
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HELWHE O

9.9 RbiiRSE

WEH f EFED LE— S FERSE:
Dif(x) = ﬂ—(x) (i =1,2,++-,n),
ax,-

WENH fH—BHRSEM, IR X 2o T R BUOCADRBUR T30 8 3R f
MZMRSER. LA LIE X =ZHRIBTIEESH R
— & n AEBRE R "Hr S BET E n® SRR BRI — bW T8

w Lt Kt 157 (1) T ENETEESE

B 0B i = FBAT T Ef’szj;(i=1,2,---,n).

dx;dx;
1 3R z=xy HEF RIS
& KRBT
%ﬁ =y, g—; = 3xy°.
AT LAE & A B W - 50
A2 x - z — 942
ax? > dydx ’
Pz _ g2 azi = 6xy. 0

axdy Yo Ay’
EF 1, HATRE
APz _ Pz
dxdy  dydx’
XEAMT—FMER: P RBEFBHRFHOERETEXEERE. HE, XA KERIE
.
B2 EXRE

2 _ |2
fex y):{yxz—Jf%’ = >0
0, x=y=0.
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SEREEBBKNMA ¥

S Ak
JERA
2f(0,00 , 2*f(0,0)
dxdy Iydx
iERl & x*+ y?>0,1
fCx,y) _ yCx* +4x%y? — y*)
Ix (x2+yH)2
AfCx,y) _ x(x* —4x%y* — y*)
Ay (x% + y*)? ’
#FHx=y=0,1
ax x—0 X ’
2f(0,0) _ limf(O,y) - (0,0 -0
Ay y=0 y '
T
2 , . af(0, 4f(0, .
7 f(0,0) _ hn1;L< fC0,y) af(0 0)) _ hnl(—-z-
dydx y=0 Yy dx dx y=0 y
A, d , af(0, .
P2 £(0,0) _ n1j;( f(x,0) af@ 0)) — lim X =1
dxdy x=0 X dy dy =0 X
IR
# 0,00 | #*f0,0)
dxdy dydx
P 5K
?f ?f
Jxay’ dydx

HARSRIFY RINCEMF 2 E2. —BRR. BEMIURESRIHKFE
X THAEEE N TR WSS RIOWFERH—N TR0 &0

EI9.9.1 BHE DCR?, f.D—-R.INE

ﬁrﬁ&,ﬂjy—jxmxo, Yo RbESE B4

o f

dxdy

iER id

(X(),yo) =

af af #f

ax’ay’ayax

¢

J

P f

dydx

(Xoyy()).

%E(XO’YO)H@§§4\$B

2
? f %E(xo.yo)&ti?ZE,ﬁﬁfi
xdy

eCh,k) = f(X() + h;y() + k) —f(xg + h,y()) _f()Cogyo + k) +f(X()s_Y())9
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KEQMHEE OO0 ER

g(x) = f(x,yo + k) — f(x,y0),
Wom@srHPEEHE,H
¢oCh,k)=g(xq+ h) — g(xy)
g,(X() + 6,h)h

@&n+0mgm+m— Qm+mhyuﬂ

= 7 f (xo + Ok, Yo t 0:k)hk .

dydx
O e ATV 2N
. eh, k) _ Pf
121{'“8 hk aya (Xoyy()) (1)
FEEF
lim £{A. k)
o hk
= lim (f(Xo + h,y, + k) —f(X() + h,yo) _ f(xosy0 + KD —f(xo,yo))
B kl——() h k k

_1(%f _9f
—F(a(XQ"'hqyo) '(j);(Xo;yo)).

B2 8.6 hIE 7 BHERMER (D . M

af _9f *f
Ll_l;rﬂlh( (xo + hyyo) —~(xo.yo)) (yax(xg,yo).

l.]fsaﬂﬂ f (X()v}’o)ﬁ:ff A
2 2
axéf (X(),yo) = a ‘:')f (Xnyo). a
B A EAERA T L, Xt n JCRREK f MR X — SRR AR IE 8. MLA (R4
P f(x) .,
ax-ax,- « ;éj)

sy —mraess nel T 4 o mEASEAEE B

dx; dx; T ax; dx;
Pf

Lt oy b 4t T A AR LT R

Ax;dx
%ﬁ%%ﬁ?ﬁﬁﬁt%é%d‘éﬁﬁ-ﬁﬁyﬁ~%i€#ﬁﬂm?:m7ﬁé‘{ﬁ%ﬁﬂﬁ
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CB9% SREEXNMLE

B .

ER—BAOEET RERAAFED £ RS MR TN RIER RS HBRIBF
FRRRBAXERSBEERMTICMN S EESE, MEN—E/2HE%EMN.

RENREBAFTEFOHETT AR —-EESEBNEHRF R SR E
ERRASREEER . FETEHEF.

B3 W fox.yBEEE _MESRSBEH TR IC

u = f(x(s,t),y(s,1)).

;}Z‘Z?s‘Z ’;'))t‘2 iﬁ];s;lt

B BN, s

du _ 2 ax  fdy du _dfax  9fdy

as dx ds Ay s’ at Ix dt ay ar’
Ry 5 a (7 S
ek S A B L ,—gmm%x,y s, t B4 BB HTA
Pu_ d(fax\, a(If dy
Er ( )*a(——)

as? ~ as\ax s dy s
_ a(af)ax+ﬂ&+i(ﬂ£)?_y+a_f&
Is\ax/ds  ax ds®  aAs\dy/as Ay s
= (ZLax, 2f dyyax, Af 2k
Ax?2ds  Adyax ds’ds  ax dst
v (ZLax Zfavyy  af7y
Ixdy ds  ay* ds’ds  dyds?
7? 2 2 2 Jv2
_J(H_X) vp LL 2xdy Ty

Ax2\ds Ixdy ds as  Ay*\ds

+ U Px Ay
F)xas Jyas

AR Tr %, 7T LIRS
Pu _ Tfax)t, , Pf oxdy  2f(yy
att gx2\at xdy dt at  Jy*\at
LU Px f Py
dx Atk gy art’

Zu o2 (%), 2 (A 0)

Asdt  At\ax Is/ At\3y as
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HEPHRE O

- (ZLax, P dyyox, of
T \gx? At axayar/as  ax dtds
2 2
dydx dt  9y? dt/ds Ay Itds
_ﬁqﬂﬂ+iuﬂﬂ+ﬂﬂ)
T axtds It Jxay\ds ar It as
2 2
JXfayay af Px  If Py 0
dy? ds dt  dx dsdt  Jy Isdt
it — AR B, A BTE T LU — 2 5 A R B RE AL, ARG R
BefR % o T FR B
B4 WM TE

3;‘.7;—y32y.zz=%% (y>0). @
# Eﬁﬁﬁ#ﬁﬁﬁﬁﬁ@) TJE%??E’SI%IZ-Z(X’}’) FEZHEFRQ . E

AR

E=x-2Jy, 7=x+2Jy. . &)
FEXMUARZ T x. y MEBUERITER €, 7 R iCH
z = z(x,y) = f(&, ).
AR TE AZZERBAZTFTROBRMA LK.
az _ fa& _afay _af | f

dx  aEIx  apax 26"
dz _3fag  dfay __3df —1'2+(7f
dy a&dy anady 3 an
Pz _Pf , Pf P
axt g€ 95317 ane’

—]/Z

y

Az _ Zf —1 2 -2 1 9_f:|
7y = [(ael o 7697y )y RNFY-
Pf 3 Pf yi2 )y 1 3, 9f
( asavy 917 )y 27 an
_(Pf Pf o PN 1 en(df _9f
- (352 2(7&717+ar;2>y Y (aE (777)'
XL REAXRARC), BIE
2
4 f = Q. €y

a&an
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G OROE SXRABHAWMF

RBLR B, S AFER &7 /5, ROERT R, TR (O RMEH KM 8
(O E R

a (Y _

a‘;y(;;_g)_o’
W%¢$ﬁ%&mﬁ%gg@xﬁ*g%&—ﬂﬁﬁ%@ﬁwﬂﬂ%

& = [g(8)dE+ () = o) + P,

AEENEE 30RO IEE s p 1O ): o) )
z=elx—2Vy) +dx+2/y),
XE o, ¢ REBWANRA I EL SRR TR R 0
Bl5 & fx, ) REH n BriEsmTHATRE.iC
e(t) = f(x + th,y + thk).
& ¢ 8 n Bref.
R RESREKRIENAX. ATHE

doy= 2 af
dtsv(t)— ax(x +th,y +tk)h + ay(x + th,y+ th)k

PR}
= (hs; +kay)f(x+ thyy + th).

I FF 0 (O ST RRBA T

i + d

YERF f(x+ th,y+tk),BTLA

¢'(t) = (h%+k‘—7

2
ay) flx + thyy + th),

e (1) = (h 7—7x + k %)"f(x + thyy + th).
DL TS U P E P PR S T ) UL L S
T LA R BT EE AR E TR X T UFHF B B BN, H T
d d\"
(h5x * kay)
A A AR B 1 IR S R FF
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BEMEAE O T

(e 35) = R ()35 (35)"

NiRrN gl grei
Jfet=b —
. ( i )h k axi ayri

n

n

]

1
=
(=]
—_—

Jpen-j ¢
)h k Ixigyni-

FEE
(N, . I f(x + th,y + tk)
W () = ( )h'k"' 1,y :
? 2, TxTay

% 3 & 9.9

1. SRT 5 R EE B = 8-

2
(L z=xy+i; (2 z=tanx—;
y y
(3) z=1In (x*+ y?); @) z:arctanxl;
(5) u =sin xyz; (6) u=xy+yz+zx;
(7D u=e; (8) u=x";
) u=In(x; +xp++x,); (10) w =arcsin (x% + xZ+ o + x2).

2. i% u =arctan i—:ﬁﬂi
Pu, Fu _ 0
Ix? = ay? )
3. % u=e“cos (aln r)Ca FEF.KIE:

Pu 1 Pu 1 Ju _ 0
art  r* ap? r dr ’

4. WuRx,y.z B4
- Pu  Fu | Pu
ax?t  ay*  az¥’

AR
R ¢ P
ax® Ayt Azt

4 Laplace(hi ¥ i i, 1749~1827) | F .
D # p= VX7 +y* + 27 8.
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CR9E FSERBHBARDE

Ap = %, Alnp = #, A(%)= 0,

- B

He p>0.
2)®u=f(p).3K Au.
p=vxX+y' +z*, u-= —;—(qo(p— at) + $(p + atd).
k8 .
2
3—:2‘ = a’Au
TR HP u By, z RS
1) 24 =,
dx? ?
Fu _
2) axay—o;
Pu _
3 axayaz“o’
. RBIRI R
dx yay -

.Bab,c R - ac>0,2,,4, BRI ox? +2bx + a =0 MFANR. BB T 5 #HT
TR

E=x+01y, 7=x+2y
B_Hrmssa e

2 2 r4
alliopdu  TU

Ix? dxdy Cay
3] & 9.9

B FCxs TECxor yo I — 4B U wg@z% ,%Eu HIREEE ELARTE (xo . yo ) R TT K.

e

__*f
B dydx
B ulx,ER FRIEHEBRA M ELRIFEEH v HEFE

Fu _ dudu
dxdy dx dy

HESDELEMER ulx,y)=f(x)g(y).

y(X(),yo) (X()vy()).
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9.10 " EHM Taylor 24X

KE—E 1L’  ERTRREH ¥+, Lagrange FEHEHREEZNIEA.
FAXNEE, NG ZUERA: MR — N FXE LR f IBETE. R4 S
FE B X (8] A6 S 5. R RIS B 38, BT LLGE 1T BRE 0530 1E 758 34 T3 1 bR 4
R sk R e . AR A X £ 0 K B IR A LU T Lagrange H{E & €
RRSL? RRE AR X AT RS, P ELE BB R EF ). AR -

EIL9.10.1 REXEARXE DCR" FHRESf AT WXHEM P S a, bC
D,fEf a 5bBEMKBR LHFE—AS.EH

f(b) = fla) = JF(E)(b - a). ¢))
iEFA Ha5bBEMERBELNENERNa+ 1(b-a). XE 1€[0,1].%
(1) = fta+t(b-a),
A2 ¢ B0, 1] EMmT i ekl T B R B s P EEEH, FE € 0,1,
#15
e — e0) = ¢ ().
FHicé=a+0b-a),. B4
' (9) = JF(E) - (b—a).
= ADEE YR D~ O
Fica=(ai,a,),b=(by,, b)), AR (DEAE &K

d J
fChyaiby) = flay,a,) = %(ﬁ)(bx —ay) + -t ;f ()b, —au).
adx

HEH 9.10. 1, 7175 T E A EH -
EIE9.10.2 & D2 R" PHXIE. RIEEMN x€D,H

oy =
Hxl(X) = = an(x) =0,

WA fED EA—INHE.

el WR D ZR" FHOREL R AMERE9.10.1 S ZHE.fED L&
—PHE

WR D AR ER xo€D. 4
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C BO% FERBREAWSF

A={x€ D:.f(x) = f(x},
B={x€ D:f(x)# f(xo)},
Mo A BREARZSH.RIVDRIEH A B— 1M HE. £ a€ ACD. BT D EFF
£, HILFEE r>0,#48 B,(a)CD. T B, (a) B BTLL fEB, (a) L BH
BOEMIEEMN x€ B.(a) . FH
fix) = fla) = f(xqy),
X B, (a)CA. FHFTER B WE—1F&E. TEA
D =AU B.
mT DRE#ENTE . B A.BHEAE . ANB=J. AFJT ,FFLARGER B=J.
XERIEBR T f7ED L E—1TEH. 0
FEFE9.10. 2 AYIE B, 21 A 8 SR /R UE B ) — MR EF YR T
ML EMHE R, R f ENRKB AN ESRS BB AL
B3R HES 2 Taylor 38, hFR Taylor 230 MM EIX — AT E/ELHES. A
FEATEMNEZTAER, EEZHACEWHE .
3|7 9.10.1 ¥ k.n BRENERE,.I4

(xp+ =+ x)* =

XE 1.0, BIERBE
UERA XTI n ARIRMR. n =2 B, ERUR A EH, F(2) HARMAL.
BB XT n— 1M E 0K E B AR 4 s ZIRE DL R 39 Bk, B8

(x; + =+ x,)*

k!

o ek ar!tran!

Xfleeexin, (2)

= ((xq + oo+ X)) + x)F
k

— . 4 eee 4 _ @nx%n
,,nzoan!(k—a,.)!(xl X1 )0 x
k
_ k‘ (k_an)! ay -1 ya,
ay =0 Qn !(k - a")!al’r"'*g:k—a" an !"'an-l IXI Lot Xn
= 3 k! ay ... pa
—_ —T'xl .'.xn" .
@y tetag, =k al. an.
XA n Aot = (2 H L. 51 FIEEE . a

ATEROEBEMEW T, SHETEMIES K a= (a1, e (HPEA
ai FRRIFAELO H—BEER, L

la|=ar + = +an, a!= arla,!.

MR x= (x5 x,) . BRAIE x° = X - xe  XFER(2) 0] AR A 05
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bﬂ=ka!
X‘_j'gi%ﬁ} a=Cars*"rvan) 9&1”75%[5&'13%
P
AXEeesd xOn
BLAE AT ASGA FIEBA £ I s Taylor AT .
£ 9.10.3 # DCR" B—/1MARE, feC"'(D),a=(a;,*,a,),"
ath=(a1+hi,a.+h)R D PN S VLFE 6€ 0,1, 15

(xy + =+ x)k =

D*f(a) = (a).

f<a+h>=EZMh"+Rm, (3
k=0ia=k @!
Hep
R, = D"’f(a+0h)h,,
lg] = m+1 a!
PR Lagrange sRIH.

ERR BEE a fh, Bt 1 €[0,1],%F80, 1] EMBRE ¢(0) = fla+th). BR
¢ 7E[0, 1] EH m+1 e EL L. X ¢ FBER R Taylor A3, 75

Lom0) + —Lopm (), (4)

_ ’ 1 R —
P = 9(0) + ¢'(0) + 5 g(0) + e + D

Hed € 0,1,
BR e()=fla+h), o0 =f(a). REFE A REHIRF AKX 1B

, d -
o (1) = 7f(a+ th) h, +---+;f(a + thyh,

d X,

Xn

:(h J +---+hn&)f(a+th).

1 ax,
ERRR L X ¢ R—RFECHETHRAT
h, J +...+h"i

dxq dxX,

VERF R f(a+ th) . B4 9.9 ¥R B 5 Briipdnes, &

2
¢t = (h ail ot ) fla+ th),
(L) = (h1 ail + e+ Ry, az )mf(a + th).

iEZ|39.10.1,48
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RO SRBRMNMLF

(§'3) h 3 ,
v SD (t)— (hl ax1 ot "axll)f(a+th)
k_! a ﬂ_ a
CGEcal axn o ax %-f(a *thoh
= > —D"f(a + th)h®.
lal =k a
Bt LA
P (0) = Z por D“f( Yhe. (5)
lal = k
PR GICAR ), IS EIEA AR (3). 0
N AR A EE R Taylor 24X ET =53 AR ENTEEE k.
fla+ h) =f(a) + f(a)h, + 2 arn,
r7x1 axn
15 Pf
+ 2.2, 7, ax’(a)hh + . (6)
mRic
2 2
J f(a) S (a)
dx (‘)X](’)x"
HfCa) = : ,
’>f »f
ax,,ﬂxl(a) ax"(a)
B4R (6)H VAT i,
h,
fla+h = fla)+ JfCadh + %(hl,-",hn)Hf(a) ot
hn

XB Hf %74 f 19 Hesse FE, E&—1 n BIXIHR T EE.
MER 9.10.3, & A[1§B|H Peano RIAKY Taylor AR,

EH9.10.4 % DCR" B—A KB, € C™(D).a HMa+h £D WM
L BB4

fla+h) = ZEDi(")hw oCllhI™ (h—=0. )
0lal=k

iERl HmE# 9.10.3.78
faa+h = 3 S D@, 5y DYfla oh)

hn, 8
k=0lal=k a! ®)

lal=m a!
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gEMHE

Hep o€ 0, D. BN f 8 m BimSBCESE, LA
lim D*fCa + 6h) = D*f(a) (|al=m).

MTA

D*f(a + 6h) = D*f(a) + 0(1) (h—0).
TRE

Dfa + 1) . _ D“f(")h" +o(h®) (h—0).
a! a!
mYlal=mbt.H
| he [ =] h{rehir [ =1 by Joeee [ By Jon < LR 9% = R,

XHER (8) A1 BY5E — T (E Bl B R

Dfta+ 6h) pe = S DD pa sy 5 m i m). 9

lal=m a! lel=m @}

BROEAR B, BIERT). 0

TEBIGEAT X R AN K D 0] R A MMM SR EE
AR AR RS f B XELMKEDCR” £, H f:D—~R" 7]
B RARBFEMEM KM PEEE? RITATEMEFHEE,BNEX n=1H
m = 2, X R E B A S

RS £:0,1]-R*, Bk,

2

t
fio = (1) <<,
XHY,

s = (32['2). |

R X R EE WAL A 0€ (0,1), {18
FQO = fQ0) = JF(HUA -0 = Jf(H).

20 1
(392> - (1)
X 0 BARRANGFEN, AT TFE.
B, KRI1AE:
EE9.10.5 & f:[a,b]>R" Bla,b] LHELEMS . EFXE(a,b) AT
M LFE—S §€(a,b) . F15
| FCbY = fla) | < NIFCH (b - a).

W R A
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P F9OR SEERUNML¥

iEA & u=fb) - fla). I R™ PRHRBUEE LR
o) = u,f(1)) (a<<t<b).

S0 e Bla,b] FHIESERE,FHEFKE (a, b) EATH. —HHE, X ¢ EHM
PEEMR, THFEE—5 £€(a, b) . fH15

e(b) —9la) = (b—a)9'(§) = (b - a)u,Jf(E),
B—Jm,

P(b) — 9(a)= <u,f(b)) — (u,fla))

= (u,f(b) — fta)) = <u.ud = | ul?,

. B Cauchy-Schwarz A%3%,, [ 1§

lull?=(b-a)XuJfENY<L(b-a)lul |JF(E].

% u70 B, N ERMBERHEE | u | EATEE

| fCb) = fla) || < (b—a) | JF(E)].

FE.Y u=058f, EXBREE. XHEITEHLEL. 0
I FAEFE 9.10.5, FATEE T LAE A T A Frig IR S FHEEE.
EI9.10.6 MR DCR", HMth f: D~R” 7ED o4, WZHEAT a,

beED,7EH a 5b FARENLBE L VE—R 8, #18

Il fo) —fCar | < NJFCEI Ib-all.
iERR e 5b FrRENLRBETLIRTRK
r¢t)y =a+t(b-a) O 1<,
/?\_\
g(t) = fer(r) O <.
Mgt g #E[0.1] E L O, DN . B E & KRR SN, 778
Jg(t) = JfCrenJre) = JfCrd)) (b — a).
FIFEF 9.10.5, 8] H1F €0, . {15
g - g || < |l Jglo) .
M F
g() = for() = f(b),
g(0) = for(0) = fla),
Jg(z) = Jf(r(z))(b - a),
HLE=r(oGXEM a 5b FIREMKBRAN—&),NH
| fCo) - fad | < NI -ad) | <IN NIb-al,

XEERFE THERMER. O
BAPEEEEASENREN. M EANUHS FHEEENRATIAS

RFEH.
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BEMFEAE 0 T

Z 3 # 9.10

1. % T3 ZIRNAEFE & AL BRI AL Taylor 2T (B HET=T0 .
(1) 2x* —xy— y*—6x—~3y+5, 7S (1, —2)4b;
(2) x*+ y*+ 2% = 3xyz A (1.1, 4k,
2. BEE_RETN
A D F
D B E
F E C)\:z
B f(x+Aax,y+ Ay, z+ A28 Ax, Ay, Az AEBEERF.
3. ¥ x? TEAQ, 1 4ME Taylor B, 5 3 K I.
4. JERA Y| x| F0 ] y | T4 /e, BRI

cosxkl_l
cos y 2

X
flx,y,z) = (x,y,2)

(x* - y%).
la] & 9.10

1.3 fCxys ) R Lﬁ—ﬁﬁi&ﬁ{ﬁ%ﬁ,ﬂﬁﬂ% =§—J; = R 120,050 118

B x ER WAL IE  SHEEM (x,y,. 2) ER® . H f(x,y,2)>0.
2. X DER PR, feC(D) M4 fED EAMRBHAESLELZGER HER
B x,yeD,H
fy) = fx> + (y - x)Jf(x),
XE
Jf(x) = (a—fcx>,'7—f(x>,---,a—f(x>).

Jx, Ixy ax

n

3. BDER" MM, f€ C*(D),. A4 fHED EAMBRBH RS LESSER. f 18
Hesse %5 &

Hf(x) = (#{;xi(:o)l<

ivj<n

A

RIEEN.
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9.11 {&

BUZE , RATTRLF Taylor 23R B R £ JC R AR E . IE IS0 35 B sR B AR (B
—#, X B AR R —MEXT B E R RIS

EX9.11.1 &IFE DCR",. RE f: DR, & xo € D. NRFE—THK
B, (x))C D, HBXEEM x€ B, (x0), #H f(xXO=f(xa)(f(x)>f(x00) . B4
xo BRA fB—AGROBR/ME S, f oo ) TR BREL f B— DGO R/IME.

[RIAERE S8 MR A S5 A 28O AR KME . AR /IME FIR KB SR AR

TENEEAE T RES LB R,

EIE9.11.1 & n ﬁ%ﬁfﬁ?a=(al,---,an)ﬁﬁxiﬁmﬁ,ﬂ%{(w(i =1,
29"‘sn)%ﬁﬁﬁ’%géﬂ%‘;ﬁ

;]f(a) :O (l :1920"'9’1).
dx;

WERR AR f7E a SCEUBR/ME. BB AR E S FHER B, (@) JERXEE
E@ XE B,(a)sﬁ

flx) = fla).
ZIRPTE ¢ FRK
@) = flarss@icisls@icy s s@0n).
bWl —a | <r,B x=(ai,a;1st,a;1.a).MPAallx—al =
[t—a;|<r,B) x€B,(a),/AMA f(x)=f(a),B) ¢(t)=¢(a,), XK ¢ Ea;

SEER B /IME L ETA ¢ (a) =0,

ad
f(a)=0. 0
;)Xi

D o8l (x) = 00i = 1,20 m) BT B SR [ BOBE 2. I B 0072 BB

Jx,

B RS —ERERE— BRI SR LRIRES. FII.7E R® L H R R
flxsy) = xy, i XH¥,
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FTLACO,0) 2 f fyME—BE . T f(0,0) = 0, M7E R s (R — A 4Bk, BEA i
FRUFEBSRE— E=Z2RANE WA f RABEMNSGEZ.EHRRAK
RO LA R SRR S X B R xy A RE S

Fl1 ZEAN=/AE D={(x,y).0<x,y, x + y<nx} b, RRE

f(x,y) = sin xsin ysin (x + y)

BB KE IR /ME.

@ BARJIED Lf>0,3H% pcaDat,f(p)=0;% pe D'BF, f(p)>0.
AR/ MES T 0, e R EiXF).

RN fERRAED F—EFEM f REANRERER XFHE—E7E
D .
ek

d

—f—(x,y) = sin ysin (2x + y) = 0,

dx

a

a—f(x,y) = sin xsin (x + 2y) = 0.
y

BT 0<<ux<lm,0<y<<m BTALA LB ARG HNENR T
sin(Z2x +y) =0, sin(x+2y) =0.
HH 0<2x + y<2x,0<x +2y<2x, FrLA
2x+y=m, x+2y=nm
B A M — B 3E 55 (/35 n/3) » B E B KE S BILET K BB KB N
fx/3,m/3) = %ﬁ. 0
R TRERE S TS FF  ETERMA Taylor AR LU RIEEH PR —L
HIR.
E)‘( 9.11.2 '& A= (a,~,-)%~/|\ n Iﬁ’}Xﬂ‘ffﬁ?‘ilEF,EI] a;= aj;(i,j = 1929"',
n).ixg

Xn

ﬁ%ﬁie% xT: (x] 9x29"°9x")-ﬂ—:

Q(x) = xTAx = D) a;xx;

inj=1
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CEOFE SEBEHRMMAF

H X1 Xayoreaxa I— PN ZRB, B AR KRB O HRMATEE.

MEXEA] xABH Q(x)=0(<<O) . MFHF KA Q REGOEM . KRB H
B A MR HFR N IE (5D EBHE.

MR SHEM x740,48H Q(x)>0(<<0), MH K Q BREEIE(FEMN, K
REOHFE A MM IR A FRIE(SD)EHRE.

MBBFLE pogER{H118 Q(p)<<0<Q(@) FKHFE_KE Q BRAEN, KK
B A AR ANTRERE.

EREEIS A T RN ™% EE R E .

ER9.11.2 BRA=(a) A n AXNFEITE. T A ARIEEN— 5
DEXER. ENEVEFEFXYATE  LREIH,

an >0,

an ap
>0,

an Az

an 4ap azs

>0,

azn A4z amn

az Qaz as

det A > 0.
BT BN EE D n =2 RRER, RITIEX N FHRESE REMIIET
3 2 B LAESA .
ER9.11.3 BR_MXHITE
an ar
A= ’
az axp

W A R IE (O — PR DE KR

a, ayp

ayn >0 (ay <O, > 0.

az axn
R RETR™EIEENHER. MR A BiXth ) kB A
Q. 1) = an&® +2a,8n+ ax .

SSEMLCRE, D = (1,0, 384 Q1,00 = ay >0, RiTH
- an 2 anax — abh 2
QE,p) = a“(5+ a“n) + (——a“ )77 > 0. (D

LR —GIARRER S 0 B €, 7 B 455, BA
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HEotiHE O

(- 22,1)>0,

an
HI A8 det A = a1 az — a$,>0.
o HROAR, QE, =0 X—4 &, 7 Bor. R QE, =0,

an, _ _
$+aur) 0, 7=0

AR RET L, B) €= 7=0. AT Q B IEEK.
EE9.11.4 R
an Qi
A=
o A RAEFTEMTELERMGR
anaz — ai; <O0.
iR SEH. IR A xR K
Q& = ané® +2a,80 + ap v
RAEN  MAhER9.11.3, HRE
anazx — ap <0.
WR anaxn - ab =0, BALRE an#0; EW a,, =0. F&
Q.M = ann?,
EARAEN. Y an70 6, A, 5

Q, ) = an(6+ 1'277)2,

an
BUARAEN. AMLEHE anaz — a$<<0.
At B’ anan — ab<<0,RATEIER A FIXTR A _KREEREN.
ik an =0, XBFAH a70. TR
Q&, ) = apf+anm.
W& <g 6>
Q(§,1) = 2a,6, +an <0,

k4

an Qaxn

Q(eg 91) = 201262 + axn >0.
g8 QUE, DRAEN.
Hi¥ a, 70, XA,
_ a 2 anaz — ak
Q(e'y’}) = an[($+ a”ﬂ) + —a%l 772:|

ﬁﬂ% a11>ovﬂls/£\
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L R9E X REUNAWLE

Q(_ a2 1) _anap — ab <0,
,1)= 2=z 12
an an

Q(lyO) = an > 0;
!Iﬂ% au<0,§|3(£\

Q(_alz 1)_ audz — ab >0
’ - ’
an an

Q(l,O) = an <0.

H Q&, MERER. 0

EE9.11.5 % xo B n EES W—1HA, B f Exo WRE—-BEHENE
ELEN M RFE.

(1) R Hesse H Hf (xo) BR™HBIE(FR) T IR A xo B [ B— T4
S UNC LIV

(2) N Hesse 7B Hf (xo) BRAEFTEE IR 4 xo AR f HRMES.

R DR H(x) BFBIEETE. BT f fEx R —SHEFEENZ
Mrim T8, HE®9.10.4,78

fxo + h) = f(xo) + Jf(xo)h +
XA xo £ fHES. M EXTER
flxo + h) — f(xo) = %hTHf(xo)h+o(I|h||2). 2

w iyl =1, ek A BREBREI B, (0). B Hf (xo) HIEE, LA
M

1

2 hTHf(xp)h + o[ R |[?2) (h—0).

n 2
= 2 af (xo)y;yj>0.

ivj=1 (‘)x,-(')xl'

(y| ,-",y,.)Hf(xo)

Ym
XRPAIERE M EZ R MAMRERE—NERAE . AmMEERAEKE LK
R A BSE/ME BB /AMER m>0, A\nA

yTHf(x0)y > m > 0.
B

1.+ _ A 2
FhTHf Geodh = 2 | b 12
‘ERARD,HB
flxo+ ) — f(x)= | h nz(% +o(1))>0,
B || b || ZE5 /DB B flxo+ h)>f(xo)  XFRIEBA T f 7 xo ALBUE =48 1R
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HENHE 0D

/MH.
2) AR Hf(xo)ﬁziz"éﬁlﬁ?,iﬁ&ﬁﬂ p,qéR",{Eié
P Hf(xo)p <0< q"Hf(x0)q.
R )P HFHIE h Hep Meq,.i8

f(xo + ep) — f(x0) = %(pTHf(xo)p)ez + 0(e?)
= (%pTHf(xo)p+o(1))ez, 3)
Fxo + e@) — f(xo) = (—%—qTHf(xo)q +o(D)e. (4

RGO TH, REWR « 75D A
flxo + ep) < f(xo) < flxo + eq).
XIEH5EH xo AR f BIRIES. 0
R, X n =2 MIFE, MEH 9.11.3~9.11.5 A1 :
EE9I.11.6 & (xo,y) BIILHRE f B—FE S f 7E(xos yo) BIFEASBIH,
WA EZMN _HrwFH.iC

2 2
a = %(x()s)’o)» b =

axay(xo,yo), c = zy},:(xo,yo).
A4
(1) ¥4 ac - b*>0,H a>0 &}, f #E(x0, yo) &b H FHEAR/IME 5
(2) Y ac—~b*>0,H a<<0 B, f EC(x0» yo) oA PRI AMH
(3) X4 ac — b*<<O B, f 7E(xo» yo ) LB A RAE.
HERA R BRI
% ac — b* =0 B, ANREAE 20T . filn, — el % x%y*, — x*y?, x%y* 1£(0,0)
LERHE R ac — b2 =0, X%y 7 (0,0 AL BER/IME, — x*y* 7ECO, O ZEERIR K
{8, T x%y® £EC0,0)REMBARIE.

B2 &

flx,y) = 2x* + y* — 2x% — 2y%.

K fFFAERES.

M OEIHATR.

%(x,y) = 8x®-4x =0, g—i =4y’ -4y =0,

HICAT BB NN A FIN T RS IHFICEN 2R UA
A0,0);
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Ly HOE SEREMNMAY

B, €O, D
p(Z.0). E(-Z.0);

2 27
F(2.1). 6(%2,-1), H(-‘/g,l), I(—*/g,—l).
R_Brim 818
_2f — on 2
a = axz(x,y) = 24x* — 4,
b = aaxz;y(Xsy) =0,

2
¢ = a—{(x,y) = 12y* — 4.
ay

EBR a.b,c PREx My HERE, B AFRKE A,B,D, F XU ERE
R REL L ERI. L

%£9.1
J=d A B D F
a -4 -4 8 8
c -4 8 -4 8
ac— b* 16 -32 -32 64

RHEERR 9.11. 6, ST ZIALE O, O R MAR KBS, F. G, H, I XA SR
W AR /IME S TS B, C, D, E AR A 0
B3 ATFEL n MRS
(xiyy)) (i =1,2,,n).
K—FEK y=ax+ b, [FiHRE
i(axi +b-y)?
B/

MR REIAH Xy xes s x, RS BRITIBX 0 AR SEELTER
LR R EATE MM A E— KBS b, ST DR X B R R — & 5E
AL BB ) — WK BB X R T AR BN TR, AT LN SR TR 1B
REWEL a, b BRI AR, MERK
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WOESMBAR

pla,b) = ﬁb(ax;+—b-—yiﬁ.
TREXER R ¢ XFa,b RIKFE.HH

Plab) = 233 Cax + b= ydxi = 0, (5
g‘;( ,b>—22(ax,+b—y.)-0 6)

HAHLXT a.b B‘J*ﬂ%ﬁﬁ’ﬁlﬁﬁ*ﬂ
{(Z;xwa (Dxb = Sxyi,

(D xda+nb = Dy,
{1 Cauchy-Schwarz &5t , 8
(Z")x,-)2=(il-x;)z<ilzi:x;=nix?, D
SCoh PR R S B B3 1 oo FLAHIZE. BT 0, 8 R

RPUTHIRAETE, LU BEA AR, DA ME— N A B2, XN AR
ARRAEA , RBEKRERERB/MER . EEFE— PR TR B -

2 n
‘; Cab) = Zz;x?,

a SD( ’b) = zzxi9

Jadb
‘gb‘ﬂ .b) = 2n,
## Hesse 45/ &
0|

mZx >0 A RAER(7) 1851, X B —AN M IEE H R, B LA — B3 S 3t 2
YN
HRG)SG)FH, I RELAWHEE
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i BOE FRBEHKNNLSF

X y 1

Z:in Z)’i h

i=1 =0,
n n n
Ex? inyi Exi
i=1 i=1 i=1

TREHBES (X, y)i=1,2,,n)ZL2HEMN.
B, BT EABEE A (0,00, (1,2),(2,2) , BLAZRRERE

Bl 3x—3y+1=0.

% 3 & 9.1

1. RT3 R S AR { -
(D flx,y)=4(x—y)— x*—y*;
(2) flx,y)=x*-3x’y+y*;
(3) flx,y)=x*+(y—1?%
4) flx,y)=x*+y*—3xy.

2 2
2. REW fx, ) =xy, /1—%~% (a>0,b>0) (RtR{A.

3. ReR¥
f(x,y) =sinx +cosy +cos (x ~ y)
HIEHFE[0.n/2] +EIRIE.
4.\ flx,y) =3x' —ax’y + y* . iEM:RHEET—RIFEAMELR L BER [ R/ E

SO ER R f RS REBUR/IME.
(4878 : 7€ Oxy VHE L, Bl S5
P={(x,y):flx,y) >0}, Q= {(x,y):f(x,y)<0}.)
5. WUl FER® LELTHM. CHBME F(x,y) =0 2“8"F. R RA

a
5§(x,y) =0,
aJ
a—‘;<x,y) =0
E R h B /ADH JLAMR?
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@ &/ 9.1

1. % D={(x,y) ER*; x* + y*<<1}, “TCeR¥ f7ED biE%E. % D EHE

g
ax*  ay?
UEBH
(1) MBRFEID L, f(x, =202 % (x, )ED B, HBEF f(x,y)=0;
(2) INRFEID £, f(x,y)>0, 2% (x,y)E D B, A f(x.y)>0.
2. % D={(x,y) ER0<x<1,0<y<1},
f(x.y) = ax* + 2bxy + cy* + dx + ey.
EB ISR (x, Y)Y EID B, f(x, y)<0, BB A x, y)E D B}, A flx,y)<0.

9.12 & # & 4

M—A B TR BT iRE
B—MEEN 2 WK EET  BEBEFRR T A e R m R/
WK FEAIK T EH5HR x.y, 220, Ef TR &S xz=2.F S &=
XK EOREH, 5 R
S = 2(xy + yz + zx).
AR R FERM xyz =2 ZF, anfsk S WB/ME? RARKBERMNEM
gt

A S AN HETR 2,188
2 2 )’

S:Z(xy+;+—;

RIGTE Oxy IR FRHE—RRAK S B/MES. BIE, ELBH LM RAFRE
RFEE S HALI0 R 1% MR AT — 1R B @ R (B U D7 86 R A0 2.

XA F BR o B P BRI E 7 R A AT R R REHE
TR RSB RS, N REFG"HHE TR RERABIRR”
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CE9OFE FEBEBEHHWMSF

trdk  SEAL RN B AR (E R R 248 . 2 SR LB A i, L OE M A A A
AR, XA EPR R ER RS 3. TR REREN T, RERNE
B — B AF RN A
— k.1 D & R TR,
flxisaXpns Y19 s Ym) (D
BEXIE D FH— RS BERER X v xaa Y1000 Y ZEITS m A&
FOEST

“eny (2)
D (X1 s Xn s Vi3 Vm) = 0.
BATERBEDOEAREHR () Z FHRME. X R AR ERE.

KA B 22, AR _EEiR, BRITT AN T BA ) FIEER y) o0y #
PR X1 o X BIERBLARBRABRD EEERER x5 x, WERGRME
[a] BB HESEPRIREP . XEERT AN FERENR (DI yisy. B
X150 x, MIRBAEERTEER.

T Lagrange ik BB AMHRMERBMN —MER TS KEABHER
XM E— B SR 3

FOXpom s Xns Y19 s Y ) = X100 X s Y1520 Yu)

{@|(x|o"',x,. 9y1v"'9ym) =0,

+ZA¢(xlv"xn9yl9'"9Ym)9 (3)

HA s dn Bm DFEREER. D _IuﬁEBfJ R Car, @ byyr b)) R
ﬁ(l)ﬁﬁ?ﬁ&%ﬁiﬁ@)ﬁﬁ A’F&{E,ﬁyﬂﬁz Eﬁﬁ(/\u"'w\m)Equ{ifg
(@ys* 2@ by b ) REE DO — S XRETHNER.

EE9.12.1 MEBIFRBDAERGR(OBWART ER 20 = (Xo» yo)
=(ays=sQnsbysr, bm)&tﬂlﬂﬁfﬁvﬁﬁ/éxﬁﬁ}.=(A19"',Am)€R'"J§?§
(Xo,)’o)%%ﬁ

F(x,y) = f(x,y) + Zm:,\.-cp,-(x.y)
L H= tﬂ,iﬁz%iﬁé (xo,yo)WHREFBRA

) + EA ’(xo,yo) =0 (k =1,,n),

f(xosyu)"‘Z/\ (X()yyo) =0 (j=1,'",m).
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REMNEKEE Do

FE44 X — B FMIE B Z 8, ATV kB LB
Bl FE x.y,z>0 AREM xyz=2F . RRE
S{x,y,z) = 2(xy + yz + zx)

HIRIE A
M XBf,D={(x,y,2):x>0,y>0,z>0}, [RE ZHE—HE
o(x,y,z) = xyz -2 = 0.
{0

F(x,y,z) = S(x,y,2) + Ap(x,.y,2),
BABRER 2
OF _ 28 , , ¢

ax dx Ix
aF _ 38 , , 3¢

dy dy ay

Jdz  Jdz dz
A x.y,z 51501k IUE=,15H
x(y+z)=y(z+x)=z(x +y),
Bl xz=yz=uxy. BT x,y,z BRIER L x=y=z =2 XHR2 U, LR FL
PRI E T LA F A B TR TR/, Q
WIE . Bk Rk QR BRI F Lagrange %05 K 8 S (AR (E 1918, R
EREXR—FFEN. . GRNFE FL L, WRARLAES-BEREHY RS
KB HaMERRE. Sa

% =xy+yx+z >3V (y(zx = 3 J(xyz)? = 374,

BI =6 V4. XiEH, Rig & FRR M, REERRS/NT 6 74, BB XA 8/
ERATEEN. RE xy=yz=zx, Bl x=y=2z=2.
B2 PR SR AE

=2(y+2z)+2ayz =0,

2(z+x)+ Azx = 0,

2(x + y)+ Aaxy = 0.

(x -1+ y? =1
AR SRE&E f(x, y) = xy B B/MEFIBR KA.
8 XBf D=R*.%
P(x,y) = (x — D*+ y* - 1.
YER %
Flx,y) = f(x,y) + 29(x,y),
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C BOE SERBHBOWSF

MAHx,y XX £

oF _ 2f | | a9
ax Ix dx

y+2A(x_1) :Ov

aF _of , a9
ay dy ay

Il

x+2ay = 0.

AR

P4y =42 ((x - DE+ yE) = 427,
i e=0AM%F x2+ y2=2x,FflA x =222, 2y = — A2 TR 2 =0, MBH (x,y) =
(0,0), XBRAR—ARMELS,HH £(0,0) =0, MEE SR >0, ELMRR
[<O. MR B AA0, HELBE y= — A, AT x = 2y°. BATH 2 =3x/2, ATl
x=3/2. ZEBLUTHA:

35 -9

HFELRE f AR R ERAS) HBEE/MEMEBE BT

/35)- 4

REBKME. T

__ 3
(5. -3)=-45
RR/ME. 0

B 1 —# , BB AP FREE. EE
fix,y) = x*y? = x*Cx —x*) = x*(2-x) = é%x3(6—-3x).
B 0<x<2,F| AL EH-BAREHRER. B
X(6-3x) = x xx(6-3x) < (EEEFLL (6_3"))4 = (%)4
Fr LA

< 1p1<3B,
A2 K BT x =6~ 3x, B x = 3/2 O ALY

B3 SR
2 2 2
{x_2+Y_+z_2:1,

a b2 ¢ 4
Ax +By+Cz =0
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HEMEKE O

iEE ;LR
R B-ATEIHRPOEREAN—KHRE. R A TERR KRR
AETE. E13ER— 1 HE .
r? = f(x,y.,z) = x* + y* + 2%,
TRESEPE(x,y, D BIFERBERMTES . FEXH4R @O PR TR R
ZTF . RReBE r EB/MEFERKE. £
ZZ

2 2
P1(x2y2) = Dyt iz v+ -1,

¢,(x,y,2) = Ax + By + Cz,

B/e
F=f+2¢+2:9,
B TE
OF o F _o 2F _ g
dx dy dz
Bp

2x+2/11ax—2+,12A =0,

Al

2y+2A1b—);+AzB=O, (5)

2z+2/\lc%+x2c = 0.
B x,y, z KKFELUFBRAG) PR =K FHm,. 53

7'2 + Al = 0 (6)
EHFBEAGHHEZAFTERANTBAGDONE AN TBREE.HIE x.y, 2,22

BAERNAKRAER, BB TEHR— BRI R
Ax+By+Cz+0+ A, =0,

A
2(1+a—;)x+0-y+0-z+A/12=0,

<
0-x+2(1+%)y+0-z+3/\z = 0,

0ex+0- y+2(1+ Hz+ G =0

BHx=y=2=0 T?ﬁ&'ﬁﬁfﬂ(@q’%ﬁﬁ—"ﬁﬁf LA AT RA—E Rk
Tw.mAmA
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CBOR FXBEHNWL¥

A B C 0
2(1+%1§) 0 0 A

0 2(1+#) 0 g|= % D

0 0 2(1+%) C

XE—IMET A R e A B RO BB FENRE.
#m,A=B=0,C=1, (7,78

(1+35)(1+2) -0

MEE A= -a?H A= - b, BHROBEE r=aFr=b. XFMEWRE K.
HE—MF:a=b=1,c=2,A=1,B=2,C=1, X NR(7),]18
33+ 112, +8 = 0.
HE A =-13 A1, =—-8/3,BmE r=18 r=26/3. 0
B4 K f(x,y)=2x*+12xy+ y* ¥
D = {(x,y):(x,y) € R?,x? + 4y? < 25)
B XREMER/ME.
& D RSHLAS M 5/2 RK . EEMMEME. £F [ EHRNTRERAER
(EN=Wyp

ﬂ=4x+12y=0.
dx

i 12x+2y =0
dy
HBE(x,y)=0,0)—E, mixaf
2 2
= -()—f =4, b= —(7 f =
ax?

‘)2
12, ¢=21 =0,
axay ay?

ac — b* =- 136 < 0.
XifH f MBI NHRARES, Bt f R EFS/MELTERR F EBE. X
BRI AR (x s TR R 2 +4y? =25 BESKR f B KEMB/ME, X RB—
M RGRAERE. 4

F(x,y) = 2x* + 12xy + y* + A(x% + 4y? - 25),
A
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WENHBE o D

F _ (4+220)x +12y = 0,
Jx
®
‘;—‘; = 12x + (2 + 80y = 0.
XA RANE TR, B

4+2% 12 |
12 2+8a ‘ -
BAWEN-KFE
422 +91 - 34 =0,
15
A= 20 A =- 1747.
A =2RARB), B x=-3y/2. BRA x> +4y* =25, y= 2 2. @k x =
F3, MBS RAREN A (- 3,2)FI3, - 2). XWRMTF A2 = - 17/4, 7]
B8 (4,3/2)F( — 4, = 3/2) B RAFAREH S LTEX MY i b E T L
f(ag)= (-0 3)=2
f(-3,2) = f(3, —2) =-50.

Bi%0 f £ D IR KE R 425/4, &/IME R - 50. 0

MAANEM. 12.1 HiEH. FTAX—EHMN T ETRARRMN EE(ER
9.7.1). At . RATICEH 9.12. 1 A BRI EHFIGRINT -

EE9.12.1 BHFEDCR" ", B f: DR, W5 &. DR . R¥ f 58
4 @ FHR VAT &1

(a) f,EC(D);

(b) BTE 20=(x0> Yo )E DR D (z) =0, HHP xo=(ai,**1a,)sy0 =
(byyoorsbm);

(c) det J,(z,)7F#0.

MR f EEFERQOBART T 20 = (X0, yo ) X BRBWRME . IFAHFELE AER™,
#15

Jf(zo) + AJD(zy) = 0. (9

ERl BT OWHE (), (D), (D=ZMEKH. RIBBWMG EE, HFHE 20 =

(X0, Yy BISRI, U= G X H, K& G f1H 43512 xo 1 yo BRI, HIGHE
D(x,y) =0

SHEEHN xEG.E HPEW—Re(x), HAWE yo= ¢(x0) B Jp(xy) =
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COROE FRBEHRNMSE

= (J,®(z)) " B(20) BN 20 = (x0.yo) & f EEHRMAR (DA T KRS
B xo EREE f(x, 9(x)TE G FE— MR FTLL xo R fx, 9(x))H)

— A ES HESRFAX.BH
JofCzo) + J,f(2)J90(x0) = 0.
W Je(xe) = — (J,@(20)) T Dz )RA LR, BI1R
JofCzo) = J,fC20) (J,@(20)) 7 ] (z0) = 0.
g
A ==J,f(z)J,D(z4))7",
ER— m g, X (DOMER
J.f(zo) + AJ,D(zy) = 0.
HEXQDHKE R
J,f(zo) + AJ,(z5) = 0.
KA EADALUEH K
Jf(zy) + AJD(z,) = 0.
XRERMNZIERH ().
R R AR AE R S R A
EFH9.12.2 'z, REBIREK

F(z) = f(z) + D, 0.@(2)
i=1
BCJ—/I\EI‘@\’KEP 2=(zZ1s* 5 Zaam) = (X195 Xy ,yn"uym)-iﬂ
) 2
HF(z,) = ( TFE (20

(1) R HF (zo) PARIEE AR A f 7E 2o REBU“ 8 B9 RAFHR/IMHE 5
(2) TR HF (zo) 88 E B4 f 1E 2o AEBUSHR I RAFR K.
iERR iC E B R™ MR RGN M mm 2k, B
E={z€R™.9,(z) =0,i =1,,m}.
BH zo € E. B zo HMfIES zo thEE. BT
D;(20) =0, P;(zo+h)=0 (i=1,,m),
FR A
F(zo) = f(zy)s, F(zo+ h) = f(zo + h).
FRX F i Taylor 4=,18
fCzo + h) — f(zo)= F(zo + h) — F(zy)

aom

an

(12)

(13)
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WA

m+n BE lm+’| ;)2]7 | )
= ]Zl azju())h,- + 2/;;1 azjazk(zo)h,hk +o(|lh|?)
_ _1.m+n 9‘F - ,
= z,glazﬂzk(z”)h’h" +o(|h]|?,
XEEEMAT zo & FOEARRG B THIERSEH. 11.5 22—, A H
iR q

S5 9.11.5 FRIKE .Y Hf (z) FERT . f {37 AT BEERS SR - 4R . 20
flx,y,z) = x* + y* = z*, @(x,y,2) = z = 0.

XAt
F(x,y,z) = x* + y* — 22 + 2z.
5
%ZZx, %=2y, %:=—22+A.
/Q"\
aF _ aF _ IF _

dx dy Jdz
URAREM 2=0,0018 x=y=2=0,A=0. @AW (x,y,2) =(0,0,00 & F f—4
B X

%:ZZx, %‘=2y, g—lzr:—sz
L NIE:]
2 2 2
?F _ PF _ #F _
dxdy dxdz  dydz )
F B/ Hesse S5 X
2 0 0
HF = |0 2 0f.
0 0 -2

SRR ER B B [ ECxr y 2) = (0,0, 0) KHHSCHE] T 25 P48 /M.
gl.|4 1‘&a;>0,x,->0(i=1.'"9n)-ﬁEEﬁ:

x‘l'l -..x:n < (

a1 X 4 eee + AnXn )"l*"'*“n
ar + o+ an ’

14
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CB9%E SEREHRNBE

HPESR L HENE x1 == x,.
iR EE

n

flxysoroxn) = In(xfteexin) = ailn x;

i=1

e
f‘_, aixi = ¢

(15)

THRGRME, K c RIEFE—NEMNFEL. A Lagrange Fe¥ ik , 1EH8 B sk 3K

F(xis5x,) = Za,»ln xi + A(Za;x,- -c)»
i=1 i=1
AR 2.

IF _ 8420, =0 (=1,
axi X

ATHE 2 KE. EFK

i =~ pa; CGi=1,,n)
X

WIBE A LA x; BRI, 15

Eai :_AZG,‘X,’ =— AC,
i=1

i=1

B -1/ = ¢/ Dlas, FR

X = C/Zn:ai (i =1,,n).
i=1

KRR zo MIARKR. 0 T RIERM f RERUS T 240, m 2L =

Jdx;

=

——Qif;— = — giﬁn

Ix;dx; x2
73 11]

(Zai)z a1
HF(zp) =— —=L_
c
an

(16)

ai

+Aq;i 8
Xi Aa,y_f

BT ai>00i=1,,n) L HF(zo) 4 HAE. BAERE 9.12.2 5, f 7F 2o AL

FERE R R AR KA B E 20 ME—MERTE AR BKE. TR
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BEMEE OO0 D]

_f]a,.lnx,. < Z’l:a,-ln £, a7
i=1 i=1 ;ai
ARERLBI x5 x, WESZMR (5 AL, H R &4 (15) B#8+8
FH xiseex, BRRA6), EMEEA 20 WS AXAD, B

CHXI + Yy + a"x" )a]+...+a"
ar + e+ a, :

x‘l’l o--x:l < (

ZFAMNAERAERERXRE 0 == x ARHRXQOPHESLEENY x, =
= Xo BABSL, W x) == x, B RADFEES RN EZ BRE. 0

g > | 9.12

1 SREHEERET u KIHRE:

MDD u=xy,x+y=1;

(2) u=cos’x+cos’y,x — y=n/4;

(3 u=x—-2y+2z,x*+y*+z:=1;

(4) u=3x*+3y*+z%,x+y+z=1.
2. ARERGREN T HE:

() BREBEK

2x +2y+z+9=0, 2x-y-2z-18=0
HIRE B9 5
(2) A FEm
x+2y+3z2+4=08

B,
3. KA E
{xz +yr+ ZTZ =1,
x+2y+2z=0
B A a.

4. % a>0.3kih4k
{xz + y? = 2az,
xt+ yt+xy = a?
EHEF) Oxy VA S/NE B TR AR
5. TEMREK
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CE9FE SEEREHNMLF

£V, 2
aZ bz CZ
Pk A BB i, [RIX K 5 R Rt a7
6. B a,=00i=1,,n),p>1.EH.

a, +-+a, < (af + ees 4 az)l/ﬂ
= ’
n n

FHIHE%S AL R

7. RAI AR FZABAER F7 5, ERA Holder A% 0,20, x,20(i =1,-,n), p>1,
1/p+1/9=1,84

20,‘/‘.‘ < (2a?)l/p(2x?)l/q’
HITEHS L&
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ik SMAMEESEENL

——Bézier # £ # Coons # & 5 4]

RAITEEEH f:La, b] >R, X RBBIFH YIS AEHE, RAERR. —1RA
RUEERERA 20K g RAE &R f - g | FEXMXELa, b] EHB/N. KEHE,
HHEZHAA G, AEFBIMSRAHEHE.

ZHAMEESEEHAE T4 Z, ENEEMBT HERN—1 5032 BB RN
“HEYH B LR, T R MIT B T — &, L BH AN ESE
T X B, AT A48 Bézier MmN Coons B, N 1R T EVREB /LTRITHRERN
i 8

A.1 Lagrange {HEATR

BN, 2 AE— 38 5 B3 50, 1R B R ] A R . SRR SRR TERT 2] o0 x0s X0 ee X,
(xo<<xy<xp<lo<x DR T RABEDINE yosyisyor sy HEBALIRARRET
n+A1ADE (X, Yy =0,1,2,0n) X T 25 RIS KM n + 1 AR 250, St
ZIMBERAHERN. FII0, 5 x€ (x,- 1 x (i =1,2, -, B BERR AN . RITHER
H— R f:La,b] =R, HP a=xo,b=x, R f(x)=y;(i=0,1,2,.n). RATHA
S RAE g 8 SRR 0L - 33X B R T VR A S 1 () R ( FRT AR MR - FR (xib ¥ ) (i =0,1,2,0005 1)
AR S

RUGEE BN T EER S BERAOTER, BHSBE A (i, y ) Blx,y)
(i=1,2,. ) HELBEZEER RABNBANBITTBREENEZRBOEN f X R~
AT B A R BEE AR BEF SR B I i fh T IE R R R R A

ERE R BRES BAERES LHRUERA S WRBEEATIH. WL L
MK y= fOO“RBERIA” EFEERE.

BRIEXRAHER Lagrange #HA . BATREBH— =L A RHAR7HIRIE. KTk y =1,
Mys= o =yi1=yie1 ==y, =0, P i=0,1,2,, n. XERBRWBAEABR n KL
T

Li(x)=ki(x—x)(x—x;_)(x—xi1)(x —X,)»
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P HR FAANBESBEANS

Hep k; R—MEERHB BT L) =1L, 80T BALZR H

1

ki = (Xi - Xo)"'(Xf - x,-Al)(x,- - x,-ﬂ)"'(x,- - x,.)'

FE

(x = xp)(x — xi.))(x — x)(x —x,)
(x; = xg)eolx; = xi)Cx; — xp)e(x; — x,)°
Hei=0,1,2,,n. XK, BERN— BB EGEHBERR Lo, Ly, L, T LM
R R BUS B MRS R . Bk i3, S8 R F R

n

plx) = Zy,L,-(x). (2>

i=0

BR,p B—n REWX, AWK EHERN  XREN

p(Xj) = Zy,l.,-(x,-) = y,' . 1 = yi’
i=0

Li(x) = (D

He j=0,1,2,,n.

AT LAHE— R0, R IEEREN n KETAAXARHE 8. p .q Bn KBHA,
ENEREREEES B p(x)=qg(x)=y,(i=0,1,2,,n), AW FBETX p-q A
n+IPNARERER xoo X1 X X RFY p-q=08) p=q B ABERE.

n+l1A nKRBWA Lo, Ly, L, #HRn K Lagrange K.

Lagrange fHfE AR B SRR —HE X6 DNG". T BEHR Y £ FRYPE Lagrange
aE, e S RE G RBERRZ — 8 ) S TCCYN978 S£58 1 BMY 46~49 TO) B
MRMENE AR RE ARV FEZ2)PH DR AR B iZn 8, AT M
Wik

=ZARfTE T+,
M H—E
Lt FHARIEXA,
REFAMEEA.

XENBREABEME? £EFS. HTFSX7=35#3KRAK 2, Hi 2X35=70 8 3 &
R LEE.BES. HHIXT=21#5BRA| 1. BEE . HAM3IX5=15H 7HRiLA1l. =4&F
EMBF 70,21, 15 Y TFRK”. MENRER

70a + 21b + 15¢,
BRFAIKER a. HSHBR b.MA7THRA c. BEEE 105 MFEH BInT LA RILE.

& Lagrange S PEGERE LK EER  BE LSRR XRE THREKFED
BReEAEBEMREES.

BEATHIE RS Lagrange EMNIFZSHSAIENE BT RKE n BENGE.EILTF
A LR AN E. XRENSE AR EH EESTI KRB RSN E
WRIR R R BEABMRENRLSAREERTRTENRE. RIFXHPHR KT
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EESHRE D

BARBE”. ENTENE, FTRMBE = EANAHTERN LT3,

AT LR B 24 AR IR T R K BT (L 55 AR BT B T XA B TR
ZFERN, —RAEREZHALERK AT G, MERBEEMEZ _BEE, KRR ZKERE
BuE . —RBAOALHET 5 A _ERRBIE, LA LR H U ENEE.

A.2 =>Xk Hermite }§{E

REZKBHA Fo OO R R
Fo(0) = 1, Fo(1) = Fo(0) = Fo(1) = 0,
AXEEBIX A Fo RYE—HRER. B0, 3

Fo(x) = a+ bx + cx? + dx®,

WEES 8 )58 St
Fo(0) = a = 1,
F(l)=1+b+c+d =0,
Fo(0) = b =0,

Fy(1) = b+2c+3d = 0.
hk@iB a=1.b=0,c= -3,d=2. FR
Fo(x) = 1-3x%+2x%.
[, = A =R B R KA
F/(0) =0, F(1)=1, F{(® =Fu =0,

Go(0) = Go(1) =0, Go(0) =1, Ge(1) =0,
G, (0) = G{(1) = Gy(®) =0, G (1) =1.
Al 455K 1%
Fi(x) = 3x%* - 2x3,
Gol(x) = x —2x* + X%,
G, (x) =— x*+ x%,
REEMIZSERRHA
Fo(x) 0 -3 2

1 1
Fi(x) 00 3 -2 |[«x
Go(x) 01 -2 1| |x
G, (x) 0 0 -1 1) |x
XN =W EMAH M= Hermite IHE. HEFEMNR, B Fo () + Fi(x)=1£&—4

aEX.
E—AZRETR p(x),H18 p(0) =y, p(L) =y, HATHSEHR p (0 = m,, LA

. 442 .
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CHR FRANBEUSREN S

B p'(1)=m,. RW\IH
p(x) = yoFo(x) + y Fi(x) + mGo(x) + mG(x),

He xe[0,1].

S. A. Coons ZitEHHBIUMRHAARZ — REXEREB T ¥R E. fhid
it T “Coons i £ 5", P H — LR MR Hermite H{H.

FELL Coons BB A" H— AT BAE— A SR SRR 5 EE AL HES
— SRR RITER . 4S8 =0 R FHE LR ,00, 4 1 =1 p kit
HODFEMREXREAHNEEERKENTIE R, ENNKESMNEH o 5. 0tth

geymB AR
0

1

o O -

r(t) = (Fo(), Fi (1), Gy (1), G, ()

o Q

HES R
{x = Fo(1) — tG, (1),
y = Fi(1) + 6Go(1).
it X B R A s, B4
x(3)=9(5)-%
kMEREER o 5. M2HBH
c=r1=4(2-1).
AN HERIE MR E 1=0,1/2 11 =544 5SHEABEIAY. Coons BFRZ H“HBE. %
BXRBBERA M IRE
{x = R(Fo(t) - 6G, (1)),
y = R(F, (1) + 6Go(1)),
Hepo=4(/2-1).

A.3 = REFRPUEE

M SR BT IEE M B — REEE R OLE TR, 5B 2 92X 4 6L K o 3Ok
BB AT, DX L5V A, Sl BRI 2 100X A IR BT SR 987 4t

B AL HEBEA (X YDIU=0,1,,n) . SCOFRIZEB SR EN =0IEME
HERRE iR

(D FEFXELx; 40x;](i =1,2,,0) £,S BREREBHR;

(2) EXME[xosx,] .S ZB &L T
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BN ERE T

(3) S W RIEHE KM B
Stx;) =y, (i=0,1,--,n).

BENRBRE: SHEMRBEEFENEE? XITMTREETIHHESTARSBH
@& .
BRXHERERER S BEFAEN.BEES x, FR—HRBCHmM (i=0,1,,n) 1
Bl XEHERAHEN. EE TR FXE [ x; ox; s % hi=x, —xio h B
M FREMKEG=1,2,,n) EXNMFREIHHEEHAL x5 x; B,S BRBES I
Yirl yo .S HI—r RBEDHRm . 5 m, BT S B—PM=ZKEBHX, ©H X WAE
LWE TR KB A2 /M RBE =K Hermite FHE A, BATAT LA 2148 H

S(x) :yi—lFO(X _hfi_l )+ y"“(%)

+ h;mi-xco(%% h,.m,c,(%), (D

i i

Hep x€lxionx, ]G =1,2,0,n) BRITRBEH, B AX BHRDE A2 /MR O F
s 5. AR

X ~ Xin
h

RIVER R x B Lx, o Hx, JBER 1 BEAKE0,1]: (DA IR HRTE £ %
TEB R RATEBEER—NSEHHTEASRSTMENERETF A
BEEBLER, YRIMEEKE moomy,--om, ZE HRX(DASBRERHER S FHE
W REERG MHE XX, J L HE M EZN TR Bt —4, MRS YhEF X
m(i=0,1,~,n), BRI LAME S 7€ xo, x. ] LA BT AL T oRE
X (KRS, 8
X — Xi- X~ X

S'00 =gy Fo (R )+ oy (K55

t =

+ mi Gy (T2 )+ miGh (FEE). (2)
BFR—-K3E8

$"Co) = by P (2525 )+ Sy (£

+am G (5525 )+ L Gy (£5 5. 3
B3N AL E|
S”( N — 1 ” 1 ” 1 ” 1 ”
X; ) = ?yi—lF()(l) + ?y,F](l) + Fm,ulco(l) + h—m,G,(l) (€))

TE S5, 8%
Fi(x) = 12x — 6,
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- R FFAKBEASRERNS

F/(x) =-12x +6,

Gi(x) = 6x — 4,

Gi(x) = 6x — 2.
Hit, RO RH '

$(x; =) :_sy"—_hz)ﬁ+%m,-_,+%m,-. (5)

FE3R S"Cx; + ) B, B E FKIEILx, 0 xo JEFBAIRE. AFEADABB TR | &R
i+ 1,38 Fq,F1, G, GY#REI 4 7E O SAREUE, B

S'Cxi ) = Ay FI0) + -y FIO) + L m GiO) + m GO, (6
h,-” h,‘q hi+l hiﬂ
X
" _a YT Y 4 _ 2
S(x; +) =6 e oM T g M ¢0)

WRFE SE o, x, L HEEEN M FHLHERF
SJ,(X,'_) :S”(x,' +) (i = 1727"'9’1_1).
ARG M HALMEE  BILE)S . E5 N

1 h,+ h,. 1 _ Yi = Yic1 | Yis1 — ¥
R e R T 3( o )
h,‘h,‘¢ p
i) — Rk ERNHH B3
hi+h;.
h.wl h.' _ h,‘+1 Y = Yia hi Yiar — Vi
h; + hiﬂmhl *2m +h,~ + h,wlm" v 3(11; + hin h; +hi + hig hin )
52
_ hi+l — hl'
A = hi+ hiy’ #i T hit hiy
BabREXER
_ Yi ~ Vi Yisr — Vi
Amig +2m; + pmiy = 3( A, + u; . 8)
mi 4 2m o+ pmi = 33, B 4 gt ¢
AP i=1,2,,n - 1. BFRAGHFHMERTIZH ¢, WA
Aim;, +2m,- + umi., = C; (i =1,2,,n~1). 9

TE:2 50 ReBHTEF N xoxr o x, IREFH A+, =1 BT ¢, Mxe
REEBIERE. AR (DRRXTF mo.my,oom, REMEREOTBA SRS EA.
EH n -1 PMHBEAAR. A TRABH ML T BN HEZH. BRZKEEE X
RBUNFTEEMERE. AT mo.m,,om, TRERET K, BERMBHENZ4. XA
FAFEE R IEEN:

(D) H—HER x &b

(a) 2mo=2yy;
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BENWER L0 L
Y1 Y _ ﬂ ”
h, 27"

(2) R fE5 x, &b
(a) 2m, =2y.;

(b) 2Zmy+m,; =3

n~ ¥Yn- h,. 7”
(b m,,_,+2m,,=3yh—"yl+—2-y,..

ENEMMER S &S F—EHRFSRRR.E x MEET K IFRME yoRE x.
WIEET —H SR E y. LA LR RIS E T R ER S R RFE. fwm, HRATE x,
5 x, SbWRATE-RESR SRR, EERNEEN T RAK R

2 0 0 - 0 0 0 ) ( me Co
Av 2 pmy e 0 0 0 m, C
0 2, 2 - 0 0 0 m, c,
R S : : : : = e (10
0 0 O 2 ¢, 0 m,., Ca-z
0 0 = A, 2 By | [Many Ca-1
0 0 O 0 0 2 m, Cn

pry::}
Co = 2y0y  Ca = 2¥.,.
MRBATERRSABRAE _HARSF G HEXRRTE xo 5 x, bFEEET
ZHe¥E. FEL k.S
S (xy +) = yo, S(x, =)=y,
EXDHL i=1UREXGIFS i=n 2K RAULFR, TS HEMNFE AT
B.Xe, ZenEgErRan

2 1 0 - 0 0 0 my Co
Ay 2 ¢y - O 0 0 m, Lol
0 2, 2 - 0 0 0 m, c;
oo : : : = s an
0 0 0 e 2 H, 2 0 m,_, Cn-2
0 0 0 -« 2A., 2 Mot m, ., Cn-1
0O 0 0 - 0 1 2 m, Cn
XE
e, =30 Y0 _hiy C"=3y,.—y..-.+hy”

h, 270 h, 2 I
LR EFHTRA L BT MERARRNR S &G, FULE UM RARNER. Tite%—
HEET. A BRANRBUERERE n 1 Hi=X A, B EX AL FTEUREWT
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RETRHTRZINHRATERST 0. RBUSNA T BRI RBOTENRERYTR
H AR ENE L. B 2 BB B RE AR FIHHEVR A+ R SN Y EE
B, X T R T B AR R AR T, T ELiX 27 B B Xt A o U7 . R R, ZE R — 17 P 3k E %3
ALk L TR WA EN SN T EX ATTRPLEIE. B X RN T B —E T E5H . A
MEENEERETBRAAME R . IEXMHFLT . ZREF R AR —FFEN.

BOTBE —THE=KERRENLR.:

%_"'H;‘ mﬁﬁﬁﬁﬁ(»xi?)’i)(i =O,1,---,n),ﬁt|:.' Aistti (i =1- Q)¢ i XB i =
1,2,e-,n—1;

FTH RAGESMRSEG B TENEREHEAA;

%E—“’:E KEB=WAHFEH, UBE me.m, o um,;

BE X xClxex. L RAETHRE i, & xG[x;-l,xi],%ﬁﬁﬁé}it(l)ﬂéﬂ‘ﬁ&
BE S(x). :

BRI HESIF.

Bl1 HEWEIFS0,1,2,3,4. %R A EEE S LB REMERN 1,2,0.5,0,1; XA TR A
FAF R I BUE D 0. SR X S R = IRIG IR R B I

B oxe,WRASESf. ki =h,=hy;=h, =1, AW A, =#,=1/2(i=1,2,3),c, HfE
BmgRirX

¢, =320 (=129,
Bk#if.co= —3/4,¢,= —3,¢:=3/4. W EFMHRE y'6= y;’=0,@1ﬂ:
co =3(y; —yo) =3, ¢4 =3(y,—y3) =3.

Bl emEgatt iisd
2 1 0 0 0 my 3
172 2 1/2 0 0 | |m -3/4
o 12 2 1/2 0 m,| = -3
0 0 1/2 2 1/2| |my 3/4
0 0 0 1 2J|m, 3
I
ST ST Y D R—
BBARXD . EHERMAERRE:
—ix3+2x+l, 0<<x<1,
7 7
15, 1 15, 1. 3. _
JM(X 1 7(x 1?2 7(x 1 +2, 1<x<2,
So=9 4 15 3 1
e A 9y 420 _oy2 D _ 2L
D G- -2 -2+, 2<x<3,
2 6 ; 3
—7(x—3)3+7(x—3)1+7(x—3), 3I<x < 4.
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BEDHME OO

ER—AHBRETHRY. EE—BEHBESREMR. EE T URIE, Ek 2 HELSRH
B A ZER T A CE 1,2, A —Hr AT S8 EHERIE A1 FTR.
BE. RITEMBEHAR—TRREE>™
| AR . “BE &7 3K X 4 17 spline (R4 .
e HRCH K% 7 520, spline B — R ME .
“a thin wood or metal strip used in building
construction”, BpEER E“ A FEE M KA K
/// ARSRE" B TEEAAREEN#AHT
B L R E AR RS R, B ES
o 1 2 3 4 x HEERESMMNKMESE ZITPEERE
FABS B AR 45 X S i 28 TR B AR A RIE
XS HERR L REFEEA RS,
3830 B X SR S (TR EARNRIE A, B ER R AR, BE N EC R
S AT LR I O X AT AR FEE AR Tk SRR RO BRI H 2 R TR MBI
3 B0 N R RO AR SR RS TR 2 U 8 AT B RE 2 T A T R R A I
AT 4B Sk ST BT R B 2R L B = U (R SR IR BT LA, S IR R R T2
AR R I — IR MBS LSS XM AR AN AR F 1946 £y
W BL7E Schoenberg f— RS 3. ML LAK BB ECH TIER R5 . HiES
WL, WH BT EEEMNMA. TEEA PR AEERIRES LN ENRR, R T
B & R — R4 BB BIE

BEA1

A.4 Bernstein EF& %

EE TR, BINTHEE— 1 RE f B9 n 1K Bernstein 2R, MEFIFL—T n &
Bernstein X&FE#. n+ 1 4 n KEHRIDH

Bi(x) = (:l)x‘(l -x)",

ﬁq: i:091729"'yn EXE[O,I]-?&%E’B?(X))O(I’ =O.1124"',n),ﬁ¢‘ XEEO,].].*E
HE A E", RINE

DB = ((1-x)+x0)" =1,
i=0

BpAtE SR
Bi(x) + B (x) + -+ Bi(x) = 1.
B2 BERINa,) (nZOWRER @y +a.., =2a,(i=1,2,) R SHEF B R
¥ on. %
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n ny '
‘Zﬂ;ai(i )x'(l —-x)!
HEINT FERAGT K EI.
iERR Bkt ai+ai.=2a;, LR

A —a; =a; —a;-, (i=1,2,3,-).

XERAKF 0, ) BR—TEFEH0, REAE R d. TRE
a;, = ag+id (i =0,1,2,-).

Bl
Z")a,-(':)x"(l = 2(“0 + id) B (x)

i=0

= a(.iB?(x) + dz":iB;'(x)

i=0 i=0

a0+dZ":i('_1)x"(1—x)"“. (D

i=0 1

i(';)z n('::ll) (i = 1,200

A %K

B8 3|

= an (’;__:)XH(I ~ x)n-1-G-n
= nxz (n l_ 1)x"(l —x)

= nxiB;'"(x) = nx
AR D, BB ETRBFIN a, + dnx.

A.5 Bézier th%

P. Bézier #BALRZH HAUME LI H BB IR Z —, BB E  FIE " T
AR,
e TR SRR

p(t) = D Bi(ha;, O<L <),

i=0
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BESHKR T T

Hep BI ()i =0,1,-+,n) & A. 4 /MY f) Bernstein BB, S8 r WEABERKX @
[0,1]. RATERIX KBS ML p(1)H n K Bézier Bk, & a,(i =0,1,-, n) ML p(D)
A

a5 XHEAEREMEEG=1,2,,n), BB—N"ZHE". — B, X
ZHHAREHE X EHTE AL p(OMRBSAK. AE—KEFZHE . RE—
Ho Xt & — 2 Bézier k. B A.2 FIE A.3 il T B & Bézier di£% LA K AR R A £ & £
., —RE X . EERBEH AL ABH EIARER Bézier MR-

A—e—X

B A2 HA3

4 n=18, AERNMER S aora,, TR 20, 82X B AGE RN ES B, XM
i)—IK Bézier HZE 2
p(t) =(1-ta,+m O<r<]).
TR a, HEE UL a, R ENELE.
W on =28, ¥ Bézier fh4k 2
p(t) = (1 - D%a,+2(1 - t)a, + t*a,,

Hepre[0,1]. — i, ER— WYL, Il A4 iR,

2 {8, =K Bézier ML B A X AR H, MR FE
=K Bézier R . B+ RIE. TEES.
X n K Bézier #1£% , o S WIS (E
& p0) = a,, p(1) = a,,
ag ®FH
& A4 p(0) = nla, - ap)s p'(1) = nia, — a..,).

e —A B F, iE BATRE B T =K Bézier gk
¥EBRBNRFAES— BRI EA 2 NP RIHATIHBEHES, HRHE=SK
Hermite #H{H . 376, A B =K Bézier ghk. i%

p(t) = i}B?(’)a,"
K& H s 2
a, = a,om, a, = (1,2), a; = (A1), a; = ., 1.
WHE A5 A>0, ERLMEXRERHZAENE - FOME=ZRIMKE. RBREK
JURr 3t B » o7 485 9 4R 101 ) 1 BE BB — # .
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MBS p()=(x(),y(e)),ME
{x(t) = Bj(t) + Bi(1) + ABi (1), . a,
y(t) = AB3(1) + Bi(1) + B3(1). * 1
WL LB IER A B8, TSR IER. B
WHE, MPEE A UMD Bézier ik X 1 =0.5 a
Ft S X BB R R ES, A B8 P8 KB
BOEK,S x(1/2)=y(1/2) =/2/2, HHFEH A
=/\ov§¢'

Ao = f‘(—@ = 0.552 284 75.

BALE X T Ao BT 20T M Bézier MLk, R
MZILFAaR— HEHRMNAAREXE DB TERINIAEE LRGF—TH 2=
Ao BYAIEEIRZE . RIS,

BAS

e() = x2 () + y*(1) = 1 (D
i —FMRENERESHEN. EER
x(0) = y(1 =1, x(1) = y(® =0, x(0) =y’ (1) =0,

(3)=3(3)=% ©(F)r(z)=0
AR,

0 =5 )= e =0,

XEHLIZH51IR (OW=EATRXHETF
() = 2(x()X () + y(y (1)),
R

&0 = e’(%)= (1) = 0.

XFERAOIZHEIBR (OW_ETR. BT e Bt HAKRSIHA,. RINETHERHBER:
e(t) = Azz(t - %)z(t - 12,
Her A Be(ODBNKTMRELED
A = 2(31, - 2)t = 8(3 - 22> & 0.235 5.

RIMNEL =0, ERMAE S —SRARCHERSRS/NTRAER.

BAERR e (OEIIEMBRE. A FURITA L -« R (OFHH « B HBE
IR FRE X IRA, RFRE[0,1/2] F e R KEMRTT .2 t=1/2- u, X0t u WTE
[0,1/2]h %4k, RATEH
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WEQWHAE O

t2(1 - t)z(% - t)z = (—;— - u)z(%+ u)2u2 = (% - uz)zuz,
XA 0w’ <<1/4. FI LT B R PR EAX, 7

()= 3G (- e

1 i _1__ 2 _1__ 2 2 3
<z (glg-w+g-wraw))
S R
N 2(6) T 132
AR e(OE0.1] MR AMER
A i~ 3
135 ~ 0-000 545.

XFEEMBCRC RS T . AR R — L A8 S AR, BT LUERA B A = A, FT15 3
AR R B —BUEE”.

BE MK ACAOMBUE, REF B ML/, ATLIAR SR, BEE A M, BiER
RogkgE RMNEBNEZELMEEILAER EWOT, EEEAABERZ T, B
KELXFEHR NIBPME x=x(D,y=y(OWMF . BT

dy _ dyde
dx drdx  x'(p)
&'y _ A(M)ﬁ _ Y (Ox' () = X"y (D)
dx?  dt\x'(1)/dx (x'())?
FRUAR B SEEM AR
x'(Oy'(oH)y - x"(Hry' (1) = 0.

BT
x'(t) = 3((x = 1)B¥(t) - AB3(1)),
xX"(t) = 6((A —DBSt) + (1 - 20)BI(1)), "
y' (1) = 3(AB3(t) + (1 - DB,
y'(t) = 6((1 - 20)Bi(t) + (A — DBI(1)),
RABE ARG &3 0T E. B8 KT’

A-1

2 _
t t+3/\_2

= 0.

U7 R B P AR

1 773
ot = 5 (120/575)-
KTk 6t EREFEO.DZ A, UWHHRE

2-2

o< 224 <1,
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CHR SWMANBUSBRENS

BEXARZER B ACQ,2).0TR, REY A€ (1,208, 1,7, MEABARAIAHR:HA=2
Bt t, =, =1/2, P ESHBATRASE. ERACERA 7H25EET A=4/3 5
A =2 ST, T DA B R BS A EEE .

a;
| \ Y “ a
a;| — ) a,
asz 7 a.
0 @ -— 17) a, x
BA.7

B A.6

B A8 B RS A BN AE.

LA EFT A B9 Bézier IR ERLAE LR y = x IXH
WOxEGANRE. By REsHE Tl @
Fe. X RSN AR SR AL BR MR REL

ZREH.

LAk it B 2 FR P B = 0K Bézier 4% 38 i ok
EAETE RO G 2 1/4 MBI B0 6 B 3 7 (B 3 o
Jr A A — . B R LA B TR e \

a;
BERZHNEREREHEMEXNBERN,. KE—ES {

St £ T A @ T B Bézier H4& B R"X 5 2 —

—BRE R T . IR B R TE B b AT Xt
FE BRI BB 4 25 8 2 30 TG X B 48 10 8 W 6 7 SRS B A8
B £ B2 T JE 2% A 3.

A.6 Coons BYIERE

£ A 2/NT IR BUR B, BLFE I LARET ™ M VE— N LER T .
I S avtad . R E R TR
{x = Fo(1) - 6G, (1),
(1)
y = Fi(D) + aGo(1),

HPER o=4/2-1).
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Lo O s

YRADKEE R REES —HRP OB —Hoef, BEREMEAAR=FAOK. =1
“ART
A = (1,0,00, B=(0,1,00, C = (0,0,1).

RN, B A EC BOARWSEITRNE
aCu) =(1,0,0)Fy(u) + (0,0, D)F, (u)

+ (OvO!U)G()(H) + (- GsOqO)G](“)q
RARRE R, B2

y =0, (2>
z = F,(u) + oGo(u).
Rk, B B ZC BRIARMBSHITER
BCuw) =0,1,00F,Cu) + (0,0,1DF, ()
+ (0,0,0)GoCu) + (0, — 6.00G,(u),

{x = Folu) — 6G(u),

TARE R, R

x =0,
{y"Fﬂu)*aGl(u), (3
z = F (u)+ oG,(u).

PLhaCu) @ s KA BCu) A% AR EES —B“EIR”, 5 Oxy FHETF4T,X
—BR“BEIR XA EE A9 PR EL. XM BN KES AN ER o, & o(F(u) -
oG (w)) . B, BE M E S H0 -

riu,v) =aCu)F, (v) + BCuw)F,(v)
+ g(Folu) — oG, (u))((0,1,00 Gy () + (- 1,0,00G, (v)),
BB E . ER
x = (Fy(u) — oG, (uN(Fy(v) — oG, (1)),
{y= (Folu) — 6G,Cul)(F (v) + oG (1)), (4>
z = Fi(u) +o6Go(u),
XERAF TSN Fo+ Fi =1 XHERREHNSHEOTE.
BIE BADRMH IR E SR E R E. 2
{SO(t) = Fo(t) — oG, (1),
$Ct) = F (1) + aG,y(1).
¥E A5 PV RE RS « (O7E[0,1] E RIS AR 0.000 545+ Fi 4
E=x*-y"+22-1,
EE x,y Mz AR OBE, E RFRARER—FFERE EHBRE LA s FE ek &
RO TFHIZE. TE
E= ¢*(u)e?(v) + @2 (u)P?(v) + ¢*(u) - 1
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= @2(u)(P2(v) + ¢2(v) = 1) + ¢*(u) + $*(u) — 1,
B AR
0<<E<C(1+ 9*(u))0.000 545--.
H—EH/E
0<< @*(u) < ¢*(u) + ¢*(u) < 1.000 545--+,
A 0<<E<C0.001 090---, AT BLix B — MR 4T A& .

A.7 Coons A= k™

E—/NERATHIEE T U E” . & & Coons #9% =K #h | 19— MFF]. IIE, RITHES
W= hm TR MR =K Hermite #fH: F,. Fi, Gy, G,. Coons K T XX FHIL S, B—
MR- B R EE

(00 Ol)
10 11
FORMALE , tush 2 il 1 A PY A A KRS
00, 01, 00, 01,
(101, 11, ) (10,. 11,.)

ARIRAEAN A X u KFUARI v RT, kR0 s B R iR AR, JLTm e
RRUESH. —IER

00, Ol,.

(10,,,4 11,‘,.)’
EEE EE.RAS LNHAER. L EXTETSHE. X 16 1 & (8 AL 10) # W
ERHEMES thE s RE
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BEpMEAE DO T

00 01 ;00, 01, (Fo(®)
11 {10, 11, ||F.(»

00, 01,00, 10,||Ge(w |

10, 11,710, 11,) LG (»

A.10

Coons ST RIRYFTIE B By B0 gh i E B VLR B JLATIH SUR BT 2k A Bk
BFER AR MATRIE M DOCFRHE” I H T, W AR E L.

A.8 Bernstein-Bézier = B hmE

AR D =ML X
D={(x,»):x=20,y>=0,x + y<{1}.
3 BRE n =N HSHE n F SHEEKTERRRE. X 2 =5 WHEE. B A NPHE
BE—BTH:
A3 A

1+2+3+---+(n+1)=%(n+1)(n+2)

BN =B 0t A
=l G TE e
flx,y) = .-;\;..ai'i i!j!(nn—! e j)!x‘yi(l - x =y, (D
Hiba, , REBSEENLLE. K f(x, y) A D L Bernstein-Bézier = ff i [, & #8 K
B-B =fhiH.
S CGi/naj/nsa;;) O+ f<m)FRAIA (DB EA.
HMAFH=REHSER =R AR f B8 BN, BRSO RN, EASH
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S MR FRAANBEERENY

A= P RRESE. B A 12 2 BREREE.

d
(0,1)
~,
2
o (1,0) x
A1l A.12
& A Al

f(OvO) = Qo f(l,O) = Aoy f(O,l) = QAoon-
XRA,XNHMEN=1AR5 BRASE—BH, BMRREGEMER.
g H
nl!
Hjln —i — j»!
A=A/ D L# Bernstein BeR. AT ENEBMNHK -, S k=n-i—-jlURu=
1-x-y,. /%

x'y(l—-x—y)vii

n - n! i
Bl (xsy,u) = i!j!k!xy’u".

HAPemBBi.j,kHWRi+j+k=n BT R,i,.j 5k FRMIH. R x.y Su WA
RMSIH.ERENLFTEE x+y+u=1.

X3 Bernstein E B ¥A T FIHER .

(1) 3—H(x,yI)ED,B«(x,y, u) =0, HrhdEmss8 i,j k WRi+j+k=n.

(2) Xf(x,y)E D, f=

Z Bl j(x,y,u) = 1.
X BE N S IETF
D0 Blia(xyyau) = (x+y+u)n =1
BT f SAER i, 4
a.;jx=a;,; (+j+k=n).

XHE f AT AR )
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BFEOMHE o T

f(x’y) = 2 ai.j‘kB;‘.j.k(xvy’u)-

KB ASABEET .. Ey . B EIHERR

Elai.j.k = Aisijoko E?.ai.j.k = Qij+rkos Eiiai.j.k = Qi+

Hebi+j+k=n—-1.5% E,E, Ml E; 2rLIZCHE. BA [ KiCEFHTF, B

Iaijw = aiju CG+j+k=n),
A4,B—B =il LR+ A EEAER
fCesy)y = (xEy + yE, + uEy)"aq.0..

MR B M2 M, IR AE— X8 2 i B = AL LA 8 75 AR R R b

THIAFER AL :
(E, - EJ)E; - EDa,;;, >0,
(E; — E)(E, ~ Epa;j. =0,
(E, - E)(E, - Epa; =0,
XHit+j+k=n-2.
EARFEXRA QP AN EME G BT
(E, - Es)*a; ;. =0,
(E; — EDa;ju =0,
(E, - E))a;j. =0,

(2

3

A i+ j+k=n-2. ARG RILAIE SCRR YR 25 M _E R EfT— KM BaR

£k
Xt f R SEG XN M0 u=1-x—y. BHE.BRITH
% = n(xE, + yE, + uE;)" '(E, — Ey)ag.oos

H—WK MW7

2
ﬂ = n(n - 1)(XE1 + yEg + uEg)nVZ(El - Eg)zao_o‘()q

dxt
2
;) { = nin — 1)(XE1 + yEg + uEg)"—Z(Ez - E3)zao_o_0’
7y
(’)Zf n-2
- = n-(n - 1)(XE] + yEz + uE;;) (E] - E3)(E2 - Eg)a(),ov().
ch?y
B3, %185
2 ¥4
>0, Lo
;)xz (-)yz
SHEREI (x, y) € D BOL- MHAEFRA O WE =0 AT LUEH
2
L.
dxdy
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SHEB I (x,y) €D L. fEE
1 (ﬂzf_ r72f )

nin—D\ax® Jdxdy
= (XE] + yEz + uEg)"-z((E| - Ez)Z - (E] - EJ)(E; - Eg))ao_o,o
= (XE1 + yEg + uEa)"_z(E] - Ez)(El - E3)an,n,01
MAEXHME -, 7THM ERXE D EIESGFTEA
(72f r72f
= =0
(7x2 r?xay
SHEBR (x, y) € D BL. 2l RATAT 15
2 2
T
Ay: " Axdy

>0 ((x,y) € D).

At . Hesse 17513
zf IS
n:),x‘2 Jny
det(Hf(x,y)) = P
axdy Iy

RIERI -1 ERNEE.
EE ERHEXM B-B=MAAF, R BMENH.BAHMK B-B =/ R
R
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18] 2 ) i & B B R

B 1.1
Loig k=2 o E R R 0 = b, A2 K)a? = K, HUBATH K = 1, B
IRAFHH

AL a>b=0. 10K b=0,84 k=a®, EE—FITH. BHAR a>b>0, HE &
b iR T EE KT
x?—kbx + b* -k = 0.
BHEFE MR a icH—MHRA a,. B2
a+a, = kb, aa, = b*- k.
HA—RX18 a1 =kb—a, 7l W a, B—EHK. B _HEH
a, =u<b—2=£-b<b.
a a a
KAV a, =0 IERR, B
0=at+b*+(—adbk—k=al+ b >0,
B E,BFA a>b>a,=>0. f 1R
= atb_at+ b’
1+ ab 1+a,b

2 2
Wt @, = 0.BV8 k= b R—TFHrse Tk o, >0, A b>a, >0, k = 2Ll

2 2
ai + b
k._ 1 1

1+a,b,’
RS JE B T R E AL AN X BT A
a>b>a >b.
XA SR GERRMAT T, BRE—1 a, =05 b, =0, "I HKE, k #HE—F
ik @
2. ARFRAMEMGIE 1.1 P95 17 &.
3. AHxla;—ap(b;- b)H=0,FKH
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(a,- - a,-)(b,— - bl) 209

i=1 j=1

MBI EIEHAER.

4. ¥|F Chebychév RE,.

5. HEBHE, x MAIETHZ

x = 0.011 010 100 010 10---,
XRE—NTRNEGERRAEARERE, AR TEE. & k=2 AE—EE
BLEELT k-1 MESEMIERN.
k' +2, k1'+3, -+, kl!+k,

ENEAREE B AT 4518 2,3, . k BER. X EH, EEEEI ol LA EEKK
—BESHARRE WREBR, & x B/ EFRRS TUAEEZH 0 ER— T, B
MM x 8] BERIGFFH .

6. WIEAHE p/q HR

p 355 _
‘ l<113 Ty
Bp
P _ 35 P _ 355 _ 355 _
’q 113l< ‘ P (533 - =)<2(33 =)
] AR
| 113p — 355 | 16 _ . _ 6
O<T<z(113 (r ~ 3)) < 2(0.266 765 X 10°°).
5514
>0~ 16586
226 X 0.266 765 ’
7. YR 9, =arcsin (xo+ x; +ooe + x,)(i=0,1,+,n). F&
x; = sin§; —sin 8;_,,
V14 xg+ o+ xio VXi+ "+ x, =cos O,
x4
! < 0,‘ - 6,’- -
V1t xo+ o+ x0 Va0 +x, 1
LB 1S 4518 .

8. SEiE: X IEBB N>, MFEEE p,q,.0<q<N,fE8|gx - p|<U/N.HXNAR%
KA HHEE p/q(qg>0),#18

X — 2 ’ < L
q q
BUSE . ARG B BOE B B SX AL B A BB BS54,
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B) % 1.3

1. ARV A % R B 4 L5386 IEN lim 52 = 0, FEW lim 5 275 = 0. K i
lim 22 = 0, B M B 7B BT M5

2. %% a=0. dﬂ:lima =0, XEEH e >0, FFE N, X n>N B, |a, | <<e/2. JLhT.

|xnl<ztnk|ak|—2tnk|ak|+ Ztnklak
=1

k= N+1
N

ank|ak [+ Zztnk = Eink|ak ["‘
Y n—ooit, EXPHE—TRREARNEIFT/NEN M, BAMNFLE N1>N,é1’ n>N, 8.8

£ 4 £
lxn|<2+2 €.

BBl limx, = 0. a#0M K b, = a, —a 0.5 x\= 2] tubi U x> 0. F£

k=1

n n ”
’
— Zt,.kak = Zt,.kbk +a2t,,k =x,ta,
k=1 k=1 k=1

BT A !‘Lnl X.=a.
HEE X R —R A E . B — R £ ) - B A] 15 8] — SR A 4518
BN tw = 1/nCk = 1,2, ,n), BB 4 t o >0,i fu = 1’!.&"3 tw = OFPHE L. X

Xy = Z = —'ll—kz
TRABE:.Flima, =a, W

XIER 1.3 W 4 B55ie.

3. EE 2P Bt :;ﬁk (k=1,2,>,n).

_1(n -
4. E%ZE':P,HX t,,k'——z_"—(k)(k—()slq"'gn).

e 1.4
1. %a.sm.ﬁﬁmwm:{zﬁ.f%
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2 1
n-1 + 2

n-1

at =a +2>a%, +2.

g
at,>ai,+2, -, al>ail+2.
XS R ERXMERRGRENGSR.
2. BHRRHAIER

. a
lim —— = 0.
nee Ay + Az

L FEMMERRT

FARIFE . mB{a,  BERIR0<<a,<M(n=1,2,-). HIELW#HH !Iilg a,=0.FEX >0,

FEN. G n>NRLH

a, <e» a,.<(a,,¢1+a,,+z)€.

LN

Ay << (a,m + aN+3)E

< ((aN+3 + aNM) + (aN+4 + aN+5))€z

= (a~+3 + 20N+4 + aN45)€2
< (aN-M + 3a~+5 + 3a~,6 + aN*7)€3

< en-

<wrlie () (7)== (7))

p
= M(2¢)",
XE p RIESMEER. MR =1/4, EXT R

0< ay <M(%)P.

4 p—~+ o B8 ay., =0.X5 an., >0 F/E.

o) & 1.5

1. B PFHEAREX, T8
o =Vea, = =) a,,
MY c>1 B‘\]‘,!'im a,= + .
i 0<<c <14

c 1, C 1
= +_afl’ all=_+

@nr = 57T 2772

2
5 @h-

AW BT HE o RBBS) . BRPNIAES (0, F EF 1. TR lima, = a, TEH

b4
a=%+%.
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BESWHEE OO0

Efta=1- VI-c.

2. XN —SREBREALUE N

Up —a =u, —aX+u, —a.
v, =u,—a, EXHER
Vpor = V2 + 0, (1

Hb v =b-a, ARDHBETLEER Y b€ [a - 1,a 8¢, 5 {u, ' WHTF a.

3.4 x, = Ay, W x4 = 2,2~ x,)(n=0,1,-). AT DAFERH O0<<ux,<<1 f1 x,<<
Xn+1»|£|ﬁ'ﬁﬁﬁﬁ!|ijg x.=a, NiBHEAKEE a=1. LA lim ya=AL

4. TEBEAXNRHREL 3,15

5= 3(3) 5

3n - 3n—1 M

4 b,=a,/3" . LRAGHR
b, + b, = %(%)_1
]
bo = (—1)"[%(1 - (—%)"”)— a0:|.

BR(3"b, AR B, 5 n HBEE, ATI8 a0 <<1/5: 4 n BERE, T8 a0>1/5. Bilt
ag=1/5.

[a] R 1.6
1. B EH,. B
() = (- (3 (=7
n

1 1 2 -1

far(m ) (1) (-2,
HHMAEXBRR L. FIATEMNFEEL R avya,-+,a.€ 0,1, I4
(l_al)(l_az)"'(l_'ak)>l_al_az_"'_aks

SR RS I A E.
2. MA%FN
1+%+%+---+%=lnn+y+e", €n > 0(n - =),

3. BMBUEMAL-TE 1.6 FHIE 7.
4. 1 k. FIEX .18

Hy -+ <n<H, Bl Hi -7 <n<H,.
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RORNCE §:F -5 £

MR E
!.LIE(H""H - Hk") = 1.

BRI BRI 1.6 5 10 BE 2~ B9

5. B
(n=D"'_ 1 D
n" _n—l(l n) T n-1
KEP vn=(1—1/n)"-—'fﬁsl§3:]: Unjiigﬂﬁ%:j:e_lJﬁu
T n<n<-<v <t
BR2
S <<(n-D(n-D"'=(n-D"<n",
Fr LA
Sp = S, + n"<<2n"%,
Spo < 2(n - 1) :2n"L<—2— n ,
n-1 en-—-1
T2
[ n n —2
Sy = Syt n"<n (1+e(n—1))'
AH—HH
- n-1 - nn F n-”
n = D™ = v > G-
B A
Sa = S tn">(n-D" +n" > n"(l +_4(n1— 5
BB 1.9

1. R IMRAFEXEN >0, X, FEXE E.Cla,b], BRWL | E; |
<l/i.B E; REEG({ T P E—XBIAEE. NG E PBE—Sx - B—8F{x) . BH
{x;}Cla,b], BRER WA FF{ xs, }» EHIRR x 17 [a,. b AMAFEFXE 1€
{1} H18 €1, i88 >0, 8 (x—e,x+e)TI. W i BAHKHEB i>2/e.3FH xi, €

(x~e/2,x+¢e/2) FRIE:, | <ki'<i'<e/2.3HLEW yEE:, . &
L=y I<<Ex = i, 141 xg, _)’I<%+|Eki |<£ +

2
Bl y€E(x—e,x+e) AT Ex, C(x—e,x+)CI,XRF/E.

£
2

= €

2. AP b-a=1,W n>s" KBl a,b] n F4, XHE—-NFREMKENT

oy M AT AR n DI EIR, EN#MHF A % La, b].
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o] & 1. 10

1. @8R I<L.WR =L B4 lmx, = 1= L. GBgsr. 8 <L, 8% SCLI, L],
ATREUE SOULL] R ac (], L), BA[B e >0 /0.8 (a-e/2,a+e/2)T
CLoLy ZEAF limCxy = x) = O SEANER o A F I 2k, HEL a ARER.

2. FARIEY:. HHEARSL WLFEE N, Y n=N LA

n(l +aa,M _1)<1,

Bp

Qn _ Qna >
n n+1 n+1

AT — SR ER N —BREXPAT FHFF.

815 1. 11
1. %% g =1 XEHREARN

(n = N,N+1,-).

Xopep = X, (1= x,). o))
HER 0<x,. <x,.# a = lim x, &, AR (1) 18 a = 0. B/ Stolz Z#, I 7] 5§ 1§
lim nx, =1. fAR g€ €0.1),% y. = qx, BNATLAR LRI .
2,988, = D al FRRAM N lim a5, = 1 MBRGE lim(S? - $3.) = 3,064
Stolz £, A1 1%

. 1 e S S -85
Lim Bmyad }-'P: 3n ~ .l.Ln: =1L
[ RS 2 T HEEA . BT LA A 45 ik 8
lijn(Sf, - 8§ =3.
3. HEER
PN TUPa B
L — 2 -~ n 'L,
(1))
HH Stolz E P K EPA].
4. 90 ap = by = 0yt = by ;b"_l»ﬂl‘JZm = Llimt, =0,%u, = %,,:_ab,.,_.,
n k=1 A= n n-1

v, = D tuuty Bl Toeplitz & FEN{S Stolz .
k=1
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O]/ 2.3

1. A a=k'T.e(x)=f(x)a "BPFE.
2. (D) 7EREh . x XFa MHFMRy ERx+y=2a.B0 y=2a - x;FHE. x XTb 5t
PRI S 2b — x AR &M
f2a - x) = f(x) = f(2b - x),
B f(2a—x)=fQRa—-x+2(b—a)),% y=2a— x.1§
f) = fiy+2(b—a)) (y€R).
2) W BB TEL X = a K. 8
f(x) = f(2a - x>
%=1 x B HTF f BIEHRET A (b, yo ) HL R BT LA
flx) + f(2b ~ x) = 2y,
xF—Y) x ML Btk
fQCa - x)+ f(2b—x) = 2y,
WY x B ULERTHES £ UL 4(b — a) A BAR A B ek B
(3) &R
fla+x)+ fla—x) =2y, f(b+x)+ f(h—-x)=2y,.

R ¢ =5t 9 (0 = [0 — ox JB4 @ EL2b - a JRMIAMEL.

B 2.5

1. {EB a.bE (0, + =), f&MA4 1§
fla) = f(2"a), f(b) = f(2"b) (n = 1.,2,+).

A n—o B8 f(a)=f(b).

2. 1 flax) = bf ()4 x=0,B8048 f(0) =0.h &Ml 1§

fa") = b"f(x) (n = 1,2,). $%)
MEX(DUR fEx=0EEH R, NaT#d
l‘ier(x) =0 = f(0.
3. % S5g WAMARNT, 5 T, FRMEEEREMN x. 4
0= !lﬂ: (ftx + nT,) - g(x + nT))) = ,llln: (ftx) — glx + nT\ ).
rh i
!."E glx + nT)) = f(x).

|ii]I!§.hIi%},§[Qj'(x+nT2)=g(x),H31tt{§ﬂiE1%f(x)=g(x).

4. (1) RIRGEY:. FHaRBA S M LFE N Y n=>NwLH
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(X1 + Xn+1)"(1 +ﬁ)’" <1,

Xn

Bp

xl+xn+1< xn’
n n-1

BN SR .
(2) BT e BRIFH, B x,=e>0FE . x, = n(n=2,3,-), F£

(M) o (s8I S (1 ety Lo (o,

BT e AIBER/MIES. TR e BEKTHER HE.
o) ;2.6
1. HAAR ERK e>0,777E 620, 4 0<|x|<s B, &
foo - f(5)= B0 (x££,
HA B [<<e. HBLATR

f(z5)- F(3) = g=B(3) Gk = 1.2,

T8
|f<x>—f(2i")‘<2|x | e

4 n—o , AGFTEIERZER .
2. EE(O; + w)J:,E)‘(

[x]+1

foo = Jla+ fieeo b,
i=1

EWAEKMERRA
1+ fi<x) |, 0<<x <1,
f( ) (1+[f](x)|)(1+|fz(x)|)9 1<x<27
XxX) =
A+ i) DAH] L) DA+ falxd DDy, 2 x <3,
BEHIERERFSEPHER.
Bl 2.7
1. FIA%ER
max(f(x),g(x)) = fCx) + g0 +1 fCx) = gCx) I,

2
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flx) +gx) =] f(x) — g(x) |
2
2. . fEGa . DOFEB— & x LN ELGRBRIBRFEN, AFIEH f(xo+) =
flxo—=)=f(xy).
3. (1) FIHAZME f(x+y)=fl)+ fUy) N fFEE— s xo AbELERTHEY (- =,
+oo) FiESE, BAGTE 2.7 % 10 BHIGIL.
(2) TEGIIE 2.3 B 6 BHCRKRUM f(x) = f(Dx XF—F B x B, HILER
# f ieaiEnE, BNATES o = fF(Dx W —H x ER JRL.
4. B x, ER,{F75 f(xo)?ﬁ(),?:%
0% flxe) = flx +xp—x) = f(x)f(xo— x),
HE f7E R EAREAR R 0.
foo = (5 +5)= (5 )>0
S FHEBIEM. %R f(x+y) = OO O BPBBGTEL 35T In f % 3 R D MLER.
5. XEM] x,yE€ (0, + o), FE1E u. v, {8 x=e*,y=e" , XIF KT K
fte***) = fle")f(e*).
F5 g =fe"H,MEXTE R
glu+v) = gluwg(v.
IXEEE B RS 4 BRIFRTE.
6. SEIERE f(ym) = (fyN" , BEFTBREN
flx+ y*) = flx) + f(y",
=z, 48 f(x+2) = fQx) + f(2) , iXHRIL R 3 BMIETE.
7. BE5UEY f RIBRE. R ATE
flx) = f(xV2"y (n =1,2,+),
L f(x) = f(D,BE f(1) = f(0)BR1g.

(@& 2.9

1. HBRE, HEM e >0, FE >0, Y x,y€[0, +)H[x—-y|<sB, H
I fCx) = fip) 1 <e/2.BUEFEAY KK k.78 1/k<<8. BLTEIR[0,1] k F4r i H A AN x, =
i/k (i=0,1,, k), BNIKEHKENT 0. SHEEM x>1.x - [(x]€[0,1], BLF x,
G=0,1,0 k) 878 o — [x] - x, [<&. XA x, H lim fCx, + ) =0. FFE N, % n>
NBE, [ f(x,+n)|<<e/2%F i=0,1,-,k ESL. FRY x=N+18,F

| OO I flxs + [xD 1+ fCx) = flx; + [xD |<%+% = .

e f EESEMEIR Rt L B ALEIE, BB FO0 = —XS0TY s ovt AT

1+ x2sin‘rx

min(f(x),g(x)) =

ﬁ’v\
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2. HBRE.Y x=a W,
| fCo) I fx) = flay 1+] fla) < k(x —a) +| fla) < kx +| f(a) |,

| f(x) | |f(a)|_k
= k,.
x a .

<k +

AMY x,yEla, + =i, H

‘f(y)_f(x) _ L xfy) = yfn) |
y x xy
_ LxfOy) = xfCo) + xfCo) = yf o |
xy
<lf(y)—f()c)|_'_|x—y| | f(x) |
y y X
k
<ailx—yl+7‘lx—yl
<krk lx -yl

a

(528 2. 10
1. ABAER. BB lim f(x)7 < FEAFFERE A0 BT < MBI {x. ). 15

| fx) IKA (no=1,2,9).
XER{Sfx)NCT[-A AL BHEL 2.10. 1, {f(fO N BEHE - ITHFRREF, X5

lim f(f(x)) = = FI&.
2. 5 F(x)=g(x) = fCx), W FCx,)=f(x,o) — flx,)). AN EER.FEE. €

(a,.b].f#18
F(§) = L(Fx) + o+ Fo) = %(f(xmn — fCe).
{ENAFH &, ~xo€La, b, RA LK, B
F(&,) = - (flxo) = fCx).
@ n—,BI7§ F(x,) =0.
3. AREE:. MR WAL WAFERED A>0 MIERH N X —U] x=N. 198
| flx+2) - fO0 =
BRI ERTEE fx+ 0~ FOO>1/N JEBA x=N BaL, 8 [+ ) — fOO<
—1/NXt—Hx=N oL HbErT#S f RERMEE.

4. () INRFEXHN fLIRA0E a<<lb fE15 f(a)= f(b).BHFEM x€(a, b)),
B fOOZEf(a) . RIFEMERE x€ (a,b) . ¥ fO)>f(a). B x, € (a,b), {18 flx,)
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=M= max fCo). BBEE, —EEH x (RHB 1 >x0), 687 fx) = fx) = M. R x,
€(a,b) At E 1 THH, f EARRNS FBARRSE. R x, 7Ea, b 25 I 4
fEEATRM S EBARRIGE(E 2).

e N panN

~ TN/

a Xo b x
& 2
B 1 a

(2) KRR RBR AR , FLUHIE LA 3.
g

5-4-3-2-VN/ . © ...

/\/0 1 234567 x

M3

[B)=% 3.1

1. A 2.4 5555 8 A, Riemann RPTEF B SR ELE, YRAATR,. R T REIEH
Riemann BPAEXLHESLAAT R ] a BIE—TEE EEHHEFF LS SN LB 8
R (aFEE.ME R (a)=0, HBIF S HF/E.

2. Dirichlet o U & B i eR 3K .

a8 3.2

fx) = xf (O +o(x) (x—=0).
0 AT K

n k , n
;f(p)= f(O)#;k + o(1).
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23)4

hme(Lz) = f,(ZO).

n—® 17T

. " . i _ l
oy lljgé?Sln T

2) limf[ (1+4)=ve.

i ﬁp(x)—ax”—bx*—cGV M p0),pC1/2), p(1D ,BPE[#EH | p'C0) |<8. R V

LB —A- R EEW R p'(0) =8 BpfE.
3. % 90 = fx) —mx ~ f(0) . B4 P(0) =0,lim ¢Cx) =0,BFLA ¢ #Ex = 0 AL ELE.
B2 :
lim §0(2x)x— P _ g,

Bl o(2x)—@(x)=o0(x)(x—0). Ha}fl 2.6 58 1 MHER . H ¢(x)=0o(x),Bf f/(O)
=m.

4. RN fHFERIDEK f-f AR f-f(O=xWx. BBRE x=
-+ LB =1L, XA f AR EA =1 B f(1) =a, B4 f(F() =
fCa)=1,AT f(f(a))=fQ)=a, X% « R f-f BARBNE, AWM «=1,80 f(O=1.7
%5

f(ftx)y =-xP+x2+1
WK S. B N f ()= -3x*+2x,% x=1,0018
(fanN? =-1,
XRATTHRERY.
5. #1 E—BAME—E.

8]k 3.3
1. FEfESEK
(1- 0" = kz;(—l)"(:)x*
BRI x SRSERx=11{A.1§
g(—l)"(:)k = 0.

HoAth %2 I RIAE B Jy BT 48
2. FAAETIE

(n) — iy () k)
uvw = E
( ) 2 1']'k'u v w,
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T FRGRERRT

FROENRM R i+j+k=n BIERBBAG, j, OKKRM,HH( +D(n+2)/2
AN

3. ABF PR,
4. RIBCEIAME.
5. Xt n ¥ A, 4 y=arctan x,l] x =tan y,#
r_ _ 1 - 1 — :
y = flx) = T+ 2 Tranty cosysm(y+%).

B, n=1R%5XMI. A n=k IEIERIEE n=k+ 1 NEH, REFES y =
cos’y fEAHESE AL -

6. BHHEB
ficx) P (x) 1
= + — = 9 Zle®0).
n! (n-1! n (n = 1,2,
R AR FE
M:lnx-’-l-{-i-{--...‘.i.
n! 2 n

4 x=1/n,3#% n—w 1§

X |
g

f(n) (
n
lim

n—ew® n !

=7,

XHE vy & Euler 3.
7. poo=(x—a)(x—a) . H¥a,, - a, BREZH. AERX x=a,(i=1,-,
W BREAL. X x#a, B
p (x) -5 1
p(x) S x-a;’

FR—KFHEBEEHRER.
8. 4 g(x)=-VxX)»2,M g™ ()=0. - FH, 18

2l (20 + 2
(x) +g(x) =2 K
f(x g(x g’( ok )x
z:Rl A1k
F) = 4n + D(n + DI,
o) 3.4
1. 4 F(t)=f(tan t),G(t) =g(tan 1) ( — n/2<t<n/2) EX
F(—%)= lim f(tant) = f(— ),

M
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F(L)= lim f(tan¢) = f(+ «).

2 t—=(-x/2)"

M, EX G(-n/2)=g(—),G(x/2)=g(+ ) ERE[ - n/2,x/2] X F5G
F§ Cauchy .

2. B <xp 18 f(x) = f(x) = 0. HEEM g(x)7#0,8(x)7#0. IR g &
(xysx2)PEAERE, W RE F(x)=f(x)/g(x)H Rolle FHNETE.

3. X

q(x) = (xp(x) + p' Lx)xp’(x) + p(x)),
"id
flx) = xp(x) + p'(x), glx) = xp’(x) + p(x).
E A NE]
) = e 2 2pa))’, gx) = (xp(x)).
¥ p WIn AKT 1 AREBISSHR N
l1<<a, <a,<<-<<a,.

Xt e < /2p(x)Fl Rolle EH EH f ZPH n -1 LB b, (a,<b,<ain»i=1,2,,
n—1). B, g LA R ANEFL 0<co<ley <<,y HH ¢, €0, a0, <c; <
o BUAEES b,sc, (21,2, n ~ 1. FIRIEHE, IR b, = c, = r>1,RA1H f(r) =0,
WEER p'(r) = —rp(r). s, g(r) =080 p(r)= —rp’(r). BIKBBEI(F2 - p(r)=0,8
p(r)=0.Xfa; a2 p WHBBEFE. BT biybzysba i Hl coscrsmsca i 2 g
B 2n -1 M EARMFEHEFS.

4. TTRVAMBIEY f(x) = 2 cre* FEREEn - 1 A RRMES.

5. $tE[ara+1/2] F AR T, AR S O 2 ER £ 7ECara+1/21 X 0. T
fCa+1/2>=0.48 a+1/2 %k a, AT f #Ela,a+ 110 NE, F—S—HEwiE, T8 f
E[a! + ”]J:%]g

6. 4 p(x)=—=

1+ x2

=0%F x=0 BoL, iR BARSL. T, —FHER &7 ¢(OR ¢ KRKXME B ¢'(H =

0KIER /(8 = iy
’ (1+8&H*

7. 'i,a K:kl +k2+"'+k"9y0:0yl’u&

=1
yl K

B x,=0,x,=1, A HEH, o LR
0= o<y <Toor<<xpy <x, =1,
HEB f(x)=y,(i=0,1,,n) . B[ x;-, - x, ] EAPEEEEPE.

474 -

= fC)(x=0), U 9220, 9(0) =0, p(+ ) = lim ¢(x) =0. MR ¢

Cky+ky+ -+ k) (i =1,2,-,n).



T AT O FIEMRERR T

o) 3.5

1. HER 3.5. 10, WHET x, <x,<<x , HAEK
fCxa) — flxy) <f(x) — flx)

X3 — Xy X = X3
Y x—x; B BEATRB fEx, AFEERNEGEFY. R, f £, LBfF

EEFH. %Ei‘i(l)ﬁﬁﬂﬁailﬁa‘%'lv xi—=>x; B ox—x; JEH LIS (x). BR.ENEHER
B
(2) % x<uxo B fL QO (o) . T fIHE xo REZEFELE, BTLAE f1 (x0) = lim f2 (x)

I—’XO

<f1 (xy). Ehit(l),%ﬂ ff (Xo)gf:(Xo)y& f—,(X()) =f: (Xo)vEp fﬁfxo &I:EI‘%-
(3) | a<x,<x,<b,H fHyMN¥E, " TH
ftx) - flad <f(xz) = flx) <f(b) - flx3)

Q)

f(x) f(xz

X, — a Xy — X o= b - X2
{IEB 53
f(x) — fCa) , fCb) — f(xy) ,
e s @), S RS
. f(Xg f(x1 te,
E]'W..er'_tﬁm anz,.—%ﬁﬁ-E‘J ED#EEﬁM ﬁ1§

| fCx2) = f(x) <M | x; — x|
SF—4 x5 x,€La, bIMSE.
2. REM. B aClf (c).fl (c)]BNIE.
oM. R cE(x,x), TR
flx) — f(x) > >f(Jcl) - f(c)’
X;— ¢ X, —c
XREfRT EAMRE.
3. A E—BMER. B a=f (o).
4. HEFERSLZIAE (0 =0; x>0 &), f(x)>0. ARIEE AT HEE (1), (2). RIE(3),
M5

Inx _ 1_’_lnf(x)

f(xo fx)’
HEIEH
. In f(x) _
xllrg ftx)y 0
Bp Ay
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BEIVEKE O

5. FIE—A5IH. MREBTK p FBpt p' =04E(— o, + ) ERIIRALE p=0.
XEEAN px p =0, LAKH p BRR—NEMAREYENBERSHA, B
,Lirfl p(x) =+ o,
E . p U8 B/ ME A xo XBF A p'(x) =0. FR
pCx) = plxg) = plxg) £ p'(xs) =0
X —4] xE(— o0, + @) HL.
Bl B A8, i
p"-p'-p'+p=(p-pH-(p-p)' =0,
g p- p’=0, BREMA LEATI G,
6. FA - In x BOEHX—FLAE.
7. REFNE y10y:- R y= i~y WA y R
y' + px)y' + q(x)y =0,
y(a) = y(b) =0,
HIHEIAT S8 y(x) =0 (a<<x<lb).
8. () Xt n ¥ AME.
(2) SHENMALER, ARERRE AR AER RIF L+ x/n)" BNFE.
(3) FALEMFEASARER.

9. 4
- - fb) - flad
g0 = f0) - (fla) + =22 - ).

HEIEH g(x)=0(a<<x<<b).EX
P(x) =2 gx)+e(x—a)Xx—-b) (¢>0).
HERETA
D¢ =+ D?g +2e =+ D*f + 2e = 2¢ > 0. (1)

BUEIEN ¢ ZECa, b) EABEERBIBKE. R EAEXE S x € (a, HREIBEKHE .4

@lxg+ h) + o(xy — h) —2¢(xy) _ ©(xg+ h) — ©(xg) + ¢(xq — h) — ©(x,)

he = PB < 0.
Hm D?p(xo) <0, X HRDOFE, XY ¢ MBRREREE G, DB HS a, b &Lk
B, ¢(a) = ¢(b)=0,8 ¢ fE(a,b) FEH{E, B BIATIERA g (x)=0.
10. AEFHEMAE. n =1 BBz id

S, (o) = 3 Snkr
k=1

WS (O>07E0,0) EFRSL.-HTF S, (0 =S, () =0, % S, (x)EW, ) EERAEN

BB A S, COFEL0. 7] EBIB/IME R UE BB /IME B S FE O, ) L i xo {8 S, () B
FIE/ME. TR S.(x,)=0. A
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Deia MENRERRT

n
. . X . 1 . X
0 = 2sin 228, (x,) = E:ZSIH Peos kxy = sm(n + -—)xo - sin 2.
k=1

2 2 2 2
A it
(n+“%‘)XQ = £29"'2’(7'[7 D
B
(n+%)xo=—%+(2k+1)n. 2
BT
sin nx, = sin(n+%)xocos—';—°—cos(n+%)xosin%, 3)

A DA BEAZ(3) {818 sin nx, =0 5% sin nx, =sin x,>0. TR ABEHHNRIE,
GIEES

S.(x0) = Suy(xo) + 20 1X0

>0,
XE5RIZFIE.
(E 4.2
1. A
nin(1+-)

il

_1
1 2n

q/A+1/n)" =™V RIFK. AT

01 x<2,
f(x) = e

?7 x = 2.

2. P E—RRRR I AT (14— ) 1oy g R IF EN ATS B R
3. —HH,
SIn- =20 = 2 EE o) (x0);
H—H, _

n 2Nk
—In(l-x)? =—In(1-2x+x) = D) WTX)+0():") (x —>0).
k=1
wy = AH 15

n

D (@ = x* - 224 = ox™) (x> 0.

k=1

FRARALEIMEIAXFARE Lox, = x" £, Fgbaed " Tk,
4. SeiFH !Ln: x. FETE. R !ll*rg x,=a,Wa=0,80 lijﬂ sin x, = 0. F| F Stolz M sin x
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WEHWERE OO
(4 Peano £ Taylor A=, , Bla[ 1§

D SR Ao 1y_ 1
!.‘.T nx2 - !.l_.[E n n»-:(xﬁ,,l xﬁ)— 3

5. 18 xu = Y/ W Xy = In (1 x,) . SEUE{x, MS FFIE lim x, = 0, 2R /5 H Stolz &
HF In (1 + x)F9HF Peano IR Taylor 242, BT S EIERILER.

[a]8 4.3
1. 8 f 9% Peano RUWH BRI,

= d Y E n Ll___. n+l n+1
flxo+ h) = flxo) + f'{xOh + +n!f"(xo)+(n+1)!f‘ "(x¢) + o(R™Y)

FRA AR, WEERHAEMNGSE.
2. #|A Taylor BF,18
1(552)= s+ g (bg2) (a<e<tp?),
b—a)2 (a;b<ry<b),

f(%b) = f(b) + %f"(rz)( >

B S BN R.
3. FEfE X, €0,1),4#18 f(x))=-1,Hl f(x,)=0. Taylor 8,18

2
FOO) = f(x)) +%f”(5,) O< & < x),

FD = flx) + %(1 X8 (< & <1D).

H g
X2f'E) = (1 — x))*f(&) = 2,

Bp

FrEDFEN (x (1 = x ) = 4.

F)fl/l f”(e| )f”( Ez)>81 3 Eut,é\ﬁ—/l\ Evﬁﬁ f”(e)>8.

4. e ABEAK . HA Taylor 3,718
[0t B = FCx0) _ g FRE

h (n -1
f(xo + h) - f(XQ) - f’(xo) . f(")(’l)hn—l.
h n!
B F MRS 0, BMBITEMER.
5. B Taylor &H,18
e& n+l >0

e = P, (x)+ n s 1)!x
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P FHARERRT

LSRRI 4 1 REEE, P = P,y >0,8 P, FREBH, BT lim P, (x) = 2 o,
B (2 L.
(3) $ Poye () =0 BIME— SN x, . BSGIED | x, | FHEBIR. St RIS R

Pz,,+3(x) = Pz,.+1(x) +

2n+2

it as) M
ABCERRNEIES x,> - Cn+3). FREHRXD) .
Py (xa) > 0.
BT Ponss(xpe1) =00 R Pops s I AGEIEPERIA X, > x, . BRARIEEIERS | x, | B&H
TH.
6. Xt—¥] x€ (0,2), i Taylor &3, 8

£CO) = fCx) = xf (x) + 2 f (O,

F2) = fx) + 2 - 0f (x + —%—f”(q)(z — X2,

PR AN S . R f(x) = %x? ~2x+ 1, BRENE I 2 BB/

7. XHEf] x ER & h>0,H Taylor A,718

4
flx+ k) = fCx) + f(xVh + %‘E)h%

1/
fx = h) = fCx) = fO0h + %h%

P AR, BR AT
2hM, < 2M, + M, h?
X —4) >0 BAL. Ehr EEX h<0 dLARAL, B
M. h* = 2M h + 2M, >0
Xf—4) h €R BLIL. BLEDIR MI<2M, M.,

B

1. B4 f fe(a, b] EFTFR, BTLART R — N REBK 9 20 BIR TS B &I Ca + b)/2 B—
A5l HA A KT (a + b)/2 SRR E A5 FiX — UK 0 R el B0 o 1k B BT 48
BHAER.

2. BiEMAERENT

A B FIXE B Riemann FIED45.
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gFESYHER O D

[a] &} 6.2
1. FARZ1-x)">=1- i (0<a<<H
1 wwWn
[la-xnrax >[""a - xdx.
] 0
2. AEIEH f (e, YPHESRET n D& [, DOFHLEWES A 1 <x
ooy HH k<, %
plx) = (xy — x)(xy — x)(xy — X,
R4
J-bf(x)p(x)dx>0.

574 & [ OO podx = 0, KHPA T FIE.

3. Rk M>0,GF7E 6€a, b). {H18 f() =M. FRAMEBAEMW ¢>0,7F7%Ec.d]
Cla,bl, 18 f(x)=M-¢ 3t xE€[c,d WL, B

(['rrae)” = ([frax) " = M- erca - v, oY
Bob. BRFE
(['rax)" < Mck - >, 2)

XD TRB(n—=), HS =0, (W ERB (n— < ) BB EIFHNLIE.
4. FHELBH >0,
th”(t)dt>J:_f”(t)dt>f"(b—e)e. 3

BF f(b-e)>f(b—26), lFTE A>0,Y p>A B,

(ff((bb—_?.ee)))p be_a

B frib—ede>(b—a)fr(b—2¢), AKX, 1B
b
b—i—aJ.f"(t)dt>f"(b-25).

BD £7Cx,)>f7 (b~ 2¢). IS x,>b ~ 2¢ , BT
b - 2€ < X, < b9

FFLA lim x, = b.
p—.#l‘n

1
5 _ " BE3 - 2 n Qo 4
5. % f(x) =as+ayx+--+a,x", Eif a, (n+l)fof(x)dX-EHfE1ﬁk+l+k+2

a,
4 oeee 4 — 1
k+n+1

=0Ck = 1,2, ,n), % EXMENES. B
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o FIMAMRERRT

QCk)
(k + Dk +2)(k+n+1)

HP QRN KETMX,HL k=1,2,-,n HTH. BAMAE QKB Qk) =
cChk—1)-(k - n). fE%RX

clk -1tk —n) = G0 & ., a,
(k+D(k +2)-(k+n+1) k+1 k+2 k+n+1

WENTk+1E.FS k=-1LBBa=c(-D"(n+ D). BEZR

! k _ Qk)
.[nf(“)" = A+ Dk + 2k +nsD

=0 (k =1,2,+,n),

F4 k=0,18

! _ (=D _ ag
Lf(x)dx T 1l T (n 1%

1
FRao=(n+ l)zjof(x)dx.

o]0 6.3

1. %

F(r) = Jle(x)dx —az tflf(x)dx,

2
iEB] F 7E(a,b] i BN AT
2.5 flo=-1/xfAL-BHNEER.
WAFRA L - BHNEREAEZETE.BXR f(x)=1/x B0, + o) FHMER. S

(952 225 )bt y = FCOMYIL. HBRET y= fC0),x = a.x = box BN EBFE Y]

£.x=a.x=b,x $HERAEE.

3. &

! 2 T
t) = x)dx )} - 3(x)dx.,
F( feod frod

R F 7E[0,1] g8 BnT.
4. % x€[0,108},e <1, BRI A%ER
(e *f(x)) = e *(f'(x) - f(x).
5. fEE[1, + o ] L /™#&i8H, A%

fo) = fD + J:f'(t)dt.

[a] & 6. 4
1. {B] x>T e[ FRH
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BENWRE OO i
x=m,T+r,,
Hep m, BIEBE.0<r,.<T. T
x m,T m T+r
Lf(t)dt= Jo ftHrde + meT f(Hdt

= m,LTf(t)dt +ﬂf(t)dt.

A THIEHARES M.
2. A sin’nt =(1—-cos2nt)/2,%] {8
_ 1
ln+1 - In - Z_n +1’
_ 1 1 1 p
@A l..~1+§+g+"'+m-ﬁﬁi Stolz ¥, 18
. I, _ 1
Iim —— = +-.

ne= Iln n 2

3. ftm,n) = Zn:(— 1)"(:)'[;x'"*"dx = J:)x’"(l - xondx, fERER 1 =1- x, BD7§
ftm,n) = f(n,m). i EXREF AR TH
fGm,n) = %
m+n+ 1!

4. (1) HERHER.
(2) H#EM Leibniz AXEH £ O EH % OF £ Ca/b) HBEL.
(3 — 7T FASYEEUS I (2) BN fCxosin xdx Y RE. 53— T 20 x < =
a/b &},
0< f(x) <"—,(%)
T

x . 7rn+l l
0<Lf<x>smxdx<—n!—(4) 0 (n—> ).

XAFEULEE « A RAEHE.
5. ARIESE:. MR — x € O, | fix) |<2(n + 1), BaNERX1 =

[ (x-3) ax margmFmE.
6. EEWETR p(x) =x*— x*, BEW®HRE p(0)=p1)=p'(0) =0, p’(1) =1, A,
[[praorr = 4,
At R EE
J:(f”(x))zdx > J;(p"(x))zdx.
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DT FENRERRE T
LB MHENY f=p.

&) 6.5
1. HFX— x€[0,1],FH 0<<m<f(x)<M,FF L

(M - f(x))( >0,

m f(x))
I

f(x)’
WAFEL0, 1] E 3 FILAES-BER AR ER.
2. BA

M+1>M+ M
m m

foo = I +2f<— x) | fOx —2f<— 28

HA3E - BRELE T AT RN, HBIRAMGaT#HEY f T RE.
3.4 h(1) = M+kj; [ xCe) | de, R x| LBER R (D =k|x()]|,BFU
R (O<kh(), 1Bp

(eMh(1)' <0,
AT T B RS IR

2] 6.6
1. f.x)=h(x)+g(x),He

hOo == (& - [xi}) g0 = a(L - [%])
[Treodx == af (- [%])dx = [ g,

mF

Brld
1 1
Jnf,(x)dx = J h(x)dx = «lnq.

2. DEMRABM. FIEXRSME. BT fElq,.b] T, EELa, bW X fE]
R AMES—FXBE EOFE fRESES. SHEAAE, E—EAN f S, XA
88 Riemann 124 0, AW 4tk 0.

g 7.3
1. (D NE4AhAJLIBH
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flay) — flay) + fay) — flayd + f(as)
FREP=ZHRAEHSNERZ M, XEE LM T Newton-Leibniz A3 f(0) =0 5k
4. T
fla, —a, +as;—aq + as)
HEFHL x=a, ~atas—a,tas 5 x f,y AWK y = £ COFTEMER. B LT
B.ERATLED
flay, —a, + as — a, + as) < flay)) — flay) + f(ay) — fla) + fas).
BRHEN, XBRHEEN n BB,

y

M4

(2) B f(x)=x".
2. ICEHEARRR T,

=L e - 200 T (B[ Do

M|T
[ (] Ao e
J::kﬂfzr‘ ([_;2(_}_ 2[%:'>dx =0,
FrLA
— 0N 1 1
1_2§(2k+1_2k—+—2>
:2(%—71{+%"%+“')=21n2—1,

3. HEE.y = fQo MEBRINE Sﬂ?ﬁ,ltt0<th<x>dx<AABc M. S8
2 AC,BC Wy F 2, RIS C S8 hR, AT EH AABC HER, BIERENALR.
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Dol A RERR T

y c
A B
o a b x
A5

[e] 7.4

1. HBPHAMRTAER, T]E
1 . 12 e te dx
[[a-era<| emar<| erax<|
Bp
Jn 5 /2
ﬁj:(l - xH)"dx <I0 e dr < ﬁjo/z cos** 2 6dé.
4 n—oo KL 7.4 P 2 B Wallis 23X, A48

+ o0 2 =£
J'O e dt 5

n-1

= 14—k Z(

2
(2n )m n+l’:+1)

, +;((,,2:2)+ (n2f3)+ s (2:))

B LE AT

o (1+ xH)"’
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BESWHE O

Iim&:ilim 22 :ili (n—DI(n+ 1122
n-ese J,T 2 e \/.n—( 2n ) 2 we= (zn)!ﬁ
n-—1
55 A Stirling AR

o) 3 8.3

1. £ x€IE, EiF x€IE, BEIEAELE 60,818 B(x,0) PBHE E P, Wh E
. Bk x€IE BUFFAE 60,1818 B(x, O FBEA E FI 4. E° bS8 x, €
B(x,)NE,x,€B(x, )\ E.# x, € E,MHM B(x,. ) H E h&. & x, € E\E. I
x, & E RS EMAFE 0,0, B(x,,6,)CB(x,8). B B(x,.6)HF E =,
B) B(x,8)%# E PHA. H x,€ B(x,O\E, BV x, K E #9504 . it BIA5EHA .

2. EM x0 €GB F=[x0, +)NG . HHN G BRERHE L FRESHHAERS
TR. {2 B=inf F,W B=x,. T BEF, T xo & F. BT B>x0. BHIEW [ x,,.F]C G, TR
NE—m %€ G, FEEBRETEH=1TKMHEH 8. -

(a) B>x,3(b) BEG;(c) [x,,.B)CG.

AR ETLAEHEHE N T o

(@) a<<xp3(b) e € G:(c) (a+xy JCG.
XEE, X F— x € G, EEXE (a.B), W2 :

(a) xo€ (a ;) (a,BHCG;(c) a-PEG.

XEERH— XA (o, OFRA G MHRX(E]. BLiR (2. ORIy, )R G MEEF R KX i ,
BHIEH, ENREAELRER2ES. €8 MR X 6] R B FRE W) 2 34 A X
BN TFEML. AMESRAIRK. TEE

G :AQ, Caz+Bu).

3. i@ a=inf F,b=sup F.M| FC[a,b].ie G=[a . b\F.WIM G=(a.bONF.H G
B HERFE. TRME 2 FENE A EAEH.

o] 7% 8. 4

1. FRUES. R FR o RIFEE IBA—EHER F—FIFHEF, F, - fF
B3 m=1,2,~,F,NE#ZH diam(F,)<1/m.{8 F, REHEE--G, I s, BES
X, €F,NE(=12,). 1T EZBARALE BEFIEH. G50 x P 2B FI 1 x, LB
T o€ E.AMFERNTFE G, .18 a€ G,. WA G, BFK, A diam(Fi )<1/k;, FT
LAXFFESY KI) i BIA Fi, CG, X RTE.

2. B{G.)XRIfY Lebesgue B 0>0. f—4 n LT IAIEE WEAEN. BATGFF
B BRI A9 EE_E R ST 5 AT A /NS I /NI T R E RN T o BB
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‘l:.h-l-ﬁ E’ﬁ’é%‘ﬁﬂ%ﬁd\ﬁ?fﬁﬁﬂﬁ Fi,Fy,, F, »ﬁl'JdZ‘#?I Givﬁﬁg FiCGi(i=1,2,%,
k), F&

k k

o) 8.5

1. AR, R E R%@, MG E=AUB,ANB=J,BHF A'NB=ZfMANB'=
@./—\‘;\A1=AﬂE~,Bl :BnEsmIJEIﬁEHH E= A]UB];A1ﬂBl :Qvﬁ.ﬁ AllnB:Qﬂ]
ANB'=g.%X5 E {EBHETE.

2. A

E = {(x,y);(x,y) ERLy = sin%,0<x<%}
BRI —BEgmR(E6). BT E EWEEFRATH Bk, He R
EREEN, HmEERN. BT

1. x= (2k1t+

y

/A

B e

FrAL - 1,1 88— SR E MRS i
F = {0,:00,y) €R, -1 y< 1},

M4 E=EUF.FiE E A RERERMN. ARIEE. 1R E REREEMN. R a€E,bE
F AR a=(xosy0)» WE v, =sinxlo,b= 0, y) BBA—EFENT E FHELEML
x=x(t), y=yt) 0D,
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KERHRR 0

=8

x(0) = xo, y(0) = yo,

x(1) =0, y() = y,.
RIS to=inf{1:(x(t)), yUDEF} , MBH ,>0. BAHF 1, =0, WH 1,—~0.FH
(x(tk),y(tk))EF,:I:%x(0)=£i12x(tk)=0,5X'—Zj x(0)=x,Z0 F/E. 1o BE XA,
BFTE ti>t0,(x(t), y(1,))EF. BEZHE. A

lim x(t) = x(ty) = limx(¢,) = 0.
=1 Lk

B—HEHT 1,0, 4 0t <to WL XM E(x(O, yUDAREF L. BmA(x(1),
y(t)HEE. TE

_ 5 S
y(to) = ,11'2 y(t) = ’llrlrs sin 7
AFFTE, NS F)E.
o) 8.7
1. FIFASIE 8.7 hEE 3 MIMER. £
e(p,B)

h(p) =
XA~ b R R =&
2. FIH F—BhHEEN R PREERE R, EX
G={ppeR T <hp<1), H={ppeRO<h(p<7).
XE G fH g R B PaER.

]2 8.8

L. FRGEME. iR [ RS yo€ D REE, MMAFE ¢ >0, FRETHWARK
£ D FHEESS Yy E]

uy,-—yon<71., B0 - 0l = e

Bx,=f Uy exe=f(yo) M x;.x, EE. R E BEBEMf RE &SRS, BIa]
SHFE.

2. BAF[0, 1R R PHRE, MRAFEL LIRS AER E i —XF — oy E LB S, IR 2
B E—BREEIE, BRI RELR TR A f. FHE ¢(0) = f(cos §,sin ), ] ¢
L0, 20— Xt —#1B A [0.1]. A F ¢ 20, 2x] b A% S sl 8, ML FEEE 6., 0,. 1878 f(9)
=0,f06.) = 1. "Ik 0<<6, <6, <2n. HEZBRPMMEEHE, MEEMH c€ O, D, LF ¢
€(6,,60.).#18 ¢(0) =c. XL ¢ 18[4,, 0, AR T[0,1]. X ¢ B0, 2x]—XF — bk
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L FIRARERRR

(0,1 48F /& .

3. FIAE 1 Eage, REIESIARFAEL0,1] X [0,1]31[0, 1] £ A — Xt — B9 FE SE B i3 B
Al MR TR BT, BIFFAESE LAEIE FTE[0,1] X [0, 1] B E LR B f(x. y), EIE
[0,1]%[0,1]—x+—HuBR & A X E[0,1]. FIFSE 2 ALK T E A 3 HF)E.

)28 9. 1

1. B8, (AR 4 e AR SR
Inlna-Inlnb>blna—-alnb. )

i@ y=In b>0,x ={:—Z>1,:T:t(l)§£‘ﬂq

Inx > y(xe! —e®) (x>1,y>0). (2)
)
i f(x,y) = xe* —e"JJIIZ.T‘g= x(e’ —e”)<<0. L ARHMEIFBFK(2).

2. £ D FAEBRBA (X, p1)(x0y2),%F t€[0,1],
(x;+ t{x; — x>,y +t(y, = y\)) € D.
ic
(1) = flx, + t(xy — X))oy + 1y, — y1)),
B4 (1) = flxysy2) 9(0) = flxy1, v F£
flxzay2) — flxyay)) = @(1) — ¢(0).
Xt eCO AP EEHE, BFd MR M, BrTiES
| f(xa,y2) —f(x”y]) <M x, — xy | +] Y2 = N 1.

HUEE fED F—8EL.

& 9.2
1. G
fx,y) = J'o %(x,O)ds +L g—’yf(x,:)dz.
B S B AT HERN P E AR S5 2R .
2. ARt (xR TR

f(XQ + hyyo + k) _f(X()oyo)
= f(xO + h9y0 + h) _f(Xg + hyyo) +f(X() + h,y()) "f(X()9y())
a d
= _f(X() + hyyo + GkYk + a—;{‘(quy())h + oCh)

d
d d d
= %(xo,yo)h+—'f(xo,yo)k+ (%

J
ay (Xn+hyyo+0k)—a—'§(xO,)’()))k+O(h)
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= g—')i(xo.yo)h + g—';(xn,yu)k + r(h,k).
&5

r(h.k) = ol VRE+ k%) (h—0,k = 0).
FREA f E(xa s yo ) AL AT .

o] 9.4
1. BHEBR, FIELEH.iC

u=ax+bytcz, v=y, w=z,

R4
f(nyyZ) = f(%(u - bU_CW)909W)= h(u;'th).
T
dh _9f 1
Ju  ax a’
ﬂl.:if_‘(__g).fﬂ‘: b(_la_f.;.lﬂ)zo
dJv  ax\ a/ ay a dx bay ’

%_ﬂ(_g)+ﬂ_c(_iﬂ+ia_f):0

aw ~ ax\ al a3z~ aax ¢z
X R Sv,w LK. I8 h(u,v.w)=glw). T
flx,y,z) = glu) = glax + by + c2).
2. BEWHRER: DB flxyate,) = 19 (xy, x VT AR ¢ RS REiL =1
Bp48. kRS 1.4
o(1) = [(tx,.---,tx,.)_

tq
BH o' () =0. MBI AEIENZER.
6] 9.6
1. HEIE 9.4 PHIE 2 B, HEIEH
xg—f + yg—is = ¢ D
RITT.BHA
f(x,y.SO(x,y)) = 0, (2)
(D x,y KRS58
%u,y,so(x,y)) +g—’:<x,y,¢<x,y>)g—f(x,y> = 0, 3
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a J :
—i(x,y,so(x,y)) +£(x,y.¢(x,y)) ;i;(x,y)

(7y
A Xx+X(4) X y,i8

a a
x%(x,y,so(x,y)) + ya—j;(x,y.sﬂ(x.y))

I}
o

4)

Il

) J J
+(x;%(x,y)+ya—s;(x.y))7£(x,y.§0(x.y)) 0. (5)

HK f 2 q WFRRE R AH

f of f

¢ J
X =—(x,¥,P(x,y)) +y —(x,y,9(x,y)) + ¢(x.y) (—(x,yyso(x,y))
dx (7y dz

= gf(x,y,9(x,y)) = 0. (6)
RGO, B

29 29 - i -
(x ax(x,y) +y ay(x,y) so(x.y)>az(x.y,§0(x,y)) =0.

BB (D).
2. XU‘XUE(a.b).EEEXyle(—°°,+°°)./%
g(y) = Flxg,y) + m(y — y1),
|
limg(y) =+ o, limg(y) =— .

BT

d _F .

d—y(F(xo,y)—g(y)) = ay(xn,y) m >0,

HE Flxy,y) —g(y) =0, kL
X oy>y B Fxe, y)>8(y) s 2 y<lyi B, Fx,y, y)<<g(y).
Mg
‘!i_r}lF(xa,y) =+ o, ‘vlii‘l_xlF(xo,y) =- o,
BUFFTEME—( yo € (— o0, + ), 18 F(xy,y0) =0. XHRBEIME—H y=f0), R
F(x,f(x)=0.85iH f€ Cla.b).

@& 9.9

1. id
A= f(X() + hvy() + h) _f(Xo + h,yo) - f(Xnoy() + h) +f(X()yy())v
e(x) = flxyyo + h) — flx.y4),

A: ¢(Xn + h) - ¢(X())
= ¢'(x, + Oh)h
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h

d d aJ
[ 7—f Xo + 6hyyo + B ~£(xo,yo))— (%uo + Oy yy) —%(xo,yo))

¥4
f —(xosyo)h + o(h)) (a—]:(xo.yo)ﬁh + o(h))] h
dx

I

r7y (X()’yo)hz“'O(hz 1

Hid
YY) = flxg + h,y) ~ flxe,¥).
M EEMITHE—#E, 715

A= ¢y, + h) - Py) = aazg'y(xo,yo)hz + o(h?). (2>
MR FIC2), BP1§
31{( XosYo) = aazf (XosY0).
2. FAHBA. FELBHIE v=lnu B4 u=e' WA 5 = 0. B 0Cx,y) =
e(x)+¢Cy), BFL
u=¢e" = e"e’” = f(x)g(y.
@)% 9. 10
1. AHEAK.5
flx,y,2) — fix +y+2,0,0) = %(5)(— -z)+ f(§)y + f(é)z =0,
53014

flx,y,z) = f(x +y+2,0,0) >0.
2. LR AR fRD EHMEE LAY x,ye D kA€[0,1],F
fQy + A -0x)<<Af(y) + A - A f(x),
Hp
flx+ 20y — x0) — f(x) < Af(y) = Af(X). L
B2 f AT, B

flx + A0y — x) — fix) =a—f(x)/1(y, —Xy) teem of (x)aly, — x,)
Jxl axn

+¢-:1/\(y1—x1)+"'+e,|/\(y,.~x,.), (2)
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ﬁq:’ IAi_lI)l [ =0(l = 19"'7") fEﬁ(Z){‘E)\it(l);ﬁﬁlﬁ%lﬂ Ao#é\ A'—>01 ED?’E

a){l(x)(yl—xl)+ a")cf"(x)(y,.—x,,)<f(y)—f(x).
BB T.
xad. MRBEXMA.IE z=ax+ (1- Dy . 4
f(x) = f(z) + (x - D Jf(2), 3
fly) = f(z) + (y = ) Jf(2). 4)

KRB XxA+RMWDXA-2),18
MO+ (= D)= Af(2) + (1= Df(2) + (Alx — 2) + (1 — Ay - 2)If(2)
= flx)+(Ax+ (1 -y - 2)Jf(2)
= f(z) = fQx + (1= )y,
BRLA f ReeR ¥y,
3. 4ot B Taylor A% x,y€ED, FE E=x +9(y — x)(0<<H<D), [#75

Fy) = f(x) + (y - 0)If(x) + —21—'<y — OHf(E(y - 0T

= f(x) + (y — x)Jf(x).
B 28, BA f 2D LR
SEM.—FE. R fRD LN REGE Hf #£D AR IEEN  MLFE x€D &
hER",{#158
RHf(x)R™ < 0.
H—HHE . B Peano KIK Taylor 23, F

fCx+ aR) = fCx) + AIFGO + S ARHFGO AT + oCll AR 11
= Q) + AhIfCORT + A2 CRHFGORT + 0(1))

< f(x) + ARJf(x).
H% 2 A f AR R XBATE.

@& 9. 11

1. () ARIER:. RGBS IRALFEE (X, yo) € D18 f(x,y,)<<0. A f
fED J:B@ﬁd\{ﬁuz\z-w q:aﬁamu AFR A (xos yo ) BB AR RAE(D 5

)+ yf(X()vyo) = f(Xov)’())<0

Ijtt f(xo,yo), f(xo,y(,)*§¢7ﬁ~/l\ﬂiﬁ"\{§.K%iﬁ%(x(nyo)<0,izi%'ﬁ$’3fﬁ
PR f(xv)’o)E xo BB FRE AR KAE X 5 f(x, ) TE (o yo ) EIR/MET & -
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(2) AR, XTSI >0,
e(x,y) = f(x,y) —ele” +e*)
2D FHBGEE, MH ¢ Wik 2

Fe P
> + ;
ax: Ayt

B (DR, SEEN (x, y) € D, ¢(x,y) =20, A
flx,y) = elx,y) + (e’ +€*) >0.
2. &% fED LB KMEXEID BB, BB FHE D PHIF S (xo. yo) BE,
i/

:(p_

a aJ
%(X(;qyo) = %;(XO’_YQ) = 0:

Ep
2ax, + 2by, +d = 0, 1
2bxy +2cy, + e = 0. (2)
(1) X xy +R(2) X y,,18
2Caxt + 2bx,ys + cys + dxg + eyy) = dx, + ey,

Bp
flxgsya) = %(dx(, + eyy).

FHEIEH d<<0,e<CO.SHIREMAL T - A FBE f EID L ABUEE, Hitk
f(x,0) = ax* +dx <0 (0O<<x<{1),
MHAH ax +d<<0,d<<—ax. 2 x—0" B8
d < 0.
H/E f0,y,) = cy? + ey<0(0<y<<1), 5%
cyt+te<0, e<—cy.
4 y—=0" , Bl5 e<<0. fREIRE.
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